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Abstract: This work proposes the design of a commutation function to solve the output voltage
trajectory tracking problem in the DC-DC Buck power electronic converter. Through a Lyapunov-type
analysis, sufficient conditions are established, taking into account the discontinuous model, to ensure
asymptotic convergence to the desired trajectories. Based on this analysis, a state-dependent switching
function was designed to guarantee the closed-loop stability of the tracking error. To validate the
control performance, circuit numerical simulations were carried out under abrupt disturbances in the
source and load of the converter. The results demonstrate that the voltage tracking at the output of
the converter is satisfactorily achieved.

Keywords: DC-DC buck power electronic converter; Lyapunov methods; switched systems; voltage
trajectory tracking

1. Introduction

DC-DC power electronic converters are circuits controlled by opening or closing one
or two switches, depending on the circuit configuration, using the output voltage and other
state variables to carry out voltage control [1]. This type of circuit is mainly used to improve
efficiency in applications where voltage control is realized accurately, avoiding unwanted
effects that occur with pulse width modulation (PWM) controllers. PWM control generates
an undesirable dynamic effect on its output, generally as a result of a noisy output signal,
as well as current spikes, elements that are not favorable for either the power supply or
the circuit load such as another circuit or an application [2-8]. In the particular case of the
Buck-type converter, there are two elements that can store energy, a coil and a capacitor,
which reduces the amplitude of the effects generated by the commutation of the switches
of the circuit, on the output signal [2].
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The Buck power converter is controlled using some linear classical control techniques
like proportional integral control [9,10]. However, they have disadvantages such as noise
sensitivity or reduced robustness [11]. The Buck converter can be studied under the hybrid
system scheme; in this case, a control strategy commutates between the sub-systems that
describe the dynamics of the converter, ensuring stabilization or monitoring tasks. Daaecto
etal., in [12], designed a control for switched systems, specifically to deal with switched
converters like Buck converters, where the main goal is the determination of a switching
function that ensures global stability for a range of values in the load voltage. Later,
Junior et al., in [13], presented a design utilizing a single quadratic Lyapunov function
for the expedited convergence of DC-DC converters within a class of switched systems
for voltage regulation. A robust state-feedback switching law for the switched system
utilizing the sliding mode theory was developed in [14] to ensure the robust asymptotic
stability of the desired equilibrium point for the Buck converter. While Hejri, in [15], using
switched Lyapunov functions, a set of sufficient conditions based on matrix inequalities,
reduced the computational complexity and solved the stabilization problem for the DC/DC
converter, de Souza et al. in [16] developed a strategy to limit the switching frequency
using a state-dependent switching law for switched systems for stabilization at the desired
equilibrium. Another switching strategy consists of an adaptive sliding mode control that
combines a robust proportional-derivative control law for the regulation of the DC/DC
Buck converter-DC motor system presented in [17]. Additionally, Janior et al., in [18],
introduced a control based on Lyapunov stability using a quadratic function and linear
matrix inequalities to improve the convergence speed to a constant reference voltage in
the Buck DC-DC power converter. Recently, Hashemi et al., in [19], proposed a controller
leveraging the power of composite switched Lyapunov functions to ensure stability for
linear-switched systems, such as the Buck converter, with constant external input.

Motivated by the benefits of a commutated control strategy [12-19], the design of
a suitable switching function by means of the application of convex sets for the output
trajectory tracking of a Buck power electronic converter is presented here. Unlike in [12-19],
this control resolves voltage tracking at the converter load. The use of convex sets in the
commutated control strategy presented here allows for resolving the tracking for different
desired voltage trajectories for the Buck converter in milliseconds, even in the presence
of abrupt disturbances in the load and source. Additionally, this design represents an
advantage over classical control methods that require PWM combined with modulation
stage methods such as [20] and studies that simply consider the averaged model [21] in
terms of the ability to reduce the complexity of control implementation in the system.

