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Faculty of Electrical Engineering, Mechanical Engineering and Naval Architecture, University of Split,
21000 Split, Croatia; bruno.sucic.00@fesb.hr
* Correspondence: mcvetkov@fesb.hr
† These authors contributed equally to this work.

Abstract: This paper deals with the analysis of induced current density and the induced electric
field in the body of a human exposed to the magnetic field of a magnetotherapy device. As the
displacement currents at extremely low frequencies can be neglected, the biological tissues can
thus be considered a weakly conducting medium, facilitating the use of a quasi-static eddy current
approximation. The formulation is based on the surface integral equation for the unknown surface
charges, whose numerical solution is obtained using the method of moments technique. A simplified
model of the human body is utilized to examine various scenarios during the magnetotherapy
procedure. The numerical results for the induced current density and the induced electric field are
obtained using the proposed model. The analyses of various stimulating coil parameters, human
body model parameters, and a displacement of the magnetotherapy coil were carried out to assess
their effects on the induced current density. The results suggest that selection of the stimulating coil
should be matched based on the size of the human body, but also that the position and orientation of
the coil with respect to the body surface will result in different distributions of the induced fields. The
results of this study could be useful for medical professionals by showing the importance of various
magnetotherapy coil parameters for preparation of various treatment scenarios.

Keywords: magnetotherapy; integral equation formulation; induced current density; induced electric
field; biomedical application

1. Introduction

Magnetotherapy is a non-invasive form of medical treatment used to relieve joint
or muscular pain and decrease stress. It represents a complementary approach utilized
in physiotherapy and rehabilitation of locomotive organs in humans, as well as in veteri-
nary medicine. The technique, in its most frequently used form, is based on the use of
extremely low-frequency (ELF) magnetic fields generated by solenoidal coils of various
sizes administered over a patient’s extremities, neck, or back.

The beginning of modern magnetotherapy is associated with the 1950s, initially start-
ing in Japan and later moving to Europe and the former Soviet Union [1]. Later, during
the 1970s, it became a new modality in treating delayed bone fractures [2], subsequently
resulting in US Food and Drug Administration approval. Initially, a very specific ELF
biphasic signal was used, while a decade later an approach based on the use of a pulsed
electromagnetic field (pulsed EMF or PEMF) with a high-frequency was approved for
the treatment of superficial soft tissue pain and edema. Compared to time varying EMFs
such as those used in PEMF it should be emphasized that the use of static magnets in
both reducing pain and altering physiological responses is associated with questionable
therapeutic benefits as research studies do not provide conclusive support [3,4].

The historical review of the therapeutic use of static electric and magnetic fields and
their current acceptance as alternative and complementary therapies can be found in [5].
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Despite of the persisting interest in these medical modalities, the medical establishment
is still unconvinced due to the lack of unambiguous proof. The use of a static magnetic
field as a form of therapy has been considered in treatments including, but not limited
to, chronic pelvic pain [6], carpal tunnel syndrome pain [7], and inflammation due to
rheumatoid arthritis [8]. There are many available magnetic devices including bracelets,
bands, insoles, braces, pillows, and mattresses that are often marketed as having medical
benefits; however, there are no consistent studies showing their therapeutic benefits [9].

Another form of magnetotherapy is PEMF, which has many possible applications. For
example, the study in [10] assessed the efficacy of low-frequency PEMF therapy in patients
with knee osteoarthritis, concluding that a statistically significant benefit in terms of pain
reduction was demonstrated. On the other hand, the sono-electro-magnetic treatment of
chronic pelvic pain syndrome did not find a significant improvement compared to the
placebo-controlled group, as shown in [11]. Another study [12] examined the effectiveness
of magnetotherapy for decreasing chronic low back pain and did not find a statistically
significant improvement when compared to control subjects exposed to a non-functioning
placebo device. One recent review [13] analyzed the use of PEMF even in non-invasive
cancer treatment and concluded that further studies are necessary to establish the efficiency
in a clinical environment. Finally, a meta analysis in [14] considered the efficacy of the
magnetotherapy approach in the rehabilitation field and concluded that electromagnetic
field therapy could alleviate pain and improve function in patients with various forms of
musculoskeletal pain.

