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Abstract: To address the uncertainty in the statistical distribution model of positioning error for the
accuracy test of long-endurance inertial navigation systems, a probability distribution model adheres
to the statistical rule of the radial positioning error of inertial navigation systems. The probability
distribution density function (PDF), cumulative density function (CDF), and characteristic numbers
(mean, standard deviation, root-mean-square) of the radial positioning error are derived based on the
static-base positioning error of the long-range inertial navigation systems. Methods are provided for
estimating the parameters of the probability distribution of the radial positioning errors. The theoretical
derivation results demonstrate that the radial positioning error follows the Hoyt distribution. The
distribution parameters and the number of features grow linearly with time, while the mean and
standard deviation converge to 60% and 80% of the root-mean-square, respectively. Through a large-
sample Monte Carlo simulation, the experimental results were consistent with the theoretical derivation
results. These results indicate that the theoretical derivation results can be used to optimize the design of
the long-endurance rotary modulation inertial navigation system’s accuracy test.

Keywords: long-endurance inertial navigation systems; rotary modulation; probability distribution

1. Introduction

With the improvement in the accuracy of gyroscopes and accelerometers and the
development of the technology to compensate for the system’s errors, the time needed to
maintain the accuracy of inertial navigation systems becomes longer and longer, which
causes the cost of the long-endurance accuracy test of the inertial navigation systems to rise
sharply and the test time to increase dramatically [1]. On the one hand, the development
of inertial technology has improved the ability of inertial navigation systems to maintain
accurate working time [2]; on the other hand, the demand of inertial navigation systems
users has led to the extension of autonomous working time [3,4].

The positioning error of a long-endurance dual-axis rotary modulation inertial navigation
system involves randomness of launch and regularity of inherent period oscillation [5]. Ran-
domness means that independent test samples must be taken repeatedly with the power off,
while regularity helps to analyze the trend of the positioning error over time. In the previous po-
sitioning accuracy test of the short-endurance inertial guidance system, it was usually assumed
that the randomness of the positioning error of the inertial navigation systems would obey the
normal distribution according to the Law of Large Numbers. The inertial navigation system’s
positioning accuracy test program is formulated on this basis, involving selecting the number of
test samples and evaluating accuracy indices. In practice, the limited number of test samples for
long-endurance dual-axis rotary modulation inertial navigation systems makes it challenging to
satisfy the sample size requirement of the normality assumption, and the radial positioning error
is non-negative, which is modeled as inconsistent with the probability distribution model, where
the normal distribution can cover both positive and negative ranges. Continuing to use the
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normal distribution to estimate accuracy metrics will result in positioning accuracy assessment
results that do not match actual performance levels. In addition, the inherent oscillation law
of the positioning error of the inertial navigation systems was ignored in the design of the test
program, resulting in inadequate analysis of the test data. Therefore, to optimize the design
of the long-endurance inertial navigation accuracy test, it is necessary to study the probability
distribution model that satisfies the radial positioning error law of the long-endurance dual-axis
rotary modulation inertial navigation systems.

The error propagation of inertial navigation systems is essentially a complex time-
varying system strongly influenced by the motion state of the attitude vehicle [4]. Generally,
the dynamic baseline test data evaluation is guided by the stationary base error law of the
inertial navigation system [6]. Based on the actual application of long-endurance inertial
navigation, gyroscopic drift is the main factor influencing the error of long-endurance
inertial navigation systems, while initial pointing and accelerometer errors have negligible
influence on the system error [7]. Among them, gyroscopic zero-bias repeatability, zero-bias
stability, and random wander coefficient are essential indicators of gyroscopic accuracy
performance, determining the upper limit of inertial navigation systems’ accuracy.

