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Abstract: The aim of this work is to establish a new methodology to tackle the multi-objective
transportation problems [MOTP] in a Fermatean fuzzy environment that can deal with all the
parameters that possess a conflicting nature. In our research work, we developed a new score
function in the context of a fermatean nature for converting fuzzy data into crisp data with the help
of the Fermatean fuzzy technique. Then, we introduced an algorithm-based methodology, i.e., the
Fermatean Fuzzy Programming approach to tackle transportation problems with multi-objectives.
The main purpose of this research work is to give an alternate fuzzy programming approach to
handle the MOTP. To justify the potential and validity of our work, numerical computations have
been carried out using our proposed methodology.

Keywords: multi-objective transportation problem [MOTP]; fuzzy programming [FP]; Fermatean
fuzzy programming [FTP]; score function; Fermatean fuzzy transportation problem [FFTP]

1. Introduction

In the present scenario of highly competitive market dynamics, there is pressure
on transportation managers to conduct the smooth transport of goods and services, i.e.,
transportation problems are concerned with finding a way by which a decision maker can
deliver the product from warehouses to a destination at a minimum cost. Transportation
models have many applications in supply chain and logistics for reducing costs. In trans-
portation problems, there are mainly three parameters that must be considered to solve the
transportation problem, i.e.,

(a) Availability of goods at bases
(b) Demand for products at endpoint
(c) Per unit cost of goods from ith base to jth point.

To distribute various goods and services from numerous origins to many termini,
Hitchcock [1] proposed the transportation problem [TP]. Classical TP is an unusual type of
linear programming problem which is more difficult to explain by the simplex method. So,
in the literature, many approaches have been developed to find the initial “basic feasible
solution” for classical TP which approaches are “Column Minima”, “Method “North-West
Corner Rule”, “Row Minima Method”, “Matrix Minima Method” and “Vogel’s Method”.
In real life, there is a need to challenge optimization in the context of various objectives.
So, the decision maker wants to handle various objectives, which may be to minimize cost,
time, efficiency, less deterioration of a product and less energy consumption, etc. This type
of TP is identified as a multi-objective transportation problem [MOTP]. In a MOTP all the
objectives are conflicting in nature and with different scales and units for measurement.
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For solving such a type of multi-objective transportation problem, the following methods
are used:

(a) Goal Programming,
(b) Genetic Algorithm,
(c) Fuzzy Programming,
(d) Fuzzy goal programming,
(e) Geometric Programming and other methods also.

Additionally, Lee et al. [2] gave a goal programming method to evaluate the optimal
solutions of TP with multi-objectives in multi-dimensional decision-making approaches.
In actual life, there are many situations when the available information is not sufficient to
judge or formulate the model of the problem. To deal with fuzziness in the real-world era,
Zadeh [3] presented the idea of fuzzy set theory. This notion of fuzzy logic is used for the
mathematical representation of less knowledgeable or imprecise data by a membership
function. Bellman and Zadeh [4] introduced decision-making problems in such an environ-
ment in which goals or constraints are not defined precisely. Oheigeartaigh [5] described
transportation problems in real-life situations and developed an algorithm for transporting
goods from supply nodes to demand nodes in a fuzzy environment. Zimmermann [6]
presented that the results attained by fuzzy linear programming are continuously ideal
and effectual. When the “cost factors (C)”, “supply(S)” and “demand (D)” measures are
identified exactly, many procedures have been established for explaining the TP. However,
in the current circumstances, there are numerous cases in which the C, S and D measures are
fuzzy amounts. A fuzzy Transportation Problem is a Transportation Problem in which the
parameters such as Cost, Supply and Demand measures are in the form of fuzzy numbers.
Chanas et al. [7] analyzed the Transportation Problem in fuzzy uncertainty and used a
parametric technique to find the optimal solution for Transportation Problems. Chanas
and Kuchata [8] proposed a procedure for attaining an optimal solution for the TP with
fuzzy parameters expressed in terms of fuzzy numbers. Atanassov [9] initiated the notion
of Intuitionistic Fuzzy Set (IFS), a generalization of fuzzy sets that incorporates both truth
and false grades with a hesitation margin, such that the sum of the degree of truth and false
grades is less than or equal to 1. Then Yager [10] introduced the ortho-pair of fuzzy set [FS],
where the square of the sum of truth and a false value is less than equal to 1, called the
Pythagorean fuzzy set [PFS]. Senapati and Yager [11] presented the notion of Fermatean
Fuzzy Sets [FFSs] to deal with the situation where the fuzzy logic fails due to membership
grades only. Several researchers developed the model of the TP by either an individual
objective TP or a MOTP, considering various fuzzy contexts. In the case of multi-objective
transportation problems, Ringuest [12] proposed a collaborative approach for explaining
MOTP and attained more than k-dominated and non-dominated solutions. Bit et al. [13]
established a new method for MOTP with the help of fuzzy programming using a linear
membership function. The weight and priorities of the objectives are involved in the
method. Li and Lai [14] introduced a vague compromise programming method to the
MOTP. Then, Ammar [15] characterized the optimal solution based on the alpha level of
fuzzy numbers and checked the solidity of MOTP with a fuzzy environment. Lau et al. [16]
developed a model by using a genetic algorithm to obtain the solution of MOTP. Kocken
et al. [17] established a model by using a compensatory fuzzy technique for multi-objective
linear transportation problems with triangular fuzzy numbers of parameters. In this tech-
nique, he used Zimmermann’s “min” operator and fixed the cost-satisfaction intervals
and breaking points. Nomani [18] established a new weight approach based on goal pro-
gramming for MOTP. Ahmad and Adhami [19] considered nonlinearity in MOTP in the
neutrosophic situation. A MOTP with a p-facility localization issue was given by Das
and Roy [20]. To establish a real transport network, Das et al. [21] incorporated two-fold
ambiguity. Ghosh et al. [22] developed a solid MOTP in intuitionistic circumstances. Then,
in TP, Ghosh and Roy et al. [23] observed an extra cost which is considered a type-II fixed
charge. Midya et al. [24] developed a solid MOTP with a fixed charge in an intuitionistic
fuzzy environment. Sahoo [25] originally solved TP in the Fermatean fuzzy situation
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and planned a procedure in which the Fermatean fuzzy transportation problem [FFTP]
is transformed into a conventional TP to obtain the best optimal solution. Thereafter, Sa-
hoo [26] anticipated various score functions for converting the Fermatean fuzzy data into a
crisp form and applied the TOPOSIS technique to solve the MOTP in the Fermatean fuzzy
context. Ghosh [27] introduced the latest technology (Preservation technology) for MOTP
with preservation cost for the reduction in the rate of deterioration and also for building a
more realistic problem; they considered criteria such that all the parameters of the problem
are Pythagorean fuzzy sets; Rani and Ebrahimnejad [28] established a new algorithm to
tackle the unbalanced fully rough and fixed charge MOTP.

