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Abstract: In this article, a prescribed-time sliding mode controller is proposed for the design of the
positioning and anti-swing time of the underactuated bridge crane under different initial conditions.
Compared with the existing crane positioning and anti-swing controller, the controller can directly
specify the positioning and anti-swing time of the bridge crane system through the controller pa-
rameters. Firstly, in order to solve the underdrive problem of the bridge crane system, the crane
system model is transformed by constructing composite variables; secondly, a new prescribed-time
convergence rate and a new prescribed-time sliding mode surface are designed to ensure that the state
of the bridge crane system can converge within the prescribed time; finally, the Lyapunov stability
analysis and simulation results show that the designed controller can enable the crane to position
and anti-swing within the prescribed time.

Keywords: underactuated system; prescribed-time stability; positioning and anti-swing control;
sliding mode control

1. Introduction

As a large cargo-handling tool, the bridge crane is widely used in the steelmaking
process for its strong load capacity and flexible operation. However, the inherent structural
characteristics of the crane will cause the ladle to swing during the transfer process, which
will reduce the transfer efficiency and accuracy, and there are certain safety hazards. For
the steel water transfer process, the design of the crane’s positioning and anti-swing time
is critical: too short a time for the crane to transfer the steel water will lead to a large
load swing angle of the crane system, which will easily cause the ladle to crash into the
surrounding equipment and cause safety accidents; too large a time for the crane to transfer
the steel water will lead to a large temperature drop in the steel water and cause a waste of
resources. Therefore, setting the time for trolley positioning and load demobilization in a
bridge crane system directly through controller parameters represents a challenging and
valuable research problem.

The problem of positioning and swing elimination in bridge crane systems has been ex-
tensively researched. This research encompasses open-loop control methods such as input
shaping [1] and trajectory planning [2,3], as well as closed-loop control methods, like PID
control [4,5], backstepping control [6,7], fuzzy control [8], and sliding mode control [9–12].
The core idea of input shaping and trajectory planning is to design the acceleration of the
trolley, so as to reduce the swing of the load as much as possible during the movement
of the trolley. However, the open-loop control has the problem of poor robustness, and it
is difficult to eliminate the swing angle of the load in case of external disturbances, such
as wind, so many scholars combined with the closed-loop control methods and further
researched the problem of positioning and swing elimination of a bridge crane system.
Since the sliding mode control has a strong anti-interference ability, it has been applied
to the positioning and swing elimination problem by many scholars. To address the un-
deractuated problem inherent in bridge crane systems, Wang, T.L. [13] transformed the
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bridge crane model and proposed a sliding mode positioning and anti-swing controller
based on feedforward control. Chen, Q.R. [14] decoupled the bridge crane system model
and proposed a sliding mode controller that operates without needing load parameter
information. Nguyen, L. [15] divided the bridge crane system into a position subsystem
and a swing angle subsystem. Sliding mode surfaces for each subsystem were designed
separately. Moreover, the sliding mode surfaces of both the position and swing angle
subsystems were integrated to form a comprehensive sliding mode surface. A hierarchical
sliding mode controller was designed to achieve trolley positioning and eliminate load
swing. Wang T.L. [16] designed a sliding mode controller without a convergence phase
for the secondary pendulum characteristics exhibited by a bridge crane during large load
handling. Yang, W.L. [17] combined hierarchical sliding mode control and terminal sliding
mode control to design a hierarchical global terminal sliding mode controller, and the
simulation results showed that the load swing angle of the bridge crane system would
converge asymptotically. All of the aforementioned control methods enable the bridge
crane system to position and anti-sway. However, to enhance the efficiency of the bridge
crane, the load transfer time may require an upper-bound constraint, which may not be
satisfied by the controller designed above. To address the issue of not having an upper
bound on the positioning and anti-swing time of the bridge crane, the controller design
combined with finite time stability can solve this problem. For this reason, combined with
finite-time stability theory, Xin, W. [18] proposed a novel sliding mode controller combined
with adaptive control to address the challenge of tracking a bridge crane in the presence
of unknown cable length and load mass. The designed controller ensures that the crane
achieves trolley positioning in finite time, but the swing angle of the load asymptotically
converges. Nguyen V.T. [19] linearized the bridge crane system, established a fuzzy model
for the bridge crane, and combined finite time stability to propose a fuzzy sliding mode
controller. Gu, X.T. [20] considered the effects of external disturbances during the operation
of a bridge crane, designed a disturbance observer for estimating the disturbance in a finite
time, and combined it with a sliding mode control for controller design. Wu, X.Q. [21] trans-
formed the original dynamics model of the crane system and subsequently proposed a finite
time controller. This designed controller can estimate disturbances in finite time and ensure
that the bridge crane system state converges within a finite time. In references [22,23],
Zhang, M.H. designed a terminal sliding mode controller based on the finite time stability
theory, which ensures that the load can be carried to the target position within a finite time.
The aforementioned method ensures that the bridge crane can achieve positioning and
anti-swing in a limited time, but the aforementioned method suffers from the problem
that the load-handling time is affected by the initial conditions of the system, and the
researcher is unable to set the time of load handling in advance under different conditions.
Further, Wu, X.F. [24] converted the crane system model into a high-order system and
combined the fixed-time stability theory and backstepping control to design a fixed-time
positioning and anti-swing controller, which ensured that the crane carried the loads for
a fixed period of time that was not related to the system’s initial state. However, because
the positioning and anti-swing time are determined by complex functional relationships
between multiple controller parameters, this leads to difficulties in the design of crane
positioning and anti-swing time, which limits its application in practice.

