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Abstract: Attaining a high-resolution and accurate location for a radiated passive intermodulation
source (R-PIMS) has been an increasingly interesting problem in modern multi-carrier wireless
communication systems. For precisely positioning multiple closely spaced R-PIMSs, a novel imaging
method called cascade decomposition of time-reversal operator (C-DORT) was developed. C-DORT
constructs a new spectrum calculation by normalizing and multiplying the pseudo-spectrum at
each sampled frequency together. The cascade process focuses the pseudo-spectrum at R-PIMS
positions to form a highly brightened spectrum peak and to suppress the remained pseudo-spectrum
to approximately zero, contributing to distinguishing the closely spaced R-PIMSs. The positioning
performance of the positioning resolution, pseudo-spectrum width, positioning accuracy, and imaging
robustness are analyzed by numerical simulations. Compared with the conventional central frequency
decomposition of time-reversal operator (CF-DORT) and the time domain decomposition of time-
reversal operator (TD-DORT) methods, the multiple R-PIMSs, spaced at a distance of diffraction limit,
which is the spacing of 1/2 of a wavelength, are distinguished effectively in C-DORT. Additionally,
the cross-range pseudo-spectrum full width at half maxima (CRPS-FWHM) is suppressed to the
width of 1/4 of a wavelength by multiplication to improve the cross-range resolution in C-DORT.
In addition, accurate positioning is obtained by providing the approximately zero positioning root
mean square estimation (RMSE) at an SNR ranging from 0 dB to 10 dB. The results show that the
proposed C-DORT improves the positioning accuracy and enhances the positioning resolution for
locating an R-PIMS.

Keywords: DORT; radiated passive intermodulation source; positioning resolution; pseudo-spectrum

1. Introduction

Facing to the application demands of sixth-generation (6G) wireless communication
and future satellite internet, modern wireless systems are developing into multi-carrier
systems with a wide bandwidth, high power, large capacity and high communication
rate [1]. Passive intermodulation (PIM) has been an increasingly tough problem in such
wireless systems with great emitted power and a multi-carrier signal [2,3]. Generally, PIM
can be classified into conducted passive intermodulation (C-PIM) and radiated passive
intermodulation (R-PIM) [4]. C-PIM usually exists in the passive devices and radio fre-
quency (RF) components, which include duplexers, coaxial connectors, and waveguide
flanges [5–7]. The C-PIM interferent signals are generated at the junctions and propagate
forward and backward along the wave-guided RF chains [8,9]. R-PIM is radiated by the
radiation structures, such as antennas and scatterers nearby [1]. The R-PIM positions are
excited by the radiation structures and radiated to the medium, which can be regarded
as the secondary radiated sources and can be called the radiated passive intermodulation
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sources (R-PIMSs). Due to the complicated components and structures in a wireless sys-
tem, attaining an accurate and high-resolution location for R-PIMS has been a tough and
challenging problem.

Due to its good spatiotemporal focusing property in complicated environments, the
time reversal (TR) technique has been widely used in detecting and imaging applications,
such as medical imaging [10,11], microwave imaging [12], radar imaging [13,14], and
damage detection [15]. For the fundamental TR imaging technique, iterative time-reversal
mirror (ITRM) imaging method works by iteratively retransmitting the back-scatterer sig-
nals and realizes the scatterer’s positioning in the medium [16]. However, the ITRM method
is exposed to overwhelm from the weak-amplitude target and cannot distinguish between
a far target and a near target. To selectively image each target in TR imaging methods, the
time-reversal operator (TRO) imaging methods were developed and proposed in previous
decades [17–20]. Selective imaging is realized by extracting the significant eigenvalue distri-
bution and corresponding eigenvector from the TRO decomposition. Generally, significant
eigenvalues are mapped to the number of the detected targets, and the corresponding
eigenvector of each eigenvalue is relevant with the located information. Hence, one may
choose the specific eigenvector corresponding to each significant eigenvalue to realize the
selective imaging for each target in the TRO imaging methods. The TRO is constructed by
a multi-static data matrix (MDM), which can also mainly be classified into two categories:
the space–space multi-static data matrix (SS-MDM) and the space-frequency multi-static
data matrix (SF-MDM) [21,22].

