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Abstract: In the last decade, graph embedding-based dimensionality reduction for multi-view
data has been extensively studied. However, constructing a high-quality graph for dimensionality
reduction is still a significant challenge. Herein, we propose a new algorithm, named multi-view
low-rank graph optimization for dimensionality reduction (MvLRGO), which integrates graph
optimization with dimensionality reduction into one objective function in order to simultaneously
determine the optimal subspace and graph. The subspace learning of each view is conducted
independently by the general graph embedding framework. For graph construction, we exploit
low-rank representation (LRR) to obtain reconstruction relationships as the affinity weight of the
graph. Subsequently, the learned graph of each view is further optimized throughout the learning
process to obtain the ideal assignment of relations. Moreover, to integrate information from multiple
views, MvLRGO regularizes each of the view-specific optimal graphs such that they align with one
another. Benefiting from this term, MvLRGO can achieve flexible multi-view communication without
constraining the subspaces of all views to be the same. Various experimental results obtained with
different datasets show that the proposed method outperforms many state-of-the-art multi-view and
single-view dimensionality reduction algorithms.

Keywords: multi-view learning; low-rank representation; graph embedding; graph optimization

1. Introduction

With the development of technology, numerous algorithms and devices have been
proposed to characterize samples from different views [1–3]. Multi-view features capture
various attributes of the same sample from multiple views. For example, in an image
analysis domain, one color image can be described by feature vectors extracted by multiple
feature extractors such as local binary pattern (LBP) [4], histogram of oriented gradient
(HOG) [5], and Gist [6]. While features extracted by different extractors may contain dif-
ferent types of attribute information, they all describe the same image, indicating some
common intrinsic relationships among them. Unlike single-view features, multi-view fea-
tures contain more information. Therefore, fully exploiting compatible and complementary
information across multiple views is crucial and challenging for improving the performance
of dimensionality reduction algorithms [7–10].

In most research fields, such as image retrieval, image classification, and textual clas-
sification, most of the features utilized within these fields are typically high-dimensional,
and dealing with these high-dimensional features leads to significant consumption of
computational resources. Therefore, it is crucial for researchers to construct meaningful
dimensionality reduction algorithms to solve the optimal subspace while keeping as much
of the important information from the original data as possible. To address this issue,
researchers have proposed numerous efficient dimensionality reduction methods. Some
linear dimensionality reduction algorithms assume that the underlying structure of the
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original data can be discovered through linear transformations, and they seek to learn
an optimal projection matrix to project the original high-dimensional data into the low-
dimensional subspace, such as principal component analysis (PCA) [11], linear discriminant
analysis (LDA) [12], locality-preserving projections (LPPs) [13], neighborhood-preserving
embedding (NPE) [14], and sparsity-preserving projection [15]. Some manifold hypothesis-
based nonlinear algorithms consider that high-dimensional data are distributed around a
submanifold of the original space. These methods aim to discover the manifold structure
concealed in the data for dimensionality reduction. Locally linear embedding (LLE) [16],
Laplacian Eigenmaps (LEs) [17], and Isomap [18] are representative nonlinear algorithms.
One common limitation of these traditional dimensionality reduction methods is that the
construction processes of the graph utilized for dimensionality reduction are irrelevant
to the given task. They construct the graph based on original data that contain noise and
redundant information, which usually leads to the constructed graphs being suboptimal.
To address this issue, some algorithms [19–22] incorporate graph optimization and dimen-
sionality reduction into one objective function, which learns the optimal graph and the
low-dimensional representation simultaneously. Although these algorithms are available
and suitable for dealing with a variety of high-dimensional data, most of them can only
utilize a feature of the sample from a single view and cannot make full use of multi-view
data to improve performance.

In the past decade, multi-view learning has undergone remarkable development in
various fields [3,23], such as clustering [24,25], metric learning [26–28], and dimension-
ality reduction [7,29,30]. Kumar et al. [31] extended the traditional spectral embedding
technique into the multi-view setting using a co-training framework, and they proposed
co-regularized multi-view spectral clustering. Multi-view canonical correlation analysis
(MCCA) [32] is an extension of canonical correlation analysis (CCA) [33], which con-
structs a common subspace for all views simultaneously. Multi-view spectral embedding
(MSE) [34] constructs Laplace matrices for different view features and computes a shared
spectral embedding, aiming to preserve information from each viewpoint as effectively
as possible. Multi-view dimensionality co-reduction (McDR) [35] constructs the dimen-
sionality reduction objective for each view and maximizes the dependencies across the
low-dimensional representation of multiple views via the Hilbert–Schmidt independence
criterion (HSIC). Co-regularized multi-view sparse reconstruction embedding (CMSRE) [29]
explores the sparse reconstruction correlation between samples in multiple views based
on sparse representation and the co-regularization technique to learn the sparse structure
of samples on manifolds across all views and achieve low-dimensional embedding of
high-dimensional samples.