Rotational modulation technology mitigates the impact of most slow-changing gyroscope
errors on the positioning error of inertial navigation systems. However, random walks still
cannot be modulated, and temperature variations, carrier maneuvering, and other factors cause
non-random errors. For use scenarios with small ambient temperature changes and infrequent
carrier maneuvering, the non-random errors caused by gyroscopes are relatively stable. To
simplify the analysis, the residual errors of the non-random errors of gyroscopes that are not
fully modulated are equivalent to the angular velocity drift of gyroscopes and are assumed to
be random constants [8]. There are clear conclusions on the statistical analysis of random walks
on the positioning error of inertial navigation systems, but the statistical results of non-random
errors of gyroscopes on positioning errors have not been reported. Therefore, this paper focuses
on studying the probability distribution model of positioning errors caused by equivalent
constant drift of gyroscopes under the condition of a stationary base for long-endurance dual-
axis rotational modulation inertial navigation systems and establishes a probability distribution
model of radial positioning errors for long-endurance inertial navigation systems based on this.

The rest of the paper is structured as follows. Section 2 analyzes the randomness and regu-
larity of the positioning error in the actual use of a long-endurance dual-axis rotary modulation
inertial navigation system; Section 3 derives the probability distribution of the latitude, longitude,
and radial positioning error under the static base condition of long-endurance inertial navigation;
Section 4 derives the proof that the long-range radial positioning error conforms to the Hoyt
distribution model, and gives the eigenvalue function of the Hoyt distribution as well as the
estimation method of the model parameters; Section 5 discusses the dual precision indicators
and calculation methods of long-endurance inertial navigation systems; and Section 6 validates
the long-endurance inertial navigation system’s radial positioning error through the Large
Sample Monte Carlo and verifies that the radial positioning error under the static base condi-
tion of long-endurance inertial navigation conforms to the Hoyt distribution model. Section 7
summarizes the entire content.

2. Analysis of Long-Endurance Inertial Navigation System Positioning Error

Long-endurance inertial navigation is mainly applied to concealed carriers for under-
water navigation [9]. The primary navigation state involves obtaining external velocity
through the assistance of a log for damping [10,11]. This article mainly discusses long-
endurance inertial navigation systems working in a damping state.

For long-term navigation of low-speed carriers, the propagation characteristics of
systematic errors can be analyzed using the static base positioning error equation. The
static base positioning error equation for dual-axis rotation-modulated inertial navigation
is reconstructed as shown in Equations (1) and (2).

Let SL = sin L·, CL = cos L, tL = tan L, eL = sec L, Ss = sin(ωst), Cs = cos(ωst),
S f = sin

(
ω f t

)
, C f = cos

(
ω f t

)
, Se = sin(ωiet), Ce = cos(ωiet) we have:
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δL =

(
εE

1
ωs

SsC f + εN
1

ωs
SsC f

)
+

[
−εE

1
ωie

Se +

(
εN

SL
ωie

− εU
1

ωie
CL

)
Ce

]
(1)

δλ =

(
−εN

eL
ωs

SsC f + εEeL
1

ωs
SsS f

)
+

[(
εN

SLtL
ωie

− εUSL
1

ωie

)
Se + εEeL

SL
ωie

Ce

]
+ (εNCL + εUSL)t (2)

where L and λ represent latitude and longitude; δL and δλ represent latitude errors and
longitude errors; εE, εN , εU are the equivalent gyroscope angular velocity drift values
caused by incomplete modulation in the east, north, and sky directions; ωie is the Earth’s
rotation rate; ωs is the Schuler angular frequency; and ω f is the Foucault angular frequency.

According to Equations (1) and (2), it can be seen that the positioning error of the
inertial navigation systems mainly manifests as the Schuler oscillation error, Earth os-
cillation error, and cumulative divergence error over time. The Schuler oscillation error
can be suppressed into a small amount of error through velocity-damping technology.
Equations (1) and (2) can be simplified as follows:

δL =

[
−εE

1
ωie

Se +

(
εN
ωie

SL −
εU
ωie

CL

)
Ce

]
(3)

δλ =
[(

SL
ωie

tLεN − SL
ωie

εU

)
Se + εEeL

SL
ωie

Ce

]
+ (εNCL + εUSL)t (4)