The applied fields used in ELF magnetotherapy are generally of a sinusoidal wave-
form with frequencies ranging between 1 Hz and 300 Hz, with a typical frequency of
100 Hz, but there are also high-frequency pain treatment modalities such as non-invasive
transcranial magnetic stimulation (TMS) [15] or invasive spinal cord stimulation (SCS) [16],
which operate at 10 kHz. The maximum magnetic flux density achieved using a typical
magnetotherapy coil is generally between 1 mT and 10 mT.

The exposure of humans to ELF magnetic fields generated by magnetotherapy devices
has been analyzed in a number of papers including [17–21]. The study in [17] is based on
the analytical approach featuring the disk model of the human body, while most often the
numerical approach is based on the use of the finite-difference time-domain method [18,19].
In many numerical analyses, the main focus when calculating the induced eddy current
distribution is restricted to a particular body part, such as a knee joint [18,19,21] or a
forearm [22]. The full human body model exposure during the magnetotherapy procedure
is used to a lesser extent, as evidenced from the available literature [17].

This paper is on the analysis of magnetotherapy device-induced fields in a simplified
human body model based on the surface integral equation approach featuring the method of
moments technique. This work is an extension of our previous conference paper [23] where
our simplified body model was introduced. Compared to [23], additional calculations were
carried out to determine the effects of different model parameters on the induced current
density distribution. Also, we have extended the analysis to assess the effects of the coil
positioning on the induced current density.

This paper is organized as follows: After the current Section 1, Section 2 will provide
an overview of the mathematical background, including the formulation based on the
quasi-static eddy current approximation for a biological body and its derivation using the
boundary conditions for the induced current density. Then, the surface integral equation
for the unknown surface charges solved by numerical approach are also discussed. In
Section 3, the simplified human body model is introduced, whose validation is carried out
by comparing the numerical results with the analytical approach. Section 4 discusses the
numerical results for the induced current density and the induced electric field, due to a
magnetotherapy procedure, obtained via our proposed model. The analysis of stimulating
coil parameters, human body model parameters, and the position of magnetotherapy coil
are also discussed in this section. Section 5 provides the concluding remarks. The analytical
expression for the induced current density is derived in Appendix A.
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2. Mathematical Details
2.1. Problem Formulation

The human body tissues can be considered as weakly conducting, facilitating the use
of a quasi-static eddy current approximation. Consider a biological body, represented by
the region of electrical conductivity σ1, enclosed with the boundary surface S, as depicted
in Figure 1.

Figure 1. Weakly conducting biological media with conductivity σ1.

The body is surrounded by an air medium (σ = 0), but it can also be in contact with
regions with different values of conductivity, e.q. σ2 and σ3.

The differential form of Ohm’s law can be used to relate the induced eddy current
density with the induced electric field in biological tissue:

J⃗ = σE⃗ (1)

where σ represents the electrical conductivity of tissue.
The normal component of J⃗ is continuous across interfaces between regions with

different parameters. The boundary conditions on the surface S can thus be written as:

σintn̂1 · E⃗int (⃗r) = σextn̂1 · E⃗ext (⃗r) (2)

where σint = σ1 is the conductivity of biological media, and σext is the conductivity of
external medium, σ2, σ3, or σair = 0. E⃗int = E⃗1 denotes the electric field in biological media,
while E⃗ext is the electric field in external regions. The boundary condition on the interface
between body and air is thus:

σ1n̂1 · E⃗1 (⃗r) = 0 (3)

with n̂1 unit as the normal vector.
For time harmonic fields, the electric field can be expressed as follows:

E⃗(⃗r) = −jωA⃗(⃗r)−∇φ(⃗r) (4)

where A⃗ is the magnetic vector potential and φ is the electric scalar potential, while f is the
operating frequency where ω = 2π f .

The first term in (4) is due to current flowing in the magnetotherapy device (coil),
while the second one is due to accumulated free surface charges, represented by charge
density ρs on the boundary S between regions with different material properties.

The electric scalar potential is governed by the Laplace equation

∆φ = 0 (5)

everywhere except at the interfaces. The solution of (5) is integral of the following form:

φ(⃗r) =
∫

S

ρs (⃗r ′)

4πε0

dS ′

R
(6)
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where R = |⃗r − r⃗ ′| is the distance between the observation point r⃗ and the source point r⃗ ′.
Inserting (6) into (4), we obtain:

E⃗(⃗r) = −jωA⃗(⃗r)−
∫

S

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′ (7)

where ε0 is the free space permittivity.
In case of singularity, where R → 0, it is necessary to find the limiting values of the

integral from (7), once when r⃗ → r⃗ ′ from the inside and the other time from the outside. In
this limiting case, a small hemispherical region of radius ε needs to be excluded around the
point on surface S. This region is denoted as Sε, as depicted in Figure 2.