Most existing multi-view dimensionality reduction algorithms have achieved good
results when dealing with high-dimensional multi-view data. However, these proposed
algorithms usually suffer from the following limitations. First, they utilize the graphs con-
structed with original high-dimensional data that are redundant and always contain noise,
which results in an unreliable and inaccurate graph. A suboptimal graph may have negative
effects on performance in terms of dimensionality reduction. Second, most methods project
different view features into one common low-dimensional space or minimize the difference
between low-dimensional representations of different views, which is inappropriate if the
dimensionalities of features from different views are unbalanced. Moreover, since different
view features are usually located in different spaces and have different statistical properties,
directly projecting all view features into one common subspace is unreasonable.

To address the aforementioned problems, we propose a novel multi-view dimensional-
ity reduction algorithm named multi-view low-rank graph optimization for dimensionality
reduction (MvLRGO) in this paper. Based on the graph embedding framework, MvLRGO
constructs an affinity graph for each view via low-rank representation (LRR), which facili-
tates the exploration of meaningful structures in the data [36] and further optimizes the
low-rank graph within the whole learning process. We consider that, although there are
differences between the representations of different views, they all describe one sample.
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MvLRGO adopts a graph-based reasonable hypothesis [37,38] where the affinity graphs
of each view describing the similarity between samples should be relatively close to each
other. Therefore, for graph learning, MvLRGO further regularizes the low-rank graphs
of each view so that they are similar to each other based on this hypothesis, meaning
the compatible and complementary information of multi-view features can be efficiently
incorporated for graph learning. In general, by introducing graph optimization into the
final objective function, MvLRGO not only utilizes the optimal graph to learn the subspace
for each view but also effectively integrates compatible and complementary information
for dimensionality reduction without forcibly projecting the high-dimensional feature of
different views into one common subspace. Finally, the alternating direction minimiza-
tion (ADM) algorithm is adopted to solve the objective of MvLRGO. We summarize the
contributions of MvLRGO as follows:

• We propose a novel algorithm, termed multi-view low-rank graph optimization for
dimensionality reduction, which can deal with high-dimensional multi-view data by
effectively exploring the underlying structure of samples and simultaneously seeking
the optimal subspace for each view.

• MvLRGO adopts low-rank representation to obtain the affinity graph for each view,
thus effectively extracting the subspace structure. The constructed graph utilized for
dimensionality reduction will be further optimized in the whole learning process,
which means that MvLRGO utilizes low-dimensional representations that contain less
noise and redundant information for graph construction. Therefore, MvLRGO can
construct a low-dimensional representation for each view based on the optimal graph.

• We assume that the affinity relations obtained from different views should be the
same, and the graph of each view is regularized so that they are close to each other in
the objective function; this is reasonable because these graphs all reflect the affinity
relationship of the samples. Through this regularization, MvLRGO can effectively
integrate complementary and compatible information from multi-view data.

The rest of this paper is organized as follows: In Section 2, we review some related
dimensionality reduction algorithms. In Section 3, we provide the details of the proposed
algorithm, MvLRGO. Then, we demonstrate the experimental results for various datasets in
Section 4. Section 5 provides our conclusions.

2. Related Work

In this section, we review the first single-view dimensionality reduction method
based on graph optimization, named graph-optimized locality-preserving projections
(GoLPP) [19]. GoLPP integrates graph construction with a dimensionality reduction process
into a unified framework, which results in an optimal graph for dimensionality reduction
rather than a predefined one. Then, we introduce a classical multi-view dimensionality
reduction method, termed multi-view spectral embedding (MSE) [34], which fuses the
graph of each view with different weights to simultaneously construct sufficiently smooth
embedding over all views.

2.1. Graph-Optimized Locality-Preserving Projections

GoLPP is a graph-based dimensionality reduction method that introduces the graph
optimization procedure into the objective of LPP [13] to jointly learn the optimal graph and
projection matrix. Let X = [x1, x2, . . . , xN ] ∈ RD×N denotes N samples in D-dimensional
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space. GoLPP aims to simultaneously learn the optimal graph and projection matrix using
the following objective function:

min
P,S

∑N
i,j=1

∥∥Pxi − Pxj
∥∥2sij

∑N
i=1∥Pxi∥2 + η

N

∑
i,j=1

sijlnsij

s.t.
N

∑
j=1

sij = 1, sij ≥ 0,

(1)

where P ∈ Rd×D is the projection matrix, S =
(
sij
)

n×n is the affinity weight matrix, and
η > 0 is a trade-off parameter. The optimal solution of this objective function can be solved
via an alternative iteration scheme, in which the affinity weight matrix can be updated
during each iteration until the optimal one is reached. For GoLPP, it was previously verified
that combining graph optimization with dimensionality reduction can achieve optimal
affinity. Moreover, the authors argued that GoLPP returns superior results to traditional
graph-based dimensionality reduction methods.

2.2. Multi-View Spectral Embedding

MSE [34] is a classical multi-view dimensionality reduction algorithm that has attracted
significant widespread attention. MSE constructs a common low-dimensional embedding
representation by fusing the graph affinity for the features of all views based on the
complementary principle. Given a multi-view dataset with N samples and m views,{

Xv ∈ RDv×N
}m

v=1
, MSE first constructs the affinity matrix for each view. Then, it obtains

the low-dimensional embedding representation via graph embedding for each view. Finally,
MSE unifies these low-dimensional embedding representations of different views using
global coordinate alignment. The objective of MSE is formulated as follows:

max
α,Y

m

∑
v=1

αr
vTr

{
(Y)T LvY

}
s.t. (Y)TY = I,

m

∑
v=1

αv = 1, αv ≥ 0
(2)

where Lv is a Laplacian matrix of Xv. α = [α1, α2, . . . , αm] is a set of non-negative weights
that can be learned based on the importance of the views, and r > 1. Moreover, Y is
the final spectral embedding representation. MSE effectively exploits the complementary
information of multiple views to construct the common low-dimensional representation Y
for multi-view features.

