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Abstract: As an important research focus in radar detection and localization, direction-of-arrival
(DOA) estimation has advanced significantly owing to deep learning techniques with powerful
fitting and classifying abilities in recent years. However, deep learning inevitably requires substantial
data to ensure learning and generalization abilities and lacks reasonable interpretability. Recently, a
deep unfolding technique has attracted widespread concern due to the more explainable perspective
and weaker data dependency. More importantly, it has been proven that deep unfolding enables
convergence acceleration when applied to iterative algorithms. On this basis, we rigorously deduce
an iterative sparse Bayesian learning (SBL) algorithm and construct a Bayesian deep unfolded
network in a one-to-one correspondence. Moreover, the common but intractable off-grid errors,
caused by grid mismatch, are directly considered in the signal model and computed in the iterative
process. In addition, minimum hole array, little considered in deep unfolding, is adopted to further
improve estimation performance owing to the maximized array degrees of freedom (DOFs). Extensive
simulation results are presented to illustrate the superiority of the proposed method beyond other
state-of-the-art methods.

Keywords: direction-of-arrival estimation; deep unfolding; sparse Bayesian learning; minimum
hole array

1. Introduction

As an active research focus, direction-of-arrival (DOA) estimation has advanced
significantly over the past four decades owing to the adopted subspace, compressed
sensing, and deep learning that led to technology leaps [1–3]. In particular, deep learning
is highly favored by researchers due to the powerful fitting and classifying abilities that
play important roles in image and signal processing [4,5]. However, as a data-driven
technique, deep learning requires abundant sampling data for training and empirically
complicated network architectures for nonlinear fitting [6], while numerous data are not
always easy to collect, and too deep and elaborate networks may lead to gradient explosion
or vanishing. Additionally, the lack of explainable theory simultaneously leads to the
limitation of application and development [7]. Hence, the pursuit of more explainable
learning networks is becoming a research focus. Recently, deep unfolding has been proven
to achieve them [8].

In contrast to empirical deep learning, deep unfolding, first developed for sparse
coding [9], is rigorously based on iterative algorithms [10]. Specifically, deep unfolding
enhances interpretability by constructing a network corresponding to the specific iterative
steps of theoretically believable algorithms. Therefore, deep unfolding essentially belongs
to a compromise between data-driven and model-based methods. On the one hand, deep
unfolding is more explainable since the effect of every layer and each neuron explicitly
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originated from iterative algorithms. On the other hand, deep unfolding inherits the
advantages of deep learning, i.e., excellent robustness to modeling errors and strong
adaptability to complicated cases that model-based algorithms tend to be at a loss. More
importantly, deep unfolding is able to improve convergence rates [11,12], though only
LSTA-net [13] and ADMM-net [14] have been proven theoretically. In fact, deep unfolding
still empirically shows desirable performance. In the DOA estimation field, a deep unfolded
FOCUSS network is developed in [15] for on-grid and off-grid DOA estimation, resulting in
low complexity and high estimation accuracy. Additionally, a deep Alternating Projection
Network for gridless DOA estimation is proposed in [16], achieving super-resolution
estimation. Moreover, ISTA is also adopted for deep unfolding [17,18] so that the proposed
method can handle anti-jamming, array imperfections, and noise. In the channel estimation
field, there are many works using deep unfolding to improve estimation performance. ISTA-
based deep unfolded networks are developed for high running efficiency and excellent
estimation performance [19,20], while the same operation is adopted for ADMM and
AMP. Moreover, RIS and SSCA algorithms are introduced for constructing deep unfolded
networks [21] so that the computation complexity and signaling overhead are decreased
when compared with the original algorithms.