Based on the TRO built by the SS-MDM, the signal subspace and noise subspace
are decomposed via singular value decomposition (SVD). The signal subspace and noise
subspace are employed to have a correlative operation with the transmission matrix in an
imaging region. Then, the decomposition of the time-reversal operator (DORT) approach
and time-reversal multiple signals classification (TR-MUSIC) method [23,24] are employed.
To further enhance the imaging accuracy, the bandwidth of the imaging system is extended
into wideband or ultrawideband (UWB). Hence, the central frequency decomposition of
the time-reversal operator (CF-DORT), the central frequency time-reversal multiple signals
classification (CF-TR-MUSIC), the time domain decomposition of the time-reversal operator
(TD-DORT), and UWB-TR-MUSIC methods are developed [25,26]. Though CF-TR-MUSIC
and UWB-TR-MUSIC can distinguish the multiple closely spaced targets, they are sensitive
to the noise, while CF-DORT and TD-DORT have a better anti-noise performance [27,28].
Differing from the SS-MDM, the row vector of the SF-MDM denotes the frequency in-
formation for each antenna element, and the column vector of SF-MDM represents the
spatial information for each sampled frequency. Based on the SF-MDM, selective TR imag-
ing methods are also developed [29–31]. Additionally, other derived MDMs, such as a
frequency–frequency multi-static data matrix (FF-MDM) for selectively positioning targets,
are also presented [32].

In general, based on different MDMs, the aforementioned TR subspace methods can be
classified into TR-MUSIC-based methods and DORT-based methods. DORT-based methods
have a good ability to tolerate a noisy environment, but their positioning resolution is
limited and must be improved.

In this paper, the cascade decomposition of the time-reversal operator (C-DORT) imag-
ing method to realize the location for multiple R-PIMSs spaced at less than the diffraction
limit is discussed. In the C-DORT method, the normalization and multiplication for the
DORT spectra at each sampled frequency are called cascade processes. Different from the
traditional pseudo-spectrum in the CF-DORT or TD-DORT approaches, through the cas-
cade process in the C-DORT method, the pseudo-spectrum around the R-PIMS is squeezed
and brightened, and the widths of the pseudo-spectrum in the C-DORT method are also
reduced. Moreover, the remaining pseudo-spectrum is suppressed to approximately zero.
These contribute to improving the accuracy of positioning R-PIMSs and enhancing the
positioning resolution in the positioning of closely spaced multiple R-PIMSs.
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2. Signal Model and DORT-Based Methods
2.1. Signal Model

Figure 1 illustrates the schematic for positioning multiple R-PIMSs targets. In these
figures, the M azure dice are denoted as the R-PIMSs. It should be noted that the R-
PIMSs are randomly located inside the imaging region, and their positions are unknown.
However, the positions of the R-PIMSs are still assumed as rM(M = 1, 2 . . . M). The red
dice represent the antenna elements of the linear antenna array for positioning these
R-PIMSs. The detecting antenna array, which harvests the scattering signals from the
R-PIMSs, is constructed with the L antenna elements, which are located along with the x
axis. These array elements are located at rL(L = 1, 2 . . . L), and the spacing between two
adjust elements is d = λc/2, where λc is the wavelength of the signal central frequency ωc.
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Figure 1. The schematic diagrams of signal models for positioning the R-PIMSs: (a) the scattering 

signals excited by the first antenna and (b) the scattering signals excited by the last antenna. 
Figure 1. The schematic diagrams of signal models for positioning the R-PIMSs: (a) the scattering
signals excited by the first antenna and (b) the scattering signals excited by the last antenna.

