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Abstract: We propose in this paper a novel hybrid numerical modeling method for computing
electromagnetic scattering from inhomogeneous targets containing honeycomb structures. In the
proposed approach, the whole honeycomb structure is divided into the inner and outer two subre-
gions. Each thin wall of a unit cell in the outer subregion is replaced by a zero-thickness surface, with
the aid of a resistive sheet boundary condition (RSBC) to describe the electric and magnetic field
discontinuities across the surface. Each unit cell in the inner subregion is homogenized by using
the Hashin–Shtrikman and the Mori–Tanaka formulae. The two subregions are further divided into
smaller subdomains by introducing the Robin-type transmission condition to couple subregion inter-
faces, as well as subdomain interfaces. The whole solution region is then discretized and solved using
the nonconformal domain decomposition-based hybrid finite element–boundary integral–multilevel
fast multipole algorithm (FE-BI-MLFMA). The numerical results demonstrate that the proposed ap-
proach exhibits a high accuracy, efficiency, and flexibility. Solutions of scattering by a wing-like object
and a practical unmanned aerial vehicle (UAV) model with honeycomb radar-absorbing structures
are presented, showing the superior performance of the proposed algorithm.

Keywords: electromagnetic scattering; radar-absorbing honeycomb structures; resistive sheet boundary
condition; homogenization; FE-BI-MLFMA

1. Introduction

Radar-absorbing honeycomb structures have been widely used in practical stealth en-
gineering due to their special characteristics of a low density, a good strength, a light weight,
and stiffness-to-weight ratios. Due to the uniformly distributed multiscale problem caused
by the extremely thin and multilayered unit cell’s wall in the cellular structure of a honey-
comb, it is challenging to simulate objects with honeycomb structures. Without the special
treatment of the unit cell’s wall, the direct modeling of honeycomb structures using conven-
tional full-wave numerical methods, the finite-difference time-domain (FDTD) method [1],
the finite element method (FEM) [2], the method of moments (MoM) [3], the hybrid finite
element–boundary integral–multilevel fast multipole algorithm (FE-BI-MLFMA) [4], etc.,
results in a serious computational burden. Volume discretization methods, such as the
FEM and FDTD, need to treat each unit cell as an inhomogeneous body, which consists of a
unit cell’s wall and background filling material, and then mesh each material into elements
accordingly. Due to the thin unit cell’s wall, extremely fine meshes are required, resulting
in a computational burden. When surface discretization methods, such as the MoM, are
used, the surfaces of both the coating and the thin unit cell’s wall are required to be dis-
cretized into triangular patches. Since the overall surface area of a honeycomb core is large,
computational burdens arise when modeling large honeycomb structures. As the target
size increases, the computational resources required by state-of-the-art numerical meth-
ods for modeling honeycomb structures increase dramatically. Conventional numerical
methods are not applicable for modeling practical inhomogeneous objects with honeycomb
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structures, even though their computational capability has been improved significantly
with the development of fast direct solvers [5–7] and fast domain-decomposition-based
methods [8–14].

To overcome this problem, homogenization methods are proposed, such as the
Maxwell Garnett theory, the Bruggeman theory, the Hashin–Shtrikman (HS) variational
theory, and the strong fluctuation theory [15–22]. In these types of methods, the effective
permittivity and permeability of the honeycomb is first derived by using a certain homoge-
nization theory. Then, the conventional honeycomb structure is treated as a homogenous
body and then simulated with a certain kind of numerical method, FEM, FDTD, etc. Ho-
mogenization methods can be highly efficient under the premise of providing reliable
equivalent electromagnetic parameters using homogenization theories. However, state-
of-the-art theories assume that the incident wavelength is much longer than the period
of the structure. Additionally, the edge effect of these unit cells at the boundary of the
honeycomb is also ignored. Therefore, although highly efficient, the accuracy and flexibility
of homogenization methods are not well ensured, especially when the honeycomb structure
is bent or cut into an irregular shape, or the incident microwave angle of a unit cell’s axis is
large, which is quite important in practical engineering.