3. Multi-View Low-Rank Graph Optimization for Dimensionality Reduction

This section presents the details of our proposed MvLRGO, which integrates dimen-
sionality reduction and graph learning into one unified objective function. Considering a

multi-view dataset comprising N samples, each with m views
{

Xv ∈ RDv×N
}m

v=1
(where

Xv ∈ RDv×N is the data matrix containing features from the vth view of the sample with
each feature represented as a column, and Dv is the dimensionality of the high-dimensional
features), MvLRGO endeavors to simultaneously construct an optimal affinity graph and

the projection matrices
{

Pv ∈ RDv×dv
}m

v=1
in order to project original high-dimensional

features into the low-dimensional subspace for each view.
Leveraging the aforementioned statements, MvLRGO formulates an objective to simul-

taneously learn the projection matrix and the affinity graph for each view. The projection
matrix learning for each view is based on a general graph embedding framework [39].
In the graph learning phase, the affinity graph of each view is optimized, utilizing both
low-dimensional representations and the graphs of other views. This enables MvLRGO to
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effectively utilize information from multi-view features when constructing an affinity graph
for each view. Finally, an iterative optimization scheme is employed to find the solution.

3.1. The Construction of MvLRGO

This section introduces the details of the approach for jointly learning the projec-
tion matrix and the affinity graph for each view. MvLRGO employs an LRR scheme to
identify the reconstruction relation as the affinity, which aims to construct a low-rank
self-representation to capture the inherent correlations between features. We can formulate
a single-view graph optimization objective for each single view’s dimensionality reduction,
as follows:

min
Pv ,Sv

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+ η∥Sv∥∗

s.t. sv
ij ≥ 0,

N

∑
j=1

sv
ij = 1, (Pv)TXv(Xv)TPv = I,

(3)

where xv
i ∈ RDv×1 is the vth view feature of ith sample, sv

i = [si1, si2, . . . , siN ]
T is an N-

dimensional vector in which the element sij reflects the contribution of xv
j to reconstructing

xv
i , Sv =

[
sv

1, sv
2, . . . , sv

N
]T is the low-rank reconstructive weight matrix of the vth view, and

Pv ∈ RDv×dv
is the projection matrix which projects the original Dv dimensional features

into a dv dimensional subspace (dv < Dv). The second term ∥Sv∥∗ is the nuclear norm
which is computed as ∥Sv∥∗ = ∑N

i λv
i , where λv

i is the ith singular value of Sv, and η > 0 is
a trade-off parameter. The constraint (Pv)TXv(Xv)TPv = I prevents the trivial solution in
which I denotes the identity matrix.

Furthermore, we add a non-negative constraint on the self-representation reconstruc-
tion weights in Equation (3), which has two beneficial properties: (1) each data point is
contained within the convex hull of its neighbors; (2) the learned non-negative recon-
struction weights offer a direct measure of the similarity between samples. Additionally,
many researchers have shown that applying a non-negative constraint to affinity weights
improves the interpretability of data representation and graph construction [40–42].

To jointly perform dimensionality reduction for all features of all views, we aggregate
the objective function Equation (3) of each view, as follows:

min
Pv ,Sv

m

∑
v=1

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+

m

∑
v=1

η∥Sv∥∗

s.t. sv
ij ≥ 0,

N

∑
j=1

sv
ij = 1, (Pv)TXv(Xv)TPv = I, v = 1, 2, . . . , m.

(4)

Equation (4) simply incorporates the dimensionality reduction of multiple views.
Although the process of Equation (4) can simultaneously learn the low-rank reconstruction
relationships and the low-dimensional subspace that maintains the relationships within
each view, it does not take into account the feature information of samples across multiple
views simultaneously.

To jointly exploit the information in multi-view features for dimensionality reduc-
tion, MvLRGO aligns the learned graph of each view with the others. Since the features of
samples from different views reflect the various characteristics of the samples, the represen-
tations of the features differ across views. Therefore, minimizing the difference between the
low-dimensional representations from different views is not a reasonable objective. Never-
theless, since the features from different views describe one common sample, the affinity
relationships derived from the features should be relatively similar. Based on this consid-
eration, we propose a hypothesis: the optimal low-rank self-representation matrices of
features from each view are similar to each other. According to this hypothesis, we can
achieve multi-view dimensionality reduction without projecting the original features from
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different views into the same subspace [29,43]. We adopt the Frobenius norm to measure
the disagreement between the affinity weight matrices of two views Sv and Su:

D(Sv, Su) = ∥Sv − Su∥2
F. (5)