The analysis of positioning errors in the OPEQ coordinate system (as shown in Figures 1 and 2)
is more concise [12]. The OPEQ coordinate system is often used in INS retuning/correction
methods. Its origin is at the center of mass of the carrier; the E-axis is tangent to the latitude
circle where the carrier is located and points east; the P-axis is oriented along the polar axis;
and the Q-axis, which forms a right-handed rule with the E-axis and the P-axis, points to
the plane of the latitude circle. The projection of equivalent gyroscope error in the OPEQ
system is εE\εP\εQ, and the mapping relationship is shown in Equation (5). Equations
(3) and (4) can be simplified using Equation (5) to obtain the error equation of inertial
positioning error in the OPEQ coordinate system, as shown in Equations (6) and (7).{

εQ = εN sin L − εU cos L
εP = εN cos L + εU sin L

(5)

δL =
1

ωie

√
ε2

Q + ε2
E sin(ωiet + θ1) (6)

δλ =
tL
ωie

[√
ε2

Q + ε2
E sin(ωiet + θ2)

]
+ εPt (7)

tan θ1 = −
εQ

εE
, tan θ2 =

εE
εQ

(8)
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It is easy to conclude from Equation (8) that the phase of latitude oscillation error lags
90 ◦ behind that of longitude oscillation error.

3. Probability Distribution of Long-Endurance Inertial Navigation Positioning Error

In the previous section, we analyzed the positioning error of long-endurance iner-
tial navigation under static base conditions and provided the projection results in the
OPEQ system. From Equations (6) and (7), it can be seen that the statistical character-
istics of equivalent gyro drift determine the statistical characteristics of long-endurance
inertial navigation positioning errors. The equivalent gyro drift is affected by the gyro
error characteristics, rotation modulation scheme, initial alignment process, etc. Gen-
erally, it can be assumed that εE, εN , εU follow a normal distribution of zero mean and
standard deviation and are independent of each other, i.e., XE ∼ N

(
0, σ2), XN ∼ N

(
0, σ2),

XU ∼ N
(
0, σ2). From the linear additivity of a normal distribution, it can be concluded

that XQ\XP ∼ N
(
0, σ2(sin2 L + cos2 L

))
= N

(
0, σ2), i.e., XQ\Xp still follows a normal dis-

tribution with zero means, and XQ\Xp\XE are independent of each other.

3.1. PDF of Latitude Errors and Longitude Errors

Firstly, we analyze the probability distribution of latitude error and perform the
following binary transformation:{

R =
√

X2
Q + X2

E

Θ = arctan
(
−XQ/XE

) (9)

{
r =

√
ε2

Q + ε2
E

θ = arctan
(
−εQ/εE

) (10)

The corresponding Jacobian determinant is shown in Equation (11):

J =
∣∣∣∣cos θ −r sin θ
sin θ r cos θ

∣∣∣∣ = r (11)

According to the independence of XQ between XE, there are

fXQXE

(
εQ, εE

)
= fXQ

(
εQ
)

fXE(εE)

= 1
2πσ2 e−(ε2

Q+ε2
E)/2σ2 (12)
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Then:

fRΘ(r, θ) =

{
fXQXE(r cos θ, r sin θ)|J|, r ≥ 0
0, r < 0

=

{
r

2πσ2 e−r2/2σ2
, r ≥ 0

0, r < 0

(13)

The marginal probability density function of two-dimensional random variables R
and Θ is:

fR(r) =
∫ 2π

0
fRΘ(r, θ)dθ =

{
r

σ2 e−r/2σ2
, r ≥ 0

0, r < 0
(14)

fΘ(θ) =
∫ +∞

0
fRΘ(r, θ)dr =


1

2π
, 0 ≤ θ ≤ 2π

0, other
(15)

From Equations (13)–(15), fRΘ(r, θ) = fR(r) fΘ(θ) can be easily obtained. If the joint
probability density function of two-dimensional random variables R and Θ is equal to the
product of the marginal probability density function, it can be obtained that the random
variables R and Θ are independent of each other. The distribution of Equation (14) is
called a Rayleigh distribution, where the amplitude of latitude error follows a Rayleigh
distribution and the phase follows a uniform distribution.