Overall, many works have adopted iterative algorithms converging slowly to improve
convergence efficiency for DOA or channel estimation. Nonetheless, the developed deep
unfolded networks are limited to their original algorithms. In other words, the original
iterative algorithms dominate the main performance of the deep unfolded networks. Thus,
it seems to be the best selection to apply excellent iterative algorithms to be unfolded. As
we know, sparse Bayesian learning (SBL) [22,23] is an excellent probabilistic algorithm for
linear regression. Unlike the above deterministic algorithms with explicit regularization
constraints, SBL leverages prior distributions assigned to latent variables for regularization
constraint, so the sparsity performance is guaranteed. Further, the estimation performance
is prominent. Moreover, the convergence performance of SBL is robust and fast since each
iteration enables an increase in the posterior probability. Based on this, many works have
used SBL for deep unfolding. Among them, SBL-based deep unfolded networks are mainly
designed by replacing the entire iterative process with independent network layers. To be
specific, SBL is directly integrated into deep networks for DOA estimation in [24,25] and
can be unfolded for channel estimation when combined with DDGP or AMP [26,27].

However, the present SBL-based deep unfolded networks are coarse and vague in
theory due to the direct deep unfolding. Therefore, in this paper, we deform the iterative
formulas of SBL reasonably so that the proposed Bayesian deep unfolded network is explicit.
We fit the linear/nonlinear operations in the iterative formulas with linear/nonlinear layers
so that the theoretical interpretability is enhanced.

Moreover, to compensate for intractable off-grid errors appearing in DOA estimation
problems, we take the errors into the signal model and re-derive corresponding real-valued
SBL iterative formulas. Further, the off-grid error compensations are directly yielded in
the proposed Bayesian deep unfolded networks, while [24,25] just design an additional
network for off-grid DOA estimation. Thus, the proposed unfolded network is simpler and
more useful.

In addition, to improve estimation accuracy, the minimum hole array (MHA) [28], little
considered in deep unfolding, is adopted to maximize array degrees of freedom (DOFs).
Here, the principle and rationale of different co-arrays for large DOFs are as follows. For a
steer vector a(θ) = [exp(−j2πξ1 sin(θ)/λ), . . . , exp(−j2πξN sin(θ)/λ)]T composed of N
sensors, if vectorization is adopted for the covariance of received signals, the Kronecker prod-
uct of steer vectors is yielded, i.e., a(θ)∗ ⊗ a(θ) =

{
exp(−j2π(ξi − ξ j) sin(θ)/λ)

}
i,j=1,...,N .

Obviously, the difference position set
{

ξi − ξ j
}

i,j=1,...,N is produced. For a uniformed linear
array (ULA) composed of N sensors, its position set is {0, 1, . . . , N − 1}, and its differ-
ence position set is {−(N − 1),−(N − 2), . . . , 0, 1, . . . , N − 1} and is composed of 2N − 1
different elements. For MHA composed of N sensors, its position set satisfies some con-
straint [28] so that its difference position set has N(N − 1) different elements, resulting in
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an N(N − 1) DOF, which is the maximal DOF in a sparse array [29] Figure 1 shows the
case at N = 5 sensors.
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Figure 1. Minimum hole array of five sensor receivers.

Overall, the main contributions and novelties are as follows:

• Based on the general signal model, real-valued SBL iterative formulas are rigorously
derived and adjusted, and the corresponding Bayesian deep unfolded network is
constructed according to each operation in the iterative formulas rather than an entire
formula;

• Off-grid errors are directly modeled and estimated by the iterative formulas, and the
corresponding network architecture is considered;

• MHA is adopted to maximize the DOF so that the estimation performance is improved.

The rest of this paper is organized as follows. In Section 2, the signal model is pre-
sented, and the DOA problem is clarified and transformed. In Section 3, SBL iterative
formulas are derived, and the corresponding Bayesian deep unfolded network is con-
structed. Simulation results are shown in Section 4, and conclusions are drawn in Section 5.

To simplify notations, we, respectively, show functions to obtain the real/imaginary
part, trace, p norm, expectation, and transpose by ℜ(·)/ℑ(·), tr(·), ∥·∥p, and E(·), (·)T . We,
respectively, denote real/complex number sets, conditional/marginal probability density
distribution, the identity matrix, the zero vector or matrix, constant, Moore–Penrose inverse,
“independent and identically distributed”, Kronecker product, and Khatri–Rao product by
R/C, p(a|b)/p(a; b), I, 0, const, (·)+, “i.i.d.”, ⊗, and ◦.