Figure 2. Treatment of singularity on the surface S [24].

The value of the surface integral (7) in the limiting case can be easily found [24]:

lim
R→0

∫
Sε

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′ = lim

R→0

ρs (⃗r ′)

4πε0

π/2∫
θ=0

2π∫
φ=0

(
− R⃗

R3

)
ε2 sin θ dθ dφ = −ρs (⃗r ′)

2ε0
(R̂) (8)

where R̂ = −n̂1 in region 1 and R̂ = n̂1 in surrounding region 2.
Using (8) and (7), the following expressions for the electric field are obtained in the

vicinity of surface S, from the interior and the exterior side, respectively:

E⃗int (⃗r) = −jωA⃗(⃗r)−
∫

S

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′ − n̂1

ρs (⃗r ′)

2ε0
(9)

E⃗ext (⃗r) = −jωA⃗(⃗r)−
∫

S

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′ + n̂1

ρs (⃗r ′)

2ε0
(10)

By inserting (9) and (10) into boundary condition (2), followed by some additional
steps, the following integral equation formulation can be obtained [25]:

ρs (⃗r ′)

2ε0
+

σint − σext

σint + σext

∫
S

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′ =

σext − σint
σint + σext

jωA⃗(⃗r) · n̂1; r⃗ ∈ S (11)

The surface integral Equation (11) is written in terms of the unknown free surface
charge density ρs on the surface S, hence it is sometimes called ρ-formulation. σext in (11)
denotes the known value of electrical conductivity σ2, σ3 or σair = 0, depending on
the boundary.

After the surface charges ρs are determined, the eddy current density can be found using:

J⃗(⃗r) = σn

[
−jωA⃗(⃗r)−∇φ(⃗r)

]
(12)

where σn is the conductivity of the medium.
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2.2. Excitation by Magnetotherapy Coil

Assuming a uniform current density I over a coil cross-section, the magnetic vector
potential at observation point r⃗ can be determined from the integral [26]:

A⃗(⃗r) =
µ0MI

4π

∮
l

d⃗l
|⃗r − r⃗ ′| (13)

where µ0 is the free space permeability, M is the number of coil windings, and r⃗ ′ is the
position of the source point along the coil. The orientation of differential element d⃗l along
the coil is the same as the direction of coil current I. The magnetic vector potential (13)
due to circular stimulating coil can be calculated easily if the coil is approximated by the
N-sided polygon as follows:

A⃗(⃗r) =
µ0MI

4π

N

∑
i=1

∆li
R

(14)

where ∆li is the length of the polygon line segment, and R is the distance from observation
to source point on the coil. The resultant magnetic vector potential at an arbitrary point in
space can be determined by assembling the contributions from all linear segments.

The electric field due to stimulating coil can be found using:

E⃗(⃗r) = −jωA⃗(⃗r) (15)

where ω is the angular frequency.
An illustrative example of the normalized electric field distribution in the plane below

the circular coil and the so-called figure-of-eight coil can be seen in Figure 3.

Figure 3. Normalized electric field above the circular coil (a) and the figure-of-eight coil (b). Adapted
from [27].

As evidenced from Figure 3, in case of the circular coil, which is used traditionally
in magnetotherapy, the maximum value of the electric field will be in the vicinity of coil
windings, whereas in case of the figure-of-eight coil, this place is directly below the coil
geometric center.

2.3. Numerical Solution

The numerical solution to integral Equation (11) was carried out via moments method
(MoM). The boundary surface S of the human body is first discretized with triangular
elements. The expansion of unknown surface charge density ρs is carried out using known
basis function fn:

ρs (⃗r) =
N

∑
n=1

an fn (⃗r) (16)

with N denoting the number of triangles used to discretize the surface S and an the
unknown coefficients to be solved for, respectively. The pulse basis functions, equal to
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one for triangle Tn and zero elsewhere, have been utilized in the expansion, as depicted in
Figure 4:

fn (⃗r) =

{
1 , r⃗ ∈ Tn

0 , r⃗ /∈ Tn
(17)

Figure 4. Illustration of piecewise-constant pulse basis function on triangles Tn and Tn+1. Electric
charge on each triangle can be determined from charge density multiplied by triangle surface, denoted
by Tn and Tn+1, respectively.