Recently, a modeling method based on the resistive sheet boundary conditions (RSBCs)
has been presented for simulating electromagnetic filed interactions with honeycomb
structures, in which the main computational burden is removed by reducing unit cell
walls into zero-thickness faces using the RSBCs [23]. This work starts by simplifying
the honeycomb model by reducing the multilayer and multimedia unit cell’s wall into a
zero-thickness surface with the aid of an approximate boundary condition, which relates
the tangential components of the electric field and magnetic field to a surface impedance.
With this method, the edge effect of the unit cells at the boundary is considered, and the
flexibility and accuracy are significantly improved compared with those of homogenization
approaches. However, the crucial demand of keeping the original cellular structure results
in a meshing burden and a computational deficiency in certain cases.

Each single state-of-the-art approach for modeling electromagnetic filed interactions
with honeycomb structures has a main advantage and disadvantage. In this paper, based on
our earlier work on homogenization approaches in [22] and the RSBC approach in [23], we
propose a novel hybrid modeling approach for modeling electromagnetic field interactions
with honeycomb structures. The proposed hybrid approach starts by decomposing the
original honeycomb structure into the inner and outer subregions. The inner subregion
should be regularly shaped and is homogenized as an anisotropic medium, with the rela-
tive permittivity tensors evaluated by using the Hashin–Shtrikman and the Mori–Tanaka
formula approaches in a local coordinate system; we name this the homogenization re-
gion [22]. The outer subregion is modeled using the RSBC approach proposed in [23], noted
as the RSBC region for short, where each unit cell’s wall of the honeycomb structures is
replaced with a zero-thickness resistive sheet. The two subregions are glued together using
the Robin-type transmission conditions on nonconformal meshed interfaces. Then, each
subregion is further divided into smaller subdomains and simulated following the non-
comformal domain decomposition FE-BI-MLFMA [13,23]. The performance and accuracy
of the proposed method are demonstrated with several numerical examples, including
a complicated high-definition stealth unmanned aerial vehicle (UAV) scale model with
honeycomb structures. The numerical results show an increased accuracy or efficiency of
the proposed hybrid approach compared to that of a single conventional approach.

2. Formulation

A typical honeycomb composite is illustrated in Figure 1. The unit cells are composed
of aramid paper with lossy coatings on the surface, or they are directly made using ad-
ditive manufacturing technology with microwave absorbing materials, which is better
known as 3D printing. In practice, the aperture size of a unit cell is at the millimeter level,
and the thickness of the multilayer unit cell’s wall is smaller than 0.1 mm, resulting in
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challenging multimaterial and multiscale problems in computational electromagnetics.
By combining the homogenization approach and the RSBC-based numerical modeling
approach together, a novel hybrid numerical modeling method for computing electromag-
netic scattering by objects with honeycomb structures is proposed, and it exhibits both
the high accuracy and flexibility of the conventional RSBC-based approach and the high
efficiency of the homogenization-based approach. Details of the proposed hybrid approach
are provided below.
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Figure 1. Illustration of a honeycomb structure modeled using the proposed hybrid modeling approach.

The proposed hybrid approach is also based on the FE-BI-MLFMA. According to
the FE-BI-MLFMA, the honeycomb structure is divided into the interior body region and
the exterior surface region by the outer surface of the object. In the proposed hybrid
modeling approach, the interior body region of a honeycomb structure is decomposed into
the RSBC subregion and the homogenization subregion, as shown in Figure 1. Note that,
on the boundary interface between the inner and outer subregions, the cellular structure
characteristic of the honeycomb is kept to ensure that the boundary condition of all the
unit cells in the homogenization subregion remains the same. Without losing generality,
we suppose that the honeycomb considered is made of non-magnetic materials, meaning
µr = 1.

For the RSBC subregion ΩR, we introduce the approximate RSBCs to reduce the
resistively coated thin wall to a zero-thickness surface SR

R, as shown in Figure 2. Then,
electromagnetic field discontinuities across the SR

R can be described using the RSBC as
follows [23]:

E+
R = E−R = ER (1)

ZLn̂R ×
(

H+
R−H−R

)
= n̂R × (ER × n̂R) (2)

where H±R = Z0H±R , Z0 =
√
µ0/ε0. E±R and H±R are the electric fields and magnetic fields on

two sides of the reduced RSBC surface residing on the touching interface of two unit cells’
walls. ZL is the surface impedance of the wall, and n̂R denotes the outward unit vector
normal to the surface. ZL can be evaluated as follows:

ZL =
1

iω(ε0 − εe)d
(3)

where εe and d denote the permittivity and thickness of the unit cell’s wall, and ω is the
angular frequency of the incident planewave.
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Figure 2. RSBC model of the honeycomb’s thin wall.