Furthermore, based on the probability density distribution functions and indepen-
dence of R and Θ, the probability characteristics of the random signal are derived using the
supplementary variable method, as shown in Equation (16).

X(t) = R sin(w0t + Θ) (16)

where X(t) is the random phase signal and R is the random amplitude following a Rayleigh
distribution with parameter σ. Θ is the random phase following a uniform distribution
with [0, 2π], and w0 is the determined angular frequency.

Let: {
X1 = R sin(w0t1 + Θ)
X2 = R sin(w0t2 + Θ)

,
{

x1 = r sin(w0t1 + θ)
x2 = r sin(w0t2 + θ)

(17)

Jacobian determinant of Equation (17):

J =
∣∣∣∣sin(w0t1 + θ) r cos(w0t1 + θ)
sin(w0t2 + θ) r cos(w0t2 + θ)

∣∣∣∣−1

=
1

r sin w0(t1 − t2)
(18)

According to the calculation formula of the binary joint density function:

fX1X2(x1, x2) =

{
1

2πσ2|r sin w0(t1−t2)|
e−r2/2σ2

0, r < 0
(19)

From Equation (17), it can be found that:{
r cos θ = x1 cos w0t2−x2 cos w0t1

sin w0(t1−t2)

r sin θ = x2 sin w0t1−x1 sin w0t2
sin w0(t1−t2)

(20)

Then:

r2 =
x2

1 + x2
2 − 2x1x2 cos w0(t1 − t2)

sin2 w0(t1 − t2)
(21)

By substituting Equation (21) into (19), it can be found that:

fX(x1, x2; t1, t2) = fX1X2(x1, x2) =
1

2πσ2
√

1 − ρ2
exp

[
−

x2
1 + x2

2 − 2x1x2ρ

2σ2(1 − ρ2)

]
(22)
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where ρ = cos w0(t1 − t2) and Equation (22) is the two-dimensional normal probability
density function with zero mean. It is easy to conclude that both X1 and X2 follow N

(
0, σ2).

According to the linear additivity of a normal distribution, it can be concluded that
both latitude and longitude error random variables follow a normal distribution, and the
variance of longitude error random variables increases over time, which is consistent with
the divergence trend of longitude errors over time, as shown in Equation (23).

δL ∼ N
(

0, 1
ω2

ie
σ2
)

δλ ∼ N
(

0,
(

t2
L

ω2
ie
+ t2

)
σ2
) (23)

3.2. PDF of Radial Positioning Error

Based on Equation (23), the statistical properties of the radial positioning error random
variable given in Equation (24) are discussed. The radial positioning error random variable
can also be viewed as the mode of two random variables obeying normal distribution.
However, unlike the Rayleigh distribution, the standard deviations of the two normal
distribution random variables are different, and the longitude error’s standard deviation
diverges over time.

δP =

√
δL2 + (δλ cos L)2 (24)

Firstly, the independence between the latitude error random variable and the longitude
error random variable is discussed: the independence between δL and δλ depends on the
independence of the random variable C(t) = A cos(w0t + Θ) between the random variable
S(t) = A sin(w0t + Θ) = C

(
t − π

2w0

)
. The results of (22) have the following implications:

fCS(c, s; t1, t2) = fCC

(
c, s; t1, t1 −

π

2ω0

)
=

1
2πσ2|cos ω0(t1 − t2)|

exp
[
− c2 + s2 − 2cs sin ω0(t1 − t2)

2σ2 cos2 ω0(t1 − t2)

]
(25)

fCS(c, s; t1, t2) = fCS(c, s) =
1

2πσ2 exp
[
− c2 + s2

2σ2

]
(26)

From Equation (25), it can be seen that the correlation between C(t) and S(t) varies with
the interval t1 − t2 at any time. Only when t1 − t2 = 0 does fCS(c, s; t1, t1) = fC(c)× fS(s) exist,
that is, when t1 = t2, are the random variables C(t) and S(t) independent of each other. When
t1 = t2 = t, fCS(c, s; t1, t1) is a two-dimensional normal distribution density function, as shown
in Equation (26), with marginal distributions of C(t) ∼ N

(
0, σ2) and S(t) ∼ N

(
0, σ2). From the

independent random variables C(t) between S(t), it can be concluded that the latitude error δL
and longitude error δλ are independent of each other.