Prescribed-time stabilization is a special type of finite-time control that ensures that
the convergence time of the system can be preset directly by the controller parameters,
which is unrelated to system’s initial state. It has been effectively applied in the control
problems of fully driven systems, for example, chaotic system synchronization [25], multi-
intelligent body system consistency [26–29], vehicle control [30,31], and robotic arm [32].
Good control results have been achieved. Since there are more state quantities than drive
quantities in underactuated systems, it is not guaranteed that each state quantity converges
in the prescribed time, so it is difficult to combine the prescribed-time stability theory with
underactuated systems, and there are no prescribed-time stability-related studies reported
for underactuated systems.
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The contributions made in this article are as follows:

(1) The two-dimensional bridge crane model was transformed into a chain system by lin-
earizing the crane model and constructing auxiliary variables, simplifying the design
difficulty of the underactuated bridge crane system’s prescribed-time positioning and
anti-swing controller.

(2) A new type of prescribed-time convergence rate was proposed herein. At the same
time, the continuous prescribed-time convergence rate eliminates the chattering prob-
lem inherent in the switching term of the sliding mode control.

(3) A new type of prescribed-time sliding surface has been proposed to ensure that the
position of the trolley and the pendulum angle of the load converge to the desired
position on the sliding surface within the prescribed time.

2. Problem Description

The two-dimensional bridge crane model is depicted in Figure 1. Due to the system
having fewer inputs compared to the number of system states, the bridge crane system
represents a typical underactuated system.
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Figure 1. The 2D underactuated bridge crane.

Based on the Lagrangian dynamics equation, the two-dimensional overhead crane
model is established as follows [15]:

(M + m)
..
x + ml

..
θ cos θ −ml

.
θ

2
sin θ = F, (1)

ml2
..
θ + ml

..
x cos θ + mgl sin θ = 0, (2)

The parameters in bridge crane Models (1) and (2) are specified as illustrated in Table 1.

Table 1. Parameter definition.

Symbols Physical Meaning Unit

M Trolley mass kg
m Load mass kg
l Cable length m
x Trolley position m
θ Load swing angle rad
F Driving force N
g Gravitational acceleration m/s2
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The control objective of a two-dimensional bridge crane system is to transport a load
to a target location within a specified time while eliminating load swing and minimizing
the load swing angle during transportation. These objectives can be articulated as follows:

lim
t→T

(x, θ)→ (xd, 0), (3)

In Equation (3), xd represents the position at which the trolley is expected to arrive.
As shown in Figure 1, the load swing angle can only be controlled indirectly through

the trolley position, so the time to eliminate the load swing is challenging to design.
To achieve precise trolley positioning and eliminate load sway within a prescribed time,
addressing the underactuated nature of the bridge crane system model is crucial. This paper
addresses this by transforming its dynamic model into an all-drive crane system model
through linearization and the construction of auxiliary variables. Secondly, according to
the converted all-drive crane system model combined with the prescribed-time stability
theory, the positioning and anti-swing time are introduced into the controller parameters
so that the bridge crane system’s positioning and anti-swing time can be directly preset by
the controller parameters. It is designed so that the trolley can be positioned within the
prescribed time while eliminating the swing of the load. Finally, the bridge crane system’s
positioning and anti-swing time are demonstrated using the Lyapunov stability principle
and simulation experiments. Moreover, to verify that the designed controller can achieve
the desired goal, three sets of different simulation experiment conditions are designed while
keeping the controller parameters unchanged. Figure 2 presents the research approach of
this article.
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Figure 2. Research approach.

3. Bridge Crane Model

In the preceding section, it was pointed out that it is difficult to design the positioning
and anti-swing time for bridge crane systems due to their underactuated characteristics.
Therefore, this section converts the system model into a chained-form system by linearizing
the crane model and constructing auxiliary variables, which solves the crane system
underdrive issue and simplifies the design difficulty of the prescribed-time positioning and
anti-swing controller.