2. Problem Formulation

In radar detection and localization and navigation fields, the target direction is vital
information in practice. Thus, how to locate signal sources well has been a research focus
for more than 40 years. To be specific, array antenna receivers can receive different signals
from various directions. Taking far-field radar detection as an example, adjacent antenna
sensors have the same phase difference due to the plane electromagnetic wave. When
the entire sensor array satisfies the configuration of MHA, a steer vector can be inferred
as a(θ) = [exp(−j2πξ1 sin(θ)/λ), exp(−j2πξ2 sin(θ)/λ), . . . , exp(−j2πξN sin(θ)/λ)]T ∈
CN×1, where θ is the direction of the source signal, ξn is the n − th element of the MHA po-
sition set DMHA = {ξn|ξn = ηnd, n = 1, . . . , N}, λ is the wavelength, d is the unit distance,
and N is the number of sensors. For all the K sources from different directions θ =

{
θK

k=1
}

,
the corresponding steer matrix is yielded as A = [a(θ1), . . . , a(θK)] ∈ CN×K. A is vital in
DOA estimation because it implies the directions of all the sources based on the entire sen-
sor array composed of N sensors. Radio frequency signals are received by an antenna array,
whose sensors transfer individually received signals to independent channels, and down
conversion is conducted to produce intermediate-frequency signals, i.e., baseband signals.
Later, using prior signals to execute matched filtering at time t, the receiver can gain the com-
plex reflection factor of all the K sources, i.e., s(t) = [s1(t), . . . , sk(t), . . . , sK(t)]

T ∈ CK×1

and ∀k = 1, . . . , K, where sk(t) is the product of the complex reflection coefficient and
Doppler shift. Usually, the radar adopts pulse accumulation to enhance signal processing
ability when the echo pulses are in the same coherent processing interval (CPI), in which lit-
tle fluctuation happens between different originally received signals and processed signals.
In other words, sources are motionless, and the processing signals are nearly consistent
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during a CPI. Overall, the entire process is briefly shown in Figure 2. The received signal at
time t is modeled as

y(t) =
K

∑
k=1

a(θk)sk(t) + n(t) = A(θ)s(t) + n(t) (1)

where y(t) ∈ CN×1 is the received signal vector, a(θk) = [1, . . . , exp(−j2πξN sin θk/λ)]T ∈
CN×1 is the steer vector of the k − th source signal, A(θ) = [a(θ1), . . . , a(θK)] ∈ CN×K is the
array manifold matrix, and n(t) ∈ CN×1 is the vector representing the complex zero-mean
Gaussian white noise with variance σ2. All the complex reflection factors of source signals
sk(t) are assumed to be additive complex i.i.d. Gaussian distributed with zero mean and
variance σ2

k , so the covariance of the received data is expressed as

Ry = E[y(t)y(t)H ] = A(θ)RsA(θ)H + σ2IN (2)

where Rs = E[s(t)s(t)H ] = diag[σ2
1 , . . . , σ2

K]. Vectorizing both sides of (2) yields

r = A(θ)σ+ vec(σ2IN) (3)

where r = vec(Ry) ∈ CN2×1, A(θ) = [a(θ1)
∗ ⊗ a(θ1), . . . , a(θK)

∗ ⊗ a(θK)] ∈ CN2×K, and

σ = [σ2
1 , . . . , σ2

K]
T ∈ RK×1. In practice, the covariance is approximated by

R̂y =
1
T

T

∑
t=1

y(t)y(t)H (4)

where T is the number of snapshots. Compared with (3), vectorizing (4) results in an
additive approximation error term ∆r [30], i.e.,

r̂ = A(θ)σ+ vec(σ2IN) + ∆r (5)

where r̂ = vec(R̂y) ∈ CN2×1 and ∆r ∈ CN2×1 follow an asymptotic complex Gaussian
distribution, i.e.,

p(∆r) = CN (∆r|0N2×1, RH
y ⊗ Ry/T) (6)
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In practice, RH
y ⊗ Ry/T is replaced by RH

y ⊗ Ry/T due to the unavailable Ry. To avoid
the later influence of σ2, we directly eliminate the noise term vec(σ2IN) by a selection
matrix J ∈ RN(N−1)×N2