When the latitude error random variable δL and the longitude error random variable
δλ are independent of each other, the probability distribution functions of the random
variables for δL and δλ can be derived using the double integral variable variation method.

Let kL = 1
ωie

, kλ =

√
t2
L

ω2
ie
+ t2, we have:

{
δP =

√
δL2 + (CLδλ)2

θ = arctan(CLδλ/δL){
δL = δP cos θ

δλ = δP
CL

sin θ

J =

∣∣∣∣∣ cos θ −δP sin θ
1

CL
sin θ δP

CL
cos θ

∣∣∣∣∣ = δP
CL
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The joint probability distribution density function of radial positioning errors δP and
corresponding phase θ is:

f∆PΘ(δP, θ) = 1
2πkLkλσ2 exp

[
− δL2

2k2
Lσ2 − δλ2

2k2
λσ2

]
δP
CL

= δP
2πkLkλCLσ2 exp

[
− δP2

2σ2 (
cos2 θ

k2
L

+ sin2 θ
k2

λC2
L
)

] (27)

The probability density function of δP is:

f (δP) =
∫ 2π

0 f∆PΘ(δP, θ)dθ

=
δP

2πkLkλCLσ2

∫ 2π
0 exp

[
− δP2

2σ2

(
cos2 θ

k2
L

+
sin2 θ

k2
λC2

L

)]
dθ

=
δP

2πkLkλCLσ2

∫ 2π
0 exp

[
− δP2

2σ2

(
k2

λC2
L + k2

L
2k2

Lk2
λC2

L
+

k2
λC2

L − k2
L

2k2
Lk2

λC2
L

cos 2θ

)]
dθ

=
δP

2πkLkλCLσ2

∫ 2π
0 exp

[(
−

k2
λC2

L + k2
L

4k2
Lk2

λC2
Lσ2

δP2 +
k2

λC2
L − k2

L
4k2

Lk2
λC2

Lσ2
δP2 cos 2θ

)]
dθ

=
δP

2πkLkλCLσ2 exp

(
−

k2
λC2

L + k2
L

4k2
Lk2

λC2
Lσ2

δP2

)∫ 2π
0 exp

(
k2

λC2
L − k2

L
4k2

Lk2
λC2

Lσ2
δP2 cos 2θ

)
dθ

=
δP

kLkλCLσ2 exp

(
−

k2
λC2

L + k2
L

4k2
Lk2

λC2
Lσ2

δP2

)
I0

(
k2

λC2
L − k2

L
4k2

Lk2
λC2

Lσ2
δP2

)

(28)

where I0(x) =
1

2π

∫ 2π
0 ex cos θdθ =

1
2π

∫ 2π
0 ex cos 2θdθ is the first type of modified zero-order

Bessel function. The distribution in the form of Equation (28) is called the Hoyt distribution [13].
The PDF of radial positioning error is transformed into a standard Hoyt distribution form [14]:

pX(x) =
(1 + q2)x

qΩ
exp

[
− (1 + q2)

2x2

4q2Ω

]
I0

(
(1 − q4)x2

4q2Ω

)
(29)

where Ω = E
[
x2] = σ2

L + σ2
λ, q = σL/σλ and x ≥ 0.