Rewriting Equation (2) in the following form, we obtain:

..
x = −g tan θ − l

..
θ

cos θ
, (4)

By replacing Equation (4) into Equation (1), we can conclude:

..
θ = − (M + m)g sin θ + ml

.
θ

2
sin θ cos θ + F cos θ(

Ml + ml sin2 θ
) , (5)
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Therefore, further equivalencing the 2D bridge crane model results in the
following form: 

..
x = −g tan θ − l

..
θ

cos θ
..
θ = − (M+m)g sin θ+ml

.
θ

2
sin θ cos θ+F cos θ

(Ml+ml sin2 θ)

, (6)

The angle of swing is desired to be as small as possible when the crane is in operation,

so the following assumptions are made: cos θ = 1, sin θ = θ,
.
θ

2
= 0, θ2 = 0 [33] to linearize

the two-dimensional bridge crane Model (6). Meanwhile, the state quantity will be defined
as [x1, x2, x3, x4] =

[
x,

.
x, θ,

.
θ
]
, the system input as u = F, and the linearized model is

shown below. 
.
x1 = x2.
x2 = −gx3 − l

.
x4.

x3 = x4
.
x4 = − (M+m)g

Ml x3 − 1
Ml u

, (7)

To simplify the design challenge of a prescribed-time controller and ensure that the
bridge crane system achieves both trolley positioning and load anti-swing, it is essential
to eliminate the

.
x4 in the right equation of Model (7) and, therefore, define the following

auxiliary variable.
ζ1 = x1 + f (x3), (8)

The first- and second-order derivatives of the auxiliary variable (8) are as follows.

.
ζ1 = x2 +

∂ f (x3)

∂x3
x4, (9)

..
ζ1 =

.
x2 +

∂2 f (x3)

∂x2
3

x2
4 +

∂ f (x3)

∂x3

.
x4, (10)

To eliminate
.
x4 in Equation (10) and combine Model (7) with Equation (10), it is

necessary to construct the following equation to hold:

∂ f (x3)

∂x3

.
x4 − l

.
x4 = 0, (11)

Thus, we can obtain the following:

f (x3) = lx3, (12)

Therefore, the following state variables are defined.
ζ1 = x1 + lx3
ζ2 = x2 + lx4
ζ3 = −gx3
ζ4 = −gx4

, (13)

Further, Model (7) is transformed in the following form.

.
ζ1 = ζ2.
ζ2 = ζ3.
ζ3 = ζ4.
ζ4 = − (M+m)g

Ml ζ3 +
g

Ml u

, (14)

The transformation of Model (7) into Model (14) is achieved by constructing auxiliary
variables while transforming control Objective (3) into lim

t→T
(ζ1, ζ2, ζ3, ζ4)→ (xd, 0, 0, 0) .



Electronics 2024, 13, 219 6 of 18

Therefore, in the subsequent study, we will focus on Model (14) and proceed with the
design of a prescribed-time positioning and swing damping controller.

4. Controller Design

In the present section, the sliding mode controller was designed, which can preset
the bridge crane positioning and swing elimination time directly through the controller
parameters. The design of the sliding mode controller is divided into two stages: firstly,
it is necessary to design the sliding mode surface that can preset the convergence time
through the controller; secondly, it is vital to design a new convergence rate that can preset
the arrival time through the controller. Only when the above two requirements are satisfied
can the bridge crane be realized to locate and eliminate the swing within a prescribed time,
while the time for locating and eliminating the swing is directly set by the controller. The
controller design is performed in combination with the fully actuated model (14).

For System (14), when the system state ζ1 converges to the desired position xd within
the prescribed time, the system states ζ2, ζ3, and ζ4 also converge to zero. This implies that
the bridge crane system achieves the control objectives within the prescribed time. As a
result, the system state error is defined as follows.

e = ζ1 − xd, (15)

To ensure that the system error converges to zero within a prescribed time after
reaching the sliding surface, it is necessary to ensure that the sliding surface itself converges
within the prescribed time. By combining the prescribed-time stability theory, a novel
prescribed-time sliding surface is designed as follows:

s0 = e

s1 =
.
s0 +

(V
α0
0 +V

−α0
0 )

2

4α0T0
s0

s2 =
.
s1 +

(V
α1
1 +V

−α1
1 )

2

4α1T1
s1

s3 =
.
s2 +

(Vα2
2 +V−α2

2 )
2

4α2T2
s2

, (16)

If the sliding surface s3 reaches zero at the prescribed time, it will arrive at s2, s1, and
s0 in sequence at the prescribed time for the sliding mode Surface (16). When the sliding
surface s3 converges to zero, it indicates that the system state error e = ζ1 − xd converges
to zero within the prescribed time. This implies that within the prescribed time, the trolley
achieves the desired position while simultaneously eliminating the load swing. Therefore,
in order to ensure that the state of the bridge crane system reaches the sliding surface
s3 within the prescribed time, a novel prescribed-time convergence rate is proposed, as
shown below:

.
s3 = −

(Vβ
3 + V−β

3 )
2

4βTa
s3, (17)

in the prescribed-time sliding model Surface (16) and prescribed-time convergence rate
(17), Vi = s2

i /2, (i = 0, 1, 2) is the Lyapunov function constructed by sliding mode surface
at all levels. αi, (i = 0, 1, 2) and β represent the sliding surface parameters for each layer,
Ti, (i = 0, 1, 2) are the convergence time of each layer of the sliding surface, while Ta
represents the arrival time of the sliding surface s3. Therefore, the bridge crane system’s
positioning and anti-swing time is T = Ta + T0 + T1 + T2.