Inserting (17) into (16), the unknown surface charge density can be approximated.
Multiplying Equation (11) with test functions tm (⃗r), where tm (⃗r) = fn (⃗r), followed by
integration over S, leads to the following system of N integral equations:

N

∑
n=1

an

∫
S

tm (⃗r)
ρs (⃗r ′)

2ε0
dS +

σint − σext

σint + σext

N

∑
n=1

an

∫
S

tm (⃗r)
∫

S ′

ρs (⃗r ′)

4πε0
∇ 1

R
dS ′dS =

=
σext − σint
σint + σext

N

∑
n=1

an

∫
S

tm (⃗r)jωA⃗(⃗r) · n̂1dS; r⃗ ∈ S (18)

which can be recast in the following compact matrix form:

[Z] · {I} = {V} (19)

The elements of the impedance matrix Z can be determined using:

Zmn = δmn
Tm

2ε0
+

σint − σext

σint + σext

∫
Tm

∫
Tn

n̂(⃗r)
4πε0

∇ 1
R

dS ′dS (20)

while elements of the source vector V can be determined using the following:

Vm =
σext − σint
σint + σext

∫
Tm

n̂(⃗r) · jωA⃗(⃗r) dS (21)

In (20), Tm and Tn denote the surfaces of observation and source triangles, respectively,
while δmn represents the Kronecker delta (equal to 1 for m = n and 0 otherwise).

The solution to the matrix Equation (19) is a a column vector I containing the un-
known coefficients an. From these coefficients, the unknown surface charges can be found
using (16), while the electric field can be found using expression (4).

Numerical solution to integrals (20) and (21) can be found elsewhere, e.g., in [28,29].
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3. Human Body Model
3.1. Cylindrical Model

The typical position of the human body during the magnetotherapy procedure is
depicted in Figure 5a.

Figure 5. (a) Illustration of supine position during a magnetotherapy procedure. (b) Simple cylindrical
human body model exposed to magnetic field of magnetotherapy device coil. The height of human
body is 1.75 m, while diameter of cylindrical model is 0.3 m. Human body is modeled as having
homogeneous conductivity σ = 0.5 S/m.

As a first approximation, the human body can be represented using a canonical
geometry such as a parallelepiped [30,31] or a cylinder [31,32], as shown in Figure 5b.

The dimensions of the simplified cylindrical human body model are as follows: diam-
eter D = 30 cm and height h = 1.75 m. Furthermore, the human body can be considered as
having homogeneous properties, represented by the uniform value of electrical conductivity
σ = 0.5 S/m.

It should be emphasized that the human body is of a geometrically complicated form
whose composition is rather complex, consisting of various tissues with parameters that are
often difficult to find. In addition to this, the electrical properties of tissues are dependent
on the frequency, as depicted in Figure 6.

101 102 103 104 105 106 107 108

0.2

0

0.4

1

1.4

0.6

1.2

0.8

muscle
bone
blood
skin

Figure 6. Frequency dependent electrical conductivity of several human body tissues and blood.
Data from [33].

It should be noted that the numerical approach to magnetotherapy analysis presented
in this work could be easily extended to include the anatomically realistic model of the
human body, such as the one depicted in Figure 5a. The results presented in the following
sections are obtained using a simplified cylindrical model.
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3.2. Model Validation

The validation of the numerical model is carried out first. The results obtained using
an approach based on integral equation Formulation (11), solved by MoM, is compared
with the analytical approach. To this end, the disk model of human body [34] has been
utilized. The human body exposed to ELF fields due to magnetotherapy device based on
the analytical approach has been previously carried out in [17].

Assuming the exposure of human body to uniform magnetic flux density directed
perpendicular to the human body, (B = Bz), the induced current density Jϕ, circulating
around the body axis, can be obtained using the following [17]:

|Jϕ| = σπa f Bz (22)

where homogeneous body with radius a = 0.14 m and height a is assumed, while body
conductivity is σ = 0.5 S/m. Derivation of the analytical expression (22) can be found in
Appendix A.