Assume that each emitted signal from each antenna element is denoted as x(t); the
total harvested signals of antenna array can be obtained as

S(t) = H(t)⊗ x(t) (1)
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where S(t) is the time signal matrix of the dimension L × L, and ⊗ is a convolution
operator. The scattering signals excited by the first antenna element and by the last
antenna element are harvested by the antenna arrays, s1(t) = [s11(t), s21(t), . . . , sL1(t)]

T

and sL(t) = [s1L(t), s2L(t), . . . , sLL(t)]
T in Figure 1a,b, respectively. Namely, combined with

(1), the S(t) harvested for each excitation is constructed by

S(t) =


s11(t) s12(t)
s21(t) s22(t)

· · · s1L(t)
· · · s2L(t)

...
...

sL1(t) sL2(t)

. . .
...

· · · sLL(t)

 =


h11(t) h12(t)
h21(t) h22(t)

· · · h1L(t)
· · · h2L(t)

...
...

hL1(t) hL2(t)

. . .
...

· · · hLL(t)

⊗ x(t) (2)

where the sij(t) is such that the ith antenna element receives the scattering signals by the
jth excitation, and hij(t) represents the mixed impulse response between the R-PIMSs and
the ith antenna element by the jth excitation. Based on the reciprocal theory, hij(t) = hji(t).

By the Fourier transformation, S(t) can be transformed into the frequency domain as

S(ωk) = H(ωk)x(ωk) =


h11(ωk) h12(ωk)
h21(ωk) h22(ωk)

· · · h1L(ωk)
· · · h2L(ωk)

...
...

hL1(ωk) hL2(ωk)

. . .
...

· · · hLL(ωk)

x(ωk) (3)

where ωk(k = 1, 2, . . . K) is the kth frequency uniformly sampled in the operating frequency
bandwidth. S(ωk), H(ωk), and x(ωk) are the Fourier transforms of the S(t), H(t), and x(t),
respectively. As the emitted signal x(t) by each excitation is consistent, the frequency signal
transfer matrix H(ωk) can be extracted as

H(ωk) =


h11(ωk) h12(ωk)
h21(ωk) h22(ωk)

· · · h1L(ωk)
· · · h2L(ωk)

...
...

hL1(ωk) hL2(ωk)

. . .
...

· · · hLL(ωk)

 (4)

Considered that Gaussian white noise is in the received signals, the frequency signal
transfer matrix HN(ωk) can be obtained as

HN(ωk) = H(ωk) + N(ωk) (5)

where N(ωk) is the Gaussian white noise matrix of a dimension of L× L. Following the
TRO in Equation (5), the basic imaging principles of CF-DORT, TD-DORT, and the proposed
C-DORT are compared, and they are collectively called the DORT-based method.

2.2. CF-DORT

In conventional TR imaging methods, the CF-DORT is dependent on the TRO at the
central frequency of the operating bandwidth, which is defined as

T(ωc) = (HN(ωc))
HHN(ωc) (6)

where ( )H is the Hermitian transpose operator, and T(ωc) is a L× L square matrix. The
SVD for T(ωc) is as following

T(ωc) = U(ωc)Λ(ωc)(V(ωc))
H (7)

Λ(ωc) is the L× L singular-value real diagonal matrix, and their singular values are dis-
tributed as λ1(ωc), λ2(ωc), . . . , λL(ωc). The corresponding eigenvectors µ1(ωc), µ2(ωc), . . . ,
µL(ωc) are spanned as matrix U(ωc). The eigenvectors [µi(ωc), i = 1, 2, . . . , M] correspond
to the M significant eigenvalues, while the eigenvectors [µi(ωc), i = M + 1, M + 2, . . . , L]
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are correspond to the L−M small significant eigenvalues. Moreover, the M significant
eigenvalues are spanned to the signal subspace, while the L−M small eigenvectors are
spanned to the noise subspace. Theoretically, the number of ideal, point-like R-PIMS targets
is equal to M, and each eigenvector in signal subspace corresponds to each R-PIMS target.