The rest of this document is organized as follows. Section 2 describes the problem
statement with the control objective of this work. Section 3 defines the mathematical back-
ground needed to develop the control strategy. Section 4 states the main result summarized
in a main theorem. Afterward, numerical and circuit simulations of the designed controller
are presented in Section 5. Finally, in Section 6, the work concludes by providing some
important remarks.

2. Problem Statement

The class of switching systems to study is described by the following set of linear
differential equations:

% = Agx + BoU,
y = Cox, 1)

where x € R" is the state vector, U, € R™ is a constant input signal for all ¢ > 0, and y € R?
is the set of variables (or output) used to control the system. The switching signal defined as
o : t — T selects an element of the index set Z = {1,2,..., N}, such that for each instant of
time t > 0, the function value corresponds to an index of one of the N available sub-systems.
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The i—esim sub-system is composed of the set of matrices A; € R"*",B; € R"*", and
C; € RP*" that define the system (1); in other words,

A; B; )
g = {CZ 01}, iel. (2)

A particular case of the commuted systems described by Equation (1) corresponds to
the DC-DC Buck power electronic converter, which is presented in Figure 1.

Q L i
+ L +
T
E= u“ D% C=R3v

{ _

Figure 1. DC/DC Buck power electronic converter.

The Buck converter can be seen as two different circuits, also called operating modes,
with each one working on some time intervals given by a switch; see Figure 2. Thus, when
the switch position is in 11, the power supply provides energy to the system, charging the
inductor L and the capacitor C. In this case. the voltage, v, in the load R grows until a
given voltage level is reached. Alternatively, when the switch position is in u5, the inductor
and the capacitor are discharged through R. The commutation of the transistor Q plus the
diode D allows a control in the voltage of the terminals of R.

LTy

E= uﬂ C T R3v

Figure 2. Ideal switch of the DC/DC Buck power electronic converter.

For this particular case, Z = {1,2}. The state vector x = [i v] " takes the values of
the current in L and voltage in R. The switching function ¢ allows the selection between
two different systems composed of the set §;, where each matrix is defined as

0o E 0
A1=A2=[1 Ll], 312[6}, BZZ|:O:|r CG=GC=1[0 1]. 3)
C RC
The objective of this work was to design a switching strategy ¢ such that the tracking
error defined by
€=y = Ya )
converges asymptotically to the origin. In (4), y; € Ris a given a differentiable reference
signal r — 1 times for the controlled output y. And y,, ¥4, and jj; are bounded by some

constants | yfij ) |< yfj ) e R, for j=0,2

3. Mathematical Concepts

Here, three mathematical concepts are defined to be used in the development of the
main result in this manuscript. The more explanation about the symbols can be found in
Appendix A.

Definition 1 (Convex set). A set A C R" is said to be convex if Ax + (1 — A)y € A for all
xe€ A ye A and A € [0,1]. The intersection of n different convex sets is a convex set, and
if A C R" and B C R" are convex and « and B are real numbers, then the set . A + BB is
convex [22].
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Definition 2 (Convex hull). Let A C R™. The intersection of all the convex sets contained in A
is called the convex hull of A, and it is defined as co A [22]. The convex hull can be represented by
the vector sum

AMxy+ .o+ ApX,

which corresponds to the convex combination of x1,...,Xm if A; > 0,i = 1,m, and Ay + ... +
Am =1 Ifx1,...,xy are vectors of A, then any combination of x4, ..., x,; belongs to coA.

Definition 3 (Relative degree [23]). Consider the following linear system:

X = Ax + Bu, (5)
y = Cx,

with A, B and C being matrices with appropriate dimensions. System (5) is said to have relative
degree r if

CAKB=0, CA™'B#0, 0<k<r—1. (6)

4. Stabilizing Switching Signal Design

Before introducing the main result of this work, it is necessary to find the error
dynamics by derivating Equation (4). This yields

=Y —Ya
= Co — yd (7)
= CgAax + CgBo‘uC - yd,

In noting that C,B,U, = 0 for any value of o (see (3)), the second derivative of the
tracking error is calculated:
¢ = CoAgX — iy
= CLTA0’<A(T-X + Bauc) - yd 8)
= CUA%,X + CU’A(TB(TUC - yd,
For this case, it is clear that C;AyBsU, # 0 for o = 1, and C,A;B;U. = 0 for o = 2.