For the homogenization subregion ΩH, it is homogenized as an anisotropic medium,
with the effective permittivity εf given by following the H-S and the M-T formulae [22]:

[εf] =

εx 0 0
0 εy 0
0 0 εz

 (4)

With

εx= εy= εe
(2− g)ε0+gεe
gε0 + (2− g)εe

(5)

εz= ε0+gε0
εe−ε0

(1− g)Nz(ε e−ε0) + ε0
(6)

Nz= 1− l/2√
(t/2)2 + (l/2)2

(7)

where g and εe are the volume fraction and relative permittivity of the unit cell’s wall, l
denotes the height of the honeycomb, and t is the width between the two parallel unit cell
walls, respectively.

Obviously, in practice, it is hard to generate conformal meshes on an interface shared
by both the RSBC region ΩR and the homogenization region ΩH, as noted ΓRH in Figure 1;
we need to introduce the Robin-type transmission conditions allowing nonconformal
meshes to couple them:

−jk0n̂R ×HR+jk0n̂R × ER × n̂R =
jk0n̂H ×HH+jk0n̂H × EH × n̂H
−jk0n̂H ×HH+jk0n̂H × EH × n̂H =

jk0n̂R ×HR+jk0n̂R × ER × n̂R

(8)

where n̂R and n̂H are the unit normal vectors at the interface pointing to the exterior regions
of the subregions ΩR and ΩH, respectively.

The boundary value problem (BVP) for a subdomain in ΩR is described as follows:

∇× 1
[µre]
∇× ER−k2

0[εre]ER= 0 in ΩR (9)

n̂× ER= 0 on SPEC (10)

n̂×∇× ER= 0 on SPMC (11)

n̂× 1
µre
∇× ER+n̂× jk0HR= 0 on SB

R (12)
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n̂× 1
µre
∇× ER+jk0

[
n̂×H+

R−Z−1
L n̂× (ER × n̂)

]
= 0 onSR+

R (13)

n̂× 1
µre
∇× ER+n̂× jk0HR= 0 on ΓRH (14)

where SB
R is the interface with BI, and [εre] and [µre] are the relative permittivity and relative

permeability, respectively. Note that Equation (13) is obtained using Equations (1) and (2).
The fields in the RSBC region are formulated into an equivalent variational problem:

FR(E) =
N
∑

R=1

{
1
2

∫
ΩR

[
1

µre
(∇× ER) · (∇× ER)− k2

0εreER · ER

]
dV

+jk0
∫

S+
R

(
ER ×

¯
H

+

R

)
· n̂dS− jk0Z−1

L
∫

SR
R
(n̂× ER) · (n̂× ER)dS

+jk0
∫

SB
R

(
ER ×

¯
HR

)
· n̂dS + jk0

∫
ΓRH

(
ER ×

¯
HR

)
· n̂dS

} (15)

The BVP for fields in ΩH can be obtained in the same way except that Equation (13) is
removed, and [εf] is used instead of [εre]:

FH(E) = 1
2

∫
ΩH

{
(∇× EH) · 1

[µ̃ f ]
· ∇ × EH − k2

0EH ·
[
ε̃ f

]
· EH

}
dVi

+jk0
∫

SB
H

(
EH ×

¯
HH

)
· n̂dS + jk0

∫
ΓRH

(
EH ×

¯
HH

)
· n̂dS

(16)

The fields in the exterior region (typically the outer surface of the object) are formulated
into the combined field integral equation (CFIE) [4]:[

1
2 n̂×

¯
H + n̂×K(n̂×

¯
H) + n̂× L(E× n̂)

]
+

n̂×
[

1
2 E× n̂ + n̂×K(E× n̂)− n̂× L(n̂×

¯
H)

]
= n̂×

¯
H

inc

(r)− n̂× n̂× Einc(r) r ∈ S

(17)

With

L(X) = jk0

∫
S

[
X(r’)G0(r, r’) +

1
k2

0
∇′ · X(r’)∇G0(r, r’)

]
dS′ (18)

K(X) =
∫

S(PV)