The basic purposes of this work are as follows:

1. To develop a novel score function in order to rank the fuzzy numbers.
2. To use the credibility of the Fermatean fuzzy numbers to design Fermatean fuzzy

programming.
3. To develop a mathematical model based on the Fermatean fuzzy programming for

MOTP.
4. To illustrate and validate the proposed approach, we will apply our technique to

numeric data.

The work conducted in the research paper is categorized into eight segments including
the present one dealing with the introduction and review of the work conducted by many
authors. The Section 2 of the manuscript includes a basic definition related to the work in
research. In the Section 3, we formulated a mathematical model for MOTP in the Fermatean
fuzzy situation. Additionally, in the Section 4, we proposed a novel score function for the
ranking of the Fermatean fuzzy numbers. The Section 5 includes the development of the
model of the proposed Fermatean Fuzzy Programming for MOTP. In the Section 6, we
describe the proposed methodology of this in the context of the proposed score function.
The Section 7 includes a mathematical illustration to check the effectiveness of our planned
methodology. In the last section, we discuss the conclusion of our planned matter.

2. Basic Definitions
2.1. Fermatean Fuzzy Set [FFS]

An FFS can be given as:

f̃ =
{〈

w, θ̃f(w), δ̃f(w) : w ∈ X
〉}

where Σ is a universal set and θ̃f(w) : X→ [0, 1] is the degree of satisfaction and
δ̃f(w) : X→ [0, 1] is the degree of dissatisfaction w ∈ X and these two are related by
the relation;

0 ≤
(
θ̃f(w)

)3
+
(
δ̃f(w)

)3 ≤ 1 ∀ w ∈ X.

And σf̃(w) denotes the grade of indeterminacy of w ∈ X, such that:

σf̃(w) =
3
√

1−
(
θ̃f(w)

)3 −
(
δ̃f(w)

)3

The set f̃ =
{〈

w, θ̃f(w), δ̃f(w) : w ∈ X
〉}

is denoted as f̃ = 〈θ̃f, δ̃f〉.