Minimizing the difference D(Sv, Su) can regularize two affinity weight matrices Sv and
Su, making them similar, which is consistent with our proposed hypotheses. Accordingly,
we introduce the pairwise disagreement Equation (5) of the learned self-representation
matrix across all views into the dimensionality reduction objective Equation (4) to obtain
the final objective:

min
Pv ,Sv

m

∑
v=1

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+

m

∑
v=1

η∥Sv∥∗ +
m

∑
v,u=1

γD(Sv, Su)

s.t. sv
ij ≥ 0,

N

∑
j=1

sv
ij = 1, (Pv)TXv(Xv)TPv = I, v, u = 1, 2, . . . , m,

(6)

where η, γ > 0 are two trade-off parameters.
In the projection learning stage, the first term within each view is independently

utilized to obtain the optimal subspace in which the learned low-rank reconstruction
relationship can be preserved as much as possible. In the graph-learning stage, all the terms
in Equation (6) are exploited. The first two terms aim to construct the optimal reconstruction
relationship with low-rank constraint via high-quality low-dimensional representation
for each independent view, and the third term aims to minimize the pairwise difference
in the graph across all views. Therefore, the optimal graph of each view is learned by
both the self-representation of the high-quality low-dimensional representation of features
and the minimization of the disagreement between other views. Through the proposed
objective function Equation (6), in the process of learning, the information from all other
views can be effectively utilized, meaning multi-view data can be handled effectively and
dimensionality reduction of sample features can be achieved across multiple views. The
following section details the process of solving the MvLRGO algorithm.

3.2. The Optimization of MvLRGO

In this section, we introduce the details of the optimization of the proposed MvLRGO.
It is clear that the final objective function, Equation (6), is non-convex for all variables;
thus, directly solving it is difficult. To facilitate this problem, the augmented Lagrangian
multiplier with alternating direction minimizing (ALM-ADM) strategy is adopted. The
low-dimensional subspace and graph for each view are alternately optimized within the
whole learning procedure. First, the low-rank graph Sv of each view is initialized via the
LRR algorithm [36]. Then, the projection matrix Pv of each view can be obtained via a
generalized eigenvalue problem based on the graph.

To adopt the ADM strategy in solving our problem, we need to make our objective
function separable. Therefore, we first introduce one additional variable Zv for each view
to make Equation (6) separable for optimization, as follows:

min
Pv ,Sv

m

∑
v=1

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+

m

∑
v=1

η∥Zv∥∗ +
m

∑
v,u=1

γD(Sv, Su)

s.t. sv
ij ≥ 0,

N

∑
j=1

sv
ij = 1,

(Pv)TXv(Xv)TPv = I, Sv = Zv, v, u = 1, 2, . . . , m.

(7)

Then, we formulate the Lagrangian function for the objective function in Equation (7), as
follows:
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L(Pv, Sv, Zv, Jv) =
m

∑
v=1

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+

m

∑
v=1

η∥Zv∥∗

+
m

∑
v,u=1

γD(Sv, Su) +
m

∑
v=1

G(Jv, Sv − Zv)

s.t. sv
ij ≥ 0,

N

∑
j=1

sv
ij = 1,

(Pv)TXv(Xv)TPv = I, v, u = 1, 2, . . . , m,

(8)

where G(·, ·) is a matrix function, which is defined as G(A, B) = µ/2∥B∥2
F + Tr(AB),

µ > 0, and Jv is the Lagrangian multiplier for the vth view. We exploit the alternating
minimization strategy for solving problem Equation (8).

Solving Pv: We fix Sl and P(u), u ̸= v to update Pv for the v-th view, and the objective
function can be transformed as follows:

min
Pv

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2

s.t. (Pv)TXv(Xv)TPv = I.

(9)

In order to facilitate the solution, we first transform Equation (9) into the following
form by means of algebraic operations.

min
Pv

Tr
{
(Pv)TXv Mv(Xv)TPv

}
s.t. (Pv)TXv(Xv)TPv = I,

(10)

where Mv = I − Sv − (Sv)T + (Sv)TSv. Problem Equation (10) can be solved by following
generalized eigenvalue problems:

Xv Mv(Xv)T pv = αXv(Xv)T pv. (11)

Since the smallest eigenvalue of Mv is close to 0, we select the eigenvectors cor-
responding to the smallest 2 to dv + 1 eigenvalue to construct the projection matrix
Pv =

[
pv

2, pv
3, . . . , pv

dv+1

]
.

Solving Sv: We fix Pl and S(u), u ̸= v to update Sv for the vth view, and the objective
function can be transformed as follows:

min
Sv

N

∑
i=1

∥∥∥(Pv)T(xv
i − Xvsv

i )
∥∥∥2

2
+ γ

m

∑
u=1,u ̸=v

∥Sv − Su∥2
F

s.t. sv
ij ≥ 0, ∑

j
sv

ij = 1.
(12)

We find that the optimization of problem Equation (12) is independent of each sv
i ,

which is the row vector of Sv. To simplify Equation (12), we utilize Yv = (Pv)TXv to repre-
sent the low-dimensional projection of the original feature Xv. Then, we can reformulate
Equation (12) as follows:

min
sv

i

N

∑
i=1

∥yv
i − Yvsv

i ∥
2
2 + γ

m

∑
u=1,u ̸=v

∥sv
i − su

i ∥
2
F

s.t. sv
ij ≥ 0, ∑

j
sv

ij = 1.
(13)
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It is evident that the above problem Equation (13) is a typical quadratic program-
ming problem, which is equivalent to the following standard form without considering
constant scalar:

min
sv

i

1
2
(sv

i )
T Hvsv

i − (sv
i )

Thi

s.t. sv
ij ≥ 0, ∑

j
sv

ij = 1,
(14)

where Hv = (Yv)vYv + (m − 1)γI and hi = Yvyv
i + γ

(
∑m

u=1,u ̸=v su
i

)
. We can obtain

the optimal solution of the above problem Equation (14) by solving the complementary
slackness KKT condition.