From the decomposition of the TRO, a number of targets less than that of the antenna
elements is required. The phase of an eigenvector in signal subspace is consistent to that of
a signal vector at the position of the R-PIMS target. Hence, the pseudo-spectrum calculation
of the CF-DORT for each R-PIMS target is obtained, and the image function of all the
R-PIMS targets can be written by:

ICF−DORT(rse) =
M

∑
m=1

〈
g(rse, ωc), (µm(ωc))

∗〉 (8)

where rse is the searching point in the imaging region, and g(rse, ωc) are the transmission
vectors between the searching point and the antenna array. The ( )∗ denotes the conjugation
process.

g(rse, ωc) = [G(r1, rse, ωc), G(r2, rse, ωc), . . . , G(rL, rse, ωc)] (9)

where G(rl , rse, ωc) = e−jwv(ωc)|rl−rse|/4π|rl − rse|, l = 1, 2, . . . , L is the frequency domain
Green Function between the position of each antenna element rl and rse, wv(ω) is the wave
vector, and |rl − rse| is the distance between the position of each antenna element rl and rse.

2.3. TD-DORT

The SVD for TRO is commonly used in addition to the full-frequency bandwidth or
in multiple frequencies. The back-transmission time domain signal rem(t) m = 1, 2, . . . , M
can written by

rem(t) =
∫
Ω

λm(ω)µm(ω)ejωtdω (10)

where Ω is the frequency bandwidth. The rem(t) is retransmitted back to the imaging region.
The pseudo-spectrum calculation of the TD-DORT for each R-PIMS target is obtained, and
here the image function of all the R-PIMS targets can be written by

ITD−DORT(rse) =
M

∑
m=1

∫
Ω

λm(ω)[µm(ω)]Tg(rse, ω)dω

 (11)

where ( )T is the transpose operator, and g(rse, ω) can be derived by Equation (9).

3. The Proposed C-DORT Method

Here, the new pseudo-spectrum calculation method of multiplying the spectra ob-
tained at each uniform sampled frequency in a cascaded way is developed and called
C-DORT. The pseudo-spectrum calculation of the C-DORT for each R-PIMS target is ob-
tained, and here the image function of all the R-PIMS targets can be written by

IC−DORT(rse) =
M

∑
m=1

[
K

∏
k=1

Inorm
m (rse, ωk)

]
(12)

where Inorm
m (rse, ωk) is obtained by

Inorm
m (rse, ωk) = Im(rse, ωk)/max(Im(rse, ωk)) (13)

where Im(rse, ωk) is formulated as

Im(rse, ωk) =
〈

g(rse, ωk), (µm(ωk))
∗〉 (14)
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By pseudo-spectrum normalization, the pseudo-spectrum at the R-PIMS’ position
is, ideally, normalized as 1, and the others’ pseudo-spectra are suppressed to below 1.
Then, multiplying the normalized pseudo-spectrum in all bandwidths can make the others’
pseudo-spectra fall below 1, gradually approaching 0. Hence, the multiplication process
weakens the positions of the others on the pseudo-spectrum to improve the resolution,
reduces the side lobes, and makes the R-PIMS position easier and more accurate in posi-
tioning images.

4. Simulation Results and Discussion

Based on the model in Figure 1, numerical simulations of a positioning R-PIMS were
carried out. These numerical simulations operated with the 1.5 GHz frequency bandwidth
ranging from 1 GHz to 2.5 GHz, whose central frequency is 1.75 GHz. The imaging region
in Figure 1 is 9λc × 9λc, with 100× 100 pixels, in which λc = 17.14 cm. The number of
detecting antennas in the array is L = 11, and their distance between two adjacent antenna
elements is d = 8.57 cm. For multiple-frequency DORT methods, there is a total of K = 16
uniform sampled frequencies.

4.1. Positioning a Single Isolated R-PIMS

Firstly, the performances of positioning a single isolated R-PIMS are investigated. The
position of the R-PIMS is assumed to be P = (4λc, 5λc). Based on the TRO decomposition,
the normalized distribution of eigenvalues of these DORT-based methods to the positioning
of the R-PIMS, located at P = (4λc, 5λc) at the central frequency ωc, is firstly observed in
Figure 2.
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Figure 2. The normalized distribution of eigenvalues of these DORT-based methods to the positioning
of the R-PIMS, located at P = (4λc, 5λc) at the central frequency ωc.