The analytical results for the induced current density obtained at several frequencies
( f ) of interest are given in Table 1.

Table 1. Comparison of induced current density due to magnetic field exposure at frequencies: f = 50,
75, and 100 Hz. Analytical results from [17], and numerical results obtained using proposed approach.
Numerical results obtained at two points: 13.95 cm and 10 cm from the model axis.

Analytical [17] Numerical, Point (13.95 cm) Numerical, Point (10 cm)

B J [mA/m2] J [mA/m2] J [mA/m2]

µT f = 50 Hz f = 75 Hz f = 100 Hz f = 50 Hz f = 75 Hz f = 100 Hz f = 50 Hz f = 75 Hz f = 100 Hz

100 1.10 1.65 1.10 1.10 1.60 2.20 0.78 1.20 1.60
200 2.20 3.30 4.40 2.20 3.30 4.40 1.60 2.40 3.10
300 3.30 4.95 6.60 3.30 4.90 6.60 2.40 3.50 4.70
400 4.40 6.60 8.80 4.40 6.60 8.80 3.10 4.70 6.30
500 5.50 8.25 11.00 5.50 8.20 11.00 3.90 5.90 7.90

The results obtained using our numerical approach are also presented in Table 1. It is
evident from Table 1 that excellent agreement between numerical and analytical approach
is obtained at all three frequencies, thus validating the numerical approach. The only
discrepancy found between the two approaches is in the scenario with B = 100 µT and
f = 100 Hz, which can be attributed to a typographical error in [17].

The induced current density obtained obtained using our numerical approach is
depicted in Figure 7.

Figure 7. (a) Direction of the induced eddy current (yellow arrows) on the cross-section (z = 0) of
homogeneous cylindrical model due to z-directed magnetic field B. (b) The induced eddy current
values. The height of model is 0.14 m, while diameter of cylindrical model is 0.28 m. The conductivity
σ = 0.5 S/m. f = 100 Hz and B = 500 µT.
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The numerical results in Figure 7 are calculated in the x-y plane, i.e., in the transversal
cross-section of homogeneous cylindrical model, at height z = 0. Note that the uniform
magnetic field oriented in z direction will induce the circular current loops in the x-y plane.
The value of the induced current density increases linearly as the axial distance increases,
as shown in Figure 7b and Table 1, for two points (r = 10 cm and r ≈ 14 cm).

4. Numerical Results and Discussion

The following sections presents some illustrative results of the magnetotherapy coil
induced current density and the induced electric field obtained using the proposed nu-
merical approach. The simplified human body model is utilized. The analyses of several
magnetotherapy coil parameters as well as body conductivity are carried out to determine
their effect on the induced current density and the induced electric field.

4.1. Parameter Analysis of Stimulating Coil

The first set of results are related to the magnetotherapy coil parameter analysis, such
as the number of windings N, the coil diameter r, and the coil length L, as illustrated in
Figure 8.

Figure 8. Analysis of coil parameters: (a) default configuration, (b) effect of coil windings N, (c) effect
of coil radius r, and (d) effect of coil length L.

The numerical results are reported in Figure 9 and Tables 2 and 3.

4.1.1. Number of Coil Windings

The first set of results are related to varying number of coil windings. The default coil
parameters are as follows: coil radius r = 0.3 m, coil length L = 0.4 m, coil current I = 1 A,
and frequency f = 10 kHz. The coil is positioned coaxially with respect to human body, as
depicted in Figure 8b. The geometrical center of the body (z = 0) corresponds to the center
of the coil.

Magnetic coils of varying number of turns N = [3, 4, 5, 6] have been considered, with
the results presented in Table 2.

Table 2. The effect of number of coil windings N.

Coil Windings N J [mA/m2] E [V/m]

3 10.1 0.0202
4 14.2 0.0284
5 18.2 0.0364
6 22.3 0.0446

Due to symmetry of the problem (the coil is concentric with regard to the body), the
results given in Table 2 were obtained 1 cm from the model surface directly under the
coil windings. Table 2 shows the linear dependence of both induced current density and
induced electric field on the number of magnetotherapy coil windings. Doubling the coil
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windings (from 3 to 6), the values of both induced current density and induced electric field
will roughly double. However, more importantly, for each coil turn the induced current
density will increase by additional 4.1 mA/m2.