Solving Zv: Since Zv and Zu, u ̸= v are independent of each other, we can focus on
Zv without considering others. We fix Sl and P(l) to update Zv, and the objective function
can be transformed as follows:

min
Zv

η∥Zv∥∗ +
µ

2
∥Sv − Zv∥2

F + Tr((Sv − Zv)Jv). (15)

Without considering the constant scalar, the problem Equation (15) can be reformulated
as the following equivalent form:

min
Zv

η∥Zv∥∗ +
µ

2

∥∥∥∥Zv − Sv − 1
µ

Jv
∥∥∥∥2

F
. (16)

The optimal solution to problem Equation (16) can be obtained as follows:

Zv = D η
µ

(
Sv +

1
µ

Jv
)

(17)

in which D η
µ

is a singular value-thresholding shrinkage operation [36].

Updating multipliers Jv: Finally, we can update the Lagrangian multipliers Jv as
follows:

Jv = Jv + µ(Sv − Zv). (18)

We iteratively alternate the four steps until the objective function Equation (8) sat-
isfies the convergence condition. We summarize the details of optimizing MvLRGO in
Algorithm 1.

Algorithm 1: The optimization procedure of MvLRGO.
Input:
A set of data matrices: {Xv}m

v=1 and the regularization parameters η and γ.
Initialization:
Sv is initialized by LRR, Pv = Zv = Jv = 0, ρ = 1.2, maxµ = 104.
The optimization procedure of MvLRGO:
1. Do
2. For v = 1:m

Update projection matrix Pv for the vth view according to Equation (11).
Update graph matrix Sv for the vth view by solving KKT conditions of

problem Equation (14).
Update Zv for the vth view according to Equation (17).
Update the multiplier Jv for the vth view according to Equation (18).
Update the parameter µ by µ = min(ρµ, maxµ).

End
3. Until convergence.
Output:
The projection matrices Pv, 1 ≤ v ≤ m for all views.
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3.3. Complexity

The optimization procedure of the proposed MvLRGO, as listed in Algorithm 1,
includes four main steps. The updating Lagrangian multiplier Jv for each view only
involves element-wise addition, which means that the computational complexities of this
step are minimal enough to be ignored. Therefore, we only analyze the steps involved
in updating Pv, Sv, and Zv without considering the addition of a matrix. We adopt
N, m, D, and d to denote the number of samples, the number of views, the maximum
dimensionality of the original features of all views, and the maximum dimensionality of
the optimal subspaces of all views. To solve the projection Pv for all views, the complexity
is O(mD3). The complexity of solving the graph Sv for all views is O(m(dN2 + d2N)).
For a matrix with size N × N, the complexity of solving the singular value-thresholding
shrinkage operation is O(rN2), where r < N denotes the rank of the objective matrix.
Then, we can determine the complexity of updating the additional variable Zv for all views,
as follows: O(mrN2). Therefore, overall, the complexity of our proposed algorithm is
O(τm(D3 + dN2 + d2N + rN2)), where τ is the number of iterations.

4. Experiments

To validate the effectiveness of the proposed MvLRGO algorithm, we conducted
multiple experiments on two textual datasets and four image datasets. The textual datasets
were standard multi-view datasets. For the image datasets, we used multiple image
feature operators to extract features from the datasets. The extracted features served as the
multi-view features of the images.

BBCSport (http://mlg.ucd.ie/datasets/bbc.html, accessed on 12 June 2024): This
dataset is a multi-view textual dataset, which includes 544 samples of sports news from
five topical areas, which correspond to five classes (athletics, cricket, football, rugby, and
tennis). Each sample contains two view features.

3Sources (http://mlg.ucd.ie/datasets/3sources.html, accessed on 12 June 2024): This
dataset includes material from three online news sources, including the BBC, Reuters, and
Guardian websites, and each source was treated as a view and collated into the dataset. All
the samples contain three view features.

Yale (http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html, accessed on
12 June 2024): This face dataset contains 165 grayscale images of 15 individuals, and each
subject is featured in 11 images. We extracted the features of each image from three views
(grayscale intensity, LBP, and Gabor) to construct the multi-view feature.

ORL (http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html, accessed
on 12 June 2024): This dataset is also a face dataset, and it contains 400 images from
40 individuals with 10 face images per individual. For ORL datasets, three types of features
are the same as those in Yale.

Caltech101-7 (https://data.caltech.edu/records/mzrjq-6wc02, accessed on 12 June
2024): This is a subset of Caltech-101, which contains seven classes. For the Caltech101-7
dataset, we extracted six types of features from each image: HOG, LBP, GIST, WM, Gabor,
and CENTRIST as the multi-view feature.

