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Abstract: Developments in digital twins are driven by the availability of sensor technologies, big
data, first principles knowledge, and advanced analytics. In this paper, we discuss these changes at
a conceptual level, presenting a shift from nominal engineering, aiming at design optimisation, to
performance engineering, aiming at adaptable monitoring diagnostic, prognostic, and prescriptive
capabilities. A key element introduced here is the role of emulators in this transformation. Emulators,
also called surrogate models or metamodels, provide monitoring and diagnostic capabilities. In
particular, we focus on an optimisation goal combining optimised and robust performance derived
from stochastic emulators. We demonstrate the methodology using two open-source examples and
show how emulators can be used to complement finite element and computational fluid dynamic
models in digital twin frameworks. The case studies consist of a mechanical system and a biological
production process.

Keywords: engineering of design; engineering for performance; digital twins; simulators; emulators;
Gaussian models; stochastic emulators

1. Introduction

A heightened level of maturity in the management of systems and processes is
achieved by combining physical assets with digital assets in order to deliver enhanced
analytic capabilities. This integrated layer is usually labelled a digital twin [1–5]. We
emphasise the role of emulators in digital twining strategies, which are focused on the op-
erational phase of systems and processes. This paper covers topics such as hybrid models,
soft sensors, digital twins, emulators, computational fluid dynamics, and finite element
methods. Digital twins are used for optimisation, monitoring, diagnostics, prognostics, and
prescriptive analytic capabilities. Computational models, such as finite element methods
(FEM) and computational fluid dynamics (CFD), are used by engineers to study properties
of products and systems [1–3,6]. Such numerical models are used in troubleshooting and
forensic fault analysis. In this paper, we focus on the role of emulators in digital twin appli-
cations. In particular, we focus on an optimisation goal combining optimised and robust
performance derived from stochastic emulators. We also distinguish between emulators
used in monitoring and emulators used in optimisation and diagnostics. These applications
provide adequate performance of digital twins in terms of speed and accuracy and an
analytic layer enabling the transformation from engineering of design to engineering of
performance. We refer to two examples: a piston used in a combustion engine and PENSIM,
a simulator of penicillin fermentation production. The piston models the operation of a
piston with seven input factors and one response variable, which is the cycle time. The
piston simulator is implemented in R, Python, JMP, and Matlab; see [7–9]. The PENSIM
simulation software is used to model penicillin production in a fed-batch fermentor [10,11].
It is used operationally to monitor and process troubleshooting activities. These case studies
involve electronics in their controllers and fault diagnostics. Here, we take a wide-angle
perspective and model their overall performance. Digital twins complement or substi-
tute physical experiments with software-based simulation experiments [11–13]. They also
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enable the application of soft sensors derived computationally from laboratory data and
sensors located on systems and processors. Computer experiments, or simulations, are
typically analysed with Gaussian Process Models [8,13–17]. In the text section, we also
introduce multifidelity and Bayesian hierarchical models [18,19]. Such models permit the
building of knowledge of physical systems and support decision-making for the design and
monitoring of such systems. A digital twin can be used to run experiments by a number of
runs of a simulation code where factors are parametrised as a subset of the code’s inputs.
The contributions of this paper include (a) a description of emulators derived from compu-
tationally intensive models using Gaussian processes, (b) consideration of hybrid models
combining physical and simulations-based data, (c) applications of emulators for enhanced
monitoring and diagnostics, (d) incorporation of emulators in digital twin platforms, (e)
an introduction of stochastic emulators to optimise performance and robustness, and (f)
case studies demonstrating the above. Section 2 discusses how emulators are designed and
analysed. Sections 3 and 4 include case studies of simulators and their emulators. The last
section includes a discussion and conclusions.