4.1.2. Magnetotherapy Coil Radius

The following results are obtained using the coil of length L = 0.1 m, with N = 4 turns,
f = 10 kHz, with varying coil radii, r = [0.175, 0.2, 0.25, 0.3] m. The axial distribution of the
induced current density (depth 1 cm from the surface) is depicted in Figure 9.

-4 -2 0 2 4
15

20

25

30

35

40

r=30 cm
r=25 cm

r=20 cm
r=17.5 cm

Figure 9. Axial distribution of induced current density directly under coil geometric center.
Current density J [mA/m2] calculated at points 1 cm under the cylinder surface. Coil radii:
r = [17.5, 20, 25, 30] cm.

As seen from Figure 9, an approximate shape of a parabola is obtained. In all cases,
the highest values of induced current density are at the point directly under the coil center
(z = 0). The highest values of induced current density are achieved with smallest diameter
coil as the coil is located closer to the body.

The results show that the gradient of the induced current density with decreasing
coil radius will be more pronounced directly under the coil center. For example, when
decreasing coil radius from 30 cm to 25 cm, the induced current will increase by 4.5 mA/m2

at z = 0 compared to 4.2 mA/m2 at the location 3 cm along the axial direction (z = 3 cm).

4.1.3. Coil Length

The next results are obtained for magnetotherapy coils of various lengths L, ranging
from 10 cm to 40 cm, while other parameters were similar to previous calculations. The
results for the induced fields are given in Table 3.

The results from Table 3 show approximately linear dependence. The shorter the
length of the coil L, the higher the values of induced current density J and induced electric
field E.



Electronics 2024, 13, 849 11 of 19

Table 3. The effect of coil length L.

Coil Length L [cm] J [mA/m2] E [V/m]

10 19.5 0.039
20 17.9 0.0358
30 16.0 0.032
40 14.2 0.0284

4.2. Human Body Model Parameter Analysis

The second set of results are related to the parameter analysis of the utilized simple hu-
man body model, i.e., the cylinder height h, the diameter D, and the electrical conductivity
σ, as illustrated in Figure 10.

Figure 10. Analysis of model parameters: (a) default configuration, (b) effect of model height h,
(c) effect of model diameter D, and (d) effect of body conductivity σ.

4.2.1. Effect of Model Height

The height h of the human model is varied first. The results obtained using the
following values of h = [1.55, 1.65, 1.75, 1.85, 1.95] m, are depicted in Figure 11.

Figure 11. The effect of model height h: (a) 1.55 m, (b) 1.65 m, (c) 1.75 m, (d) 1.85 m, and (e) 1.95 m.
Iso-contours of the induced current density in the x-y cross-section at z = 0. Boxed results denote the
default model height.
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The selected values of body height are related to the standing height percentiles for
male and female Caucasian adult persons from nine countries studied in [35].

The results for the induced current density depicted in Figure 11 are obtained at the
transversal cross-section (x − y plane) with z = 0. The initial coil settings were utilized,
with concentric position of the stimulating coil, as depicted in Figure 10b.

As seen from Figure 11, very similar distribution of the induced current density is
obtained in all models. In two higher models (h = 1.85 m and h = 1.95 m), around a
2% higher value is obtained compared to the default model (h = 1.75 m), which can be
attributed to the induced surface charges on the top and bottom base moved further from
the coil central position. However, if this was the only reason, then the values of the
induced current density in two smaller models h = 1.55 m and h = 1.65 m should have been
lower than the default model, which was not the case. Another possible explanation for the
different values could be attributed to the number of triangular elements used to discretize
the model surface. Further analysis should be carried out to determine whether this is the
possible reason; however, this is outside the scope of this work.

4.2.2. Effect of Model Thickness

The following results are obtained using body models of varying thickness. We
considered different values of body diameter D = [25, 30, 35, 40, 45] cm. The default
magnetotherapy coil, positioned centrally to the model, was considered. The results are
depicted in Figure 12.

Figure 12. The effect of model diameter h: (a) 25 cm, (b) 30 cm, (c) 35 cm, (d) 40 cm, and (e) 45 cm.
Iso-contours of the induced current density in the x-y cross-section at z = 0. Boxed results denote the
default model height.