MSRC-v1 (https://www.microsoft.com/en-us/research/project/image-understanding/
downloads/, accessed on 12 June 2024): This set contains 240 images from eight classes. We
exploited seven classes for our experiment and extracted six types (CENT, CMT, GIST,
HOG, LBP, and SIFT) of view features from each image.

We compared our method with the following baselines: To verify the performance
of the MvLRGO algorithm, eight algorithms were chosen for the comparison: (1) locality-
preserving projections (LPP) [13], (2) neighborhood-preserving embedding (NPE) [14],
(3) graph-optimized locality-preserving projections (GoLPP) [19], (4). multi-view canonical
correlation analysis (MCCA) [32], (5) multi-view spectral embedding (MSE) [34], (6) multi-
view dimensionality co-reduction (McDR) [35], (7) co-regularized multi-view sparse re-
construction embedding (CMSRE) [29], and (8) multi-view unsupervised dimensionality

http://mlg.ucd.ie/datasets/bbc.html
http://mlg.ucd.ie/datasets/3sources.html
http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
https://data.caltech.edu/records/mzrjq-6wc02
https://www.microsoft.com/en-us/research/project/image-understanding/downloads/
https://www.microsoft.com/en-us/research/project/image-understanding/downloads/
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reduction with probabilistic neighbors (MDPN) [44]. To select the optimal hyperparameters
for such experiments, five-fold cross-validation was adopted for all methods.

To validate the performance of the MvLRGO algorithm, in this section, we conduct
classification and clustering experiments on six datasets. For classification experiments,
we adopt four evaluation metrics: accuracy, precision, recall, and f1-score. For clustering,
we also adopt four evaluation metrics: accuracy (ACC), normalized mutual information
(NMI), adjusted rand index (AR), and F-score [45,46].

4.1. Classification Experiments

To validate the performance of the MvLRGO algorithm, this section presents classifi-
cation experiments using six datasets.

For each dataset, we randomly selected 80% of the samples to construct the training
set, and then all the algorithms were used to construct low-dimensional subspaces with
60 dimensions. A 3-NN classifier was then used to classify test samples and verify the
performance of each algorithm. The experiment was run 20 times, and each time, a different
sample was randomly selected as the training sample; the averages of the experimental
results are shown in Tables 1–3.

Moreover, to evaluate the effect of dimensionality on classification performance, we set
different dimensionalities for all methods to construct the low-dimensional subspace, and
we also utilized a 3-NN classifier for classification. We demonstrate the average accuracies
of all views with respect to varying dimensionality for all methods in Figures 1 and 2.
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Figure 1. The classification accuracies of different algorithms via the 3NN classifier with 50% and
80% samples per class as the training set. (a,b) BBCSport, (c,d) 3Sources, and (e,f) Yale.
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Figure 2. The classification accuracies of different algorithms via the 3NN classifier with 50% and
80% samples per class as the training set. (a,b) ORL, (c,d) Caltech101-7, and (e,f) MSRC-v1.

Table 1. The performance of all methods in the classification experiments on the 3Sources and
BBCSport datasets. (The best results are bolded to show.)

Datasets Methods Accuracy Precision Recall F1-Score

3Sources

NPE 0.461 0.274 0.259 0.210
LPP 0.507 0.295 0.308 0.266

GoLPP 0.500 0.403 0.313 0.299
MCCA 0.446 0.271 0.258 0.231

MSE 0.559 0.417 0.327 0.366
McDR 0.680 0.514 0.506 0.473

CMSRE 0.682 0.566 0.515 0.493
MDPN 0.676 0.513 0.511 0.443
Ours 0.794 0.653 0.650 0.595

BBCSport

NPE 0.788 0.862 0.752 0.783
LPP 0.760 0.855 0.717 0.753

GoLPP 0.771 0.828 0.767 0.777
MCCA 0.707 0.686 0.725 0.689

MSE 0.798 0.843 0.774 0.794
McDR 0.853 0.888 0.829 0.848

CMSRE 0.855 0.889 0.836 0.853
MDPN 0.872 0.889 0.863 0.874
Ours 0.908 0.921 0.883 0.898
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Table 2. The performance of all methods in classification experiments on the Yale and
ORL datasets.(The best results are bolded to show.)

Datasets Methods Accuracy Precision Recall F1-Score

Yale

NPE 0.705 0.741 0.706 0.682
LPP 0.516 0.561 0.524 0.489

GoLPP 0.757 0.813 0.720 0.709
MCCA 0.604 0.603 0.632 0.561

MSE 0.667 0.651 0.581 0.579
McDR 0.848 0.852 0.840 0.820

CMSRE 0.878 0.886 0.850 0.847
MDPN 0.909 0.917 0.931 0.914
Ours 0.939 0.946 0.952 0.942

ORL

NPE 0.889 0.897 0.890 0.877
LPP 0.782 0.798 0.778 0.759

GoLPP 0.888 0.842 0.836 0.822
MCCA 0.903 0.895 0.894 0.880

MSE 0.900 0.873 0.879 0.858
McDR 0.894 0.887 0.884 0.870

CMSRE 0.892 0.888 0.886 0.871
MDPN 0.913 0.931 0.906 0.903
Ours 0.950 0.944 0.936 0.931

Table 3. The performance of all methods in classification experiments on Caltech101-7 and MSRC-
v1 datasets. (The best results are bolded to show.)

