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Abstract: The 1/ f additive phase noise of one-port injection-locked oscillators is experimentally
characterized and analyzed using a simple analytic model based on the generalized 1/ f Kurokawa
theory. To experimentally verify the prediction of the simple analytic model proposed, two negative-
conductance transmission line pHEMT oscillators operating at 2.4828 GHz and 2.485 GHz were
designed and fabricated. A new configuration for integrating an additive phase noise measurement
system with a large signal network analyzer (LSNA) is introduced to jointly acquire both the noise
and RF waveforms of the one-port injection-locked oscillator. The Kurokawa derivatives needed
for the analytic expression were experimentally obtained using the LSNA measurements and op-
timized to accurately model the corner frequency. A good agreement between the predicted and
experimental results was obtained for both the injection-locked and free-running oscillators. In
contrast to phase noise measurements of the free-running oscillator, which can only characterize the
oscillator-upconverted 1/ f 3 noise, the additive phase noise characterization of the injection-locked
oscillator is shown to provide the means to directly observe and characterize the input-referred
intrinsic 1/ f noise source of the oscillator negative resistance.

Keywords: additive phase noise measurement; injection locking; 1/ f noise; oscillator

1. Introduction

Low-frequency 1/ f noise is of significant importance in oscillator design since it
generates a noise sideband with 1/∆ f 3 dependence when it is up-converted to the RF
carrier signal [1]. The up-converted 1/ f noise oscillator can then impact the performance
of communication systems [2,3]. Among many approaches for reducing this detrimental
near carrier noise, the injection-locking method has been effectively used for minimizing
the phase noise of oscillators. An important body of work [4–10] is already available on
the analysis of injection-locked oscillator phase noise. Previous analyses for white noise
showed that the near carrier phase noise spectrum of the injection-locked oscillator follows
that of the injection signal [4–8]. In this paper, we shall instead focus on using injection
locking to characterize and model the intrinsic 1/ f additive phase noised contributed by a
negative resistance in an oscillator.

There have been continuous advances in microwave noise measurement systems [11].
The measurement of the additive phase noise in amplifiers can be realized using a differ-
ential testbed, which ideally cancels the noise in the external RF source [12–16]. These
systems can be used to obtain the additive phase noise characteristic of amplifiers under
large signal operation [14,16].

In this paper, an additive phase noise measurement system is used to (1) synchronize
the oscillator using injection locking and (2) measure its additive phase noise. An ana-
lytic expression for the 1/ f additive phase noise of injection-locked negative-conductance
oscillators is also derived using the generalized Kurokawa theory [17,18]. Note that the
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applicability of the behavioral Kurokawa theory to accurately model both low- and high-Q
free-running oscillators in the presence and absence of AM-to-PM noise has been investi-
gated in detail in [18]. When injection locking is turned off, the analytic expression reported
in this paper for the 1/ f additive phase noise in phase-locked oscillators is verified to
reduce to the 1/ f phase noise analytic expression derived in [18] for the free-running oscil-
lator. The new measurement and analysis techniques are then applied to two oscillators.
A reasonable agreement for the phase noise level and the corner frequency is obtained
between the measured and theoretical 1/ f additive phase noise spectrum for the two
injection-locked oscillators considered. To the knowledge of the authors, this is the first
report to analyze the 1/ f additive phase noise of an one-port injection-locked oscillator.

This paper is organized as follows. In Section 2, the 1/ f additive phase noise analytic
model for the injection-locked oscillator is derived using the Kurokawa theory. Section 3
introduces the new scheme used for the integration of the additive phase noise measure-
ment setup with a large signal network analyzer (LSNA) as needed for this work. In
Section 4, the new measurements developed for the Kurokawa model parameter extraction
are presented. The analytic solution for the 1/ f additive phase noise of the injection-locked
oscillator is compared with experimental results in Section 5. Finally, the results obtained
are summarized in Section 6.

2. 1/ f Additive Phase Noise Model for Injection-Locked Oscillator

An admittance model for an injection-locked oscillator is shown in Figure 1. It is
divided into a frequency- and amplitude-sensitive nonlinear active part YIN(A, ω), a
frequency-sensitive linear passive part YL(ω), an 1/ f noise current source IN , and an
injection-locking current source with amplitude |IS| and frequency ωS. Note that ωS was
selected to be close to the self oscillation frequency ω0 of the free-running oscillator. The
voltage across the tank in Figure 1 can be written as:

v(t) = Re
[

A(t) ej(ωt+φ(t))
]
+ harmonics

with A(t) = AS + δA(t)

ω = ωS + δω(t) = ωS +
dφ(t)

dt
− j

1
A(t)

dA(t)
dt

.