As is evident from Figure 12, using the model with larger diameter D positioned
within the same stimulating coil has the effect of body being closer to the coil windings.
As a result, the higher values of the induced current density are obtained. The relative
increase in the induced current density 2 cm from the body surface (the first iso-contours
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from Figure 12) is 16%, 32%, and 40% for the three models with a larger diameter. In case of
smaller diameter model, the relative decrease with respect to default body model is around
20%. The results suggest that, depending on the human body size, in order to obtain the
similar value of induced current density, the appropriate size of the stimulating coil should
be utilized. Of course, there are other ways to compensate for this such as decreasing the
coil current.

4.2.3. Effect of Body Conductivity

The final results obtained for the coaxial position of magnetic coil are related to
different conductivity values of homogeneous model, as given in Table 4. The results were
obtained at a depth of 1 cm directly under the coil center. The following coil parameters
were used: r = 0.3 m, L = 0.4 m, I = 1 A, and N = 4 turns.

Table 4. The results using different biological body conductivity σ.

Conductivity σ [S/m] J [mA/m2] E [V/m]

0.3 8.5 0.02833
0.4 11.4 0.0285
0.5 14.2 0.0284
0.6 17.0 0.02833

As expected, the results from Table 4 show that induced current density increases
proportionally with increasing conductivity. However, the value of the induced electric
field remains constant in all calculations because J = σ · E.

It should be emphasized that using the homogeneous body conductivity is a great
simplification as the human body consists of many tissues with different parameter values.
Moreover, there are many uncertainties regarding the exact value of particular tissue pa-
rameter, particularly at lower frequencies [36,37]. The uncertainty of the tissue electrical
conductivity can be taken into account via statistical approaches such as the polynomial
chaos method (PCM) or the stochastic collocation method (SCM). An interested reader
could find more details on several examples of the SCM approach applied to modeling
biomedical applications including transcranial electrical stimulation (TES) [38] and tran-
scranial magnetic stimulation (TMS) [39].

4.3. Displacement of Magnetotherapy Coil

The final set of results obtained using cylindrical model are related to magnetotherapy
coil positioned perpendicular to body model, as depicted in Figure 13.

Figure 13. Perpendicular orientation of coil with regard to the human body. The red dashed line
denotes observation points 1 cm under the cylinder surface (axial distribution z = [−30,+30] cm),
while the full black line (z = 0) denotes the cross-section plane where induced current density is
also calculated.

The coil is placed at a 1 mm distance from the body, with coil axis perpendicular
to the human body axis. The observation points are along the z-axis of the model at
1 cm from the body surface. The default parameters of the human body model are used:
h = 1.75 m, D = 30 cm, and σ = 0.5 S/m.The results are obtained with following coil
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parameters: L = 5 cm; r = 3.75 cm, N = 4 turns, I = 1 A, and f = 10 kHz. The results are
presented in Figures 14–16.

The induced current density along the body axis is shown in Figure 14.
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Figure 14. Axial distribution of induced current density directly under coil geometric center. Current
density J [mA/m2] calculated at points 1 cm under the cylinder surface.
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Figure 15. Induced current density J [mA/m2] at the cross-section z = 0 of cylindrical body. The coil
(not shown) center located at x = 15 cm and y = 0 cm.

The results from Figure 14 indicate that at the body center (z = 0), while the induced
current density and the induced electric field are approximately 0. Moving away from
the center along the z-axis (in both directions), these values increase until z = 4 cm (and
z = −4 cm), corresponding to position directly under the coil windings where the induced
current density reaches 10.6 mA/m2, and the induced electric field reaches a correspond-
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ing value of 0.0212 V/m. With the increasing distance, both J and E begin to decline
exponentially.

The results for the induced current density obtained at the horizontal cross-section
(z = 0), corresponding to coil axis, are shown in Figure 15.

As is evident from Figure 15, the induced current density along the coil axis is basically
nonexistent when the coil is oriented perpendicular with respect to the body. Moreover, a
very sharp decline in the induced current density can be noticed, when moving from the
model surface. These results indicate that, when using the circular magnetotherapy coil,
the highest value of the induced field will be obtained very close to coil windings. Thus, if
the ultimate goal is to achieve high values of induced field in a very focused region, a very
different coil geometry, such as figure-of-eight, should be considered.

The final numerical results, obtained in x-y cross-section of cylindrical model, at z = 0,
are depicted in Figure 16.