As shown in Figure 2, there is only one relatively larger eigenvalue when the SNR
is increased to over 0 dB, which corresponds exactly to the single R-PIM located in the
imaging region. With the increased SNR, the eigenvalues for the antenna element index
l ≥ 2 are approaching zero, and these eigenvectors corresponding to the eigenvalues are
spanned to the noise subspace in TR-MUSIC. With that, the SNR is decreased to −10 dB,
the ratio between the second largest eigenvalue and the greatest eigenvalue approaches
0.7, and the ratios of the others are also overlarge. This indicates the there is a fuzzification
for confirming which eigenvalue corresponds to the R-PIMS. Moreover, with the gradual
increase in the SNR, there are M greatly large eigenvalue and L−M extra-small eigenvalues.
For positioning a single isolated R-PIMS, there are eventually one non-zero eigenvalue and
ten zero eigenvalues.
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Figure 3a–c shows the pseudo-spectrum images obtained by CF-DORT, TD-DORT and
C-DORT, respectively. In these figures, the white circle is the real location of R-PIMS. It
can be observed from these figures that the single isolated R-PIMS is accurately positioned
with the maximum pseudo-spectrum at the position (4λc, 5λc). The positioning image in
Figure 3a illustrates the powerful pseudo-spectrum beam directed at the position of R-PIM
so that the location information can be obtained in the beam. However, it is noted that
there are many pseudo-spectrum extensions in addition to the x axis and y axis. Moreover,
some pseudo-spectrum side lobes also exposed in the positioning image will have a bad
effect on the positioning of the R-PIMS. For a comparison, the TD-DORT is also adopted
to further implement R-PIMS positioning. With more frequency of participation than in
CF-DORT, the pseudo-spectrum expansions and side lobes are depressed and reduced in
Figure 3b. The directional pseudo-spectrum beam in Figure 3a is concentrated to form a
focusing pseudo-spectrum light-spot in Figure 3b.
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Figure 3. The positioning plane images for positioning a single isolated R-PIMS located at 𝑃 =
(4𝜆c, 5𝜆c): (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB. 
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Figure 3. The positioning plane images for positioning a single isolated R-PIMS located at
P = (4λc, 5λc): (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB.

To further compare the imaging performances of CF-DORT, TD-DORT and C-DORT,
Figure 4a,b display the cross-range and range positioning resolutions for these methods,
respectively. In Figure 4a, it can be observed that C-DORT has the sharpest pseudo-
spectrum peak. This is because the cascading process for the spectra at each sampled
frequency focuses the high pseudo-spectrum to form pointed peak at the position of the
R-PIMS and causes the pseudo-spectrum at the others’ positions plunge to approximately
zero. Due to the sufficient number of array elements placed at the x axis, in comparison
with the single R-PIMS to be positioned, the pseudo-spectrum peak trends for CF-DORT
and TD-DORT are approximately consistent. In other words, the cross-range resolutions of
the conventional CF-DORT and TD-DORT will not be improved by the infinitely increased
number of antenna element. However, multiplying the spectra in C-DORT further enhances
the cross-range resolution with the antenna array placed at the x axis. From Figure 4a, it
can be seen that DORT has the most side lobes. TD-DORT and C-DORT suppress the side
lobes by frequency pseudo-spectrum accumulation and multiplication, respectively.

In Figure 4b, the range resolutions of these methods are all weakened compared with
the cross-range resolutions. This is mainly because the antenna array elements are all
placed at the x axis so they can effectively distinguish the cross-range arranged targets. By
multiplying the spectra, the pseudo-spectrum at the others’ positions is flat and suppressed
so that there are no more side lobes in C-DORT. However, via spectra accumulation, TD-
DORT has some little side lobes. Though the pseudo-spectrum image of CF-DORT also has
no side lobes, it has a large width of the pseudo-spectrum beam along with the y axis.