X(r’)×∇G0(r, r’)dS′ (19)

where PV denotes the Cauchy principle value integration, G0(r, r’) is Green’s function in
free space, and Einc, Hinc

= Z0Hinc is the external incident plane wave.
The final matrix equation system can be obtained by combining the equivalent varia-

tional problems for the RSBC in Equation (15), the homogenization subregion in Equation
(16), and the CFIE in (17). The vector FEM on tetrahedral meshes and the Rao–Wilton–
Glisson (RWG) basis functions on triangle-patch meshes are used for discretizing the FEM
and the BI domains, respectively. To improve the computational efficiency of the method,
the idea of the noncomformal domain decomposition FE-BI-MLFMA is adopted. Both the
RSBC and the homogenization subregions are further divided into smaller subdomains,
and two neighbor subdomains are also coupled by using Robin transmission conditions.
By properly discretizing all the related equations, including the FEM equivalent variational
problem, the Robin boundary conditions, and the CFIE, and assembling all subdomain
matrix equation systems together, the final equation system is obtained and then solved
with the aid of MLFMA. A detailed description can be found in [23].



Electronics 2023, 12, 1851 6 of 14

As a hybrid approach of the existing RSBC approach and the homogenization ap-
proach, the proposed approach retains the advantages of each approach while eliminating
their main disadvantage as follows:

1. In the RSBC, although the volume of the thin unit cell’s wall is removed, we still
need to mesh the zero-thickness resistive sheet with the mesh density proportional to
the wavenumber in the high-contrast thin-wall materials. However, in the homog-
enization approach, we only need to mesh the homogenous media with the mesh
density proportional to the wavenumber in the media after homogenization. The
mesh density of the latter is larger than that of the former, significantly reducing the
total number of FEM unknowns. Consequently, the proposed approach yields a better
efficiency than the conventional RSBC approach.

2. State-of-the-art homogenization theories ignore the edge effect of these unit cells at
the boundary of the honeycomb. Such an assumption causes a larger error when
the incident angle of the unit cell’s axis of honeycomb structures is large, which is
important in practical engineering. Additionally, when the honeycomb boundary
is irregularly shaped, the volume fraction of the space occupied by the wall in each
honeycomb unit cell is nonuniform, and it is hard to evaluate it accurately. Therefore,
the flexibility of the homogenization approach is not as good as that of the RSBC
approach. Hence, by using the RSBC on the boundary region, the proposed hybrid
approach is more flexible and accurate than the homogenization approach.

Due to the above reasons, the proposed hybrid approach exhibits both the high
accuracy and flexibility of the conventional RSBC-based approach and the high efficiency
of the homogenization-based one at the same time.

3. Numerical Results

In this section, we design a series of numerical experiments to study the performance
of the proposed approach. All the computations are performed on the Liuhui III computer
(Beijing, China) at the Institute of Radio Frequency Technology and Software, Beijing
Institute of Technology (BIT-IRFTS). It has 8 Intel Xeon Platinum 8276 CPU 2.20 GHz CPUs,
with 28 cores for each CPU and 1 TByte memory. Without losing generality, we suppose
that the honeycomb considered is made using 3D printing and that the unit cell’s wall is
lossy and homogenous. In the case of the coated honeycomb, it contains at least two layers,
that is, a Nomex honeycomb core and a lossy coating, and it can also be easily handled by
using the effective surface impedance for the RSBC subregion or treated as a three-phase
medium for the homogenization subregion.

Obviously, the proposed hybrid method balances accuracy and efficiency by com-
bining the homogenization approach and the RSBC-based numerical modeling approach.
Therefore, the overall accuracy of the proposed method depends on the ratio of the RSBC
subregion to the total region. A larger RSBC modeling region brings a higher accuracy at
the price of more unknowns and vice versa. Hence, we first need to determine the proper
size of the RSBC modeling subregion to obtain a good accuracy and a high efficiency at the
same time. We use the root mean square (RMS) to quantify the discrepancy between the
reference data and the proposed method. The RMS function can be defined as follows:

e(θ) =
∣∣∣RCScal(θ)− RCSre f (θ)

∣∣∣ (20)

RMS =

√√√√ N0

∑
i=1

e2(θi)/No (21)

where θ is the monostatic angle, and RCSre f and RCScal are the reference and calculated re-
sults.