2.2. Arithmetic Operation on Fermatean Fuzzy Sets

Let f̃ = 〈θ̃f, δ̃f〉, f̃1 = 〈θ f̃1
, δ f̃1
〉 and f̃2 = 〈θ f̃2

, δ f̃2
〉 be three Fermatean fuzzy sets on a

universal set X and Λ > 0 be any scalar then arithmetic operations on the FFSs are defined
such that:

(i). f̃1 ⊕ f̃2 = 〈θ f̃1
, δ f̃1
〉 ⊕ 〈θ f̃2

, δ f̃2
〉

(ii). = < 3

√(
θ f̃1

)3
+
(

θ f̃2

)3
−
(

θ f̃1

)3(
θ f̃2

)3
, δ f̃1

δ f̃2
>

(iii). f̃1
⊗

f̃2 = 〈θ f̃1
, δ f̃1
〉 ⊗ 〈θ f̃2

, δ f̃2
〉
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(iv). = < θ f̃1
θ f̃2

, 3

√(
δ f̃1

)3
+
(

δ f̃2

)3
−
(

δ f̃1

)3(
δ f̃2

)3
>

(v). Λ� f̃ = 〈 3
√

1− (1− (θ̃f)
3)

Λ
, (δ̃f)

Λ〉

(vi). f̃ Λ = 〈
(
θ̃f

)Λ, 3
√

1− (1−
(
δ̃f)

3
)Λ〉

(vii). f̃1 ∪ f̃2 = 〈maσ
(

θ f̃1
, θ f̃2

)
, min

(
δ f̃1

, δ f̃2

)
〉

(viii). f̃1 ∩ f̃2 = 〈min
(

θ f̃1
, θ f̃2

)
, maσ(δ f̃1

, δ f̃2
)〉

(ix). f̃ c = δ̃f, θ̃f.

Example
Let f̃ = 〈0.5, 0.6〉, f̃1 = 〈0.2, 0.8〉, f̃2 = 〈0.9, 0.4〉 be three FFSs and Λ = 3 be a scalar,

then:

(i). f̃1
⊕

f̃ 2 = 〈0.2, 0.8〉 ⊕ 〈0.9, 0.4〉 = 〈0.9009, 0.32〉
(ii). f̃1

⊗
f̃2 = 〈0.2, 0.8〉 ⊗ 〈0.9, 0.4〉 = 〈0.18, 0.8159〉

(iii). Λ� f̃ = 3� 〈0.5, 0.6〉 = 〈0.6911, 0.216〉
(iv). f̃ Λ = 〈0.5, 0.6〉3 = 〈0.125, 0.8032〉
(v). f̃1 ∪ f̃2 = 〈0.2, 0.8〉 ∪ 〈0.9, 0.4〉 = 〈0.9, 0.4〉
(vi). f̃1 ∩ f̃2 = 〈0.2, 0.8〉 ∩ 〈0.9, 0.4〉 = 〈0.2, 0.8〉
(vii). f̃ c = 〈0.5, 0.6〉c = 〈0.6, 0.5〉.

2.3. Score Function

Let f̃ be a Fermatean fuzzy set f̃ = 〈φF̃ , ψF̃〉, then the score function of f̃ which is
denoted by S f ( f̃ ) and defined as follows:

S f ( f̃ ) =
(

φF̃
3 − ψF̃

3
)

Property: Consider an FFS F̃ = 〈φF̃, ψF̃〉, then S∗F(F̃) ∈ [0, 1].

Proof. By the definition of an ortho pair, φF̃, ψF̃ ∈ [0, 1]. Then, min
(
φF̃, ψF̃

)
∈ [0, 1].

Also, φF̃
3 ≥ 0, ψF̃

3 ≥ 0, φF̃
3 ≤ 1 and ψF̃

3 ≤ 1
=⇒ 1− ψF̃

3 ≥ 0
=⇒ 1 + φF̃

3 − ψF̃
3 ≥ 0

∴ 1
2
(
1 + φF̃

3 − ψF̃
3) · (min

(
φF̃, ψF̃

))
.≥ 0

Again, φF̃
3 − ψF̃

3 ≤ 1
=⇒ 1 + φF̃

3 − ψF̃
3 ≤ 2 (∵ φF̃

3 ≥ 0)

=⇒ 1+φF̃
3−ψF̃

3

2 ≤ 1
=⇒ 1

2
(
1 + φF̃

3 − ψF̃
3) · (min

(
φF̃, ψF̃

))
. 1 (∵ min(φF̃, ψF̃) ≤ 1)

Hence, S∗F(F̃) ∈ [0, 1].

2.4. Accuracy Function

Let f̃ be a Fermatean fuzzy set f̃ = 〈θ̃f, δ̃f〉, then the accuracy function of f̃ which is
denoted by Â f ( f̃ ) and defined as follows:

Â f ( f̃ ) =
(
θ̃f

3 + δ̃f
3
)

3. Mathematical Formulation for Multi-Objective Transportation Problem in a
Fermatean Fuzzy Environment

Let us consider a MOTP with k objectives containing m supply nodes and n demand
nodes. Additionally, ãf

i = 〈θãi
, δãi
〉 units are available at the ith supply node and b̃f

j = 〈θb̃j
, δb̃j
〉
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units are demanded on jth demand node. Suppose c̃f
ij = 〈θc̃ij

, δc̃ij
〉 is the unit fermatean

fuzzy transportation cost and the ith source node to jth demand node and σij is the number
of items that are carried from ith source node to jth demand node.