[31]. Multiplying both sides of (5) yields

r = Ã(θ)x + ∆r̃ (7)
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where r = Jr̂ ∈ CN(N−1)×1, Ã(θ) = JA(θ) ∈ CN(N−1)×K, ∆r̃ = J∆r∈ CN(N−1)×1, and
J = [JT

1 , JT
2 , . . . , JT

i , . . . JT
N−1]

T with the i − th entry Ji= [0N×[(i−1)N+i], IN , 0N×(N2−iN−i)] ∈
RN×N2

. After noise removal, ∆r̃ follows CN (0N(N−1)×1, J(RH
y ⊗ Ry)JT/T). Normalizing

(7) so that the new approximation error follows a complex standard norm distribution and
multiplying both sides of (7) by a normalization matrix W−1/2 yields

⌢
r =

⌢
A(θ)σ+ ∆

⌢
r (8)

where
⌢
r = W−1/2r ∈ CN(N−1)×1,

⌢
A(θ) = W−1/2Ã(θ) ∈ CN(N−1)×K, ∆

⌢
r = W−1/2∆r̃ ∈

CN(N−1)×1, and W = 1
T J(R̂H

y ⊗ R̂y)J ∈ CN(N−1)×N(N−1). After normalization, ∆
⌢
r follows

CN (0N(N−1)×1, IN(N−1)).

Letϑ = {ϑl}
L
l=1 be an L-grid angular set that uniformly covers spatial range [−π/2, π/2].

Specially, if true sources lie on the grid, (8) can be rewritten as

⌢
r =

⌣
A(ϑ)x + ∆

⌢
r (9)

where
⌣
A(ϑ) = W−1/2JA(ϑ)CN(N−1)×L and A(ϑ) = [a(ϑ1)

∗ ⊗ a(ϑ1), . . . , a(ϑL)
∗ ⊗ a(ϑL)] ∈

CN2×L. x ∈ RL×1 is the sparse extension of σwith the l − th element, satisfying

xl =

{
σ2

k , i f ϑl = θk
0, elsewhere

(10)

Obviously, x is sparse with many zero elements since L is usually large enough for
high estimation accuracy. Despite large L being adopted, there still exists errors if true
sources are off-grid, i.e., ϑl ̸= θk and ∀l = 1, . . . , L. Considering that, we approximate the
k − th true source DOA θk by the Taylor expansion at the corresponding nearest gird ϑlk ,
i.e.,

a(θk) ≈ a(ϑlk ) + b(ϑlk )(θk − ϑlk ) (11)

where b(ϑlk ) = [a(ϑlk )]
′ is the derivative of a(ϑlk ) with respect to ϑlk . For simplicity, the

i − th element of δ = [δ1, . . . , δL]
T is introduced as

δl =

{
θk − ϑlk , i f l = lk
0, elsewhere

(12)

where δl is limited in [−r/2, r/2] and r is the gird interval. If δl exceeds the range, ±r/2 is
assigned to δl . Using (11) and (12) and ignoring the quadratic term with respect to δl , the
following equation approximately holds:

a(θk)
∗ ⊗ a(θk) = [a(ϑlk ) + b(ϑlk )δl ]

∗[a(ϑlk ) + b(ϑlk )δl ]
≈ a(ϑlk )

∗ ⊗ a(ϑlk ) + [b(ϑlk )
∗ ⊗ a(ϑlk ) + a(ϑlk )

∗ ⊗ b(ϑlk )]δl
(13)