Before carrying out numerical experiments, we need to choose proper reference data
for evaluating the RMS of different methods. Since there are no analytical results for
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honeycomb structures and no available measurement data, we use the simulated results
from the direct numerical modeling of the honeycomb structure without any simplification
as the references. Among the different numerical methods, integral equation-based ones
are believed to be accurate, as the Sommerfeld radiation condition is exactly incorporated
into them through the use of an appropriate Green’s function. Among the various integral
equation approaches, surface integral formulations are more attractive for impenetrable and
homogeneous structures. Therefore, in this paper, the results obtained by using the MoM
of commercial software FEKO are used as the reference data. To validate the accuracy of
the MoM in FEKO for honeycomb structures, we compute the monostatic scattering using
a honeycomb panel with a size of 62 mm× 54 mm× 10 mm with the MoM in FEKO and
the FE-BI in HFSS, as is shown in Figure 3. When the FE-BI in HFSS is used, each unit cell
is treated as an inhomogeneous body consisting of a lossy material and background filling
materials, typically vacuum-tight. Each material is modeled and meshed into tetrahedral
elements accordingly. The computed VV-polarized monostatic RCSs are plotted in Figure 4.
As we can see in the figure, the numerical results obtained using the different methods
are in excellent agreement. However, the MoM is faster than the FE-BI, as it only needs to
discretize the target surface; thus, the number of unknowns is much less than that of the
FEM. Hence, in the following experiments, only the MoM results are used.
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Figure 4. The monostatic RCS of a panel with size of 62 mm× 54 mm× 10 mm.
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After choosing proper reference data, we study the influence of the RSBC subregion
size on the overall accuracy. Considering the deficiency of the MoM for modeling honey-
comb cores, small-sized honeycomb panels are considered. We fix the honeycomb panel
with the size of 300 mm× 250 mm× 10 mm, the thickness of the unit cell’s wall as 0.1 mm,
and εe= 10− 15i. The honeycomb panel is placed in the xy plane, with the unit cell’s axis
along the z axis. For these cases, we can just decompose each panel in the RSBC and the
homogenization regions in the xy plane.

Drawing on antenna array analysis methods, we use the minimum number of unit
cells in the RSBC subregion along the x and y directions, noted as M, to describe the size of
the RSBC subregion, as shown in Figure 5. Obviously, the larger M, the larger the RSBC
region used and vice versa. When M is set to 0, the proposed hybrid approach is in fact
reduced to the conventional homogenization method, while when M is set to be large
enough, it is reduced to the conventional RSBC method. We first set the aperture size
of the unit cell to r = 2.75 mm and 4.5 mm. The RMSs of the computed results for the
honeycomb panel with a varying number of M at 8 GHz are plotted in Figure 6. As can be
seen in the figure, when M increases, the RMS becomes smaller. When M is larger than 6
for both r = 2.75 mm and 4.5 mm, results with the RMS smaller than 1 dB can be obtained.
According to our numerical experience, an RMS no greater than 1 dB well ensures the
agreement between the two considered results. Therefore, it is necessary to determine a
suitable M value that can ensure both calculation accuracy and a high efficiency. Through
this numerical experiment and our numerical experience, we should set M ≥ 6 to ensure a
good accuracy and a high efficiency.
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Then, we study the influence of the operating frequency when the value of M is fixed
to 6. Figures 7 and 8 show the RMSs as a function of frequency for the panel models
with aperture sizes r = 2.75 mm and 4.5 mm. The results obtained by using the HS
homogenization and RSBC methods are also given in the figures as a comparison. As
shown in those figures, the proposed method (noted as Hybrid) exhibits a higher accuracy
than the HS homogenization, and the RMSs are smaller than 1 dB when the frequency
increases from 4 GHz to 9 GHz for both r = 2.75 mm and r = 4.5 mm. For example, when the
aperture size is set to 4.5 mm, the RMS of the HS homogenization method is greater than 1
dB, except for at 6 GHz and 7 GHz. In contrast, although the accuracy of the hybrid method
is a bit lower than that of the RSBC method, the RMS remains smaller than 1 dB, proving
that the proposed hybrid method can ensure a good accuracy for honeycomb structures of
different sizes over a wide range of operating frequencies.
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Next, we demonstrate the efficiency and accuracy of the proposed hybrid approach for
complicated honeycomb composites. In all the following examples, the relative permittivity
of the honeycomb core is set to εe= 10− 15i, and the wall thickness and the radius of the
unit cell is set to 0.05 mm and 4.5 mm, respectively.