The surface plot of the probability density function over time with σ = 0.001◦/h
is shown in Figure 3. From the figure, it can be seen that, at the beginning of time,
δP is concentrated near 0. As time progresses, the probability density surface becomes
flat and the dispersion becomes larger, indicating that the positioning accuracy of the
inertial navigation systems is deteriorating, consistent with the characteristics of the inertial
navigation systems positioning error, which is cumulative over time. Figure 4 further
shows the trend over time.
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4. The Distribution Function and Characteristic Number of Radial Positioning Errors

The CDF of a random variable is an integral of the PDF, which is used to calculate
the quantile of a random variable. In addition, the mean, standard deviation, and root
mean square can be calculated from the distribution. Each of these measures describes the
characteristics of the distribution from one side. The mean usually describes the central
trend of errors in inertial navigation systems, the standard deviation usually describes the
dispersion of errors in inertial navigation systems, and the root mean square combines
the characteristics of both. This section introduces the distribution function, characteristic
numbers of inertial radial positioning errors, and parameter estimation methods.

4.1. CDF of Radial Positioning Error

The CDF of Hoyt distribution:

PX(x) =
∫ x

0

(1 + q2)t
qΩ

exp

[
− (1 + q2)

2t2

4q2Ω

]
I0

(
(1 − q4)t2

4q2Ω

)
dt (30)

The calculation of the Hoyt distribution function, as shown in Equation (30), involves
the integration of the Bessel function, and the calculation process is relatively complex.
References [15,16] provides a closed-form calculation formula for CDF of Hoyt distribution,
as shown in Equation (31). Figure 5 shows the cumulative probability density of the random
variable of radial positioning error over time, and Figure 6 further illustrates the cumulative
probability density curve at typical moments.

PX(x) = Q(α(q)
x√
Ω

, β(q)
x√
Ω
)− Q(β(q)

x√
Ω

, α(q)
x√
Ω
) (31)

where α(q) =
√
(1 + q2)(1 + q)2/2q; β(q) =

√
(1 + q2)(1 − q)2/2q; Q(α, β) is the first-

order Marcum-Q function, as shown in Equation (32).

Q(α, β) =
∫ ∞

β
te−

t2+α2
2 I0(αt)dt (32)
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4.2. Characteristic of Radial Positioning Error

The mean of the radial positioning error is given by [17]:

E(x) =
∫ ∞

0 x × pX(x)dx

=

√
2
π

×
√

Ω
1 + q2 ElliptcE(1 − q2)

(33)

where ElliptcE(x) =
∫ π/2

0

√
1− x sin2 θdθ is the second type of complete elliptic integral [18].

The standard deviation of radial positioning error:

Std(x) =
√

E(x2)− [E(x)]2

=

√
Ω
(

1 − 2×ElliptcE(1−q2)
2

π(1+q2)

) (34)

For the radial positioning error, while paying attention to its root mean square (RMS)
trend over time [19], according to the definition of δPRMS RMS, we have:

δPRMS =
√

E(δP2) =
√

E(δL2) + C2
LE(δλ2) (35)
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From the relationship between gamma distribution and normal distribution, as well
as the linear relationship of gamma distribution, it is easy to obtain:

δL2 ∼ Γ
(

1
2 , 1

2k2
Lσ2

)
δλ2 ∼ Γ

(
1
2 , 1

2k2
λσ2

) (36)

{
E
(
δL2) = k2

Lσ2

E
(
δλ2) = k2

λσ2 (37)

By substituting Equation (37) into Equation (35), we have:

RMS(x) =
√

Ω =
√

k2
Lσ2 + C2

Lk2
λσ2 =

√√√√ σ2

ω2
ie
+ C2

L

(
t2
L

ω2
ie
+ t2

)
σ2 =

σ

ωie

√
1 + S2

L + C2
Lω2

iet2 ≈ CLσt (38)

From Equation (38), it can be seen that the RMS of the long-endurance inertial navi-
gation positioning error can be approximated as the linear divergence over time, and the
divergence angle depends on the local latitude and equivalent gyro bias σ. At the same
time, it can also be seen that the root mean square of the radial positioning error diverges
faster with increasing latitude.