The sliding mode control law consists of an equivalent control law and a switching
control law, with the specific forms as follows:

u = ueq + usw, (18)
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where ueq represents the equivalent convergence law and usw represents the switching
control law.

Taking the derivative of s3 with respect to time on the sliding mode surface (16) and
substituting the transformed bridge crane model (14) and the state error (15), the following
equation can be obtained:

.
s3 =

..
s2 +

(Vα2
2 +V−α2

2 )(V−1+α2
2 −V−1−α2

2 )
2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

=
...
s 1 +

(
(V

α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′
+

(Vα2
2 +V−α2

2 )(V−1+α2
2 −V−1−α2

2 )
2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

=
....
s 0 +

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
+

(
(V

α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′
+

(Vα2
2 +V−α2

2 )(V−1+α2
2 −V−1−α2

2 )
2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

=
....
ζ 1 −

....
x d +

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
+

(
(V

α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′
+

(Vα2
2 +V−α2

2 )(V−1+α2
2 −V−1−α2

2 )
2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

= − (M+m)g
Ml ζ3 +

g
Ml u− ....

x d +

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
+

(
(V

α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′

+
(Vα2

2 +V−α2
2 )(V−1+α2

2 −V−1−α2
2 )

2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

, (19)

By setting
.
s3 = 0 and usw = 0, and combining Equations (18) and (19), ueq can be

obtained as follows:

ueq = (M + m)ζ3 +
Ml
g

[
....
x d −

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
−
(

(V
α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′

− (Vα2
2 +V−α2

2 )(V−1+α2
2 −V−1−α2

2 )
2T2

.
s2s2

2 −
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2

] (20)

Combining Equations (17)–(20), usw can be obtained as follows:

usw = −
Ml(Vβ

3 + V−β
3 )

2

4gβTa
s3 (21)

Then, combining Equations (18), (20), and (21), we can obtain a prescribed-time control
law in the following form:

u = Ml
g

[
....
x d −

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
−
(

(V
α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′
− (Vα2

2 +V−α2
2 )(V−1+α2

2 −V−1−α2
2 )

2T2

.
s2s2

2

− (Vα2
2 +V−α2

2 )
2

4α2T2

.
s2 −

(Vβ
3 +V−β

3 )
2

4βTa
s3

]
+ (M + m)ζ3

, (22)

For a two-dimensional bridge crane system, using the control law (22) designed for
this article ensures that the bridge crane system achieves trolley positioning and load
anti-swinging within a prescribed time T = Ta + T0 + T1 + T2.
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5. Stability Analysis

In the present section, the stability of the control system is demonstrated based on
Lyapunov functions. It is shown that the system convergence time is determined by the
controller parameters. Firstly, it is necessary to demonstrate that the system states can arrive
at the sliding surface within a prescribed time. Secondly, each layer of sliding surfaces
should converge to zero within a prescribed time. When the sliding surface s0 converges
to zero within the prescribed time T, combining it with the sliding Surface (16), it can be
concluded that the system state error converges within the prescribed time. Therefore, the
bridge crane system achieves positioning and anti-swing within the prescribed time.

Selecting the Lyapunov function V3 = s2
3/2, we derive it with respect to time and

bring in Equation (19) and the control law (22) to obtain:

.
V3 = s3

.
s3

= s3(− (M+m)g
Ml ζ3 +

g
Ml u− ....

x d +

(
(V

α0
0 +V

−α0
0 )

2

4α0T0
s0

)′′′
+

(
(V

α1
1 +V

−α1
1 )

2

4α1T1
s1

)′′

+
(Vα2

2 +V−α2
2 )(V−1+α2

2 −V−1−α2
2 )

2T2

.
s2s2

2 +
(Vα2

2 +V−α2
2 )

2

4α2T2

.
s2)

= − (Vβ
3 +V−β

3 )
2

4βTa
s2

3

= − (V
1
2 +β

3 +V
1
2−β

3 )
2

2βTa

, (23)

The arrival time of the sliding model surface can be determined by integrating the
separation variable over Equation (23):

T(s3) = −
∫ 0

V3(0)

2βTa

(Vβ
3 +V−β

3 )
2
V3

dV3

=
∫ V3(0)

0
2Ta

(exp(βlnV3)+exp(−βlnV3))
2 d(βlnV3)

=
∫ βlnV3(0)
−∞

2Ta
(exp(σ)+exp(−σ))2 d(σ)

= Ta
2 (

V3(0)
β−V3(0)

−β

V3(0)
β+V3(0)

−β + 1) ≤ Ta

, (24)

Therefore, the sliding model surface s3 converges to zero within the prescribed time
Ta by using the control law (22).