IS cos S tω

YIN

i IN

YL

iL

NI

v(t)

R
ef

.

injection
locking

1/f

noise

Figure 1. Admittance model for one-port injection-locked oscillator.

Performing a first-order Taylor series expansion of the total admittance (YT = YIN +
YL) about the steady state injection-locked condition AS, ωS, and IN0, we obtain for the
current at the fundamental frequency ωS:

|IS| cos ωSt

= Re
{

A(t)ej(ωSt+φ(t))[YL(ω) + YIN(A, ω, IN)]
}

= Re
{

A(t)ej(ωSt+φ(t))[YL,S + YIN,S + Y′T,S δω

+ Y′IN,S δA + Y′IN,I,S δIN
]}

(1)
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using the definitions YIN,S = YIN(AS, ωS, IN0), YL,S = YL(ωS), Yx = Gx + iBx, and with
the prime (′) symbol standing for a derivative. The master Equation (1) can be divided into
real and imaginary parts as follows:

GL,S + G′T,S
dφ(t)

dt
+

B′T,S

AS

dAS(t)
dt

+ GIN,S

+G′IN,SδA(t) + G′IN,I,SδIN(t) =
|IS|
AS

cos[φ(t)], (2)

BL,S + B′T,S
dφ(t)

dt
−

G′T,S

AS

dAS(t)
dt

+ BIN,S

+B′IN,SδA(t) + B′IN,I,SδIN(t) = −
|IS|
AS

sin[φ(t)]. (3)

Equation (3) for 1/ f additive phase noise analysis in a one-port oscillator exhibits a
similar structure to Equation (22) in [7] for the two-port oscillator and white noise sources.
This similarity in the master equation structure suggests that the analysis technique used
here for 1/ f additive phase noise in one-port injection-locked oscillators can also be applied
to two-port injection-locked oscillators.

In the frequency domain, for small phase perturbations φ = φS + δφ, Equations (2)
and (3) at the offset frequency Ω yield:

D
[

δA(Ω)
δφ(Ω)

]
=

[
−G′IN,I,SδIN(Ω)

−B′IN,I,SδIN(Ω)

]
(4)

with D =

 G′IN,S + jΩ
B′T,S
AS

|IS |
AS

sin φS + jΩG′T,S

B′IN,S − jΩ
G′T,S
AS

|IS |
AS

cos φS + jΩB′T,S

.

By taking the inverse, we obtain,[
δA(Ω)
δφ(Ω)

]
= D−1

[
−G′IN,I,S δIN(Ω)

−B′IN,I,S δIN(Ω)

]
. (5)

Focusing on phase noise, an analytic expression for the additive phase noise of an
injection-locked oscillator perturbed by an N-C noise of spectral density SIN = S/|Ω|1+ε is
obtained (see Appendix A for a detailed derivation):

Sφ,add(Ω) = SIN (Ω)×
∣∣∣∣ δφ(Ω)

δIN(Ω)

∣∣∣∣2
=

S
|Ω|1+ε

×
C2 A2

S +A2Ω2

|IS|2N2 + QΩ2 + |Y′T |4Ω4 (6)
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where, using yS = [cos(−φS) sin(−φS)], we define:

C = G′IN,SB′IN,I,S − B′IN,SG′IN,I,S ≡
∂YIN,S

∂A
× ∂YIN,S

∂IN

A = G′T,SG′IN,I,S + B′T,SB′IN,I,S ≡
∂YT,S

∂ω
· ∂YIN,S

∂IN

B = G′T,SB′IN,I,S − B′T,SG′IN,I,S ≡
∂YT,S

∂ω
× ∂YIN,S

∂IN

α = G′IN,SG′T,S + B′IN,SB′T,S ≡
∂YIN,S

∂A
· ∂YT,S

∂ω

β = G′IN,SB′T,S − B′IN,SG′T,S ≡
∂YIN,S

∂A
× ∂YT,S

∂ω

N = cos(φS)G′IN,S − sin(φS)B′IN,S ≡ yS ·
∂YIN,S

∂A

P = cos(φS)B′T,S + sin(φS)G′T,S ≡ yS×
∂YT,S

∂ω

Q = A2
Sβ2 − 2|IS|N|Y′T |2 + |IS|2P2/A2

S + 2β|IS|P.