The mathematical formulation for the MOTP in the Fermatean Fuzzy Situation is
as follows:

minFK = ∑m
i=1 ∑n

j=1 c̃f
ijKwij , K = 1, 2, 3, 4, . . . , k

s.t. ∑n
j=1 wij ≤ ãf

i , i = 1, 2, 3, . . . , m

∑m
i=1 wij ≥ b̃f

j, j = 1, 2, 3, . . . , n

Such that ãf
i= 〈θãi

, δãi
〉 where 0 ≤

(
θãi

)3
+
(
δãi

)3 ≤ 1,

b̃f
j= 〈θb̃j

, δb̃j
〉 where 0 ≤

(
θb̃j

)3
+
(

δb̃j

)3
≤ 1

c̃f
ij= 〈θc̃ij

, δc̃ij
〉 where 0 ≤

(
θc̃ij

)3
+
(

δc̃ij

)3
≤ 1wij ≥ 0, ∀ i, j

4. Proposed Score Function for Fermatean Fuzzy Sets
4.1. Fermatean Fuzzy Score Functions

Let f̃ = 〈θ̃f, δ̃f〉 be any Fermatean fuzzy number and then the score function of f̃ which

is denoted by S
(̃

f
)

, defined as follows:

S
(̃

f
)
=

1
2
(
1 + θ̃f − δ̃f

)
(min(θ̃f, δ̃f))

2

4.2. Property

Let f̃ = 〈θ̃f, δ̃f〉 be any Fermatean fuzzy set, then the score function of f̃, S
(̃

f
)
∈ [0, 1].

Proof. By the description of membership as well as non-membership pairs,θ̃f, δ̃f ∈ [0, 1].

Then, min
(
θ̃f, δ̃f

)
∈ [0, 1].

Additionally, θ̃f ≥ 0, δ̃f ≥ 0 , θ̃f ≤ 1 and δ̃f ≤ 1
=⇒ 1− δ̃f ≥ 0 =⇒ 1 + θ̃f − δ̃f ≥ 0

∴ 1
2
(
1 + θ̃f − δ̃f

)(
min

(
θ̃f, δ̃f

))2 ≥ 0,

Hence, S
(̃

f
)
≥ 0.

Again, θ̃f ≤ 1 and δ̃f ≤ 1 =⇒ θ̃f − δ̃f ≤ 1

=⇒ 1 + θ̃f − δ̃f ≤ 1 + 1 = 2 =⇒ 1+θf̃−δ̃f
2 ≤ 1

and min
(
θ̃f, δ̃f

)
≤ 1 =⇒

(
min

(
θ̃f, δ̃f

))2 ≤ 1 , =⇒ 1
2
(
1 + θ̃f − δ̃f

)
(min

(
θ̃f, δ̃f

)
)

2 ≤ 1 ,

Hence, S
(̃

f
)
≤ 1 =⇒ S

(̃
f
)
∈ [0, 1].

5. Proposed Model for Fermatean Fuzzy Programming

Senapati and Yager [11] introduced the extension of an intuitionistic and Pythagorean
fuzzy set when the sum of truth and false grades with the sum of the square of truth grade
and false grade is greater than 1, but the sum of the cube of truth grade and false grade is
less than equal to the 1. These fuzzy sets are FFS. FFS are more realistic and handle more
uncertainty than Intuitionistic and Pythagorean fuzzy sets. Due to such an environment,
Zimmermann [6] introduced a fuzzy programming approach for multi-objective decision-
making problems based on a min-max operator. In this approach, we can use linear,
exponential, or hyperbolic truth functions to attain compromised optimal solutions to the
problems. Then, intuitionistic fuzzy programming is also developd for multi-objective
problems in an intuitionistic fuzzy environment in which the truth and false grades may be
linear, exponential, or hyperbolic functions. After that, Pythagorean fuzzy programming is
also developed for such problems in a fuzzy environment. Now, we introduce non-linear
programming, Fermatean Fuzzy Programming, to obtain a compromise optimal solution to
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all objectives simultaneously of multi-objective decision-making problems in a Fermatean
fuzzy environment and in any other environment, defined as:

Let Uk and Lk be upper and lower bounds, respectively, for objective Fk(w) of the
problem and µ(Fk(w)) be membership function for objective Fk(w) and ϑ(F2(w)) be non-
membership function for the objective function Fk(w). Then, the proposed model for
Fermatean Fuzzy Programming is as follows:

Max. σ γ1
3 − γ2

3

where
µ(Fk(w)) 3 ≥ γ1

3, ∀ kϑ(Fk(w)) 3 ≤γ2
3, ∀ k

where

µ(Fk(w)) =


1, i f Fk(w) ≤ Lk

Uk−Fk(w)
Uk−Lk

, i f Lk ≤ Fk(σ) ≤ Uk

0, i f Fk(w) ≥ Uk


and

ϑ(Fk(w)) =


0, i f Fk(w) ≤ Lk

Fk(w)−Lk
Uk−Lk

, i f Lk ≤ Fk(σ) ≤ Uk

1, i f Fk(w) ≥ Uk


i.e.,

(
Uk − Fk(w))3 ≥ dk

3γ1
3(

Fk(w)− Lk)
3 ≤ dk

3γ2
3, where dk = Uk − Lk.

with respect to the constraints,

w11 + w12 + . . . . . . . . . + w1n ≤ a1
w21 + w22 + . . . . . . . . . + w2n ≤ a2

.