Let δ = [δ1, . . . , δL]
T ∈ RL×1 and ∆ = diag(δ) ∈ RL×L. For all the K sources, (13) is

extended to

A(θ) ≈ Φ(ϑ) = A(ϑ) + [A(ϑ)∗ ◦ B(ϑ) + B(ϑ)∗ ◦ A(ϑ)]∆ (14)

where Φ(ϑ) ∈ CN2×L, A(ϑ) = [a(ϑ1), . . . , a(ϑL)] ∈ CN×L, B(ϑ) = [b(ϑ1), . . . , b(ϑL)] ∈
CN×L. Therefore, (9) is rewritten as

⌢
r = ψ(ϑ)x + ∆

⌢
r (15)
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where ψ(ϑ) = W−1/2JΦ(ϑ) ∈ CN(N−1)×L. As neural networks of deep unfolding are
originally designed for real-valued data, we transform (15) into a real-valued equation as

⌣
r =

⌣
ψ(ϑ)x + ∆

⌣
r (16)

where
⌣
r =

[
ℜ(⌢r )
ℑ(⌢r )

]
∈ R2N(N−1)×1, D =

[
ℜ(W−1/2J[A(ϑ)∗ ◦ B(ϑ) + B(ϑ)∗ ◦ A(ϑ)])

ℑ(W−1/2J[A(ϑ)∗ ◦ B(ϑ) + B(ϑ)∗ ◦ A(ϑ)])

]
∈

R2N(N−1)×L, C =

[
ℜ(W−1/2JA(ϑ))

ℑ(W−1/2JA(ϑ))

]
∈ R2N(N−1)×L,

⌣
ψ(ϑ) = C + D∆, and ∆

⌣
r

=

[
ℜ(∆⌢

r )
ℑ(∆⌢

r )

]
∈ R2N(N−1)×1.

Overall, the DOA estimation problem is equivalently cast as a sparse recovery problem
for solving real-valued x and δ with real and imaginary parts of known complex quantities
⌢
r , A(ϑ), B(ϑ), and A(ϑ).

3. Proposed Method

In this section, the DOA estimation is realized in accordance with the real-valued
framework in (16) by Bayesian inference based on the posterior. The proposed method is
developed via an iterative procedure to jointly recover the sparse support x and the grid
mismatch error δ.

3.1. Bayesian Inference

As widely known, Bayesian inference is based on the posterior decided by likelihood
and priors. According to (16), the likelihood is

p(
⌣
r
∣∣∣∣x; ∆) = N (

⌣
r
∣∣∣∣⌣ψ(ϑ)x, I2N(N−1)) (17)

Then, i.i.d. Gaussian priors are assigned to all the elements of x as follows:

p(x; Γ) = N (x|0L, Γ) (18)

where Γ ∈ RL×L is a diagonal matrix, i.e., Γ = diag(γ) and γ = [γ1, . . . , γL]
T ∈ RL×1.

Remark: γ is finally regarded as the solved x since γ represents the potential source power
so as to reflect the potential source location.

According to the Bayesian formula, the posterior is

p(x|⌣r ; ∆, Γ) =
p(

⌣
r
∣∣∣x; ∆)p(x; Γ)∫

p(
⌣
r
∣∣∣x; ∆)p(x; Γ)dx

(19)

(19) is analytically solved to be a Gaussian distribution with mean and variance as
follows:

µ = Σ
⌣
ψ(ϑ)T⌣

r

Σ = (Γ−1 +
⌣
ψ(ϑ)T⌣

ψ(ϑ))
−1 (20)

where µ ∈ RL×1 and Σ ∈ RL×L. Please refer to Appendix A for the derivation. Finally,
Bayesian inference is realized based on the maximum a posteriori (MAP) criterion. Specifi-
cally, we update hyperparameters Γ and ∆ to maximize the logarithmic expectation of (19),
i.e.,

Γ = diag(γ) = argmax
Γ

{E[ln p(x|⌣r ; ∆, Γ)]}

∆ = diag(δ) = argmax
∆

{E[ln p(x|⌣r ; ∆, Γ)]}
(21)



Electronics 2024, 13, 2139 7 of 13

Using (21), γ and δ are analytically solved as follows:

γ = diag(µµT + Σ)

δ = diag(D+⌣
r µT(µµT + Σ)

−1 − D+C)
(22)

Please refer to Appendix B for the derivation.
Overall, the SBL algorithm is summarized in Table 1.

