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Abstract: As a special form of recurrent neural network (RNN), echo state networks (ESNs) have
achieved good results in nonlinear system modeling, fuzzy nonlinear control, time series prediction,
and so on. However, the traditional single-reservoir ESN topology limits the prediction ability
of the network. In this paper, we design a multireservoir olfactory feelings echo state network
(OFESN) inspired by the structure of the Drosophila olfactory bulb, which provides a new connection
mode. The connection between subreservoirs is transformed into the connection between each
autonomous neuron, the neurons in each subreservoir are sparsely connected, and the neurons in
different subreservoirs cannot communicate with each other. The OFESN greatly simplifies the
coupling connections between neurons in different libraries, reduces information redundancy, and
improves the running speed of the network. The findings from the simulation demonstrate that the
OFESN model, as introduced in this study, enhances the capacity to approximate sine superposition
function and the Mackey-Glass system when combined. Additionally, this model exhibits improved
prediction accuracy by 98% in some cases and reduced fluctuations in prediction errors.

Keywords: echo state network; reservoir; time series prediction; stochastic gradient descent method

1. Introduction

A recurrent neural network (RNN) is a class of artificial neural networks that use
their internal memory to process arbitrary sequences of inputs, forming internal states of
the network through cyclic connections between the units, allowing their dynamic time
behavior to be displayed [1]. The echo state network (ESN) is a member of the RNN
family [2]. Like RNNs, ESNs have the ability of nonlinear autoregression, but they also
solve the challenges related to slow convergence speed and complex training process
encountered in traditional RNNs. ESNs hav been employed for the purpose of forecasting
the renowned Mackey—Glass chaotic time series. Remarkably, the application of an ESN
resulted in a substantial enhancement of prediction accuracy, achieving an impressive rise
of 2400 times, as reported in [3]. ESNs are composed of three main components: an input
layer, a reservoir, and an output layer. The reservoir can be considered analogous to the
hidden layer of ESNs. It is comprised of several neurons that exhibit sparse connections.
The reservoir of an ESN has the following characteristics: (1) In contrast to the hidden layer
of conventional neural networks, the reservoir can accommodate a relatively higher number
of neurons without significantly augmenting the difficulty of the training algorithm or the
time complexity. (2) The connections between neurons are formed in a random manner,
and no subsequent adjustments are performed following their initial formation. (3) Neurons
exhibit a sparse connectivity pattern.

The training procedure of ESNs involves the adjustment of connection weights be-
tween the reservoir and the output layer. Given the aforementioned attributes of the
reservoir, ESNs exhibit the subsequent noteworthy features: (1) ESNs employ a hidden
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layer that consists of a sparsely linked reservoir, which is produced randomly. (2) The
reservoir generation process is autonomous and occurs prior to the training phase of the
ESN, hence guaranteeing the stability of the ESN throughout training and its ability to
generalize after training. (3) With the exception of output connection weights, all other
connection weights are initially created randomly and stay unaltered during the training
process. (4) The output connection weights can be acquired through the utilization of linear
regression or the least square approach [4]. This streamlines the training procedure of the
neural network. The architecture of ESNs is characterized by their straightforward design,
while the training procedure is known for its efficiency in terms of speed. ESNs have been
applied successfully to a wide range of domains, including nonlinear modeling [5], pattern
recognition [6], fuzzy nonlinear control [7,8], time series prediction [9-12], and so on.

ESNs have a fixed reservoir composed of randomly sparsely connected neurons, which
makes ESNs have the advantage of certain universality. However, this reservoir is usually
not optimal. Usually, a good reservoir needs to meet the following conditions: (1) The
reservoir parameters must be taken to ensure the echo state property. (2) Reservoir neurons
are dynamically rich and capable of representing classification features or approximating
complex dynamic systems. (3) The coupling connection of reservoir neurons is as simple as
possible. (4) Overfitting or underfitting phenomena should be avoided. The reservoir is the
core factor that determines the performance of an ESN. There have been many attempts to
find more efficient reservoir schemes to improve the performance of ESNs, for example,
the reservoir structure [13-17], the type of reservoir neurons [18,19], reservoir parameter
optimization [20-22], obtaining echo state property (ESP) condition [23,24], etc.

In [3], H. Jaeger pointed out that an ESN with a single reservoir can be well trained to
generate a sinusoidal function superposition generator, but performance becomes worse
when faced with the task of implementing multiple sinusoidal function superposition.
The reason may be that the neurons in the same reservoir are coupled, while the task
requires the existence of multiple uncoupled neurons [25]. The topology of a single reserve
pool limits the application of ESN in time series prediction and other fields. In order
to further improve the prediction accuracy, researchers have proposed a series of mul-
tireservoir ESN models, including deep reservoir [16,26], growing reservoir [13], and chain
reservoir [27], etc.

This paper proposes a novel multireservoir echo state network, called olfactory feel-
ings echo state network (OFESN), to improve the approximation ability and classification
ability of ESNs. Each subreservoir of OFESN is composed of a master neuron and sev-
eral other neurons called sister neurons. The master neuron plays a key role and is the
core representative of its own subreservoir. The sister neurons belonging to the same
subreservoir can communicate with each other, but the sister neurons belonging to different
subreservoir cannot.

The OFESN model can provide a new connection mode, as follows: (i) The connections
between subreservoirs are transformed into the connections between their respective master
neurons. (ii) The sister neurons within each subreservoir are sparsely connected. (iii) There
are no connections between the sister neurons in different subreservoir. Such a new
connection mode greatly simplifies the coupling connection between neurons in different
reservoirs and then reduces the information redundancy. The sparse connection between
the master neurons actually creates a virtual subreservoir, which makes the reservoir add a
new subreservoir composed of master neurons with large diversity and thus be equivalent
to an increasing the number of neurons. Therefore, the OFESN model may be deemed
more appropriate in scenarios where the network’s approximation capability is limited
due to a small number of neurons in the overall network reservoir. This is particularly
relevant in cases where both the number of neurons in each subreservoir is small and the
number of subreservoirs is large. The validity of the OFESN is assessed by utilizing two
time series, i.e., sine superposition function and the Mackey—Glass system. The findings
from the simulation demonstrate that the OFESN enhances the capacity to approximate
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several sinusoidal functions in a superposition job. Moreover, it exhibits attributes such as
increased prediction accuracy and reduced fluctuations in prediction errors.

The rest of this article is organized as follows. In Section 2, the basic theory of Leaky-
ESN is introduced. In Section 3, the OFESN model is proposed, considering the stability of
the OFESN and the sufficient conditions for the OFESN to ensure the echo state properties
are given, as well as the implementation steps of the OFESN. In Section 4, the OFESN
model is simulated and discussed. Finally, the conclusion is given in Section 5.

2. Basic Theories of the Standard Leaky-ESN

A standard ESN typically consists of an input layer, a reservoir, and an output layer,
as shown in Figure 1. The circles in Figure 1 represent neurons.
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Figure 1. The structure of a standard ESN.