Note that the obtained 1/ f additive phase noise analytic expression in (6) for the
injection-locked oscillator becomes the 1/ f phase noise analytic expression Equation (14)
in [18] when the injection-locking current source |IS| is neglected. Note also that the
Ω2 numerator and Ω4 denominator terms in (6) can usually be neglected. The resulting
simplified equation is:

Sφ,add(Ω) ' S
|Ω|1+ε

×
C2 A2

S
|IS|2N2 + QΩ2 . (7)

Then, using (7), a simplified analytic expression for the corner frequency Ωc can
be obtained:

Ωc =
√
|IS|2N2/Q (8)

It is to be noted that, within the locking bandwidth (below the corner frequency
Ωc), the additive phase noise Sφ,add is directly proportional to the intrinsic N-C noise
spectrum SIN .

3. Measurement System Description

Figure 2 shows a previous additive noise measurement setup, which was reported
in [19]. The advantage of the additive phase noise measurement system is that it ideally
cancels the noise of the locking RF signal source in the system and enables us to measure
the intrinsic noise of the negative conductance in the injection-locked oscillator. However,
this setup was developed for two-port injection-locked oscillators. It was subsequently
found that this two-port method was not accurate for characterizing one-port injection-
locked oscillators. Indeed, in the two-port measurement system, the incident and reflected
waves at the one-port oscillator port are recovered by de-embedding from the two-port
large-signal measurements the output signal of the three port-circulator, and this was found
to not yield sufficiently accurate and consistent data. The new improved additive phase
noise measurement system proposed in Figure 3 for a one-port oscillator has the advantage
of directly measuring at Port 2 the incident a2 and reflected b2 waves of the oscillator and,
thus, does not require any de-embedding. Note also that the LSNA coupler provides a few
dB of attenuation, which further improves the matching between the circulator and the
oscillator. Additional padding can be introduced if needed.
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Figure 2. Previous additive phase noise measurement system in [19] integrated with an LSNA for a
two-port injection-locked oscillator. N-C stands for the negative-conductance circuit.
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Figure 3. New additive phase noise measurement system integrated with an LSNA for a one-port
injection-locked oscillator with a negative-conductance (N-C) circuit.

The LSNA is used to measure the amplitude and phase of the incident locking signal
at Port 1, and the incident and reflected waves of the injection-locked oscillator at Port 2.
Port 1 is used to accurately monitor the power of the injection signal and, thus, facilitates
reproducing the injection locking measurements in various successive measurements. Note
that a circulator is used for the signal injection in the oscillator. A phase shifter is used to
maintain a quadrature condition between the RF and LO port of the mixer for measuring
the additive phase noise of the injection-locked oscillator. A picture of the testbed is shown
in Figure 4.

Figure 4. Testbed used for the measurement of additive phase noise.

The oscillator circuit tested is an Avago ATF54143 pHEMT negative-conductance
oscillator fabricated on the RF/Duroid 5880 substrate (εr = 2.2 and h = 45 mil). Note
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that the oscillator circuit is divided into two separate circuit boards composed of the
negative-conductance active circuit and the passive load circuit, respectively. Figure 5
depicts the simplified schematic of the active circuit designed and fabricated. In this work,
two different load circuits with different DC biasing are used, respectively, to test the theory
with the measurements for two different operating conditions. The simplified schematic of
each passive load circuit is shown in Figures 6 and 7, respectively.

Since the LSNA measures the incident and reflected waves at Port 2 in Figure 3, the
scattering parameters of the passive load circuit are used to shift the measurement reference
plane from Port 2 to the negative-conductance circuit reference plane noted “Ref.”. This
permits us to extract the phase φS of the voltage v(t) relative to the injection-locking current.
For the DC biasing, VGS = 0.55 V and VDS = 2.00 V yielding IDS of 24 mA are used for the
first oscillator, while VGS = 0.65 V and VDS = 1.18 V yielding IDS of 21 mA are used for
the second oscillator, respectively. A spectrum analyzer (Agilent E4405B with the phase
noise option) is also used to measure the phase noise of the free-running oscillator when
the locking RF signal source is turned off.

a
1

b
1D

735 mil

S

G

130 mil

136.7 mil

531 mil

Series feedback

ATF 54143

Avago

Figure 5. Schematic of the negative-conductance active circuit. The width of all the microstrip lines is
136.7 mil. RT/Duroid 5880 with εr = 2.2 and thickness h = 45 mil is used for the substrate.

50 Ω
276 mil 276 mil

Γ
349 mil

554 mil

1933 mil

Load network
L

Figure 6. Schematic of the first passive load circuit (Load Circuit 1). The width of all the microstrip
lines is 136.7 mil.