Table 1. The proposed method is named Algorithm 1.

Initialize δ, γ, ε(0), error tolerance ε, set elements in δ or γ as small and the same values.
While ε(k) > ε do:
compute µ and Σ according to (20).
compute γ and δ according to (22).

ε(k) =
∥∥∥γ(k+1) − γ(k)

∥∥∥/
∥∥∥γ(k)∥∥∥.

k = k + 1.
End While
Return γ and δ.
Output refined DOAs.

The proposed method has guaranteed convergence since the posterior is bound to
increase at each iteration. However, the SBL converges quite slowly, so we construct the
corresponding deep unfolded network based on Algorithm 1 to accelerate the conver-
gence rate.

3.2. Deep Unfolding
In order to unfold Algorithm 1 into deep neural network architecture, iterative equa-

tions (20) and (22) are rewritten as

Σ(m) = {CTC + (Γ(m−1))
−1

+ CTD∆(m−1) + (∆(m−1))
T

DTC︸ ︷︷ ︸
∆1

+ (∆(m−1))
T

DTD∆(m−1)︸ ︷︷ ︸
∆2

}
−1

µ(m) = Σ(m)(C
⌣
r + D∆(m−1)⌣r︸ ︷︷ ︸

∆3

)

Γ(m) = µ(m)(µ(m))
T︸ ︷︷ ︸

µ1

+ Σ(m)

∆(m) = 2D+⌣
r (µ(m))

T︸ ︷︷ ︸
µ2

(Γ(m))
−1 − D+C

(23)

via linear transformation, where m = 1, . . . , M denotes the m − th iteration. Remark: In our deep
unfolded neural networks, ∆1, ∆3, µ2, matrix inversion, and matrix transposition with respect to
iterative hyperparameters are fitted by linear layers since they are linear transformations, while the
nonlinear quadratic terms ∆2 and µ1 are fitted by nonlinear layers. Constant terms are input, and the
rest in (23) are realized by adders and multipliers. Specifically, the constructed network architecture
is shown in Figures 3 and 4.
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4. Numerical Simulation
In this section, the superiority of the proposed method is fully evaluated by three simulations.
Simulation 1 tests the convergence rates of the 10-layer proposed method and Algorithm

1, ISTA [32], and 20-layer LISTA [9]. Simulation conditions are as follows. (i) Baseline condi-
tions: Inter(R) Xeon(R) Platinum 8270 CPU @ 2.70 GHz, three uncorrelated source signals from
random on-grid angles {−20◦, 5◦, 30◦} with random off-grid gaps {0.13◦, 0.45◦, 0.32◦}, grid interval
1◦, SNR = 20dB, T = 60 snapshots, N = 6 sensors with position set DMHA = {0, 1, 8, 11, 13, 17},
and grid range [−90◦, 90◦]. (ii) Neural network training conditions: NVIDIA Quadro RTX 8000 GPU,
on-gird space [−90◦, 90◦] with 1◦ interval, and off-grid space [−0.5◦, 0.5◦) with 0.01◦ interval; thus,
the total is 18,100 labels, and each label corresponds to 10 samples so as to yield 181,000 samples

⌣
r ,

epoch 500, batch size 32, a training–validating ratio of 8:2, an Adam optimizer with a learning rate of
0.001, and a designed normalized mean square error (NMSE) function as a loss function. The NMSE
is defined as

NMSE =
1

2P

P

∑
p=1

(∥x̂ − x∥2
2/∥x∥2

2 +
∥∥δ̂− δ∥∥2

2/∥δ∥2
2) (24)

where P is the batch size of the validation set. x̂ and δ̂ are the estimated values of the validated labels
x and δ yielded by (i) baseline conditions.