2. Methodology: The Design and Analysis of Emulators
2.1. Design of Emulators of Systems

A typical computer experiment or simulation requires efficient strategies for sampling
the input space, deriving accurate predictions in untried inputs, and providing an easy-
to-interpret description of knowledge. If randomness is present in the input variables, the
sources of uncertainty are difficult to split. To illustrate [20], we will consider three types of
errors: simulation-model error, metamodel error, and implementation error; we will then
suggest mathematical programming models. The behaviour of a physical system can be
represented by f, such that:

y = f (x1, x2, . . ., xp) (1)

where x = (x1, x2, . . ., xp) ∈ D is the input variable, y ∈ R is the output variable, and D is
the input variable space and a subset of Rp. The deterministic function f does not need to
have an analytic representation. Frequently, the solution of such systems of equations is an
approximation of model (1), g, where:

y = g(x1, x2, . . ., xp) (2)

The model g(·) needs to be close enough to the real one (f ). An approximate model (g)
is referred to as an emulator. The use of models in engineering design practice is extensive,
and metamodel (2) is required to approximate model (1) as accurately as possible.

2.2. Computer Experiments from Simulations

The common designs in computer experiments are designs based on the selection of
the points in the experimental region (11). Two approaches are implemented: stochastic and
deterministic. The uncertainty in the stochastic process used for modelling computer ex-
periments represents a lack of knowledge of the exact relationship between input variables
and response, a gap referred to as model bias in experimental design [21–25]. We want
to determine experimental points Dn = {x1, x2, . . ., xn} that ensure the deviation between
model (1) and metamodel (2):

Dev(x; f , g) = f (x)− g(x) (3)

is as small as possible. The experimental region of a computer experiment can be defined
as the unit cube Cp (0 ≤ xj ≤ 1, j = 1, 2, . . ., p), where p is the number of the variables.
Emulators or surrogate models are used to minimise (3). An example is the Kriging
model that assumes that the experimental responses are realisations of zero-mean Gaussian
random field plus a regression term:

Y(x) = βT f (x) + Z(x) (4)
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where x ∈ D ⊂ Rp, f (x) = ( f1(x), f2(x), . . . , fm(x))T is a set of specified trend functions and
β = (β1, β2, . . . , βm)

T is a set of coefficients. Z(x) is a Gaussian random process with zero
mean and stationary covariance over D so that E[Y(x)] = βT f (x) and E[Y(x)] = βT f (x),
where σ2

Z is the process variance, and R is a correlation function depending on the displace-
ment vector h between any pair of points in D and on a parameter θ. A typical correlation
function is:

R(h; θ) =
p

∏
j=1

Rj
(
hj; θj

)
(5)

Specifically, one often applies the power exponential family:

Rj
(
hj; θj

)
= exp

{
−θj

∣∣hj
∣∣s}with0 < s ≤ 2 (6)

where θ = (θ1,θ2,. . .,θp,s)T, θj are positive scale parameters, and s is a common smoothing
parameter. Parameter θj describes how rapidly correlation decays in direction j with
increasing distance hj. The positive correlation between outputs in (6) diminishes with
increasing distance between input locations. If θj = θ ∀j, the correlation depends only on
the distance |h| between any pair of points (x and x + h). Parameter s describes the pattern
of the correlation decay. When s = 2, the correlation function is Gaussian. The power
exponential family: s = 2 gives infinitely differentiable trajectories for the Gaussian process
realisations. Values s < 2 correspond to non-differentiable trajectories. The prediction of the
response at a new point x0 is based on prior information in a set of experimental points
xn = (x1, x2, . . . , xn )T , with xi∈D for I = 1, 2, . . ., n. A common prediction criterion is
the mean squared prediction error. Under the hypothesis that the joint random variable

(Y(x0), Y(x1), Y(x2), . . . , Y(xn)) is a multivariate normal, denoted as N
((

f T
0 , F

)T
β, σ2

Z

)
,

with =

(
1 rT

0
r0 R

)
, the conditional mean of Y(x) at the new point x0, given the process data,

Ŷ0 = E[Y(x0)|Yn], is:
Ŷ0 = f T

0 β + rT
0 R−1(Yn − Fβ) (7)

where f 0 is the m × 1 vector of the trend functions in x0; F is the n × m matrix{
f j(xi)

}
i = 1, . . . , n
j = 1, . . . , m

of the trend functions computed in (x1, x2, . . . , xn); r0 is the correla-

tion vector (R(x0 − x1), . . . , R(x0 − xn))
T ; and R is the n × n correlation matrix whose

(i,j) element is R
(

hij = xi − xj

)
.