4.2. Positioning Multiple R-PIMSs

Secondly, the performances of positioning multiple R-PIMS are also investigated
by simulations. Figure 5a–c shows the pseudo-spectrum images obtained by CF-DORT,
TD-DORT, and C-DORT, respectively. The positions of two R-PIMS are assumed to be
P1 = (3λc, 3λc) and P2 = (7λc, 5λc), which are shown by the white circles in these figures.
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Figure 4. The (a) cross-range and (b) range resolutions for positioning a single isolated R-PIMS at 

the position of 𝑃 = (4𝜆c, 5𝜆c) at SNR = 10 dB. 
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Figure 4. The (a) cross-range and (b) range resolutions for positioning a single isolated R-PIMS at the
position of P = (4λc, 5λc) at SNR = 10 dB.

It can be observed that the CF-DORT positing image illustrates two strong pseudo-
spectrum beams directing to the positions of two R-PIMSs in Figure 5a. However, the
pseudo-spectrum extensions along with the x and y axis prevent the positions of targets
from being obtained accurately in the positioning image. The quite wide width of the
pseudo-spectrum beam, pseudo-spectrum extensions, and pseudo-spectrum side lobes
in the CF-DORT method overwhelm the ability to position a mass of R-PIMS targets
simultaneously and close R-PIMS targets. To improve the imaging performance, TD-
DORT reduces the pseudo-spectrum extensions along in addition to the x-axis and pseudo-
spectrum side lobes, as shown in Figure 5b. With the pseudo-spectrum at each sampled
frequency accumulation, the different pseudo-spectrum values for the two positions are
enlarged by fully sampled frequencies participating in the positioning image, and the wide
width of the pseudo-spectrum beam is not effectively lessened in TD-DORT.
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Figure 5. The positioning plane images for positioning two R-PIMSs located at 𝑃1 = (3𝜆c, 3𝜆c) and 

𝑃2 = (7𝜆c, 5𝜆c), respectively: (a) CF-DORT, (b) TD-DORT and (c) C-DORT at SNR=10 dB. 
Figure 5. The positioning plane images for positioning two R-PIMSs located at P1 = (3λc, 3λc) and
P2 = (7λc, 5λc), respectively: (a) CF-DORT, (b) TD-DORT and (c) C-DORT at SNR=10 dB.
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In our C-DORT method, as shown in Figure 5c, which is different from TD-DORT,
the cascading process for the pseudo-spectrum at each sampled frequency reduces the
increased number of side lobes and the cross-range width of the pseudo-spectrum around
the R-PIMSs, though the number of R-PIMSs is increased to two. Moreover, C-DORT
also provides a cleaner image to position more R-PIMSs because the pseudo-spectrum is
suppressed to approximately zero. Consequently, C-DORT improves the imaging resolution
and provides an easier way to obtain the targets’ location information and more accurate
positioning imaging.

4.3. Positioning Space Adjacent R-PIMSs

To further the investigate the positioning spatial resolution performances, simulations
for positioning two closely spaced R-PIMSs were carried out. The two R-PIMSs are located
at P1 = (5λc, 5λc) and P2 = (4λc, 5λc) in Figure 6, while the two R-PIMSs are located at
P1 = (5λc, 5λc) and P2 = (4.5λc, 5λc) in Figure 7. In these figures, the white circles are the
real positions of R-PIMSs.

As shown in Figure 6a, there is only one directional pseudo-spectrum beam in the
CF-DORT positioning image. This is because the cross-range width of the directional
pseudo-spectrum beams for two R-PIMSs are wide so that the two pseudo-spectrum beams
at two closed positions overlap to form a pseudo-spectrum beam. Figure 6b shows the
positioning image of TD-DORT in positioning two closely spaced R-PIMSs. Though it can be
observed that two unobvious light-spots exist, the pseudo-spectrum for the positions of the
two R-PIMSs are also superposed onto each other to form a higher pseudo-spectrum peak.