The first example is a widely used sandwich panel consisting of a honeycomb core
and dielectric skins, as illustrated in Figure 9. The relative permittivity for dielectric skins
is set as 3.8. For the hybrid method model, the effective permittivity of the inner region of
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the honeycomb structure is derived as εt= 1.1286− 0.1943i and εz= 1.2295− 0.3824i using
the H-S and the M-T formulae proposed in [22]. The number M of unit cells in the outer
subregion is set as 6. We compute the VV-polarized monostatic RCS of the plate with the
incident plane wave set at 8 GHz with the incident angle set as θ = 0

◦
,ϕ = 0

◦
. The results

obtained by using the proposed hybrid method (noted as Hybrid) are given in Figure 10,
together with those obtained using the MoM of FEKO and the HS homogenization approach.
Compared with the conventional homogenization theory, the proposed hybrid approach
exhibits a higher accuracy, especially when the incident angle of the axis of the honeycomb
unit cell is large.
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Figure 10. Comparison of VV-polarized monostatic RCS of sandwich structure at frequency of 8 GHz.

The second example is a wing-like object. It has a length of 620 mm, a width of 560 mm,
and a height of 90 mm. It consists of a quartz glass fiber skin with a relative permittivity of
3.78, a radar-absorbing honeycomb core, and a PEC frame. The upper and lower surfaces of
the wing are covered with quartz glass fiber skins, as illustrated in Figure 11. We compute
the bistatic RCS of the wing-like object at 4.5 GHz with the incident angle θ = 0

◦
, ϕ = 90

◦
.

The observation plane is in the xy plane. The computed VV-polarized bistatic RCS obtained
using the proposed method, the RSBC method, and the HS homogenization method is
shown in Figure 12. If we choose the RSBC results as the reference data, an overall better
agreement is observed for the proposed hybrid approach, especially with the angle ranging
from 68 to 90 degrees, when compared with the HS homogenization approach. From this
example, we can demonstrate that the hybrid approach has a higher accuracy than the
conventional HS homogenization approach.
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Figure 12. The computed VV-polarized bistatic RCSs of the wing-like object at 4.5 GHz using
different approaches.

Finally, an unmanned aerial vehicle (UAV) model with microwave-absorbing honey-
comb structures is simulated, and it has a length of 2.68 m with a wingspan of 4.73 m, as
shown in Figure 13a. The leading edges of the fuselage and wings are made of honeycomb
radar-absorbing structures covered with a quartz glass fiber skin. The quartz glass fiber
skin is supposed to have a thickness of 2 mm and εskin = 3.8. The geometry details are
shown in Figure 13b. The UVA model is illuminated by a plane wave at 6 GHz with the
incident angle set as θ = 0

◦
, ϕ = 90

◦
. The observation plane is defined in the xy plane.

The VV-polarized bistatic RCSs obtained using the proposed method, together with those
obtained using the RSBC approach, are plotted as a function of the bistatic angles, as shown
in Figure 14. We can see in the figure that they are in good agreement. Compared with
the case without the honeycomb RAS, significant RCS reductions are observed, showing
the effectiveness of the honeycomb structures for microwave absorption. We also plot
in Figure 15 the electric current distributions on the surface of the UVA model with and
without honeycomb structures. As can be seen in the figure, the surface currents on these
parts with the honeycomb RAS are obviously weaker. The computational resources are
listed in Table 1. As can be seen in this table, with the proposed approach, the total FEM
unknowns are reduced by about 33%, while the memory and the CPU time are reduced by
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about 22% and 29%, respectively, showing the significant efficiency improvement of the
hybrid method over the conventional RSBC method.
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Table 1. Computational statistics of the UVA scale models.