The predictor Ŷ0 = E[Y(x0)|Yn] is the best linear unbiased predictor of Y(x0) because
it minimizes the mean squared prediction error, E

[(
Ŷ0 − Y0

)2
]
, and is also unique. For

more information on computer experiments, see [8,13,14].

2.3. Optimising Products and Processes

In optimising systems and processes, we aim to be on target with minimum variability.
A comprehensive approach to designing and analysing computer experiments for system
process optimisation is the stochastic emulator [8]. A stochastic emulator is a model of
the variability in the data derived by running computer experiments on the data model.
It combines optimisation of a model of performance and variability to ensure, as best as
possible, both on-target performance and minimal variability. The key steps of setting up a
stochastic emulator are as follows:

1. Modelling: This can be derived from the results of an initial experiment, purely on
theoretical grounds, or by a combination of the two.

2. Uncertainty: Characterising uncertainty in the system is describing how the input
factors vary.
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3. Computer experiment design: Plan a computer experimental design of the in-
put factors.

4. Generate simulated data: Apply the noise distributions in the computer experimen-
tal design.

5. Stochastic emulator: Construct a model that relates response variables to the design
factor settings.

6. Optimisation: Determine a setup that ensures optimisation of both target performance
and robustness.

The stochastic emulator has online capabilities that can be incorporated into digital
twins that handle unexpected operational conditions. The digital twin provides monitoring
capabilities that compare healthy system-predicted behaviour to the actual behaviour
and flag out-of-control behaviour. To provide diagnostic capabilities, we developed an
emulator to identify variable importance and a prediction profiler. Based on this capability,
we can classify system behaviour patterns and identify input values that affect system
behaviour patterns. In this context, the response, Y, corresponds to a tracking sensor,
such as a vibration sensor, and input variables, X, such as factors affecting the system’s
operational profile. To develop prognostic capabilities, we developed a model with the
response YF corresponding to a degradation variable or faults. The stochastic emulator
provides prescriptive and optimisation capabilities.

2.4. Other Methods

Hybrid models combining physical and computer experiments are gaining atten-
tion [2]. In this section, we briefly review multi-fidelity and hierarchical Bayes models that
integrate information derived from various types of experiments.

In multi-fidelity models, we combine data from various sources differing in levels of
detail and sophistication [18]. The basic model is

Y(x, l) = f1
(
x)′β1 + f2

(
x)′β2 + Zsys(x, l) + εmeans(l) (8)

where l = 1, . . . , m is the fidelity level of the experimental system, Zsys(x, l) is the systematic
error, and εmeans(l) is the random error (l = 1 corresponds to the real system). There are
also primary terms and potential terms; only the primary terms, f1(x), are included in the
regression model.

The experimental planning model in the context of variable fidelity experimentation
involves selecting the number of runs, the location, and the fidelity level associated with
each point by minimising the expected integrated mean squared error subject to cost
constraints [26].

The recursive Bayesian hierarchical model [19] permits the combination of informa-
tion from expert opinion, computer experiments, and physical experiments in a unified
regression model. It is based on updating the initial beliefs of experts by incorporating
computer simulation and physical experiment data.

Both the recursive Bayesian hierarchical integrated model, combining expert opinion
with simulation and physical experiments, and the variable fidelity level experiments
have proven useful in practical applications where experiments are conducted in different
conditions and prior experience has been accumulated.