.
wm1 + wm2 + . . . . . . . . . + wmn ≤ am
w11 + w21 + . . . . . . . . . + wm1 ≥ b1,
w12 + w22 + . . . . . . . . . + wm2 ≥ b2,

.

.
w1n + w2n + . . . . . . . . . + wmn ≥ bn

and
m
∑

i=1
ai =

n
∑

j=1
bj , wij ≥ 0, 0≤ γ1

3, γ2
3 ≤ 1, 0≤ γ1

3 + γ2
3 ≤ 1 and γ1

3 ≥ γ2
3.

6. Proposed Methodology

To handle the MOTP in the Fermatean fuzzy environment, we propose a methodology.
The steps involved in the proposed methodology are depicted as follows:

Step 1: First, consider a MOTP in Fermatean fuzzy uncertainty such as:

minFK = ∑m
i=1 ∑n

j=1 c̃f
ijKwij , K = 1, 2, 3, 4, . . . , k

s.t. ∑n
j=1 wij ≤ ãf

i , i = 1, 2, 3, . . . , m

∑m
i=1 wij ≥ b̃f

j, j = 1, 2, 3, . . . , n

Such that ãf
i= 〈θãi

, δãi
〉 where 0 ≤

(
θãi

)3
+
(
δãi

)3 ≤ 1,

b̃f
j= 〈θb̃j

, δb̃j
〉 where 0 ≤

(
θb̃j

)3
+
(

δb̃j

)3
≤ 1,

c̃f
ij= 〈θc̃ij

, δc̃ij
〉 where 0 ≤

(
θc̃ij

)3
+
(

δc̃ij

)3
≤ 1,

wij ≥ 0, ∀ i, j
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Step 2: Then, convert the Fermatean fuzzy data into crisp data by using the proposed
score function for Fermatean fuzzy sets as:

minFK = ∑m
i=1 ∑n

j=1 S(c̃f
ijK)wij , K = 1, 2, 3, 4, . . . , k

s.t. ∑n
j=1 wij ≤ S(ãf

i), i = 1, 2, 3, . . . , m

∑m
i=1 wij ≥ S

(
b̃f

j

)
, j = 1, 2, 3, . . . , n

Step 3: Now, solve this problem for all objectives by taking one objective at a time. We
obtain basic feasible solutions for all objectives.

Step 4: Now, we built a pay-off matrix for all objectives then we obtain upper bound
Uk and lower bound Lk for the objective Fk(w) through pay-off matriσ.

ΣK

FK

Step 5: Then, built a model of the problem by proposed Fermatean fuzzy programming
approach and then solve this model by Lingo 19.0 software. The architecture is shown in
Figure 1. The numerical computations of the proposed technique are give in Tables 1–3.
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Step 4: Now, we built a pay-off matrix for all objectives then we obtain upper bound 

U� and lower bound L� for the objective F�(�) through pay-off matriσ. 

 Σ� 

F�  

Step 5: Then, built a model of the problem by proposed Fermatean fuzzy program-

ming approach and then solve this model by Lingo 19.0 software. The architecture is 

shown in Figure 1. The numerical computations of the proposed technique are give in 

Tables 1–3. 

 
Figure 1. Structure outlines of proposed algorithm. Figure 1. Structure outlines of proposed algorithm.

7. Numerical Computations

We consider a MOTP in Fermatean fuzzy uncertainty where all the variables of the
problem are Fermatean fuzzy numbers. This is as follows:
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Table 1. First Objective Cost.

d1 d2 d3 d4 Supply

o1 (0.2, 0.5) (0.2, 0.4) (0.3, 0.7) (0.6, 0.5) (0.6, 0.4)
o2 (0.3, 0.5) (0.2, 0.9) (0.7, 0.1) (0.4, 0.7) (0.3, 0.5)
o3 (0.7, 0.1) (0.2, 0.3) (0.5, 0.1) (0.6, 0.4) (0.4, 0.8)
Dd (0.2, 0.5) (0.4, 0.7) (0.6, 0.4) (0.2, 0.5) -

Table 2. Second Objective Cost.