The quantities of input neurons, reservoir neurons, and output neurons are denoted
as K, N, and L, respectively. At time step n, the input vector is denoted as u(n) =
[ui(n),ua(n), - ,ug(n)]’, the state of the reservoir is represented by x(n) = [x;(n), x2(n),
-+, xn(n)]", and the output vector is given by y(n) = [y1(n),y2(n),- -+ ,yr(n)]. The given
expression can be rewritten as TT. The input weight matrix, denoted as W with dimen-
sions N x K, represents the weights associated with the input of a system. The reservoir
weight matrix, denoted as W with dimensions N X N, represents the weights within the
reservoir of the system. The feedback weight matrix, denoted as W/? with dimensions
N x L, represents the weights associated with the feedback connections in the system.
Lastly, the output weight matrix, denoted as W with dimensions L x (K + N), repre-
sents the weights associated with the output of the system. Typically, the initial values of
Win_ W, and W/? are predetermined and remain constant during the training of an ESN.
Conversely, the weight matrix W is acquired through the training process of the ESN,
representing one of the notable benefits of this approach. The Leaky-ESN is an enhanced
variant of the normal ESN, characterized by a reservoir composed of Leaky Integral neu-
rons. The reservoir equation of state proposed by Leaky-ESN is represented as follows [17]:

%= %(—ax+f(wi”u+vvx+wfby)), )

y =g(W™[x;u]), ¢)

where ¢ > 0 represents the time constant of the Leaky-ESN model. The parameter a > 0
corresponds to the leaking rate of the reservoir nodes, which can be interpreted as the rate
at which the reservoir state update equation is discretized in time. The function f refers to a
sigmoid function used within the reservoir, commonly either the hyperbolic tangent (tanh)
or logistic sigmoid function. The function g represents the output activation function, typi-
cally either the identity function or the hyperbolic tangent (tanh) function. The notation [; |
denotes the concatenation of two vectors. By employing Euler’s discretization method to
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the ordinary differential Equation (1) with respect to time, we can accurately derive the
discrete equation for the Leaky-ESN model:

x(n+1) = (1—a)x(n) +f(Wi”u(n +1)+Wx(n) + Wfby(n)), (3)

In Equation (2), the variable W°"! is both unknown and adjustable, and its computation
is necessary throughout the training process of the desired network. During the training
phase, the echo states x(n) are organized into a state collection X in a row-wise manner.
Similarly, the learned output values y(n) that correspond to the x(n) are arranged in a
row-wise vector Y. Next, the calculation of W is determined using the learning equation
in the following manner:

vvwf::(XTx)_leY, @)

where X7 represents the transpose of matrix X, while (X?X) ! represents the inverse of
the square matrix (X7X).

The objective of training the ESN is to minimize the error function E(y, d). The error,
denoted as E(y,d), is commonly represented as a normalized root-mean-square error
(NRMSE). The formula for NRMSE is given by

Ly @) —d@)|?
E(y/d)z\/ 1%; OI", ©)

where y(7) denotes the ith data of the actual output; d(i) denotes the ith data of the desired
output; ||-|| means the Euclidean distance of a variable; and o (d) denotes the standard
deviation of the desired output.

3. Olfactory Feelings Echo State Network
3.1. The Structure of the OFESN

The subreservoirs of the OFESN may be composed of different types of neurons or
the same types of neurons. Here, we assume that the reservoir of the OFESN is composed
of m subreservoirs, and each subreservoir is composed of the same types of neurons, i.e.,
the neuron state update model of each subreservoir is the same. The enrichment of the
dynamics of the reservoir can be achieved by constructing an echo state network with the
following idea:

(1) First, m neurons with different initial states are generated, and the Euclidean distance
between any two initial states is greater than or equal to a certain number that can
be either specified or generated randomly. If this number is randomly generated,
the state of neurons of the subreservoirs subsequently generated will be guaranteed
to have more complex differences. The m neurons generated above are referred to
as master neurons, similar to the master neurons of typical neural circuits, such as
olfactory cortex, cerebellar cortex, and hippocampal structures, that are responsible
for the input and output of the circuit. Each master neuron becomes the core of each
subreservoir and thus becomes the representative of each subreservoir. Let x11, x22,

- Xmm denote these m neurons, respectively. Their initial states need to meet the
inequality ||x;; — xjj|| > (Ti]'(i =12,---,mj=1,2,---,m). Here, 0;j may be either
specified or randomly generated.

(2) Next, with each master neuron as the center, a subreservoir is constructed around the
master neuron. In each subreservoir, the other neurons except the master neuron are
called sister neurons. The master neuron and the sister neurons of a subreservoir need
to ensure high similarity and correlation. Thus, the master neuron can represent its
own subreservoir. The communication between subreservoirs can be realized by the
communication between master neurons. The sister neurons belonging to the same
subreservoir can communicate with each other, but the sister neurons belonging to a
different subreservoir cannot communicate with each other. The m master neurons
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can construct an m subreservoir, called the actual subreservoir. Let the neurons of the
ith subreservoir satisfy || x;; — x;j [|< &2;. Here, x;; (j = 1,2, -+ ,d;,j # i) denotes the
jth sister neuron of the ith subreservoir, and d; denotes the number of neurons of the
ith subreservoir.

The OFESN model can provide a new connection mode as follows: (i) The connections
between subreservoirs are transformed into the connections between their respective
master neurons, which can be determined by the small-world network method or
sparse connection. The connections between these master neurons actually generate
a virtual and flexible subreservoir. The biggest difference between the virtual reser-
voir and the actual subreservoir is that the virtual reservoirs are only composed of
the master neurons, and thus their neuron states have a bigger difference and less
redundant information than those of the actual subreservoir. Therefore, the OFESN
is equivalent to having a flexible virtual subreservoir and m actual subreservoirs.
(ii) The sister neurons within each subreservoir are sparsely connected. (iii) The sister
neurons in different subreservoirs cannot communicate with each other, and there
are no connections among them. Such a new connection mode greatly simplifies the
coupling connection between neurons in different reservoirs and then reduces the
information redundancy. The sparse connection between the master neurons actually
creates a virtual subreservoir, which makes the reservoir add a new subreservoir
composed of master neurons with large diversity and thus is equivalent to increasing
the number of neurons. Therefore, the OFESN model can be more suitable for the
situation where the network approximation ability is poor due to the small number of
neurons in the whole network reservoir, especially the situation where the number of
neurons in each subreservoir is small and the number of subreservoirs is large.

The structure of the OFESN is shown in Figure 2. In Figure 2, the dashed lines from

the output layer to the reservoir represent W/, the solid lines from the reservoir to the
output layer represent W%, and the colored dotted line means that W°% can be adjusted
online such that the network output y(k) follows y,(k), in addition to being calculated by
Equation (4). The ellipses of the black line in the reservoir represent actual subreservoirs,
respectively. In each subreservoir, a circle filled with red denotes its master neuron. All
master neurons construct a virtual subreservoir denoted by the ellipses of the green dotted
line. The neurons of each actual subreservoir, including its master neuron and the sister
neurons, use the sparse connection. Each subreservoir can be represented by its master
neuron, and then the connections between actual subreservoirs can be determined by the
connections between master neurons. The master neurons, i.e., the neurons of the virtual
subreservoir, may use sparse connection or the small-world network method.