We mention these methods for completeness and refer to the cited literature for more
details. In the next two sections, we provide examples of how computer experiments
and stochastic emulators can be used to provide enhanced capabilities for monitoring,
diagnostic, prognostic, and optimisation of systems and processes. The piston simulator
will be used to demonstrate the fitting of a Gaussian process emulator, and PENSIM will
take us further and show how to optimise a process with a stochastic emulator.
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3. Case Study 1: The Piston Simulator

This simulator response variable is measured by the cycle time of a full revolu-
tion in seconds. The seven factors that possibly affect cycle time are (1) M—piston
weight, (2) S—piston surface area, (3) V0—initial gas volume, (4) K—spring coefficient,
(5) P0—atmospheric pressure, (6) T—ambient temperature, and (7) T0—gas temperature.
The levels of these factors represent extremes in the operating range.

The simulator is running at given factor level combinations with uncertainty in the
factors. The piston simulator is available in R and JMP in Python and in Matlab [7–9].

As a first step, we show on the left of Figure 1 a control chart of the piston running
at the nominal level of all seven factors. For more information on control charts, see [8].
The left of Figure 1 represents normal operating conditions. The control chart tracks
30 samples of five consecutive cycle times—a total of 150 observations. The bottom chart
tracks standard deviations of five consecutive cycle times representing local uncertainty in
system performance. Overall, the piston runs under stable conditions, i.e., within control
limits. On the right of Figure 1, we see the next 30 samples of size 5, with the earlier control
limits shown on the left chart. A dramatic reduction in cycle time is observed. What causes
such a drop?
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Figure 1. Control charts of cycle time (left) for 30 and another 30 (right) consecutive observations
(JMP 17.0).

To better understand the behaviour of the piston and provide diagnostic information,
we run a space-filling Latin hypercube design consisting of 150 experimental runs. For
more information on such space-filling designs, see [8,12]. Figure 2 shows the experimental
array with two-way scatterplots.

For these experiments, we fit a Gaussian process. Figure 3 shows the process pa-
rameters, and Figure 4 shows the profiler and the marginal effects of the seven factors on
the piston cycle time. We can see that changes in V0 and K have an effect on cycle time.
Figure 3 indicates the total sensitivity for V0 and K to be 0.49 and 0.30, respectively. This
confirms that K and V0 have high leverage on cycle time. This emulator model can now be
used to investigate what-if scenarios and help troubleshoot investigations. Incorporating
such a model in a digital twin of an operating piston provides enhanced monitoring and
diagnostic capabilities. For more information on the properties of the piston simulator,
see [7,8].
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4. Case Study 2: The PENSIM Simulator

The PENSIM simulation models penicillin production [10,11,27,28]. It includes vari-
ables such as pH, temperature, aeration rate, agitation power, feed flow rate of the substrate,
and a Raman probe. The simulated process outputs we use here are (1) P: final penicillin
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concentration and (2) X: final biomass concentration. Our goal is to maximise P, with a
lower specification limit of 0.8 g/L, and minimise X, with an upper specification of 12 g/L.
In Figure 5, we show the distributions of P and X over the operational design space. The
production process in this space resulted in 20% of batches being defective on P (below 0.8)
and 5% of batches being defective on X (above 12).
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Figure 5. Distribution of the responses P and X over the full design space (JMP 17.0).

To run the simulation, we set up the following process variables: 1. S0: initial sugar
concentration, 2. X0: initial biomass concentration, 3. pH: pH set point, 4. T: temperature
set point, 5. air: aeration set up, 6. agitation: agitation rate, 7. time: culture time, and 8.
feed: sugar feed rate. The variables that vary during production are Fg: aeration rate, RPM:
agitation rate, Fs: substrate feed, Ts: substrate temperature, S: substrate, DO: dissolved
oxygen, Uvis: viscosity, CO2: off-gas CO2, Hi: heat inflow, Ti: temperature inflow, Ho: heat
outflow, and Fw: water for injection. We run, with the PENSIM simulator, a space-filling
computer experiment with 128 runs constrained in the hypercube (see Table 1).

With these experiments, we fit a Gaussian process model to P and X and derive
Figure 6.

If we set up the eight factors at their midpoint values and run simulations for normal
distributions of the process variable, we obtain for P a defect rate of 5.7%, with a mean of
0.95 g/L and standard deviation of 0.096, and for X, we obtain a defect rate of 0.64%, with
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a mean of 9.3 g/L and a standard deviation of 1.04. If we run the stochastic emulator and
optimise the defect rate, we obtain an optimal P setup, as displayed in Table 2.