From the definition of the relative degree, it can be stated that r = 2 for o = 1.
Selecting as states variables ¢; = e and e, = ¢, one obtains

é1 = ey, )
by = & = CyA2x + Cy Ay Bo U, — ijy. (10)
In defining U, := CUA(ZTx + CsAsBsU,, notice that on any given time interval

T = [#,t2], tp > 11, it is possible to generate an average value ug, for U, between two
constant inputs U; and U, using an adequate switching function o, a sufficient condition
for the existence of this switching function [24] is that u4, € co{Uj, U }. Additionally, the
state space representation can be rewritten as

é = AE+B(Ug'_yd), (11)
< 0 1 5 0 o .
where A = 0 0l and B = 1| In order to analyze the conditions on ¢ to achieve

stability for the tracking error, consider the following Lyapunov candidate function:

V(e) = el Pe, (12)
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with P = PT > 0 and its derivate given by
V(e,0) =2e"Pé = 2¢"P(Ae + B(Us — 14)). (13)

Lemma 1. For a given positive definite Q = QT > 0 and some given positive scalars Ky and Kp,
consider the Lyapunov candidate function (12) and its derivate described by (13), with the matrix P

satisfying

for the matrix
0 1
a0 L] -

Then, the tracking error (4) converges asymptotically to the origin if there exists a switching
function o that generates an average equivalent input:

Uz = Vg — K1y — Koy + Kyyz + Koy (16)

Proof. By (16),
Us(x) = gy = —Kqeg — Kpeo + g,

In substituting this expression in (13) and by (14),
Vie)=el (PAE + AETP)E = —eTQe <0
So, the tracking error converges asymptotically to the origin. [

Let us define the following matrices:

H:= GiA? + K1C; + K2 G A, (17)
S; := C;A;B; + K> C;B;.
Now, the following Theorem presents conditions on the existence of o such that

Uy(x) = ugy and a possible manner to generate this as a function of the tracking error, i.e.,
oc=o(e).

Theorem 1. Consider system (1); with the tracking error dynamics given in (9) and with the
candidate Lyapunov function (12), if there exists x € R" such that

) .
dl
Z{K]-ijd € co{Hx + S;U.}, forall t >0, (18)
]:
then Uy = Ugy for
o(e) = argmin el PB(U; — j4), (19)
1€

and gy, P, Ky, and Ky are as given in Lemma 1.

Proof. In adding and subtracting 2]2-:1 KJ-% to é; in (9) and substituting in the derivative
of V for a fixed 0 = i,

V(e, 1) = — 6TQB + 2€TPB (C,‘Aizx + C,»AiBiUc + Kie1 + Kpep — yd)
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From the definitions of e; and e, and condition (14),
V(e i) < 2¢TPB <Hx +S;U. — Z K; ddlt/] d)
Condition (18) implies that there always exists i € Z such that
TPB <Hx 18U, — Z K df] d) (20)

for each t > 0, this ensures that V(e,i) < 0 for some i € . Finally, from the definition
U, = CiAlzx + C;A;B;U,,

) di
U; — 4 = Hx + S;U. — ZK] df]d 1)

this implies that (19) selects the corresponding index for each ¢ in any time instantt > 0. O

Condition (18) asks for the existence of an x belonging to the convex set defined by the
half-planes characterized by H and S;U, for the scalars K; and K, and the function y,; such

that 22 ]d d%" for each instant ¢t > 0. However, it is much easier to verify the following
suff1c1ent condition:
ZK] dy]d € co{Hx + S;U.}, (22)

=1

This condition only depends on x; all the other variables can be calculated a priori,
and for gain design purposes, it is only required that for the selected K; and Kj, the set
co{Hx + S;U.} # @.