Input layer Reservoir Output layer

Desired output

le(k)
y(k)
—>O

Figure 2. The structure of the OFESN.
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The state update equation of the OFESN is as follows:

x(n+1)=(1—a)x(n) +f<Wi”u(n +1)+ Wx(n)+ Wfby(n)), (6)
y(n) = g (W' x(n);u(n)]), @)
where x(n) = [xI(n),xI(n), - ,xL(n)]T denotes the state vector of the reservoir and

xi(n) = [xn, X, -+, x,-di]T denotes the state of the subreservoir. d; indicates the number
of neurons of the ith subreservoir. W™, W, W/? are the input connection weight ma-
trix, the reservoir neuron connection weight matrix, and the output feedback connection
weight matrix, respectively. The reservoir neuron connection weight matrix takes the
following form:

Wi Wi o Wiy

Wor Wxno - Woy
W= . . .

Wml Wm2 T Wm

where Wj; is the connection weight matrix between the ith subreservoir and the jth sub-
reservoir, W1, Wy, - - -, Wy, denote the internal connection weight matrix of m actual sub-
reservoirs, which can be generated randomly with a certain sparsity. The dimensions of W,
m m
Wij, and W;are }_ d; x }_ d;, d; x dj, and d; x d;, respectively.
i=1 i=1
The following is an example of how to generate Wiy, Wy3, - - -, Wy, to explain how

to generate W;;. Wi, denotes the connection weight matrix between the 1st subreservoir
and the 2nd subreservoir. To reduce information redundancy and simplify the connections
between neurons, the OFESN uses the connections between the master neuron of the 1st
subreservoir and the master neuron of the 2nd subreservoir to represent the connections
between the 1st subreservoir and the 2nd subreservoir. We assume that the first neuron
of the first subreservoir is the principal neuron and the second neuron of the second
subreservoir is the master neuron. Thus, the element in the 1st row and the 2nd column of
Wi, denotes the connection weights between the master neuron of the 1st subreservoir and
the master neuron of the 2nd subreservoir, which can be expressed as Wy,. Wi, may be a
zero or nonzero value. Wy, = 0 represents that there is no connection between the master
neuron of the 1st subreservoir and the master neuron of the 2nd subreservoir. Wy, # 0
represents that there is a connection between the master neuron of the 1st subreservoir
and the master neuron of the 2nd subreservoir. In other words, only Wi of Wiy may be a
nonzero element, and the rest of the elements W, are zero. Similarly, the element in the 1st
row and 3rd column of Wi3, denoted by W3, represents the connection weights between
the master neuron of the 1st subreservoir and the master neuron of the 3rd subreservoir.
Only the W3 of W3 may be a nonzero element, and the rest of the elements W3 are zero.
So, the element in the 1st row and mth column of Wy, is denoted by Wy,,. Only the Wy, of
W1, may be a nonzero element, and the rest of the elements Wy, are zero. The values of
Wiz, Wy, - - -, Wy, are determined by the connection weights between the neurons of the
virtual subreservoir, and Wiy, Wy3, - - -, Wy, is actually the corresponding element of the
connection weight matrix W of the virtual subreservoir.

From the above, the element in the ith row and the jth column of Wi]-, denoted by Wij,
represents the connection weights between the master neuron of the ith subreservoir and
the master neuron of the jth subreservoir. Only one element of W;; is possibly nonzero,
and the rest of the elements of W;; are zero. The possibly nonzero element characterizes
the master neuron of the ith subreservoir possibly connected with the master neuron of
the jth subreservoir, and its value is determined by the random sparse connection of the
virtual subreservoir. W;; represents the connection of the master neuron itself in the ith
subreservoir. So, W is made up of W;; (i = 1,2,--- ,m,j =1,2,--- ,m). Let W;; = 0, which
is the equivalent of W;; added to W;. W can be generated randomly with a spectral radius
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less than 1 and a certain sparsity. It is especially worth noting that the connection weight
matrix of reservoir W is asymmetric; that is, the connection between reservoir neurons
is duplex.

In addition, in Equation (7), the input matrix W and feedback connection weight
matrix W/? are in the following form:

Wit = (W) (W) (W]
b b b b
Wit = [T T wiT]
After the matrix is normalized, Equation (6) is rewritten as
x(n+1)=(1—-a)x(n)+ f(Si"Wi”u(n +1) +pWx(n) + Sbeﬂ’y(n)), (8)
where S is the input scaling factor, p is the spectral radius, and S/? is the output feedback

scaling factor.
After normalization, W, Wi, W/? can be, respectively, rewritten as

Wi Wi o Wy

_ I/\(21 Pszz W:zm

I/V:ml sz P3Wm
W = (ST SO e SN
Wi =[(s'w{hT ST sl

among them, W;, Wf”, Wif b is the normalized matrix.

3.2. The Echo State Property of the OFESN

Theorem 1 ([28]). For a discrete OFESN model (8), if the following conditions are satisfied:
(i) f selects sigmoid function (tanh);

(ii)  The output activation function g is a bounded function (for example, tanh) or W/t = 0;
(iii) There are no output feedbacks, that is, W/t = 0;

(iv) |1 —a+ pdmax| < 1 (where Smay is the maximal singular value of W);

the OFESN model has the echo state property.

In order to ensure that the OFESN satisfies the echo state property, the reservoir
connection weight matrix must satisfy Theorem 1. In fact, each subreservoir does not need
to meet the echo state property, as long as the entire reservoir does.

Proof. For any two states x(n + 1) and x’(n + 1) of the reservoir at time n + 1 [23], the
following holds:

|x(n+1) —x'(n+1)||
(1= @) (x(m) = /() + (F(S™ W + 1) +pWox(r) — F(S" Wl +1)+pW' ()|

— 2 (n)|| + [ £ W + )+ oW () — F(STW T+ 1)+pW' ()|
—x'(n)|| + p||Wx(n) — Wx'(n)||

(1= a+ pdmax) ||x(n) — x'(n) || )



Electronics 2023, 12, 4635

8 of 27

9x(n) _

oSt

ox(n)
as!’

Thus, |1 — a + pdmax| is a global Lipschitz rate by which any two states approach
each other in the state update. To guarantee that the OFESN has the echo state property,
the inequality (10) must be satisfied.

|1 —a+ pdmax| <1, (10)
hence, the proof is complete. [

3.3. Optimizing the Global Parameters of OFESN
The models to be optimized here are Equations (7) and (8). The parameters to be

optimized are 4, Sf", S{ b, i, p (spectral radius of matrix), and Wout WUt can be solved by
linear regression method, such as pseudoinverse method. In order to simplify the operation,

Pi, 0ij, Oy is not optimized and is given in advance. Only the g € {a, sin, S{ b, p} parameters

are optimized, and echo state property conditions are satisfied. In this paper, stochastic
gradient descent method is used to optimize these parameters. Here,i = 1,2,--- ,m.