Datasets Methods Accuracy Precision Recall F1-Score

Caltech101-7

NPE 0.707 0.739 0.637 0.647
LPP 0.737 0.763 0.670 0.675

GoLPP 0.730 0.698 0.648 0.642
MCCA 0.744 0.672 0.738 0.677

MSE 0.719 0.783 0.729 0.701
McDR 0.820 0.815 0.766 0.761

CMSRE 0.773 0.774 0.722 0.723
MDPN 0.831 0.825 0.791 0.787
Ours 0.853 0.873 0.834 0.828

MSRC

NPE 0.581 0.623 0.585 0.555
LPP 0.682 0.694 0.685 0.653

GoLPP 0.690 0.752 0.682 0.628
MCCA 0.583 0.593 0.626 0.558

MSE 0.714 0.657 0.781 0.667
McDR 0.729 0.736 0.731 0.705

CMSRE 0.809 0.688 0.728 0.662
MDPN 0.785 0.804 0.748 0.766
Ours 0.857 0.899 0.877 0.863

As can be seen in Tables 1–3 and Figures 1 and 2, the proposed MvLRGO outperforms
the other six algorithms in most cases. The performance of single-view algorithms is
limited due to their reliance on one single-view feature. As shown in Tables 1–3, the McDR
and CMSRE algorithms also perform well because they can utilize the complementary
information of multiple features. MvLRGO utilizes a low-rank representation of the
constructed correlation between samples, which means relationships between samples can
be discovered effectively. Furthermore, MvLRGO employs a graph optimization framework
to flexibly extract compatible and complementary information from multiple-view features
to construct an optimal subspace for each view.
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4.2. Clustering Experiments

The clustering experiments were conducted on six datasets. All the algorithms were
used to reduce the dimensionality of original features from each view to 50 for all datasets.
After dimensionality reduction, we performed k-means 20 times on the low-dimensional
representation of each view for all methods and reported the average performance via the
four evaluation metrics presented in Tables 4–6.

Table 4. The performance of all methods in clustering experiments on the 3Sources and BBCSport
datasets.(The best results are bolded to show.)

Datasets Methods ACC NMI F-Score AR

3Sources

NPE 0.345 0.105 0.014 0.192
LPP 0.372 0.105 0.027 0.186

GoLPP 0.390 0.163 0.083 0.259
MCCA 0.368 0.134 0.052 0.212

MSE 0.361 0.140 0.049 0.216
McDR 0.437 0.157 0.031 0.221

CMSRE 0.414 0.151 0.021 0.187
MDPN 0.372 0.089 0.028 0.186
Ours 0.431 0.168 0.090 0.298

BBCSport

NPE 0.396 0.097 0.021 0.201
LPP 0.465 0.220 0.098 0.362

GoLPP 0.520 0.320 0.211 0.402
MCCA 0.374 0.043 0.013 0.157

MSE 0.378 0.050 0.010 0.159
McDR 0.422 0.153 0.036 0.223

CMSRE 0.401 0.100 0.025 0.223
MDPN 0.403 0.110 0.023 0.206
Ours 0.592 0.367 0.225 0.490

Table 5. The performance of all methods in clustering experiments on the Yale and ORL datasets.(The
best results are bolded to show.)

Datasets Methods ACC NMI F-Score AR

Yale

NPE 0.501 0.567 0.242 0.533
LPP 0.545 0.594 0.338 0.550

GoLPP 0.573 0.604 0.355 0.580
MCCA 0.576 0.617 0.336 0.577

MSE 0.581 0.647 0.415 0.572
McDR 0.606 0.679 0.473 0.597

CMSRE 0.579 0.642 0.404 0.589
MDPN 0.587 0.679 0.449 0.565
Ours 0.654 0.689 0.455 0.675

ORL

NPE 0.541 0.763 0.394 0.524
LPP 0.573 0.767 0.438 0.570

GoLPP 0.616 0.797 0.475 0.610
MCCA 0.640 0.805 0.504 0.644

MSE 0.600 0.785 0.477 0.596
McDR 0.643 0.812 0.517 0.632

CMSRE 0.657 0.820 0.528 0.659
MDPN 0.618 0.800 0.486 0.625
Ours 0.673 0.838 0.557 0.665



Electronics 2024, 13, 2421 14 of 17

Table 6. The performance of all methods in clustering experiments on Caltech 101-7 and MSRC-
v1.(The best results are bolded to show.)