When the slide surface s3 converges to zero, combined with Equation (16), it is
obtained that

.
s2 = −

(Vα2
2 + V−α2

2 )
2

4α2T2
s2, (25)

Choosing the Lyapunov function V2 = s2
2/2, deriving it with respect to time, and

combining it with Equation (25) yield

.
V2 = s2

.
s2 = −

(V
1
2+α2

2 + V
1
2−α2

3 )
2

2α2T2
, (26)
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Combining the proof process of Equation (23), similarly, it is obtained that
lim

t→Ta+T2
s2 → 0 , lim

t→Ta+T2+T1
s1 → 0 and lim

t→Ta+T2+T1+T0
s0 → 0 .

When s0 = 0, according to Equation (15), it can be inferred that the state ζ1 of
System (14) converges xd within the prescribed time T = Ta + T0 + T1 + T2, and ζ2, ζ3
and ζ4 converge to zero. Combining Equation (13), it can be concluded that within the
prescribed time, the position x of the bridge crane system’s trolley converges to the desired
position xd, and the load swing angle θ converges to 0.

Therefore, the designed prescribe-time sliding model controller ensures that the bridge
crane system achieves positioning and anti-swing within the prescribed time by the con-
troller. lim

t→T=Ta+T0+T1+T2
x → xd and lim

t→T=Ta+T0+T1+T2
θ → 0 .

6. Simulation and Analysis
6.1. Contrast Simulation

In the present section, we validate the feasibility of the prescribed-time positioning
and anti-swing controller designed herein through simulations. Additionally, we com-
pare its performance with the hierarchical sliding mode controller, which is designed in
reference [15], and provide detailed parameter information for the controller below.

u = −αc1e2 + α f1 + βc2e4 + β f2 + k1s + k2sgn(s)
αg1 + βg2

,

in the equation mentioned above, e2 =
.
x1 −

.
x1d, e4 =

.
x3 −

.
x3d

f1 = ml
.
θ

2
sin θ+mg sin θ cos θ

M+m sin2 θ

g1 = 1
M+m sin2 θ

f2 = − (M+m)g sin θ+ml
.
θ

2
sin θ cos θ

(M+m sin2 θ)l

g2 = − cos θ
(M+m sin2 θ)l

The parameters of the controller in reference [15] are as follows.

c1 = 3, c2 = 0.01, α = 2, β = 1.4, k1 = 0.1, k2 = 2.

To demonstrate that the designed controller ensures the bridge crane achieves trolley
positioning and load anti-sway within a prescribed time, we constructed a simulation
model of the bridge crane control system using MATLAB 2018b with the same system
parameters. Firstly, the bridge crane’s positioning and anti-swing time need to be verified.
Secondly, when the bridge crane is being transported, it is desired to have minimal over-
shoot of the trolley position to avoid derailment accidents caused by the trolley running
beyond the maximum track length. Furthermore, excessive swing angle of the load during
transportation may result in load detachment or collisions with surrounding equipment,
leading to safety accidents. Therefore, a minimal load swing angle is desired during the
load transportation process. Consequently, this section considers convergence time and
overshooting amount as the controller performance evaluation criteria.

The parameters of a given bridge crane system are M = 25 kg, m = 8 kg, l = 1.2 m,
g = 9.8 m/s2. The controller designed in this paper has the following parameters: α0 = 0.02,
α1 = 0.05, α2 = 0.06, β = 0.07, T0 = 1, T1 = 1, T2 = 1, Ta = 3; the reference trajectory [34]
was selected as xd = pd

2 + 1
2k2

ln( cosh(k1t−ε)
cosh(k1t−ε−k2 pd)