Figure 16. Distribution of induced current density on the cross-section of model. (a) The initial
position of coil geometrical center (z = 0 and x = 0). The displacement along the x-axis: (b–e). The
displacement along z-axis (body height): (f–i). All values in [mA/m2].
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The results shown in Figure 16 illustrate the effect of the perpendicularly oriented
coil displacement on the induced current density. The initial position of the coil is with its
center at x = 0, z = 0, as shown in Figure 14. The coil is displaced with respect to x and z
directions by 1 cm, 3 cm, 5 cm, and 10 cm.

As evident from Figure 16b–e, horizontal displacement of coil along x-axis, results in the
position with maximum induced current density also being shifted. As already mentioned,
the maximum induced value will be under the coil windings. At the point 1 cm below the
surface, the obtained induced current density is 4.2 µA/m2, 11.2 µA/m2, 10.5 µA/m2, and
3.5 µA/m2 when the coil is moved 1 cm, 3 cm, 5 cm, and 10 cm, respectively.

Compared to this, the vertical displacement of coil along z-axis, as shown in
Figure 16f–i, will result in similar values of J at the same point; however, a different
distribution of induced current density will be obtained. The coil displacement by 1 cm,
3 cm, 5 cm, and 10 cm, respectively, will result in the corresponding induced current density
of 4 µA/m2, 10.7 µA/m2, 10.1 µA/m2, and 3.3 µA/m2 at the point 1 cm from the surface.
However, in this case, a maximum value of the induced current will be spread over a
considerably larger cross-sectional area, i.e., a smoother gradient of the induced current
density will be achieved.

5. Conclusions

This paper presented the numerical model for a magnetotherapy device based on the
surface integral equation formulation. The numerical solution was carried out using a
method of moments technique. The illustrative numerical results for the induced current
density and the induced electric field were obtained using a simplified geometry for the
human body. The analyses of several magnetotherapy device parameters were carried
out, as well as for different values of homogeneous body conductivity, in order to assess
their effects on the parameters of interest. The presented numerical approach could easily
be extended to more complicated body geometries. Future works will thus be related to
tackling an anatomically realistic model of the human body using the proposed approach.
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Abbreviations
The following abbreviations are used in this manuscript:

ELF extremely low-frequency
EMF electromagnetic field
PEMF pulsed electromagnetic field
TMS transcranial magnetic stimulation
SCS spinal cord stimulation
MOM method of moments
PCM polynomial chaos method
SCM stochastic collocation method
TES transcranial electrical stimulation

Appendix A

The analytical expression for the induced circular current density due to the normally
oriented magnetic flux density can be assessed using the disk human body model, as shown
in Figure A1.
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Figure A1. Disk model of the human body [24].

This analytical model has been proposed in [34] to provide rapid estimation of the
ELF magnetic field exposure. The disk is assumed to be homogeneous with conductivity σ
and radius a. The analytical expression for the current density can be derived using the
differential form of Faraday’s law, which for the time harmonic fields is given by:

∇× E⃗ = −jωB⃗ (A1)

where E⃗ is the impressed electric field, which is related to the induced current density via:

J⃗ = σE⃗ (A2)

Combining (A1) and (A2), followed by integration over an arbitrary surface S, results
in the following: ∫

S

∇× J⃗ dS⃗ = −
∫
S

jσωB⃗ dS⃗ (A3)

Using the Stokes’ theorem, the left hand side of (A3) can be rewritten as a line integral
over curve c bounding the surface S:∮

c

J⃗ d⃗s = −jωσB⃗
∫
S

dS⃗ (A4)

The expression (A4) can be expanded in the cylindrical coordinates as:

2π∫
0

Jϕρ dϕ = −jωσBz

ρ ′∫
0

2π∫
0

ρ dρ dϕ (A5)

where ω is the angular frequency.
Taking into account the rotational symmetry, the integration results in:

Jϕ · 2πρ = −jωσBzρ2π (A6)

Substituting ω = 2π f in (A6), the following expression for the induced current density
inside the human disk model is obtained:∣∣Jϕ

∣∣ = σπρ f · Bz (A7)

From the current density, the total current flowing through the cross-section of the
disk, can be simply calculated:

I =
∫
S

J⃗ dS⃗ =

a∫
0

2π∫
0

σπ f Bzρ dρ dz = σπ f Bz

a∫
0

2π∫
0

ρ dρ dz = σπ f Bz
a3

2
(A8)
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