Target RSBC Approach Hybrid Approach

Unknows (FE/BI) 33045435/2187069 22176387/2180004
Peak memory (GB) 341.5 265.2

Iteration time 14 h 9.3 h
Total time 17.6 h 12.5 h

4. Conclusions

A novel hybrid modeling approach based on the FE-BI-MLFMA is proposed for
computing electromagnetic scattering from inhomogeneous objects with honeycomb radar-
absorbing structures. In this approach, the Hashin–Shtrikman variational theory, the
Mori–Tanaka formula-based homogenization approach, and the RSBC-based numerical
modeling approach are combined to achieve both a high accuracy and efficiency. The
nonoverlapping and nonconformal domain decomposition method is employed in the
FE-BI-MLFMA to reduce the meshing burden and to further improve the computational
efficiency. In a series of numerical experiments, good agreements are observed between
the results obtained using the proposed method, the MoM in commercial software FEKO,
and the RSBC approach previously presented in [23], validating the high accuracy of the
proposed method. A practical and challenging problem is simulated using both the RSBC
approach and the proposed approach. Compared with the conventional RSBC approach,
a reduction of about 30% FEM unknowns is achieved by using the proposed approach,
demonstrating its high efficiency.

Author Contributions: Conceptualization, X.Y., Z.Y. and M.Y.; methodology, X.Y. and Z.Y.; software,
W.H. and M.Y.; validation, X.Y., M.Y. and X.S.; formal analysis, M.Y. and X.S.; investigation, M.Y.
and X.S.; resources, W.H. and M.Y.; data curation, X.Y. and Z.Y.; writing—original draft preparation,
X.Y. and M.Y.; writing—review and editing, X.Y. and X.S. All authors have read and agreed to the
published version of the manuscript.

Funding: This work is supported by the National Natural Science Foundation of China (NSFC),
Grant No. 62231003 and No. 61971034.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Yee, K.S. Numerical solution of initial boundary value problems involving Maxwell’s equations in isotropic media. IEEE Trans.

Antennas Propag. 1966, 14, 302–307.
2. Jin, J.M. The Finite Element Method in Electromagnetics; Wiley: New York, NY, USA, 1993.
3. Harrington, R.E. Field Computations by Moment Methods; Macmillan: New York, NY, USA, 1968.
4. Sheng, X.Q.; Song, J.M.; Lu, C.C.; Chew, W.C. On the formulation of hybrid finite-element and boundary-integral method for 3D

scattering. IEEE Trans. Antennas Propag. 1998, 46, 303–311. [CrossRef]
5. Liu, H.X.; Jiao, D. Layered H-matrix based inverse and LU algorithms for fast direct finite-element-based computation of

electromagnetic problems. IEEE Trans. Antennas Propag. 2013, 61, 1273–1284. [CrossRef]
6. Guo, H.; Liu, Y.; Hu, J.; Michielssen, E. A butterfly-based direct integral-equation solver using hierarchical LU factorization for

analyzing Scattering from electrically large conducting objects. IEEE Trans. Antennas Propag. 2017, 65, 4742–4750. [CrossRef]
7. Yang, M.L.; Liu, R.Q.; Gao, H.W.; Sheng, X.Q. On the H-LU-based fast finite element direct solver for 3-D scattering problems.

IEEE Trans. Antennas Propag. 2018, 66, 3792–3797. [CrossRef]
8. Li, Y.J.; Jin, J.M. A new dual-primal domain decomposition approach for finite element simulation of 3-D large-scale Electromag-

netic problems. IEEE Trans. Antennas Propag. 2007, 55, 2803–2810. [CrossRef]
9. Peng, Z.; Lee, J.F. Non-conformal domain decomposition method with mixed true second order transmission condition for

solving large finite antenna arrays. IEEE Trans. Antennas Propag. 2011, 59, 1638–1651. [CrossRef]
10. Peng, Z.; Lim, K.H.; Lee, J.F. A discontinuous Galerkin surface integral equation method for electromagnetic wave scattering

from nonpenetrable targets. IEEE Trans. Antennas Propag. 2013, 61, 3617–3628. [CrossRef]
11. Bautista, M.A.E.; Vipiana, F.; Francavilla, M.A.; Vasquez, J.A.T.; Vecchi, G. A nonconformal domain decomposition scheme for the

analysis of multiscale structures. IEEE Trans. Antennas Propag. 2015, 63, 3548–3560. [CrossRef]
12. Yang, M.L.; Gao, H.W.; Sheng, X.Q. Parallel Domain-Decomposition-Based Algorithm of Hybrid FE-BI-MLFMA Method for 3-D