d1 d2 d3 d4 Supply

o1 (0.4, 0.7) (0.3, 0.7) (0.6, 0.5) (0.2, 0.8) (0.6, 0.4)
o2 (0.3, 0.5) (0.4, 0.8) (0.3, 0.7) (0.6, 0.2) (0.3, 0.5)
o3 (0.4, 0.7) (0.4, 0.6) (0.3, 0.1) (0.5, 0.1) (0.4, 0.8)

(0.2, 0.5) (0.4, 0.7) (0.6, 0.4) (0.2, 0.5)

Table 3. Third Objective Cost.

d1 d2 d3 d4 Supply

o1 (0.2, 0.3) (0.6, 0.7) (0.3, 0.7) (0.6, 0.5) (0.6, 0.4)
o2 (0.7, 0.1) (0.2, 0.9) (0.6, 0.7) (0.4, 0.7) (0.3, 0.5)
o3 (0.8, 0.4) (0.3, 0.7) (0.2, 0.5) (0.7, 0.1) (0.4, 0.8)

(0.2, 0.5) (0.4, 0.7) (0.6, 0.4) (0.2, 0.5)

Step 2: Now, Convert Fermatean fuzzy parameters into crisp form by applying the
proposed score function as:

Supply:

S(a f̃1
) = S(〈0.6, 0.4〉) = 1

2 (1 + 0.6− 0.4)(min(0.6, 0.4))2

= 1
2 (1.2)(0.4)2 = 0.6× 0.16 = 0.096

S(a f̃2
) = S(〈0.3, 0.5〉) = 1

2 (1 + 0.3− 0.5)(min(0.3, 0.5))2

= 1
2 (0.8)(0.3)2 = 0.4× 0.09 = 0.036

S(a f̃3
) = S(〈0.4, 0.8〉) = 1

2 (1 + 0.4− 0.8)(min(0.4, 0.8))2

= 1
2 (0.6)(0.4)2 = 0.3× 0.16 = 0.048

Demand:

S(b f̃1
) = S(〈0.2, 0.5〉) = 1

2 (1 + 0.2− 0.5)(min(0.2, 0.5))2

= 1
2 (0.7)(0.2)2 = 0.35× 0.04 = 0.014

S(b f̃2
) = S(〈0.4, 0.7〉) = 1

2 (1 + 0.4− 0.7)(min(0.4, 0.7))2

= 1
2 (0.7)(0.4)2 = 0.35× 0.16 = 0.056

S (b f̃3
) = S (〈0.6, 0.4〉) = 1

2 (1 + 0.6− 0.4)(min(0.6, 0.4))2

= 1
2 (1.2)(0.4)2= 0.6× 0.16 = 0.096

S (b f̃4
) = S (〈0.2, 0.5〉) = 1

2 (1 + 0.2− 0.5)(min(0.2, 0.5))2

= 1
2 (0.7)(0.2)2 = 0.35× 0.04 = 0.014

Since
m
∑

i=1
S(a f̃i

) =
n
∑

j=1
S(b f̃ j

) , then the problem is a balanced multi-objective transportation

problem.
Costs:
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First objective costs:

S(c f̃11
)= S(〈0.2, 0.5〉) = 1

2 (1 + 0.2− 0.5)(min(0.2, 0.5))2

= 1
2 (0.7)(0.2)2= 0.35× 0.04 = 0.014

S(c f̃12
) = S(〈0.2, 0.4〉) = 1

2 (1 + 0.2− 0.4)(min(0.4, 0.2))2

= 1
2 (0.8)(0.2)2= 0.4× 0.04 = 0.016

S(c f̃13
) = S(〈0.3, 0.7〉) = 1

2 (1 + 0.3− 0.7)(min(0.3, 0.7))2

= 1
2 (0.6)(0.3)2= 0.3× 0.09 = 0.027

S(c f̃14
) = S(〈0.6, 0.5〉) = 1

2 (1 + 0.6− 0.5)(min(0.6, 0.5))2

= 1
2 (1.1)(0.5)2= 0.55× 0.25 = 0.1375

S(c f̃21
) = S(〈0.3, 0.5〉) = 1

2 (1 + 0.3− 0.5)(min(0.3, 0.5))2

= 1
2 (0.8)(0.3)2= 0.4× 0.09 = 0.036

S(c f̃22
) = S(〈0.2, 0.9〉) = 1

2 (1 + 0.2− 0.9)(min(0.2, 0.9))2

= 1
2 (0.3)(0.2)2= 0.15× 0.04 = 0.006

S(c f̃23
) = S(〈0.7, 0.1〉) = 1

2 (1 + 0.7− 0.1)(min(0.7, 0.1))2

= 1
2 (1.6)(0.1)2= 0.8× 0.01 = 0.008

S(c f̃24
) = S(〈0.4, 0.7〉) = 1

2 (1 + 0.4− 0.7)(min(0.4, 0.7))2

= 1
2 (0.7)(0.4)2= 0.35× 0.16 = 0.0056

S(c f̃31
) = S(〈0.7, 0.1〉) = 1

2 (1 + 0.7− 0.1)(min(0.7, 0.1))2

= 1
2 (1.6)(0.1)2= 0.8× 0.01 = 0.008

S(c f̃32
) = S(〈0.2, 0.3〉) = 1

2 (1 + 0.2− 0.3)(min(0.2, 0.3))2

= 1
2 (0.9)(0.2)2= 0.45× 0.04 = 0.018

S(c f̃33
) = S(〈0.5, 0.1〉) = 1

2 (1 + 0.5− 0.1)(min(0.5, 0.1))2

= 1
2 (1.4)(0.1)2= 0.70× 0.01 = 0.007

S(c f̃34
) = S(〈0.6, 0.4〉) = 1

2 (1 + 0.6− 0.4)(min(0.6, 0.4))2

= 1
2 (1.2)(0.4)2= 0.6× 0.16 = 0.096

Second objective costs:

S(c f̃11
) = 0.056, S(c f̃12

) = 0.027
S(c f̃13

) = 0.1375, S(c f̃14
) = 0.008

S(c f̃21
) = 0.036, S(c f̃22

) = 0.048
S(c f̃23

) = 0.027, S(c f̃24
) = 0.028

S(c f̃31
) = 0.056, S(c f̃32

) = 0.064
S(c f̃33

) = 0.006, S(c f̃34
) = 0.007

Third objective costs:
S(c f̃11

) = 0.018, S(c f̃12
) = 0.162

S(c f̃13
) = 0.027, S(c f̃14

) = 0.1375
S(c f̃21

) = 0.008, S(c f̃22
) = 0.006

S(c f̃23
) = 0.162, S(c f̃24

) = 0.056
S(c f̃31

) = 0.112, S(c f̃32
) = 0.027

S(c f̃33
) = 0.014, S(c f̃34

) = 0.008

Step 3: We obtain three individual transportation problems. Then, we solve these three
transportation problems and obtain the basic feasible or optimal solutions for all problems.
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For the first objective transportation problem:

F1(w) = 0.014w11 + 0.016w12 + 0.027w13 + 0.1375w14 + 0.036w21 + 0.006w22
+ 0.008w23 + 0.056w24 + 0.008w31 + 0.018w32 + 0.007w33 + 0.096w34

subject to the constraints:

w11 + w12 + w13 + w14 ≤ 0.096,
w21 + w22 + w23 + w24 ≤ 0.036,
w31 + w32 + w33 + w34 ≤ 0.048,
w11 + w21 + w31 ≥ 0.014,
w12 + w22 + w32 ≥ 0.056,
w13 + w23 + w33 ≥ 0.096,
w14 + w24 + w34 ≥ 0.014,

wij ≥ 0,
m
∑

i=1
ai =

n
∑

j=1
bj

After solving this problem, we obtain the optimal solution as follows:

F1 = 0.003090, w11 = 0.014, w12 = 0.056, w13 = 0.026, w14 = 0, w21 = 0,
w22 = 0, w23 = 0.022,w24 = 0.014, w31 =0, w32 = 0, w33 = 0.048, w34 = 0.

For the second objective transportation problem:

F2(w) = 0.0056w11 + 0.027w12 + 0.1375w13 + 0.008w14 + 0.036w21 + 0.048w22
+ 0.027w23 + 0.028w24 + 0.056w31 + 0.064w32 + 0.006w33 + 0.007w34

Subject to the constraints:

w11 + w12 + w13 + w14 ≤ 0.096,
w21 + w22 + w23 + w24 ≤ 0.036,
w31 + w32 + w33 + w34 ≤ 0.048,
w11 + w21 + w31 ≥ 0.014,
w12 + w22 + w32 ≥ 0.056,
w13 + w23 + w33 ≥ 0.096,
w14 + w24 + w34 ≥ 0.014,
wij ≥ 0
m
∑

i=1
ai =

n
∑

j=1
bj .

After solving this problem, we obtain the optimal solution as follows:

F2 = 0.005318, w11 = 0.014, w12 = 0.056, w13 = 0.012, w14 = 0.014, w21 = 0, w22 = 0,
w23 = 0.036, w24 = 0, w31 = 0, w32 = 0, w33 = 0.048, w34 = 0.

For the third objective transportation problem:

F3(w) = 0.018w11 + 0.162w12 + 0.027w13 + 0.1375w14 + 0.008w21 + 0.006w22
+ 0.162w23 + 0.056w24 + 0.112w31 + 0.027w32 + 0.014w33 + 0.008w34
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Subject to the constraints:

w11 + w12 + w13 + w14 ≤ 0.096,
w21 + w22 + w23 + w24 ≤ 0.036,
w31 + w32 + w33 + w34 ≤ 0.048,
w11 + w21 + w31 ≥ 0.014,
w12 + w22 + w32 ≥ 0.056,
w13 + w23 + w33 ≥ 0.096,
w14 + w24 + w34 ≥ 0.014,
wij ≥ 0
m
∑

i=1
ai =

n
∑

j=1
bj .