). In the formula, pd = 0.6 m is the position
at which the trolley is expected to arrive, where k1 = 1.33, k2 = 0.55 and ε = 3 are
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the trajectory parameters. The comparison results from the simulation are illustrated in
Figures 3–6.
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Through the simulation and analysis of data, the controller designed for this article
ensures that the bridge crane system achieves trolley positioning and load anti-swinging
within a prescribed time of 6 s. That means that the controller designed for this article
can adjust the controller parameters to preset bridge crane’s desired positioning and anti-
swing time. Furthermore, compared to reference [15], the proposed controller in this
paper decreases the trolley position overshoot by 3.6% (see Figure 3), reduces the load
swing time by 3 s, and decreases the swing angle magnitude by 46% (see Figure 4). In the
transportation process of the bridge crane, excessive overshoot in the trolley position can
lead to accidents. Therefore, it is often desired to minimize the overshoot in the trolley
position, aiming for it to be zero. Additionally, it is important to keep to the minimum
possible load swing angle to avoid collisions with surrounding equipment. Therefore, the
controller designed for this article exhibits much better control performance as compared to
the hierarchical sliding mode controller designed in reference [15]. Moreover, the nonlinear
sliding surface designed for this article, based on the prescribed-time theory, achieves
system state convergence with damping. When the state converges to zero, the system
damping increases, effectively suppressing the inherent chattering problem of the sliding
mode controller (see Figures 5 and 6).

6.2. Simulation under Different Prescribed Time

In this subsection, to validate that the prescribed-time sliding mode controller can
adjust the bridge crane system positioning and anti-swing time by modifying the controller
parameters while maintaining other parameters constant, the reaching time parameter Ta of
the sliding mode surface s3 is configured to 2 s, 3 s, and 4 s, respectively. Consequently, the
bridge crane positioning and anti-swing time are adjusted to 5 s, 6 s, and 7 s, respectively.
The simulation outcomes for varying prescribed times are illustrated in Figures 7–13.
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Figure 8. Load swing angle curve under different prescribed time.
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Electronics 2024, 13, x FOR PEER REVIEW 12 of 18 
 

 

 
Figure 8. Load swing angle curve under different prescribed time. 

 
Figure 9. Control law under different prescribed time. 

 
Figure 10. The sliding surface s3 convergence trajectory under different prescribed time. 

 
Figure 11. The sliding surface s2 convergence trajectory under different prescribed time. 

0 1 2 3 4 5 6 7 8 9 10
t/s

-4

-2

0

2

4

θ/
°

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-200

0

200

400

600

800
Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-30

-20

-10

0

10

s3

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-1

-0.5

0

0.5

s2

Condition 1
Condition 2
Condition 3

Figure 11. The sliding surface s2 convergence trajectory under different prescribed time.



Electronics 2024, 13, 219 13 of 18Electronics 2024, 13, x FOR PEER REVIEW 13 of 18 
 

 

 
Figure 12. The sliding surface s1 convergence trajectory under different prescribed time. 

 
Figure 13. The sliding surface s0 convergence trajectory under different prescribed time. 

The simulation results indicate that the designed controller can achieve the control 
objectives within the prescribed time when the bridge crane positioning and anti-swing 
time are set to 5 s, 6 s, and 7 s, respectively, by adjusting the controller parameters (see 
Figures 7–13). This validates that the designed controller can preset the bridge crane po-
sitioning and anti-sway time. 

6.3. Simulation under Different Initial Conditions 
In the previous section, a set of experiments was conducted to confirm the feasibility 

of the designed prescribed-time sliding mode controller. However, because bridge cranes 
vary in load mass, cable length, and transport distance for each material transport, the 
designed controller needs to achieve the specified time positioning and anti-sway under 
various conditions. In this section, while keeping the controller parameters constant, the 
experimental conditions are modified to verify the ability of the designed controller to 
achieve positioning and anti-swing within the prescribed time under different conditions. 
Three sets of experimental conditions are set, as shown in Table 2. 

Table 2. Different experimental conditions. 

Condition Load Mass Cable Length Transit Distance 
Condition 1 5 kg 1 m 0.3 m 
Condition 2 8 kg 1.2 m 0.6 m 
Condition 3 10 kg 0.9 m 0.9 m 

To better demonstrate that the designed controller can achieve the control objectives 
under different conditions, the control performance is analyzed by simulating the trolley 
trajectory, load swing angle, and the convergence trajectories of the sliding mode surface 
at all levels (see Figures 14–20). 

0 1 2 3 4 5 6 7 8 9 10
t/s

-0.06

-0.04

-0.02

0

0.02

s1
Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-10

-5

0

5

s0

10-4

Condition 1
Condition 2
Condition 3

Figure 12. The sliding surface s1 convergence trajectory under different prescribed time.
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Figure 13. The sliding surface s0 convergence trajectory under different prescribed time.

The simulation results indicate that the designed controller can achieve the control
objectives within the prescribed time when the bridge crane positioning and anti-swing
time are set to 5 s, 6 s, and 7 s, respectively, by adjusting the controller parameters (see
Figures 7–13). This validates that the designed controller can preset the bridge crane
positioning and anti-sway time.