When W/t = 0, invoke the chain rule and observe (8); we obtain aggl) :

dx(n) 1) ox(n—1)

) 120D 1)+ ) (WL, a1
200 — - 2O o (w2 w1, 12)
aax;? — (- a>W + /(). x <pwax(ans;:n ! aavsv;;;nuw)f 12)

20— -2 o w2 14

where .x denotes the element-wise product of two vectors.
When containing W/?, let X(n) = S"W™u(n + 1) + pWx(n) + S/PWfy(n). Here, we
use a simple symbol 0, = (0, - - -, O)T to represent the input vector whose entries are all

zeros; the a%—(;) = W"“t[%ﬁ;ou], and we obtain agg"):
d -1 d -1 d -2
A—a) =D 1)) (oW T ppsgon 93 (1 =2) g (15)
da da d
%__Uﬂf'(x). ; (pww+w;c(n—1)+wfhwom[W;ou]), (16)
0 Y
ox(n—1 _9x(n—1) owin ox(n—2
I i U N R R Gl ) 1)
ox(n—1) _ox(n—1) owft beout 0X(1 —2)
—a) 2+ f'(x). x (W (n)+WFhwort [ Z22__22-0,]), (18)
s P ast asl as!’

1
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In other words, to train the output weight matrix Wy, the output y(n) should be as
close as possible to the teacher output d(n) during the training process. The error &(n)
expression is as follows:

e(n) = y(n) —d(n), (19)

E(n) = 5 le(m)]?, (20)
to0, = (0,--- ,O)T, there is
OE(n+1) out0xX(n —1)
e(n+ )W % ;04), (21)
the global parameter update expression is as follows:
JE(n+1
q(n+1) =q(n)—K(aq ), (22)

K represents the learning rate of the global parameter 4. The parameters modified in this pro-
cess must ensure that the OFESN model has the echo state property in practical applications.

3.4. Implementation of the OFESN

The simulation flow chart is shown in Figure 3, and the steps for OFESN implementa-
tion are as follows:

(i) Assume that the reservoir of the OFESN is composed of m classes of neurons, and each
class of neurons constitutes a subreservoir, and the number of neurons in the ith
reservoir is d;, then the total number of neurons in the reservoir is N = f d;.

i=1

(if) Initialize the parameters, including the sparse degree, run step, learning rate, and
connection weight matrix W and W/?, as well as the parameters to be optimized a,
o, S,/

(iii) The master neurons of m subreservoir constitute a virtual subreservoir, and its corre-
sponding connection weight is W that is randomly generated and has a certain spar-
sity.

(iv) Initialization of m master neurons. Let x11, X2, X33, - - - , Xmm (1) be given, respectively,
and let their initial state satisfy |x;; — xj;| > ¢j;, and 0;; can be either specified or
randomly generated.

(v)  The other sister neurons of m subreservoirs generate initial states. With master neuron
x;i(i = 1,2,--- ,m) as the center, multiple sister neurons with high similarity and
high correlation are formed into the ith subreservoir, and the neuron state of the ith
subreservoir meets |x;; — x;;| < 7.

(vi) The internal connection weight matrix W; (i = 1,2, - - - ,m) of the ith actual subreservoir
can be randomly generated, has certain sparsity, and may satisfy the spectral radius

of less than 1. W is composed of Wij, among which (i =1,2,---,m,j = 1,2,--- ,m)
can be randomly generated with a spectral radius less than 1 and a certain sparsity.
The spectral radius of W; and W;; may not be less than 1, but the echo state property
condition must be satisfied as inequality (10).

(vii) Update the system reservoir states according to (8).

(viii) The optimal parameters and W were obtained at the end of the training.

(ix) Test OFESN accuracy and running time.
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Figure 3. OFESN test error at different initial value and different connection.
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The implementation pseudocode is shown in Algorithm 1:

Algorithm 1: OFESN algorithm

Input: Dataset, number of reservoirs m, number of ith reservoir d;, sparse degree,
run step, learning rate K, Tij, 0

Output: Testing set accuracy and running time

Split the dataset into a training set and a testing set;

=

Initialize parameters: win Wit g 0, S;:”, S{ b
W+~ master neurons:|x;; — x;j| > 0y, subreservoir:|x;; — x;j| < 03
while error > ¢ or n < run step do
Update the system reservoir states according to Equation (8);
Calculate W according to Equation (4);
Calculate the predicted value according to Equation (7);
Calculate error;
Update the parameters by SGD;
n<—n+1;
end
in cfb out.
Returna,p,S}",S;", W,
Generate the optimal model;
Validate accuracy by the testing set;

O 0w NN U R W N

ey
= o

[
B W N

4. Verification by Experiment Simulation

To verify the effectiveness of the OFESN, sine superposition function and Mackey—
Glass were used, and comparisons between the OFESN with Leaky-ESN are given in terms
of run time and prediction accuracy.

4.1. Simulation Example 1

In this section, a sine superposition function is given as follow:
uy(n) = sin(n) + sin(0.51n) + sin(0.22n) + sin(0.10021) + sin(0.05343n), (23)
The teacher output dq(n) is
di(n) = uy(n—5), (24)

According to Equations (23) and (24), we generate 20,500 data samples, which are di-
vided into three parts: 20,000 training samples (100 initial washout samples) and 500 testing
samples. The sample point, or epoch, is set at 500 times, and a total of 20,000 times results
in 40 points. In this context, it is necessary to examine two scenarios pertaining to the size
of the reservoir. The first group consists of 36 neurons, while the second group consists
of 17 neurons. When the size of the reservoir, denoted as N, is equal to 36, the reservoir
can be categorized into two categories based on the number of subreservoirs it contains,
i.e., the reservoir with either 6 subreservoirs or 3 subreservoirs. In each case, the model
performs 20 times in a random manner. The resulting mean and standard deviation of
the NRNSE are then gathered. Subsequently, error bar graphs are constructed to visually
represent these values.

4.1.1. The Structure of 3 Actual Subreservoirs

The reservoir contains 3 actual subreservoirs, the number of neurons in the ith actual
subreservoir is denoted by N; (i = 1, 2, 3). Here, the number of neurons in the virtual
subreservoir is denoted by N;. Assuming that the actual subreservoirs are N; = 12 and
the virtual subreservoir is Ny = 3, different initial values were selected for parameter a, g,
Si", and the different sparsity of neuron connections in the subreservoir was tested. In this
section, a, p , SI" take two different initial values. The first case is [(0),p(0), S"(0)] =
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[1;0.5 % rand(1);0.15 x rand(1)], and the second case is [a(0), p(0), Si*(0)] = [0.8;0.6;0.1].
Here, rand(1) denotes a random number uniformly distributed within the interval (0, 1).
Then, the connections between neurons in each subreservoir can be divided into two cases
of fully connections and partially connections. In view of different initial values of the
parameters and the different connections between neurons in each subreservoir, simulation
tests are carried out in this section. The results are shown in Figures 1-9, respectively.
The figure is an error bar diagram of NRMSE. Error bars are calculated using mean and
standard deviation. The standard deviation is obtained by dividing by M—1, where M
represents the number of samples.