As time t increases, q2 approaches 0, and there are:

lim
q→0

ElliptcE(1 − q2) = 1 (39)

Substituting Equation (39) into Equation (33) and Equation (30) we have:

lim
q→0

E(x) = lim
q→0

√
2
π

×
√

Ωn

1 + q2 ElliptcE(1 − q2) =

√
2
π

RMS(x) ≈ 0.8RMS(x) (40)

lim
q→0

Std(x) = lim
q→0

√
Ω

√√√√(1 − 2 × ElliptcE(1 − q2)2

π(1 + q2)

)
=

√
1 − 2

π
RMS(x) ≈ 0.6RMS(x) (41)

4.3. Estimation of Radial Positioning Error Parameters

f (δP) has a unique parameter, which is the equivalent gyro bias σ. Due to the existence
of a Bessel function in the Hoyt distribution without a closed solution [20], general parame-
ter estimation methods such as moment estimation and maximum likelihood estimation
are challenging to apply. But from Equation (38), it can be seen that δPRMS and σ have an
approximate linear relationship, so δPRMS can be estimated based on the time curve of σ.
In practice, the RMS curve of the positioning error can be obtained by using several of the
accuracy performance test data. Then, the least squares method can be used to solve the
linear dispersion coefficient of the RMS curve over time, which can be used to accurately
estimate the equivalent gyroscopic zero bias of the inertial navigation under test.

5. Evaluation of Radial Positioning Accuracy Index

Due to the positioning error characteristics exhibited by the long-endurance inertial
navigation system, the positioning accuracy performance is usually evaluated using the
Max and RMS dual precision indicators.

The Max index is of great significance in ensuring the safety of ship navigation. In the
past, the national military standard directly took the maximum radial positioning error among
all voyages as Max. When there were gross errors in the test data, it was easy to misjudge the
Max index. If analyzed from a probability perspective, determining the probability of meeting
accuracy as 99.7% (the specific probability value can be adjusted according to needs) can make
the mathematical and physical meanings of the Max index more rigorous.
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The RMS index can reflect the central trend and dispersion of positioning errors, and
has physical significance under the condition of a clear probability distribution model
for positioning errors. For example, assuming that positioning errors follow a zero mean
normal distribution, the RMS index can represent that the probability of positioning errors
not exceeding the RMS value is 67.8%.

The following provides the quantitative relationship and calculation method between the
Max index and RMS under the Hoyt distribution assumption. When q approaches 0, the Hoyt
distribution can be simplified into a half-normal distribution, as shown in Equation (42).

f (x; 0, θ) =

{
2θe−

x2θ2
π

π , x > 0
0 , other

(42)

where θ =
√

π/2Ω. The cumulative probability density function and inverse cumulative
probability density function of a half-normal distribution are shown in Equations (43) and (44),
respectively.

F(x; 0, θ) = Er f
(
xθ/

√
π
)
, x > 0 (43)

F′(α; 0, θ) =
√

π IEr f (α)/θ, 0 < α < 1 (44)

where Er f (x) = 2√
π

∫ x
0 e−z2

dz is the Gaussian error function and IErf is the inverse function

of Erf. Combining Equation (44) with θ =
√

π/2Ω, an approximate expression for the
inverse cumulative probability distribution function F′(δP) can be obtained, as shown here:

F′(α; q, Ω) ≈
√

2 × IEr f (F(δP))
√

Ω (45)

By substituting F(δP) = 0.997 into the above equation, we can obtain:

Max(δP) =
√

2IEr f (0.997)
√

Ω ≈ 2.97
√

Ω (46)

According to Equation (46), when the set probability is 99.7%, the Max index can be
approximately equal to 2.97 times the RMS. Combining Equations (40) and (41), it can be further
obtained that the Max index can be approximately equal to 4.95 times the mean and 3.71 times
the standard deviation. By setting F′(α; q, Ω) =

√
Ω, α = 0.6827 can be concluded, which

means that, under the Hoyt distribution model assumption, the RMS index can represent a
probability of 68.27% that the positioning error does not exceed the RMS value.