The simulation results are depicted in Figure 5. Intuitively, the algorithms based on deep
unfolding, i.e., LISTA and the proposed method, converge faster than their original algorithms, i.e.,
ISTA and Algorithm 1. The proposed method requires fewer layers and achieves a lower bound
than LISTA at convergence, which implies the proposed method has a faster convergence rate and
better sparse recovery ability. The simulation results can be explained by the fact that the deep
unfolded techniques indeed enable accelerating convergence, and SBL converges faster than ISTA
originally. Owing to the reasonable and effective network architecture, the proposed method achieves
remarkable convergence performance.
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The following simulations focus on the root-mean-square error (RMSE) performance comparison
of LISTA, FAAN-MUSIC [33], RVSBL [34], StructCovMLE [35], CRLB [36], and the proposed method.
The RMSE is defined as

RMSE =

√√√√ 1
McK

Mc

∑
mc=1

K

∑
k=1

(θ̂mc ,k − θk)
2 (25)

where Mc = 200 is the Monte Carlo number, θ̂mc ,k is the estimated angle for the k − th source in the
mc − th trial, and θk is the true angle for the k − th source.

Simulation 2 investigates the RMSE performance with respect to SNRs. As shown in Figure 6,
the proposed method realizes a lower RMSE than others and approaches the CRLB. In particular,
the proposed method outperforms RVSBL, which indicates that the used MHA indeed improves
DOA estimation accuracy. On the one hand, the proposed method inherits the advantage of SBL,
i.e., excellent sparsity recovery ability. On the other hand, the real-valued transformation further
enhances its ability.
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Simulation 3 tests the RMSE performance with respect to the number of snapshots. The
simulation results in Figure 7 show that the proposed method is robust to snapshot varying, i.e.,
it requires slight sampling data but achieves high estimation accuracy, which can be explained
by the fact that data-driven methods have powerful mapping and fitting abilities. Undoubtedly,
the constructed deep unfolded network realizes excellent mapping effects, and, simultaneously,
prominent generalization capability.
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Simulation 4 examines the RMSE performance with respect to the number of sources. Here, all
the source angles are uniformly selected from the interval of [−90◦, 90◦]. Intuitively, in Figure 8, all
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the algorithms inevitably suffer performance reduction, but the proposed method still outperforms
others over the whole range of various numbers of sources. The results indicate that the proposed
method has the potential to locate more sources when the angle accuracy is not strictly constrained.����������	
���
 ��������������������������������

����	����	�� ������������������������������������������������������������� ���

Figure 8. RMSE versus the number of sources.

Simulation 5 focuses on the RMSE performance with respect to the number of sensors. Notice
that the number of sensors ranges from 4 to 8. The reason for this is that the MUSCI-based method,
i.e., FAAN–MUSIC, can only locate maximal N − 1 sources with N sensors. Thus, N − 1 ≥ 3 must
be satisfied so that FAAN–MUSIC works normally. In the proposed method, the adopted MHA
position set is DMHA = {0, 1, 4, 9, 15, 22, 32, 34} and contains the maximized eight sensors. In Figure 9,
the proposed method achieves the fewest RMSEs. This result can be explained by the fact that the
proposed method can inherit the ability of SBL to handle highly underdetermined problems, and the
adopted MHA indeed plays an important role in improving estimation accuracy.
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Based on Simulation 2, Simulation 6 examines the average computational time for each Monte
Carlo trial. As shown in Table 2, the proposed method runs faster than others, except for LISTA,
which proves that the used deep unfolded network indeed improves SBL efficiency significantly.
Remark: The result, i.e., the proposed method, is slower than LISTA and has no conflict against the
conclusions in Simulation 1 because the computational complexity of each layer of the proposed
method is larger than that in LISTA.
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Table 2. Computational time of the algorithms.