6.3. Simulation under Different Initial Conditions

In the previous section, a set of experiments was conducted to confirm the feasibility
of the designed prescribed-time sliding mode controller. However, because bridge cranes
vary in load mass, cable length, and transport distance for each material transport, the
designed controller needs to achieve the specified time positioning and anti-sway under
various conditions. In this section, while keeping the controller parameters constant, the
experimental conditions are modified to verify the ability of the designed controller to
achieve positioning and anti-swing within the prescribed time under different conditions.
Three sets of experimental conditions are set, as shown in Table 2.

Table 2. Different experimental conditions.

Condition Load Mass Cable Length Transit Distance

Condition 1 5 kg 1 m 0.3 m

Condition 2 8 kg 1.2 m 0.6 m

Condition 3 10 kg 0.9 m 0.9 m

To better demonstrate that the designed controller can achieve the control objectives
under different conditions, the control performance is analyzed by simulating the trolley
trajectory, load swing angle, and the convergence trajectories of the sliding mode surface at
all levels (see Figures 14–20).
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Figure 14. Trolley position trajectory under different conditions.

Electronics 2024, 13, x FOR PEER REVIEW 14 of 18 
 

 

 
Figure 14. Trolley position trajectory under different conditions. 

 
Figure 15. Load swing angle curve under different conditions. 

 
Figure 16. Control law under different conditions. 

 
Figure 17. The sliding surface s3 convergence trajectory under different conditions. 

0 1 2 3 4 5 6 7 8 9 10
t/s

0

0.2

0.4

0.6

0.8

1

x/
m

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-4

-2

0

2

4

θ/
°

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-200

0

200

400

600 Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-20

-15

-10

-5

0

5

Condition 1
Condition 2
Condition 3

Figure 15. Load swing angle curve under different conditions.

Electronics 2024, 13, x FOR PEER REVIEW 14 of 18 
 

 

 
Figure 14. Trolley position trajectory under different conditions. 

 
Figure 15. Load swing angle curve under different conditions. 

 
Figure 16. Control law under different conditions. 

 
Figure 17. The sliding surface s3 convergence trajectory under different conditions. 

0 1 2 3 4 5 6 7 8 9 10
t/s

0

0.2

0.4

0.6

0.8

1

x/
m

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-4

-2

0

2

4

θ/
°

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-200

0

200

400

600 Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-20

-15

-10

-5

0

5

Condition 1
Condition 2
Condition 3

Figure 16. Control law under different conditions.

Electronics 2024, 13, x FOR PEER REVIEW 14 of 18 
 

 

 
Figure 14. Trolley position trajectory under different conditions. 

 
Figure 15. Load swing angle curve under different conditions. 

 
Figure 16. Control law under different conditions. 

 
Figure 17. The sliding surface s3 convergence trajectory under different conditions. 

0 1 2 3 4 5 6 7 8 9 10
t/s

0

0.2

0.4

0.6

0.8

1

x/
m

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-4

-2

0

2

4

θ/
°

Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-200

0

200

400

600 Condition 1
Condition 2
Condition 3

0 1 2 3 4 5 6 7 8 9 10
t/s

-20

-15

-10

-5

0

5

Condition 1
Condition 2
Condition 3

Figure 17. The sliding surface s3 convergence trajectory under different conditions.



Electronics 2024, 13, 219 15 of 18Electronics 2024, 13, x FOR PEER REVIEW 15 of 18 
 

 

 
Figure 18. The sliding surface s2 convergence trajectory under different conditions. 

 
Figure 19. The sliding surface s1 convergence trajectory under different conditions. 

 
Figure 20. The sliding surface s0 convergence trajectory under different conditions. 

The simulation outcomes indicate that under various conditions, the proposed pre-
scribed-time sliding mode controller ensures that the bridge crane system achieves trolley 
positioning and load anti-swinging within a prescribed time (see Figures 14–20). 

6.4. Robustness Test 
The bridge crane is subject to wind and other external disturbances during the load 

transfer process, so the designed controller needs to have high robustness. To verify the 
robustness of the controller proposed for this article, a step signal with an amplitude of 
300 N was introduced at the input of the model during the simulation period of 6–7 s to 
simulate the effect of external disturbances during crane operation. 

Through the robustness testing simulation, it can be observed that the controller de-
signed in this paper exhibits strong robustness. When the system is subjected to external 
disturbances and the system state deviates from the equilibrium (see Figures 21 and 22), 
the designed controller immediately generates opposing forces to compensate for the 

0 1 2 3 4 5 6 7 8 9 10
t/s

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

Condition 1
Condition 2
Condition 3

Figure 18. The sliding surface s2 convergence trajectory under different conditions.

Electronics 2024, 13, x FOR PEER REVIEW 15 of 18 
 

 

 
Figure 18. The sliding surface s2 convergence trajectory under different conditions. 

 
Figure 19. The sliding surface s1 convergence trajectory under different conditions. 

 
Figure 20. The sliding surface s0 convergence trajectory under different conditions. 