After solving this problem, we obtain the optimal solution as follows:

F3 = 0.00353, w11 = 0.014, w12 = 0, w13 = 0.082, w14 = 0, w21 = 0, w22 = 0.036,
w23 = 0, w24 = 0, w31 = 0, w32 = 0.02, w33 = 0.014, w34 = 0.

Step 4: After obtaining the solutions for all objectives individually, we obtain the pay
off matrix such that:

Σ1 Σ2 Σ3
F1 0.003090 0.003965 0.004428
F2 0.007145 0.005318 0.015249
F3 0.015046 0.018077 0.003530

So, we can find the upper and lower bounds for all three objectives which are as follows:

L1 = 0.003090, U1 = 0.004428, d1 = 0.001338.
L2 = 0.005318, U2 = 0.015249, d2
L3 = 0.003530, U3 = 0.0180277, d3 = 0.014547

.
Step 5: Now, model for the problem by using the proposed Fermatean fuzzy programming:

Max γ1
3 − γ2

3

where
µ(Fk(w)) 3 ≥ γ1

3, ∀ k
ϑ(Fk(w)) 3 ≤γ2

3, ∀ k

i.e.,
(
Uk − Fk(w))3 ≥ dk

3γ1
3, ∀ k

=⇒
(
0.004428− F1)

3 ≥ 0.00000000239534646γ1
3,

=⇒
(
0.015249− F2)

3 ≥ 0.000000979442501γ1
3,

=⇒
(
0.018077− F3)

3 ≥ 0.00000307836645γ1
3,

Again
(

Fk(w)− Lk)
3 ≤ dk

3γ2
3, ∀ k

=⇒
(

F1 − 0.003090)3 ≤ 0.00000000239534646γ2
3,

=⇒
(

F2 − 0.005318)3 ≤ 0.000000979442501γ2
3,

=⇒
(

F3 − 0.003530)3 ≤ 0.00000307836645γ2
3,



Electronics 2023, 12, 277 12 of 13

with respect to the constraints,

w11 + w12 + . . . . . . . . . + w1n ≤ a1,
w21 + w22 + . . . . . . . . . + w2n ≤ a2,
.
.
.
wm1 + wm2 + . . . . . . . . . + wmn ≤ am,
w11 + w21 + . . . . . . . . . + wm1 ≥ b1,
w12 + w22 + . . . . . . . . . + wm2 ≥ b2,
.
.
.
w1n + w2n + . . . . . . . . . + wmn ≥ bn

and
m
∑

i=1
ai =

n
∑

j=1
bj , wij ≥ 0, 0≤ γ1

3, γ2
3 ≤ 1, 0≤ γ1

3 + γ2
3 ≤ 1 and γ1

3 ≥ γ2
3.

Then, by solving this model with the help of Lingo 19.0, we obtain the optimal solution
such that:

γ1 = 1, γ2 = 0.004699874, F1 = 0.004400256, F2 = 0.01528566, F3 = 0.003598369,
w11 = 0.014, w12 = 0, w13 = 0.082, w14 = 0, w21 = 0, w22 = 0.0350091, w23 = 0,
w24 = 0.000990856, w31 = 0, w32 = 0, w33 = 0.014, w34 = 0.0130091.

8. Conclusions

There are many approaches to convert fuzzy data into crisp data and many methods
are introduced for the extension of fuzzy, i.e., for intuitionistic data, Pythagorean data,
Fermatean data and other uncertain data. In this paper, we establish a new score function
for the ranking of Fermatean Fuzzy numbers which helps to handle the Fermatean fuzzy
uncertainty in a crisp environment. Then, we introduce a Fermatean Fuzzy Programming
approach for Multi-objective Decision-Making Problems under uncertainty. Fermatean
Fuzzy programming is non-linear programming for multi-objective problems which is
an extension of Pythagorean Fuzzy Programming. With the proposed Fermatean Fuzzy
programming approach, we built a model of a MOTP and solved a numerical illustration
of a MOTP in the Fermatean Fuzzy environment. We found that our proposed approach
is fruitful in finding a compromise optimal solution for Multi-objective Decision-Making
Problems. Therefore, we can say that our proposed methodology is an alternate way for
solving multi-objective decision-making problems in the Fermatean fuzzy environment
and we can also use the proposed Fermatean fuzzy programming approach to solve multi-
objective decision-making problems in any other fuzzy environment. In the end, for future
perspectives, we will enhance the technique of our type-2 fuzzy logic and develop a model
to handle many engineering and medical areas.
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