Algorithms Computational Time

FAAN-MUSIC 1.223 s
RVSBL 0.294 s

StructCovMLE 0.537 s
LISTA 0.00137 s

Proposed 0.00472 s

5. Conclusions
In this paper, a Bayesian deep unfolded network is constructed according to our derived SBL

iterative formulas and is based on the adopted minimum hole array for a high estimation accuracy.
Simulation results sufficiently illustrate the superiority of the proposed method, such as its high
convergence rate and excellent estimation performance. On the one hand, the proposed method
inherits the advantages of SBL, e.g., robustness to various snapshots, excellent sparsity performance,
and the ability to handle underdetermined cases. On the other hand, the proposed method reserves
and extends the superiority of deep learning, such as steady estimation ability owing to real-valued
data and fast convergence ability. More importantly, this paper empirically proves the advantages of
deep unfolding again, though rigorously theoretical identification is not provided.
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Appendix A

For (19), the logarithmic form with respect to variable x is

ln (19) = ln[p(
⌣
r |x; ∆)p(x; Γ)] + const = − 1

2 [(
⌣
r −

⌣
ψ(ϑ)x)

T
(
⌣
r −

⌣
ψ(ϑ)x) + xTΓ−1x] + const

= − 1
2 xT(Γ−1 +

⌣
ψ(ϑ)T⌣

ψ(ϑ))x + xT
⌣
ψ(ϑ)T⌣

r + const = − 1
2 xTΣ−1x + xTΣ−1µ+ const

(A1)

Patently, x follows a Gaussian distribution, whose mean µ and variance Σ can be solved via
simple linear transformation.

Appendix B

To solve (21), i.e., the extreme points of Γ and ∆, we take the derivative of E[ln p(x
∣∣∣⌣r ; ∆, Γ)]

with respect to Γ, ∆.

∂
{

E[ln p(x
∣∣∣⌣r ;∆,Γ)]

}
∂Γ

=
∂{E[ln p(x;Γ)]+const}

∂Γ
=

∂
{

E[ln|Γ|−1/2−xT Γ−1x/2]+const
}

∂Γ

=
∂
{

E[ln|Γ−1|1/2−xT Γ−1x/2]+const
}

∂Γ−1
∂tr[(Γ−1)

T
]

∂Γ
=

∂{ 1
2 ln|Γ−1|− 1

2 E[tr(Γ−1xxT)]+const}
∂Γ−1 (−Γ−2)

=

{
[(Γ−1)

−1
]
T

/2 − E[(xxT)
T
]/2

}
(−Γ−2) = [ΓT − (µµT + Σ)](−Γ−2)/2

(A2)

where Σ is a real symmetric matrix. Obviously, Γ = µµT + Σ is the solution of (27).
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Likewise, the derivative with respect to ∆ is

∂
{

E[ln p(x
∣∣∣⌣r ;∆,Γ)]

}
∂∆

=
∂
{

E[ln p(
⌣
r
∣∣∣x;∆)]+const

}
∂∆

=
∂

{
E[(

⌣
r −(C+D∆)x)

T
(
⌣
r −(C+D∆)x)+const]

∂∆

=
∂
{

E[−2xT ∆TDT⌣
r −2xT ∆TDTCx+xT ∆TDTD∆x]+const

}
∂∆

= E[−2DT⌣
r xT + 2DTCxxT + 2DTD∆xxT ]

= −2DT⌣
r µ+ 2DTC(µµT + Σ) + 2DTD∆(µµT + Σ)

(A3)

Using linear transformation, the solution of (28) is gained so that (22) is yielded. The above
derivation process is based on matrix properties and derivative rules, i.e., xTAx = tr(AxxT), tr(AB) =

tr(BA), tr(AT) = tr(A), ∂tr(AB)/∂B = AT , ∂ ln|A|/∂A = (A−1)
T

, ∂tr(ABAT)/∂A = A(B + BT),

∂tr(A)/∂C = [∂tr(A)/∂B][∂tr(B)/∂C], ∂tr(A−1)/∂A =−(A−2)
T

, ∀ any real square matrix A, B, C,
and vector x.
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