5. Simulation Results

With the aim of enhancing the contribution of this work, control (21) was compared
with a control based on differential flatness and the ¥-~A modulator [25]. Thus, this section
presents the simulation results of the aforementioned controllers.

5.1. Switching Function Control

The control proposed in this work is summarized as follows: in declaring y; = v¥,
with v* being the desired voltage, Equation (21) can be expressed in a more convenient
form as follows:

U; = v* + Hx + S;U, — Z j dt] (23)

with (Kq,Kp) > 0 and

H:= GiA? + K1C; + K2 A, (24)
S; := C;A;B; + KxC;B;.

for some i € {1,2}.

5.2. Differential Flatness Control and X—A Modulator

In the design of this control, the property of differential flatness of the Buck converter
was exploited. The control law that enables voltage tracking at the converter output through
differential flatness was reported in [25] and is composed as follows:

LC L 1
= — - 2
Ugy = E;H— v+Ev (25)



Electronics 2024, 13, 2252 7 of 15
with ,
y:iﬁ*—ﬁz(v—l}*)—ﬁl(v—v*)—ﬁo/o (v —v")dr, (26)
where
Ba = a+2fwy, B1=28wna+ w3, Bo=aws, (27)

givena > 0,¢ > 0, and w;, > 0 coefficients of a Hurwitz polynomial and a u,, average
input control. The implementation of control (25) in the Buck converter is carried out
through the ¥-A modulator, as shown in Figure 3.

Ugy € [0,1]

Figure 3. Block diagram of the ¥-A modulator.

5.3. Parameters for the Numerical Simulations
The mathematical model of the DC/DC Buck converter is described as follows [25]:

—_

0

0o =L E
x:[ LJHHU,- y=[0 1 8)
C RC

withx = [i 0] " The Buck converter parameter values that will be used in the simulations
are the following;:
R=480, L=494mH, C=47uyF, E=32V.

These values are selected in such a way as to obtain moderate current and voltage
ripples [26] and, additionally, to satisfy condition (18). The proposed trajectories for voltage
monitoring at the output of the Buck converter are two: one a Bézier type (29) and the other
a sinusoidal type with exponential amplitude (30). It is important to consider that such
trajectories respect the dynamics of the converter, i.e., v* < E.

Bézier-type trajectory
vt =T+ [@ - a} go(t, t, tf), (29)
with; =15V, vp = 25V, and (p(t, ti, tf> given by

0 fort <t
( ;f:f;l_f [252 - 1050( jf‘j]_) n 1800(;21_)2

o(ttity) = ~1575( Hz})s +700( Hf,)4 ~126( = )5]

=t =t =t
fort € (t;,tr),
1 fort > tr,

where [t;, t] = [0.004 5,0.006 s].

Sinusoidal trajectory

v* =10 + 10 e~ 2sin(100077t). (30)
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Regarding the control gains via switching function (23), they were selected according
to (18) and are the following:

Ky =10, K, =10.

The graphs shown in Figure 4 present how state x remains within the boundaries
H; and H, obtained from (18) for the trajectories (29) and (30), respectively. Therefore,
it will be satisfactorily followed by the control designed here; on the other hand, if the
state has parts outside the boundary, it cannot be assured that the tracking problem will be
solved correctly.

80 80

[V] —X Fl _EQ [V] —X ﬁl —Fz
60 ; 60
40 40
0 0 1
[4] [4]
220 -20
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4. Phase diagrams of the closed-loop Buck converter for the Bézier and sinusoidal trajectories,
respectively.

Substituting the gains K; and K; into (24) produces

hip = —940.98 x 10°, hy = —23.47 x 10°,
S; =1.3782 x 10°, S, = 0.

where h11 and hyp are elements of H (24).

Regarding the control gains (27), the values considered are a = 10,000, ¢ = 1, and
wy =10,000.

In order to highlight the robustness of the control, abrupt disturbances in the voltage
source and load defined in (31) and (32), respectively, are considered.