The simulation outcomes indicate that under various conditions, the proposed pre-
scribed-time sliding mode controller ensures that the bridge crane system achieves trolley 
positioning and load anti-swinging within a prescribed time (see Figures 14–20). 

6.4. Robustness Test 
The bridge crane is subject to wind and other external disturbances during the load 

transfer process, so the designed controller needs to have high robustness. To verify the 
robustness of the controller proposed for this article, a step signal with an amplitude of 
300 N was introduced at the input of the model during the simulation period of 6–7 s to 
simulate the effect of external disturbances during crane operation. 

Through the robustness testing simulation, it can be observed that the controller de-
signed in this paper exhibits strong robustness. When the system is subjected to external 
disturbances and the system state deviates from the equilibrium (see Figures 21 and 22), 
the designed controller immediately generates opposing forces to compensate for the 

0 1 2 3 4 5 6 7 8 9 10
t/s

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

Condition 1
Condition 2
Condition 3

Figure 19. The sliding surface s1 convergence trajectory under different conditions.

Electronics 2024, 13, x FOR PEER REVIEW 15 of 18 
 

 

 
Figure 18. The sliding surface s2 convergence trajectory under different conditions. 

 
Figure 19. The sliding surface s1 convergence trajectory under different conditions. 

 
Figure 20. The sliding surface s0 convergence trajectory under different conditions. 

The simulation outcomes indicate that under various conditions, the proposed pre-
scribed-time sliding mode controller ensures that the bridge crane system achieves trolley 
positioning and load anti-swinging within a prescribed time (see Figures 14–20). 

6.4. Robustness Test 
The bridge crane is subject to wind and other external disturbances during the load 

transfer process, so the designed controller needs to have high robustness. To verify the 
robustness of the controller proposed for this article, a step signal with an amplitude of 
300 N was introduced at the input of the model during the simulation period of 6–7 s to 
simulate the effect of external disturbances during crane operation. 

Through the robustness testing simulation, it can be observed that the controller de-
signed in this paper exhibits strong robustness. When the system is subjected to external 
disturbances and the system state deviates from the equilibrium (see Figures 21 and 22), 
the designed controller immediately generates opposing forces to compensate for the 

0 1 2 3 4 5 6 7 8 9 10
t/s

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

Condition 1
Condition 2
Condition 3

Figure 20. The sliding surface s0 convergence trajectory under different conditions.

The simulation outcomes indicate that under various conditions, the proposed prescribed-
time sliding mode controller ensures that the bridge crane system achieves trolley position-
ing and load anti-swinging within a prescribed time (see Figures 14–20).

6.4. Robustness Test

The bridge crane is subject to wind and other external disturbances during the load
transfer process, so the designed controller needs to have high robustness. To verify the
robustness of the controller proposed for this article, a step signal with an amplitude of
300 N was introduced at the input of the model during the simulation period of 6–7 s to
simulate the effect of external disturbances during crane operation.

Through the robustness testing simulation, it can be observed that the controller
designed in this paper exhibits strong robustness. When the system is subjected to external
disturbances and the system state deviates from the equilibrium (see Figures 21 and 22),
the designed controller immediately generates opposing forces to compensate for the
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disturbance (see Figure 23) and bring the state variables back to equilibrium. As a result,
the trolley position and the load swing angle experience only minor changes and can
quickly recover to a balanced state.
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7. Conclusions

The prescribed-time positioning and anti-swing controller are designed to ensure
that the crane can realize the rapid transfer of materials and the designable problem of
positioning and anti-swing time. Compared with the existing control methods, the designed
prescribed-time positioning and anti-swing controller reduce positioning overshoot by
3.6%, decrease the anti-swing time of the load by 3 s, and reduce the swing angle amplitude
by 46%; this offers faster anti-swing speeds and reduced overshoot, which can be set by
adjusting the controller parameters for the bridge crane system’s positioning and swing
elimination time. The feasibility of the controller was confirmed through theoretical analysis
and simulation. Different positioning and anti-swing time were achieved by modifying
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the controller parameters, which demonstrated the ability to use controller parameters to
preset the bridge crane system positioning and anti-swing time. After several sets of tests
under different conditions, it is confirmed that the variation in the internal parameters
of the system does not affect the performance of the controller designed for this article.
Although there are disturbances during the simulation, the system is able to quickly recover
to a stable state, which verifies the robustness of the controller.

This paper successfully applied the theory of prescribed-time stability to the design of
positioning and anti-swing time in the underactuated two-dimensional bridge crane system.
Three-dimensional bridge crane systems have more complex dynamic characteristics than
two-dimensional systems, posing greater challenges in controller design. Additionally,
more performance metrics can be incorporated into the controller design process for control
performance optimization. Therefore, future research will focus on the design of position-
ing and anti-swing time in three-dimensional bridge crane systems and the inclusion of
additional performance metrics in the controller design process.
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