In the initial phase of network model, the prediction error is slightly larger. In order
to see the details of subsequent prediction errors, the initial 3 prediction error points are
usually not drawn in the figure; so, there are only 37 data points. In addition, usually
x(n) data from the beginning of the training run are discarded (i.e., not used for learning
WOut) since they are contaminated by initial transients. Figure 4 shows the prediction error
diagram of the OFESN proposed in this paper when parameters are different initial values
and the subreservoir is fully connected or partially connected.

0.07

—%— The reservoir fully connected and the 1st initial value

0.06F $  The reservoir fully connected and the 2nd initial value

T The reservoir partially connected and the 2nd initial value
The reservoir partially connected and the 1st initial value

0.05

NRMSE
o
o
o

0 5 10 15 20 25 30 35 40
Times

Figure 4. OFESN test error at different initial value and different connection.

(i). The first initial value case and the subreservoir fully connected (called Case 1)

[4(0),p(0),Si(0)] = [1;0.5 * rand(1);0.15 = rand(1)]. The internal neurons of each
subreservoir are fully connected, i.e., the sparse degree of each actual subreservoir is 1,
and the sparse degree of the virtual subreservoir is also 1. Thus, the number of the nonzero
internal connection weights in the whole reservoir N, r,;; is approximately calculated
as follows:

3
Ne pui3 = Y Ni* Nj+ Ny * Ny (25)
i=1

According to Equation (25), N, ry;; 3 = 441. To make Leaky-ESN have the same
number of nonzero internal connection weights, its corresponding sparse degree should be
calculated as follows:

Nepurs=N+N« 21 (26)
where Sﬁl represents the sparse degree of the reservoir. According to Equation (26) and
N =36, S; = 12.25 is obtained, and then Leaky-ESN has a sparse degree of % Figure 5
shows the prediction accuracy comparison between the OFESN and Leaky-ESN. In Figure 6,
the performance of Leaky-ESN with a fully connected reservoir is given.
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—F— 3 sub-reservoir full connection and the 1st initial value for OFESN
The sparse degree 12.25/36 and the 1st initial value for Leaky-ESN
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NRMSE
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Figure 5. Comparison between the OFESN with full connection and Leaky-ESN with a sparse degree

of % at the first initial value.

—— 3 sub-reservoir full connection and the 1st initial value for OFESN

ol ]
T T |

Times

Figure 6. Comparison between the OFESN with subreservoirs fully connected and Leaky-ESN with
full connection at the first initial value.

As can be seen from Figures 5 and 6, the OFESN has higher error accuracy in the
training process, and the error fluctuation range is smaller than Leaky-ESN, which verifies
the effectiveness of the OFESN model.

(ii). The firs initial value case and the partially connected subreservoir (called Case 2)

The sparse degree of the 3 subreservoirs of the OFESN is selected as &(i=1,23),
respectively, and the virtual subreservoir composed of 3 master neurons uses full connection.
Then, the number of internal connection weights in the whole reservoir is calculated
as follows:

6 + Ny *x Ny (27)

N, partlul?)—ZN*N*N

According to Equation (27), N¢_partia_3 = 225. The Leaky-ESN with the same number
of internal connection weights should have a sparse degree of reservoir as follows:
S2

chpartiulj N s N = N (28)

Solve Equation (28) and obtain S, = 6.25. Thus, the sparse degree of the corresponding

leaky-ESN should be set to 63265 , which is consistent with the number of neurons intercon-



Electronics 2023, 12, 4635

14 of 27

nections in the reservoir of the OFESN. Here, the neuron interconnections include the
self-connection of neurons, the two-way connection between two neurons, and one-way
connection between two neurons.

Figure 7 shows the comparison of prediction error bars between the OFESN and
Leaky-ESN. It can be seen that in the training process, the OFESN is superior to Leaky-ESN
in terms of error accuracy and error stability, which further verifies the effectiveness of the
OFESN model.

%10

1 O 3 sub-reservoirs sparse connection and the 1st initial value for OFESN
14} % sparse degree 6.25/36 and the 1st initial value for Leaky-ESN

NRMSE

e

| LERXEFRFEEER R

Times

Figure 7. Comparison between the OFESN and Leaky-ESN at the partially connected reservoir and
the first initial value.

(iii). The second initial value case and the fully connected subreservoir (called Case 3)

The initial value is the second case; that is, [a(0),5(0), S*(0)] = [0.8;0.6;0.1], and
the sparse degree of the 3 actual subreservoirs is 1, and the sparse degree of the virtual
subreservoir is also 1. Similar to Equations (25) and (26), the corresponding sparse de-
gree of Leaky-ESN should be set to %, which is the same as the number of neuron
interconnections in the OFESN reservoir.

Figure 8 shows the prediction accuracy comparison between the OFESN and Leaky-
ESN. Figure 9 shows the performance of Leaky-ESN with fully connected reservoir and
the performance of the OFESN with all subreservoirs fully connected. As can be seen
from Figures 8 and 9, the prediction performance of the OFESN is better than Leaky-ESN,
and the prediction error fluctuation is also much smaller than Leaky-ESN.

x10°

16+ % 3 subreservoirs fully connected and the 2nd intial value for OFESN | |
0  Sparse degree 12.25/36 and the 2nd intial value for Leaky-ESN

14 .

12 .

10k 8

NRMSE
©

[=2]
T
L

N
T
L

0 5 0 15 20 25 0 5 40
Times
Figure 8. Comparison between the OFESN with fully connected subreservoir and Leaky-ESN with
£ 12.25
36

the sparse degree o at the second initial value.
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% 3 subreservoirs fully connected and the 2nd intial value for OFESN

d  Sparse degree 12.25/36 and the 2nd intial value for Leaky-ESN
reservoir fully connected and the 2nd intial value for Leaky-ESN

0.5 ’% J

NRMSE

& %

0 5 1 15 20 25 30 35
Times
Figure 9. Comparison of Leaky-ESN with fully connected reservoir and the OFESN with all subreser-
voirs fully connected.

(iv). The second initial value case and the partially connected subreservoir (called Case 4)

The sparse degree of the 3 actual subreservoirs is - 6 (i =1,2,3), respectively. The vir-
tual subreservoir composed of the 3 master neurons is fully connection, and its sparse
degree is 1. Similar to Equatlons (27) and (28), the corresponding sparse degree of Leaky-
ESN should be set to 8 This makes leaky-ESN have the same number of nonzero internal
connection weights as the OFESN. The comparison of train accuracy of the two models is
shown in Figure 10. It can be seen that in the whole training process, the OFESN partially
connected to the reservoir has better prediction performance than Leaky-ESN.

-3
9 4”><10
12+ % 3 sub-reservoirs sparse connection and the 1st initial value for OFESN
sparse degree 6.25/36 and the 1st initial value for Leaky-ESN
10 B
*
8r 4
L
[}
= 6 B
o
zZ | N
4+ 4
oL k4 * * i
0r L 4
-2 O L L L L L L
0 5 10 15 20 25 30 35 40

Times

Figure 10. Comparison between the OFESN and Leaky-ESN at the partially connected reservoir and
the second initial value.