Datasets Methods ACC NMI F-Score AR

Caltech101-7

NPE 0.541 0.492 0.334 0.440
LPP 0.561 0.513 0.391 0.514

GoLPP 0.616 0.554 0.411 0.555
MCCA 0.612 0.564 0.407 0.559

MSE 0.601 0.535 0.361 0.602
McDR 0.609 0.540 0.403 0.549

CMSRE 0.566 0.500 0.320 0.523
MDPN 0.557 0.491 0.304 0.516
Ours 0.646 0.588 0.443 0.587

MSRC

NPE 0.581 0.523 0.380 0.564
LPP 0.593 0.506 0.381 0.594

GoLPP 0.581 0.517 0.375 0.586
MCCA 0.752 0.633 0.546 0.751

MSE 0.733 0.628 0.533 0.684
McDR 0.614 0.546 0.424 0.619

CMSRE 0.642 0.531 0.423 0.651
MDPN 0.614 0.546 0.424 0.618
Ours 0.800 0.800 0.707 0.758

From Tables 4–6, it is clear that MvLRGO outperforms the other methods. In addition,
although GoLPP can construct low-dimensional subspaces using superior affinity graphs,
it is unable to explore the intrinsic correlation between each view in order to improve
the performance. It is clear from these results that MvLRGO can fully learn compatible
and complementary information about the underlying structures of multiple views and,
therefore, obtain better low-dimensional subspaces.

4.3. Discussion

This section discusses the convergence and training time of the proposed MvLRGO
algorithm and the effect of hyperparameters on its performance. Since the MvLRGO al-
gorithm uses an iterative optimization approach for low-dimensional representations, it
is necessary to discuss its convergence. Herein, we evaluate the training process for the
BBCSport, 3Sources, and Yale datasets in clustering experiments and summarize the objec-
tive function value with the increase in iterations. Figure 3 demonstrates the trend of the
objective function value alongside the number of iterations, which shows the convergence
of the MvLRGO algorithm. As can be seen in Figure 3, the objective function value of the
MvLRGO tends to stabilize when the number of iterations is around 10.

Moreover, the training times of all methods in classification experiments are presented
in Table 7. We can see from Table 7 that MDPN and our proposed MvLRGO algorithm
require longer times for training. This is because MDPN and MvLRGO both incorporate
graph learning and subspace learning into one framework, and the graph learning step is
usually more complex than subspace learning.

Table 7. The training time(s) of all methods in classification experiments on six datasets.

Methods 3Sources BBCSport Yale ORL Caltech101-7 MSRC

NPE 20.1 s 43.5 s 21.2 s 50.0 s 108.0 s 50.0 s
LPP 0.3 s 0.5 s 0.5 s 1.1 s 0.7 s 0.4 s

GoLPP 4.5 s 8.0 s 7.9 s 17.0 s 10.0 s 7.0 s
MCCA 1.7 s 1.2 s 1.6 s 2.0 s 3.4 s 3.2 s

MSE 5.3 s 4.0 s 5.0 s 5.0 s 7.3 s 10.0 s
McDR 0.5 s 0.6 s 0.5 s 1.1 s 0.9 s 0.6 s

CMSRE 20.2 s 140.0 s 20.8 s 115.6 s 237.3 s 60.1 s
MDPN 217.6 s 111.5 s 189.3 s 107.5 s 657.7 s 445.6 s
Ours 240.0 s 97.2 s 201.0 s 140.3 s 432.0 s 532.2 s
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Figure 3. The values of objective functions compared with the number of iterations on the BBCSport,
3Sources, and Yale databases.

In the final objective function, there are two balance hyperparameters, γ and η. In
order to discuss the effect of different values of hyperparameters on the performance of the
algorithm, a grid search strategy is used to search for the appropriate γ and η. We vary
one of the hyperparameters in the range of {0, 0.2, 0.4, 0.6, 0.8, 1.0} when another is fixed
at a certain value. Then, we demonstrate the trend in ACC with different values of γ and
η via clustering experiments on the ORL, Caltech101-7, and MSRC-v1 datasets, as shown
in Figure 4. As can be seen in Figure 4, the clustering performance ACC usually shows
promising results with these three datasets when the values of γ are in the range of 0.2 to
0.4 and η is in the range of 0.2 to 0.8.
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Figure 4. The clustering accuracy of the proposed MvLRGO with different values of parameters γ

and η with ORL, Caltech101-7, and MSRC-v1 datasets for clustering.

5. Conclusions

We propose a novel dimensionality reduction algorithm for multi-view data via low-
rank representation and a graph optimization scheme; this algorithm is termed multi-view
low-rank graph optimization for dimensionality reduction. MvLRGO aims to combine
projection learning and graph optimization into one framework for each single-view fea-
ture, meaning the optimal subspace and affinity graph can be constructed simultaneously.
Moreover, we hypothesize that, although features from different views contain different
information from a given sample, their underlying structures are similar. Therefore, we
adopt a low-rank representation to construct the affinity graph for each view, as it can effec-
tively describe their global structure and regularize the learned affinity graph for greater
closeness. Based on the regularization term, MvLRGO can incorporate information from
different views to obtain the optimal subspace without co-regularizing the low-dimensional
representations. Numerous experiments indicate that the proposed approach can effec-
tively explore the underlying structure of samples from given multi-view features and
thereby achieve promising results. However, this work still has some limitations. First, the
construction of a graph for each view means our algorithm comes with a high computa-
tional cost. In the future, the gradient projection method [47] will be considered in order
to accelerate the process of graph construction. Second, our model mainly focuses on the
multi-view consistency issue but often neglects inconsistency in views, which makes the
graphs vulnerable to low-quality or noisy datasets.
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