From the figures in Figure 6a,b, CF-DORT and TD-DORT cannot absolutely distinguish
such closely spaced targets. However, in Figure 6c, there are obviously two pseudo-
spectrum peaks at the P1 and P2 positions, and two R-PIMSs are effectively distinguished
by C-DORT. In addition to the x axis, the imaging for each R-PIMS is individual, and the
pseudo-spectrum between these R-PIMSs is decreased to approximately zero. Furthermore,
with a closer space between two R-PIMs at a distance of 0.5λc, which is the diffraction limit,
Figure 7a,b provides a fully overlapped pseudo-spectrum beam and light-spot, respectively.
However, in Figure 7c, with the cascade process in C-DORT, the two 0.5λc closely spaced
R-PIMSs are distinguished, firmly verifying the improved resolution performance.
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Figure 6. The positioning plane images for positioning the two R-PIMSs located at 𝑃1 = (5𝜆c, 5𝜆c) 

and 𝑃2 = (4𝜆c, 5𝜆c), respectively: (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB. 
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Figure 6. The positioning plane images for positioning the two R-PIMSs located at P1 = (5λc, 5λc)

and P2 = (4λc, 5λc), respectively: (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB.

4.4. Cross-Range Pseudo-Spectrum Width

To further analyze the positioning resolution for positioning the R-PIMS, the investi-
gation of the cross-range pseudo-spectrum full width at half maxima (CRPS-FWHM) is
presented. The CRPS-FWHM in the positioning image denotes the spectra width of the
pseudo-spectrum at the positions of the half-maximum pseudo-spectrum peak [33].

Figure 8 shows the comparisons of the CRPS-FWHM values with the total number L of
antenna elements in a noiseless space. As shown in this figure, the CRPS-FWHMs of CF-DORT
and TD-DORT are larger than that of C-DORT. As previously mentioned, this is because the
cascade process for each sampled pseudo-spectrum suppresses the non-R-PIMS positions.
The CRPS-FWHM at the position of the R-PIMS is also reduced in CF-DORT. Hence, the
cross-range resolution can be improved. When the number of antenna elements is increased
to 20, the curves of the CRPS-FWHMs tend to be flat, and the cross-range CRPS-FWHMs of
C-DORT and TD-DORT approach 0.25λc and λc, respectively. This implies that C-DORT has
an ability to realize the supper resolution for closely spaced positions at a distance of less than
0.5λc. Moreover, for fewer antenna elements, the CRPS-FWHM of CF-DORT is slightly wider
than that of TD-DORT; the main reason for this is that the number of antenna elements is too
small to form a narrow pseudo-spectrum beam to the position of the R-PIMS.
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Figure 7. The positioning plane images for positioning the two R-PIMSs located at 𝑃1 = (5𝜆c, 5𝜆c) 

and 𝑃2 = (4.5𝜆c, 5𝜆c), respectively: (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB. 
Figure 7. The positioning plane images for positioning the two R-PIMSs located at P1 = (5λc, 5λc)

and P2 = (4.5λc, 5λc), respectively: (a) CF-DORT, (b) TD-DORT, and (c) C-DORT at SNR = 10 dB.
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4.5. Positioning Accuracy

Additionally, the positioning accuracy has been demonstrated by analyzing the po-
sitioning error. The root mean square estimation (RMSE) and Monte Carlo method were
united and adopted to analyze the R-PIMS positioning error. The positioning RMSE can be
written by

RMSE =

√√√√ 1
Q

Q

∑
q=1

(
rq − rR−PIMS

)
(15)

where Q = 1000 is the number of Monte Carlo simulations, and rq represents the positions
estimated by the peaked pseudo-spectrum in these DORT-based methods.