Figure 7 shows the linear trends of mean, standard deviation, RMS, and Max over
time for Hoyt random variables.
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6. Results of Simulation

For long-endurance inertial navigation systems, it is difficult to obtain a large number
of test samples for verification. For now, the correctness of the above theoretical derivation
will be verified through Monte Carlo simulation. The equivalent gyro bias is set to 0.001◦/h,
and 10,000 Monte Carlo experiments are conducted under static base conditions.

The probability density surface of radial error over time under static base conditions
is shown in Figure 8, which is basically consistent with the Hoyt distribution probability
density surface, but significantly different from the normal distribution with a symmetric form
probability density curve, indicating that the Hoyt distribution is more suitable as a probability
distribution model for the radial positioning error compared to the normal distribution.
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To further compare the differences in Max metrics calculated based on normal distri-
bution and Hoyt distribution in accuracy evaluation, Table 1 presents the actual statistical
values of the experimental results, as well as the prior values, estimated values, and esti-
mated values calculated based on Hoyt distribution and normal distribution. The results of
“Estimated value using prior information” are obtained by directly bringing the equivalent
gyro zero bias (σ = 0.001◦/h) set in the simulation into Equation (38). The correspond-
ing MEAN\STD\MAX is then obtained based on the proportionality between RMS and
Mean\Std\Max. The results of “Estimated value using Hoyt distribution” require the
estimation of the equivalent gyro zero bias using the method introduced in Section 4.3 after
obtaining the radial positioning error data. The results of “Estimated value using Normal
distribution” are obtained by using the mean of the sample plus three times the standard
deviation of the sample to calculate the Max value.



Electronics 2024, 13, 4671 13 of 15

From the results in Table 1, it can be concluded that before conducting the experiment,
the estimated radial positioning error statistic based solely on the prior information of the
equivalent angular velocity has an error of no more than 0.7% in mean, standard deviation,
and RMS compared to the actual statistical results, and an error of no more than 0.4% in
Max. After obtaining the experimental results and estimating the statistical statistics of
radial positioning error under the Hoyt distribution model assumption, the mean, standard
deviation, and RMS errors do not exceed 0.13% compared to the actual statistical results,
and the error of Max does not exceed 1%. However, under the assumption of a normal
distribution model, the statistics of the estimated radial positioning error are compared
with the actual statistical results (the mean, standard deviation, and RMS of the normal
distribution are calculated using the same method as the actual values, so no comparison is
made), and the error of Max exceeds 13%.

Table 1. Statistical values of experimental results and estimated values under different distribution conditions.

Results

Methods Actual
Value

Estimated Value Using
Prior Information

Estimated Value Using
Hoyt Distribution

Estimated Value Using
Normal Distribution

Mean 0.991 0.997 0.991 -

STD 0.749 0.753 0.748 -

RMS 1.241 1.249 1.241 -

Max (99.7%) 3.722 3.708 3.684 3.238

Figure 9 shows the cumulative probability distribution statistics of the results over time,
the RMS and Max values estimated based on the prior information, the Hoyt distribution,
and the normal distribution.
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7. Conclusions

As one of the critical indicators of long-inertial navigation, the radial positioning
error of the inertial navigation systems has been extended to a normal distribution as the
probability distribution model for accuracy test design. However, from the theoretical
derivation and Monte Carlo simulation results in this paper, it can be seen that the Hoyt
distribution is closer to the probability distribution of the radial positioning error of the
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inertial navigation systems; the parameters of the Hoyt distribution correspond to the pri-
mary error source of the inertial navigation systems (the equivalent gyro zero bias), and the
probability distribution of the inertial navigation systems over time can be obtained from
the radial positioning error data under multiple static base conditions. The theoretically
derived probability distribution model of the static base error of the inertial navigation
systems in this paper can be used as the a priori information on the probability distribution
of the inertial navigation systems under the dynamic base condition to guide the design
and analysis of the radial positioning accuracy test of the inertial navigation systems under
the dynamic base condition.
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