Disturbance in voltage source

E 0<t<0.002s,
75%E  0.002 <t < 0.004s,

E,=4q E 0.004 <t < 0.006 s, (31)
125%E 0.006 < t < 0.008 s,
E 0.008 < ts.

Load disturbance

R 0<t<0.002s,
50%R  0.002 <t < 0.004s,

Ry=4 R 0.004 <t < 0.006s, (32)
150%R 0.006 <t < 0.008 s,
R 0.008 < ts.

5.4. Numerical Simulations

The numerical simulations of the switched controllers were carried out via MATLAB-
Simulink, using the Euler numerical method with a fixed step size of 0.0000001. The results
shown in Figures 5-8 use the following nomenclature: v, ¢, U;, and i represent the voltage,
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voltage tracking error (4), and current for the Buck converter with control via switching
function (23), respectively, whereas vy_j and es_, are the voltage and voltage tracking
error for control (25), respectively. Finally, v* is the desired voltage.

40 : ‘ ‘ 10
VM —y  vga -0 ex—A
30+
O,
—
2! /
-10]
10 ‘
| t[s] t[s]
0 : : : : 20 : : : :
0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01
1.5 T T 1.2
— U, (4] i
0.9
0.6
0.3
t [s] t [s]
-0.5 0
0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01

Figure 5. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with desired Bézier-type voltage and disturbance in E.

30 10

N T

t [s]

0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01

1.5 T _UZ T 1.2 [A]

0.9H

0.6

0.3

t [s]

t [s]
: : : : : 0 : : : :
0 0002 0004 0006 0008 0.01 0 0002 0004 0006 0008 0.1

-0.5

Figure 6. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with sinusoidal desired voltage, exponential amplitude, and

disturbance in E.



Electronics 2024, 13, 2252 10 of 15

40 : : : : 10
VI —v  vga - nv] —e ey A
30| \ [
R | A ———
20f / ] ‘
\ i
O % o]
10 1
| t [s] t [s]
0 : : : : 220 : : : :
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.0
1.5 T T 1.2
—U, [4] —
091
0.6
0.3
t[s] ¢ [s]
-05 : : : : 0 : : : :
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 001

Figure 7. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with desired Bézier-type voltage and disturbance in R.

30 ‘ ‘ ‘ ‘ 10
[V] * [V]
(V) Us_A ---U —c ey _A
20\ 0 L, e
|
| |
10! -10
|
‘ t|s
0! : : : : 20 : : : _tHl
0 0002 0004 0006 0008 0.01 0 0002 0004 0006 0008 0.01
1.5 : : 1.2
—U; [4] —
09+
0.6
0.3
t[s] ¢ [s]
0.5 : : : : 0 : : : ‘
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.1

Figure 8. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with sinusoidal desired voltage, exponential amplitude, and

disturbance in R.
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5.5. Simulations with Circuits

The simulations of the switched control in the Buck converter were carried out via
SimPowerSystems in MATLAB-Simulink using the Euler numerical method with a fixed
step size of 0.0000001 (Figure 9), and the converter operated in continuous conduction
mode. The results shown in Figures 10-13 use the same nomenclature as that used in

Section 5.4.

Continuous

Desired voltage DC/DC BliCk converter

Figure 9. DC/DC Buck power electronic converter in closed-loop designed in SimPowerSystems
toolbox of Matlab-Simulink.

Uy
I —e  egoa
|
|
\
\
-10 )
| t [s] t[s]
0! : : : : 20 ‘ ‘ ‘ ‘
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.01
1.5 | ‘ ‘ ‘ 1.2 ‘ ‘
—U; [4] -,
09
0.6
0.3
t [s] t [s]
-0.5 : : : : 0 : : : :
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.01

Figure 10. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with desired Bézier-type voltage and disturbance in E.
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30 ‘ : : : 10 : ‘
VI —v  vga - V] —e ey A
20 H\ : o—L — —
|
|
°[\] v/\\\/\ \VAS L
| s ,
N ‘ ‘ mat 0 ‘ ‘ ‘ ts]
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.0
1.5 T T 1.2
—U, [4] —
091
0.6
0.3
t[s] ¢ [s]
-0.5 : : : : 0 : : : :
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 001

Figure 11. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with sinusoidal desired voltage, exponential amplitude, and

disturbance in E.