4.1.2. The Structure of Six Actual Subreservoirs

The OFESN reservoir is divided into 6 actual subreservoirs, and the number of neurons
in the ith actual subreservoir is denoted by N; (i = 1,2, - - - ,6). Thus, the number of neurons
in the virtual subreservoir, denoted by N7, is N; = 6. The prediction accuracy of the OFESN
and Leaky-ESN is compared for the two different initial values of parameters 4, g, and
Sf”, respectively, and the two kinds of connections, including partial connection and full
connection of the subreservoirs. Figure 11 shows the prediction accuracy of the OFESN
under different conditions. It can be seen that under the condition of sparsely connected
and fully connected, the OFESN is convergent, and the error is stable between 0 and 0.005.
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The 1st initial value and six subreservoirs sparsely connected
The 1st initial value and six subreservoirs fully connected
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Figure 11. Prediction error bars of the OFESN under different conditions.

(i). The first initial value case and the fully connected subreservoir (called Case 1)

The sparse degree of each actual subreservoir is 1; that is, all the neurons in each actual
subreservoir are connected, including interconnection and self-connection. The sparse
degree of the virtual subreservoir is 1, and then the number of connections is 252. Thus,
the corresponding sparse degree of Leaky-ESN should be set to %. In this case, the number
of connected reservoir neurons of the OFESN is approximately the same as that of Leaky-
ESN. Figure 12 shows the comparison between the OFESN and Leaky-ESN. Figure 13
shows the comparison between the OFESN with each subreservoir fully connected and
Leaky-ESN with fully connected reservoir.

0.04 T T T T T T

T
—— Six subreservoirs fully connected and the 1st initial value for OFESN
0.085 [ @  Sparse degree 7/36 and the 1st initial value for Leaky-ESN il

0.03 ]
0.025 |- ]
0.02 1 T ]

0.015H

NRMSE

001 T

0.005 [ N+

-0.005+ |

Figure 12. Comparison between the OFESN and Leaky-ESN under the first initial value and full
connection.

It can be seen that under the same conditions, compared with Leaky-ESN, the OFESN
has higher prediction accuracy and smaller error fluctuation.

(ii). The first initial value case and the partially connected subreservoir (called Case 2)
The sparse degrees of the subreservoirs are selected as % (i=12---,5), N%), and the

sparse degree of the virtual subreservoir is N%. Thus, the connection number of neurons in
the whole reservoir is approximately as follows:

5
3 2
Nc,partialj = E N; % N; % N + Ng * Ng * A + Ny x Ny (29)

i=1 i 6
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%  Six subreservoirs fully connected and the 1st initial value for OFESN
0.1 O  Reservoir fully connected and the 1st initial value for Leaky-ESN
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0.06 4
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Figure 13. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
with fully connected reservoir under the first initial value.

: - 3.83
The corresponding approximate sparse degree of Leaky-ESN should be set to 2.

When the initial value is [a(0), p(0), S (0)] = [1;0.5 x rand(1); 0.15 * rand(1)], the compari-
son between the OFESN and Leaky-ESN is shown in Figure 14. It can be seen that under the
condition of different sparsity, the OFESN and Leaky-ESN have a similar prediction effect.

0.05-F

—]—— Subreservoirs partially connected and the 1st initial value for OFESN
®  Sparse degree 3.83/36 and the 1st initial value for Leaky-ESN

0.04 -
0.03 1
|
|
|

0.02 1

NRMSE

0.01¢] 1
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Times

o
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Figure 14. Comparison between the OFESN and Leaky-ESN under partial connection and the first
initial value.

(iii). The second initial value case and the fully connected subreservoir (called Case 3)

Each subreservoir is fully connected, and the corresponding sparse degree of Leaky-
ESN should be set to %. Figure 15 shows the comparison between Leaky-ESN and the
OFESN with each subreservoir fully connected at the second initial value. Figure 16 shows
the comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
with fully connected reservoir. It can be seen that under the condition of full connection,
Leaky-ESN has higher prediction accuracy and smaller error fluctuation compared with
the OFESN.

(iv). The second initial value case and the partially connected subreservoir (called Case 4)
The sparse degree of each actual subreservoir is % (i =1,2,3,4,5),and N% The sparse

degree of the virtual subreservoir is N%. Thus, the corresponding sparse degree of leaky-
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ESN should be set to %. Figure 17 shows the comparison between the OFESN and
Leaky-ESN at the second initial value and partially connected subreservoirs. It can be
seen that under partial connection conditions, compared with Leaky-ESN, the OFESN has
weaker prediction accuracy and greater error fluctuation.

0.03 T T T T T T T
% Six subreservoirs fully connected and the 2nd initial value for OFESN
@  Sparse degree 7/36 and the 2nd initial value for Leaky-ESN
0.025T 4
0.02 - B
LL(DJ *
= F 4
Z 0.015
= 1
0.015 B
" puni |

0 5 10 15 20 25 30 35 40
Times

Figure 15. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
with sparse degree % at the second initial value.
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Figure 16. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
with the reservoir fully connected at the second initial value.

0.03 T T T T T T T
%  Sub-reservoirs partially connected and the 2nd initial value for OFESN
Sparse degree 3.83/36 and the 2nd initial value for Leaky-ESN
0.025TF R
0.02 b
(LILIJ *
= 0.015 B
o
=z
0.01 [ R
0 I . | | . | .
0 5 10 15 20 25 30 35 40

Times

Figure 17. Comparison between the OFESN and Leaky—ESN under partial connection and the
second initial value.
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Under the same number of neurons in the whole reservoir, the performance com-
parison for the OFESN with a different number of subreservoirs is shown in Figure 18.
In Figure 18, the red line with * denotes the prediction error bars of the OFESN with three
subreservoirs under the first initial value and subreservoirs partially connected, and the
blue line with o denotes the prediction error bars of the OFESN with six subreservoirs
under the first initial value and subreservoirs partially connected.

0.07 T T T T T T

%  Three subreservoirs partially connected for OFESN
0.06 @  Six subreservoirs partially connected for OFESN b
0.05F - 7
0.04 -~ 4
0.03¢ T T i
w _
%] T _
= 0.02 7
o * _
S 1 B _
0.01 % A Jr & 1
I L] bk
* *
ob %%é ooDODD il%l% JJ cOOd % J
-0.01 - J il
002} i - 1
0.03 \ \ \ \ \ \ \
0 5 10 15 20 25 30 35 40
Times

Figure 18. Comparison of the OFESN with a different number of subreservoirs under the first initial
value and partial connection.