Scattering by Large Inhomogeneous Objects. IEEE Trans. Antennas Propag. 2013, 61, 4675–4684. [CrossRef]

https://doi.org/10.1109/8.662648
https://doi.org/10.1109/TAP.2012.2230236
https://doi.org/10.1109/TAP.2017.2727511
https://doi.org/10.1109/TAP.2018.2823774
https://doi.org/10.1109/TAP.2007.905954
https://doi.org/10.1109/TAP.2011.2123067
https://doi.org/10.1109/TAP.2013.2258394
https://doi.org/10.1109/TAP.2015.2430873
https://doi.org/10.1109/TAP.2013.2271232


Electronics 2023, 12, 1851 14 of 14

13. Gao, H.W.; Peng, Z.; Sheng, X.Q. A geometry-aware domain decomposition preconditioning for hybrid finite element-boundary
integral method. IEEE Trans. Antennas Propag. 2017, 65, 1875–1885. [CrossRef]

14. Jia, P.H.; Hu, J.; Chen, Y.P.; Zhang, R.R.; Lei, L.; Nie, Z.P. H-matrices compressed multiplicative schwarz preconditioner for
nonconformal FEM-BEM-DDM. IEEE Trans. Antennas Propag. 2018, 66, 2691–2696. [CrossRef]

15. Hasin, Z.; Shtrikman, S. A variational approach to the theory of the effective magnetic permeability of multiphase materials.
J. Appl. Phys. 1962, 33, 3125–3131. [CrossRef]

16. Smith, F.C. Effective permittivity of dielectric honeycombs. IEE Proc. Microw. Antennas Propag. 1999, 146, 55–59. [CrossRef]
17. Johansson, M.; Holloway, C.L.; Kuester, E.F. Effective electromagnetic properties of honeycomb composites and hollow-pyramidal

and alternating-wedge absorbers. IEEE Trans. Antennas Propag. 2005, 53, 728–736. [CrossRef]
18. Zhou, P.H.; Huang, L.R.; Xie, J.L.; Liang, D.F.; Lu, H.P.; Deng, L.J. A study on the effective permittivity of carbon/PI honeycomb

composites for radar absorbing design. IEEE Trans. Antennas Propag. 2012, 60, 3679–3683. [CrossRef]
19. Tsang, L.T.; Kong, J.A. Scattering of electromagnetic waves from random media with strong permittivity fluctuations. Radio Sci.

1981, 16, 303–320. [CrossRef]
20. Stogryn, A. Strong fluctuation theory equations for electric field second moments in anisotropic media. IEEE Trans. Antennas

Propag. 1990, 38, 1099–1101. [CrossRef]
21. He, Y.F.; Gong, R.Z.; Cao, H.; Wang, X.; Zheng, Y. Preparation and microwave absorption properties of metal magnetic

micropower-coated honeycomb sandwich structures. Smart Mater. Struct. 2007, 16, 1501–1505. [CrossRef]
22. Yuan, X.W.; Yang, Z.; Gou, M.J.; Yang, M.L.; Sheng, X.Q. A flexible and efficient method for the analysis of electromagnetic

scattering by inhomogeneous objects with honeycomb structures. IEEE Antennas Wirel. Propag. Lett. 2002, 21, 541–545. [CrossRef]
23. Yang, Z.; Yuan, X.W.; Huang, X.W.; Yang, M.L.; Sheng, X.Q. Resistive sheet boundary condition based nonconformal domain

decomposition FE-BI-MLFMA for electromagnetic scattering from inhomogeneous objects with honeycomb structures. IEEE Trans.
Antennas Propag. 2022, 70, 9483–9496. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1109/TAP.2017.2670533
https://doi.org/10.1109/TAP.2018.2809697
https://doi.org/10.1063/1.1728579
https://doi.org/10.1049/ip-map:19990392
https://doi.org/10.1109/TAP.2004.841320
https://doi.org/10.1109/TAP.2012.2201120
https://doi.org/10.1029/RS016i003p00303
https://doi.org/10.1109/8.55623
https://doi.org/10.1088/0964-1726/16/5/001
https://doi.org/10.1109/LAWP.2021.3138133
https://doi.org/10.1109/TAP.2022.3177565

	Introduction 
	Formulation 
	Numerical Results 
	Conclusions 
	References