From Figure 2, the positioning RMSE at the SNR ranging from 0 dB to 10 dB was
obtained by Equation (15) to analyze the positioning error. Figure 9 displays the positioning
RMSE comparison to evaluate the positioning accuracy. As the DORT-based methods have
a well anti-noise performance, it can be observed that there are low orders of magnitude of
the positioning RMSEs for these DORT-based methods. However, with the frequency of
participation in TD-DORT and C-DORT, the positioning RMSE and positioning accuracy
have been improved.
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Figure 9. Comparison of positioning RMSEs among CF-DORT, TD-DORT, and C-DORT methods at
different SNRs.
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4.6. Imaging Robustness

Furthermore, the imaging robustness of C-DORT for positioning two multiple R-
PIMSs spaced at a distance of 0.5λc was analyzed. The speckle noise and Poisson noise
were superposed into the SS-MDMs in Equation (5) instead of Gaussian noise. Figure 10
illustrates the plane images, considering the two types of noise for positioning the two
R-PIMSs located at P1 = (5λc, 5λc) and P2 = (4.5λc, 5λc), respectively. As shown in
Figure 10a,b, the two R-PIMSs are still distinguished by superposing the speckle noise
and Poisson noise onto the SS-MDMs. From Figures 7 and 10, the wider pseudo-spectrum
expansions and the y axis are illustrated in Figure 10b by superposing the Poisson noise
onto the SS-MDMs. This is because Poisson noises have strong randomness on the SS-
MDMs, and the Gaussian white noises are in accordance with a normal distribution and
are mutually independent. Speckle noises always are produced by multiplying the random
data in SS-MDMs, which refer to signal data in the SS-MDMs. The case of different types of
noise demonstrates C-DORT has a better ability to tolerate the Gaussian white noise and
speckle noises.
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and the y axis are illustrated in Figure 10b by superposing the Poisson noise onto the SS-

MDMs. This is because Poisson noises have strong randomness on the SS-MDMs, and the 

Gaussian white noises are in accordance with a normal distribution and are mutually inde-

pendent. Speckle noises always are produced by multiplying the random data in SS-MDMs, 

which refer to signal data in the SS-MDMs. The case of different types of noise demonstrates 

C-DORT has a better ability to tolerate the Gaussian white noise and speckle noises. 
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Figure 10. The positioning plane images with different types noise: (a) speckle noise and (b) Poisson 

noise. 

5. Conclusions 

In this paper, a novel high-resolution and accurate C-DORT approach is proposed 

for positioning R-PIMS. The multiplication operator in C-DORT that suppresses the 

pseudo-spectrum at the non-R-PIMSs positions contributes to distinguishing the closely 

spaced R-PIMSs to enhance the positioning resolution. Meanwhile, the cascade process 

also spotlights the pseudo-spectrum at the R-PIM positions so that the positions of the R-

PIMSs can be accurately located. C-DORT achieves a good positioning accuracy, with ap-

proximately zero positioning RMSE at the SNR ranging from 0 dB to 10 dB. Moreover, the 

two R-PIMSs spaced at 0.5𝜆c are distinguished effectively, and a CRPS-FWHM of 0.25𝜆c 

is obtained in C-DORT. Based on the imaging performance, the proposed C-DORT has also 

great potential for locating closely spaced targets in applications such as damage imaging, 

soft fault detection and diagnosis, through-wall imaging, and subsurface exploration. 
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5. Conclusions

In this paper, a novel high-resolution and accurate C-DORT approach is proposed for
positioning R-PIMS. The multiplication operator in C-DORT that suppresses the pseudo-
spectrum at the non-R-PIMSs positions contributes to distinguishing the closely spaced
R-PIMSs to enhance the positioning resolution. Meanwhile, the cascade process also spot-
lights the pseudo-spectrum at the R-PIM positions so that the positions of the R-PIMSs can
be accurately located. C-DORT achieves a good positioning accuracy, with approximately
zero positioning RMSE at the SNR ranging from 0 dB to 10 dB. Moreover, the two R-PIMSs
spaced at 0.5λc are distinguished effectively, and a CRPS-FWHM of 0.25λc is obtained
in C-DORT. Based on the imaging performance, the proposed C-DORT has also great
potential for locating closely spaced targets in applications such as damage imaging, soft
fault detection and diagnosis, through-wall imaging, and subsurface exploration.
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