40
VI —o Usi_A ---UF —e es_A
307 A I
o | PSP —
/f"w""““\ o b‘"ﬁ“—j\"“ L
20} ; 1
Mo Nap/ |
e
10 1
t[s] ¢ [s]
0 : : : : -20 : : : :
0 0002 0004 0006 0008 0.0l 0 0002 0004 0006 0008 0.0l
15 : : : : 12 : :
—U, (4] —
09+
0.6
03
t[s] t[s]
0.5 : : : : 0 : : : :
0 0002 0004 0006 0008 0.0 0 0002 0004 0006 0008 0.0

Figure 12. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with desired Bézier-type voltage and disturbance in R.



Electronics 2024, 13, 2252 13 0f 15
30 w w w w 10 :
(Vi * [V]
(V) Us_A ---V —c ey _A
0 /‘%r-~fw¥
I
/\\/ m 10
t[s] t[s]
. . . 20 . . . .
0.004 0.006 0.008  0.01 0 0.002  0.004 0.006 0.008 0.01

L5 T ‘ ‘ 1.2 ‘ ‘ ‘

—U, (4] —

09r

0.6

0.3

t [s]
5 : : : : 0 : : : :
0 0002 0004 0006 0008 001 0 0002 0004 0006 0008 001

t [s]

Figure 13. Voltage tracking, voltage tracking error, switching control, and current simulation results
for the closed-loop Buck converter with sinusoidal desired voltage, exponential amplitude, and
disturbance in R.

5.6. Comments

From Figures 5-13, it can be seen that in both simulations, it is possible to solve
the voltage tracking almost immediately, even in the presence of abrupt disturbances
in the source and the load for both controls. However, differential flatness control (25)
requires high gains to achieve good tracking. This can be counterproductive, as it can
increase energy consumption, on one hand, and amplify noise in the input signal due to
the derivative component of the control, on the other. In addition to the comparative error
tracking graphs, it is observed that control (23) generally solves the tracking task faster
than control (25). On the other hand, it can be seen how the control (23) is capable of
compensating for load variations through the current that circulates in the circuit, keeping
the current within a moderate range. Due to the desired voltage being non-zero at its onset
and due to abrupt changes in the power source and load, the current undergoes transient
oscillations before stabilizing.

The only inconvenience that the proposed control here may face is that the desired tra-
jectories must satisfy condition (18) to ensure trajectory tracking. However, a good selection
of values for the converter parameters and control gains can overcome the problem.

6. Conclusions

The voltage monitoring at the output of the DC/DC Buck-type power electronic
converter through a switching function control was presented here. The desired trajectories
were tracked by means of a correct switching function based on the dynamics of the
Lyapunov function. In order to observe the control performance, numerical simulations
were carried out using a converter circuit in Matlab-Simulink, taking into account abrupt
disturbances in the source and load. The simulation results show that the tracking of the
converter output voltage is achieved almost immediately.

A crucial aspect of the switching control presented here is that it resolves the tracking
of different desired voltage trajectories for the Buck converter using convex sets. This
differs from what is presented in state-of-the-art converters, which only focus on bringing
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the voltage to a desired equilibrium point. This significant improvement is an attractive
option for application to commutated systems.

Motivated by the obtained results, future work should aim to build a prototype of
the DC/DC Buck converter to experimentally implement the control developed here,
potentially adding a current limiter to protect components.
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Appendix A

R represents the set of real numbers. j = 1, m symbolizes the set containing all integers
within the range from 1 to m. The superscript T denotes matrix transposition. The notation
Q > 0 signifies that Q is a real-symmetric positively definite matrix. co.A denotes the
convex hull of 4, and arg min, f(x) is the set of all values of x for which f(x) attains its
minimum value.
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