The predicted time series length is 500, and the run time is shown in Table 1. Table 2
shows the comparison of the core parameter ratio in the OFESN and Leaky-ESN. In Table 1,
similar to Tables 3 and 4, NRMSE ,,,;, represents training error, Time 4,;, represents
training time, NRMSE .5 represents testing error, and Time .5 represents testing time.
In Table 2, similar to Tables 5 and 6, a represents Leaky rate, p represents spectral radius,
and S™ represents input scaling factor. As can be seen from Table 1, the training and test
time of the OFESN are slightly better than Leaky-ESN; the training and test errors are
both improved by an order of magnitude, and the prediction accuracy is improved by 98%
at most. As can be seen from Table 2, 4, p, and S are closely related to the selection of
initial values.

Table 1. Comparison of running time and NRMSE between the OFESN and Leaky-ESN.

NRMSE t4iy  Time 414in () NRMSE et Time test (s)

Casel 25609 x 10~7 0.231060 25282 x 10~7 0.004107

OFESN Case2 6.3762 x 1077 0.234678 7.2728 x 1077 0.004057
Case3 8.2226 x 10~ 0.228521 8.4277 x 106 0.004182

Cased 47944 x 10~ 0.232367 5.2103 x 10 0.004416

Casel 2.0096 x 106 0.232815 2.2874 x 10~ 0.007072

Leaky-ESN Case2 29704 x 106 0.246669 3.1719 x 10 0.006204
Case3 1.3395 x 10~° 0.239171 1.4666 x 10~° 0.005308

Case4 1.3040 x 105 0.276972 1.4304 x 1075 0.006306

Table 2. Comparison of parameter values between OFESN and Leaky-ESN.

a ) Sin
Case 1 0.99972 0.30466 0.015876
Case 2 0.99573 0.43532 0.219020
OFESN Case 3 0.80057 0.59874 0.099303

Case 4 0.80151 0.59847 0.096980
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Table 2. Cont.

a p Sin
Case 1 0.99979 0.40591 0.090287
Case 2 0.99853 0.12769 0.095093
Leaky-ESN Case 3 0.79942 0.59929 0.100000
Case 4 0.80024 0.60003 0.100000

Table 3. Comparison of running time and NRMSE between the OFESN and Leaky-ESN.

NRMSE t4in  Time tr4in () NRMSE tos¢  Time_gest (S)

Casel 8.6111 x 1077 0.205972 8.4250 x 107 0.005496

OFESN Case2 2.8909 x 1075 0.214866 2.8671 x 107> 0.004983
Case3 3.4598 x 107° 0.207253 3.6116 x 107> 0.005006

Cased 6.3554 x 107> 0.251348 6.6807 x 107> 0.004716

Casel 6.1811 x 10~° 0.220781 8.3576 x 10~° 0.007218

Leaky-ESN Case2 2.1921 x 107° 0.202413 6.4650 x 107> 0.005537
Case3 6.0361 x 10~° 0.207606 49683 x 107> 0.005591

Cased 22701 x 105 0.216183 25725 x 10~ 0.005744

Table 4. Comparison of running time and NRMSE between the OFESN and Leaky-ESN for Mackey-
Glass series.

NRMSE t14in Time 414y (S) NRMSE ¢est Time_test (S)

Casel 8.3616 x 10~8 0.535822 6.0156 x 10~8 0.059386

OFESN  Case2  6.6978 x 108 0.231891 8.2199 x 108 0.066284

Case3 1.6348 x 1077 0.237385 6.4672 x 1078 0.046180

Cased 13460 x 1077 0.237897 5.4552 x 10~8 0.046180

Casel  6.093 x 1077 0.238008 6.9946 x 10~7 0.076255

L Case2 1.8484 x 1077 0.233209 21197 x 1077 0.055636
eaky-ESN C _7 7

ase3 1.1278 x 10 0.239115 1.4215 x 10 0.055965

Case4  1.9905 x 10~7 0.235569 22779 x 1077 0.056949

Table 5. Comparison of parameter values between the OFESN and Leaky-ESN.

a P Sin

Case 1 0.95811 0.32002 0.017681

Case 2 0.99767 0.17067 0.080665

OFESN Case 3 0.72506 0.29053 0.071419
Case 4 0.80024 0.59986 0.098906

Case 1 1.0008 0.23961 0.08112

Case 2 0.97694 0.027551 0.13631

Leaky-ESN Case 3 0.79864 0.59956 0.100000

Case 4 0.79933 0.59911 0.100000
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Table 6. Comparison of parameter values between the OFESN and Leaky-ESN for Mackey-Glass se-
ries.

a p Sin

Case 1 0.99923 0.36061 0.083281

Case 2 1.00020 0.41180 0.14214

OFESN Case 3 0.79966 0.60101 0.095925
Case 4 0.80077 0.59993 0.098408

Case 1 0.99521 0.32643 0.094922

Case 2 1.00150 0.43965 0.044478

Leaky-ESN Case 3 0.80458 0.59322 0.100000
Case 4 0.79861 0.60050 0.100000

4.1.3. The Reservoir with 17 Neurons

In order to test the performance of the OFESN when the reservoir contains only a
small number of neurons, we select the total number of neurons in the reservoir N = 17 in
the following simulation. Assuming that the reservoir is divided into 6 actual subreservoirs,

=3 (z' =12,---, 5), Ng = 2, and then the number of neurons in the virtual reservoir is
N7 = 6. The performance of the OFESN is tested on the case of the reservoir neurons with
different connections and two different initial values of the reservoir parameters.

(i). The first initial value case and the fully connected subreservoir (called Case 1)

The sparse degree of each actual subreservoirs of the OFESN is set to 1; that is, it is
fully connected. The sparse degree of the virtual subreservoir is %. Thus, the reservoir
of the OFESN is equivalent to having 67 internal connection weights. Corresponding to
Leaky-ESN, its sparse degree is 3 94 . Figure 19 shows the performance of the OFESN and
Leaky-ESN. It can be seen that the prediction performance of the OFESN is significantly
better than Leaky-ESN, and it has smaller error fluctuation.

0.1

&  Six subreservoirs fully connnected and the 1st initial value for OFESN
%  Sparse degree 3.9/17 and 1st initial value for Leaky-ESN
0.08 - q
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¢
w 0.04[ q
[}
=
o
Z 0.02F 1 1
& * x * 1%
0r T 1
-0.02 - N - 1 o q
.0.04 . . . . . . .
0 5 10 15 20 25 30 35 40

Times

Figure 19. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
under the first initial value.