Table 1. Factors and factor levels used in space-filling experiments.

Factor Lower Level Higher Level

S0 5 15

X0 0.05 0.1

pH 4 5

T 293 298

air 6 8.6

agitation 15 29.9

time 250 350

feed 0.0226 0.0426

Table 2. Factor level combinations of optimal setup.

S0 X0 pH T Air Agitation Time Feed

9.9994526 0.0778006 4.8308467 297.99973 7.2998112 15.000027 350 0.0417674

This yields for P a defect rate of 0%, with a mean of 1.26 and a standard deviation
of 0.076, and, for X, a defect rate of 9.7%, with a mean of 11.16 and a standard deviation
of 0.748.

P and X are jointly increasing so that their targets of maximisation and minimisation
collide. Figure 7 shows their scatterplots for different classes of pH. Feed is indicated by
colour of the points, from blue (0.0225) up to red (0.045). A pH above 4.4 with feed below
0.04 results in P and X within specifications.

Increasing feed increases X with little effect on pH. P, however, is affected by both feed
and pH and their interaction. To increase P, both must increase, as shown in Figure 8.
We can optimise both pH and P, for example, using desirability functions or Pareto
front optimisation.

Both the piston simulator and PENSIM are simulators based on engineering knowl-
edge. We showed, with the piston simulator, how an emulator can be used to monitor
an operating system. This requires a model fed by sensor data that computes a response
variable. Comparing a computed response with an observed response provides for effective
monitoring. We can, therefore, conduct statistical process control on expected response
and on the delta between actual and expected response. Once an out-of-control signal is
triggered, the emulator will direct us to possible causes. In the piston case, V0 and K are the
first variables to be considered. The PENSIM simulator was used here to demonstrate an
application of a stochastic emulator that optimises a process for both performance and ro-
bustness. Another analytic capability not demonstrated here is prognostic. This is achieved
by implementing time series forecasting models and analysing degradation reliability.
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5. Discussion and Conclusions

Digital twins have been initially conceptualised in [4]. The evolution of meaning and
applications following that has varied across domains and functionality. An attempt to
describe a taxonomy of digital twins is provided in [5].

In this study, we apply emulators incorporating uncertainty in engineering models in
order to achieve enhanced performance through extended monitoring, diagnostic, prog-
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nostic, and prescriptive capabilities. The digital twin we consider is a container of digital
assets where data are stored and analysed in line with [29]. We focus on the application
of stochastic emulators as an element in digital twins. Mechanistic-based finite element
methods (FEM) and computational fluid dynamic (CFD) approaches have been proposed
over three decades ago and, through emulators, can now be incorporated in digital twins.
The availability of sensor technologies is creating a need and opportunity for integrating op-
erational data through such models. This has also been incorporated in stochastic FEM [30].
Another approach in a Bayesian framework is statistical FEM [31]. Both stochastic FEM
and statistical FEM were designed as offline methods aiming at the system and process
design stage. Applying them in online digital systems requires adaptations, such as the
emulator Gaussian process method presented here. Examples of such applications are
provided in [6,29]. A wide-angle view of state-of-the-art theory and practice, challenges,
and open research questions for digital twins is provided in [32].

The objective of this paper is to address some of the analytic challenges facing modern
systems and processes where new levels of performance and quality can be achieved with
modern sensor technologies.

The specific contributions of this paper include:

1. A description of emulators that can be derived from computationally intensive models
using Gaussian processes.

2. Consideration of hybrid models combining physical and simulations-based data.
3. Applications of emulators for enhanced monitoring and diagnostics.
4. Incorporation of emulators in digital twin platforms.
5. An introduction of stochastic emulators to optimise performance and robustness.
6. Case studies demonstrating the above.

A general scope perspective considers a shift from design engineering to performance
engineering. Digital twins and emulators support such a transition.
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