(ii). The first initial value case and the partially connected subreservoir (called Case 2)

The sparse degree of each subreservoir is set to - 2(i=1,2,3,4,56), 2 N+ respectively,
and is equivalent to 52 internal connection weights. Thus, the correspondmg sparse degree
of leaky-ESN should be set to 3 06 The performance comparison between the OFESN
and leaky-ESN is shown in Flgure 20. It can be seen that in the whole training process,
the prediction performance of Leaky-ESN is better than that of the OFESN, and the error
fluctuation is smaller.
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(iii). The second initial value case and the fully connected subreservoir (called Case 3)

The sparse degree of each actual subreservoir is set to 1; that is, it is fully connected.
The sparse degree of the virtual subreservoir is %, which is equivalent to having 67 internal
connection weights in the whole reservoir., corresponding to Leaky-ESN, and its sparse
degree is %. Figure 21 shows the performance comparison between the OFESN and
Leaky-ESN. It can be seen that the OFESN is slightly better than Leaky-ESN in terms of

prediction accuracy and error fluctuation.
(iv). The second initial value case and the partially connected subreservoir (called Case 4)

The sparse degree of each actual subreservoir is setto2/N; (i = 1,2,- - - ,6); that s, it
is partially connected. The sparse degree of the virtual subreservoir is %, which is equivalent
to having 52 internal connection weights in the whole reservoir, which corresponds to
Leaky-ESN, and its sparse degree is %. Figure 22 shows the performance comparison
between the OFESN and Leaky-ESN.
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Figure 20. Comparison between the OFESN with each subreservoir partially connected and Leaky-
ESN under the first initial value.
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Figure 21. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
under the first initial value.
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Figure 22. Comparison between the OFESN and Leaky-ESN under partial connection and the second
initial value.

Figure 23 shows the performance comparison between the OFESN with 36 neurons
and the OFESN with 17 neurons in the case of the first initial value and partially connected
subreservoirs. The predicted time series length is 20,000, and run time is shown in Table 3.
Table 5 shows the comparison of the core parameter ratio in the OFESN and Leaky-ESN.
As can be seen from Table 3, the training and test time of the OFESN is slightly better
than Leaky-ESN; the training and test errors are both improved by an order of magnitude,
and the prediction accuracy is improved by 96% at most. As can be seen from Table 5, 4, p,
and S are closely related to the selection of initial values.
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Figure 23. Comparison between the OFESN with each subreservoir fully connected and Leaky-ESN
with fully connected reservoir under the first initial value.

4.1.4. Analysis of the Simulation Results

We can see from the simulation figures that the prediction performance of the OFESN
with the same number of internal connection weights is better than that of Leaky-ESN
under more cases. Even if the prediction performance of the OFESN with the same number
of connection weights is similar to that of the ESN, the prediction error volatility of the
OFESN is much smaller than that of Leaky-ESN. In addition, we give comparisons between
the OFESN with each subreservoir fully connected and Leaky-ESN with full connection,
shown in Figures 6, 9, 13 and 16, and the OFESN with each subreservoir fully connected
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has a better performance and less error fluctuation than Leaky-ESN with full connection.
We can see from Figure 23 that the OFESN with 36 neurons and 3 subreservoirs has a
prediction performance closer to the OFESN with 17 neurons and 6 subreservoirs in the
whole reservoir. Thus, we can say, when the number of neurons is small, the greater the
number of subreservoirs, the greater the number of neurons in the whole reservoir by
adding a virtual reservoir. In a word, the OFESN has more stable performance and shorter
run time.

4.2. Mackey-Glass Chaotic Time Series

The Mackey—Glass chaotic time series (MGS) is a classic nonlinear dynamical system,
commonly used in fields such as time series analysis, signal processing, and chaos theory.
For example, the Mackey—Glass equation can be used to describe the fluctuations and
trends in market prices in economics and study the biological clock and rhythmic behavior
within organisms in biology. The Mackey—Glass equation can be represented as

(0 1) = 5(6) + AT( LS LB 4 gg(0) 30

where p = 02,7 = 17,9 = —0.1, AT = 0.1. T denotes the delay factor, and the sequence has
chaotic properties when T > 16.8. We normalize the dataset by the min-max scaling method
so that all the data are between 0 and 1. We split the time series dataset by using 70% of
it for training purposes, 20% for validation purposes, and the remaining 10% for testing
purposes. The first 100 samples are discarded during training to guarantee that the system
is not affected by the initial transient, in accordance with the echo property. According to
Equations (23) and (24), we generate 40,000 data samples, which are divided into three
parts: 20,000 training samples, 10,000 testing sample points, and 100 initial washing out
samples. The predicted time series length is 20,000, and the run time is shown in Table 4.
Table 6 shows the comparison of core parameter ratio in the OFESN and Leaky-ESN.

Figures 24-27 shows the comparison of prediction error results of the OFESN and
Leaky-ESN in different cases. As can be seen from the figure, in cases 1, 2, and 4, the pre-
diction error of Leaky-ESN is significantly better than that of the OFESN, and it tends to
converge, while the OFESN tends to diverge. In case 3, the prediction effect of the OFESN
is better than Leaky-ESN. As can be seen from Table 4, the training and test time of the
OFESN is slightly better than Leaky-ESN; the training and test errors are both improved by
an order of magnitude, and the prediction accuracy is improved by 98% at most. As can be
seen from Table 6, a, p, and S are closely related to the selection of initial values.
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Figure 24. Error result based on the OFESN and Leaky-ESN for Mackey—Glass.
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Figure 25. Error result based on the OFESN and Leaky-ESN for Mackey—Glass.
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Figure 26. Error result based on the OFESN and Leaky-ESN for Mackey—Glass.
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Figure 27. Error result based on the OFESN and Leaky-ESN for Mackey—Glass.

3 %108 ‘

-6
1><10‘

%108

T
Prediciton error of OFESN under case 2
Prediciton error of Leaky-ESN under case 2

0 50 100 150 200 250 300 350 400 450 500
Times

Prediciton error of OFESN under case 3
Prediciton error of Leaky-ESN under case 3

0 50 100 150 200 250 300 350 400 450 500
Times

— — — Prediciton error of OFESN under case 4

Prediciton error of Leaky-ESN under case 4

0 50 100 150 200 250 300 350 400 450 500

Times



Electronics 2023, 12, 4635 26 of 27

5. Conclusions

This paper proposed a new multireservoir echo state network, namely the OFESN.
The OFESN can transform the connections of a single reservoir into the connections of
subreservoirs by their master neurons, greatly reducing the coupling connections between
neurons in a reservoir, further increasing sparse degree, and reducing information redun-
dancy. Compared with Leaky-ESN network, the OFESN network greatly reduces the
internal coupling and correlation between different subreservoirs. Without increasing the
number of neurons in the reservoir, introducing a sparse connection between the master
neurons is actually equivalent to greatly increasing the number of neurons, especially the
number of neurons with great dissimilarity. Therefore, when the number of neurons in
each actual subreservoir is small and the number of subreservoirs is large, it is equiva-
lent to obtaining more reservoir neurons and ensuring the dissimilarity of neuron states,
which improves the prediction accuracy of Leaky-ESN and greatly reduces the amount of
calculation. Prediction accuracy improved by 98% in some cases. However, there are some
limitations to the OFESN and Leaky-ESN. The gradient descent optimization method is
used to optimize parameters with constraint conditions (echo state characteristic condi-
tions), which is sensitive to the initial value selection of parameters and cannot guarantee
global optimization. Therefore, in the future, we will find a suitable swarm intelligence
optimization algorithm to optimize its parameters to eliminate the impact of the initial
parameter values. The performance comparison between the OFESN and LEAKY-ESN is
not a comparison between the optimal performance of the two models but a comparison
under the same parameters and equivalent conditions.
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