50 Ω
276 mil 276 mil

Γ

1950 mil

Load network
L

346 mil 596 mil

Figure 7. Schematic of the second passive load circuit (Load Circuit 2). The width of all the microstrip
lines is 136.7 mil.
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4. Experimental Model Parameter Extraction

In this work, the model parameter extraction was performed experimentally using
both small- and large-signal measurements. The four required parameters, G′IN,S, B′IN,S,
G′T,S, and B′T,S in (6), were measured experimentally at the operating point (AS, ωS).

4.1. G′IN,S and B′IN,S Extraction

First, the two parameters G′IN,S and B′IN,S were extracted by measuring the admittance
of the active device in Figure 5 for several power levels near the operating amplitude AS
at the injection-locked frequency fS. Figure 8 shows the LSNA measurement result of the
output power versus the input drive level a1. As shown, the incident wave a1 is swept
from −26 dBm to 12 dBm at the injection-locked frequency fS. The black dot represents
the operating amplitude AS used for the G′IN,S and B′IN,S extraction. Note that a 0.1 dB
power sweep step was used near the operating amplitude AS to increase the accuracy level
of the derivative extraction. A least-squares fit was further used to remove any residual
numerical noise.

−30 −25 −20 −15 −10 −5 0 5 10 15
0

1

2

3

4

5

6

7

a
1
 (dBm)

P
L
 (

m
W

)

Figure 8. Output power sweep result of the active circuit in Figure 5 using the LSNA at the frequency
fS. The black dot indicates the operating amplitude AS used for G′IN,S and B′IN,S extraction.

4.2. G′T,S and B′T,S Extraction

The frequency-dependent parameters G′T,S and B′T,S were obtained by adding ∂GIN,S/∂ω
and ∂BIN,S/∂ω to G′L,S and B′L,S, respectively.

G′T,S =
∂GIN,S

∂ω
+ G′L,S

B′T,S =
∂BIN,S

∂ω
+ B′L,S

To extract ∂GIN,S/∂ω and ∂BIN,S/∂ω, a 13-tone frequency-modulated (FM) signal
equally spaced with 100 kHz is injected into the active device in Figure 5 using the ESG
source. The FM signal thus synthesized maintains the desired constant oscillation ampli-
tude AS while modulating the frequency around fS. Then, the input reflection coefficients
are obtained using (9).

ΓIN(nωS, t) =
∑SSB

p=−SSB b1(nωS + p∆ω)ejp∆ωt

∑SSB
p=−SSB a1(nωS + p∆ω)ejp∆ωt

(9)
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This time domain approach for obtaining the input reflection coefficients at the fun-
damental and harmonic frequencies is explained in detail in [20]. This approach provides
a convenient and accurate way to obtain ∂GIN,S/∂ω and ∂BIN,S/∂ω. Note that a fre-
quency offset (∆ω) of about 100 kHz and 20 single sideband (SSB) tones were used for this
LSNA measurement.

A network analyzer was used to measure the admittance of the load circuit near the
injection-locked frequency of fS for extracting G′L,S and B′L,S. A 1 MHz frequency spacing
was used together with a least-squares fit to remove any residual numerical noise. Note that
the total frequency-dependent parameters G′T,S and B′T,S are further optimized to accurately
predict the corner frequency (8) in the Experimental Results Section presented next.

5. Experimental Results

The comparison of the phase noise results of the oscillator with the Load Circuits 1
and 2 is shown in Figures 9 and 10, respectively. The additive phase noise spectrum of the
injection-locked oscillator was measured seven times with the new measurement system
in Figure 3, and the average value is plotted (red solid curve) to reduce the measurement
noise. Plotted as well are the phase noise spectra measured for the free-running (green
solid line) and injection-locked (blue solid line) oscillators using a spectrum analyzer, the
Agilent E4405B, with the phase noise option. Note that the additive phase noise of the
two injection-locked oscillators has a slope of 1/ f 0.90 and 1/ f 0.68, respectively, due to the
rejection of the noise up-conversion within the locking bandwidth, while the phase noise of
the free-running oscillators has a slope of 1/ f 2.90 and 1/ f 2.68, respectively, due to the 1/ f
noise up-conversion. For frequencies above the locking bandwidth, the additive phase
noise and phase noise for the injection-locked oscillators are seen to be the same as the phase
noise of the free-running oscillators. However, the noise within the locking bandwidth
contributes the dominant portion of the oscillator phase noise in both the free-running and
injection-locked oscillators.

In order to predict the 1/ f additive phase noise spectrum of the injection-locked
oscillator (red solid line) in Figures 9 and 10 using (6), a three-parameter (G′IN,I,S, B′IN,I,S,
and S) fitting approach was first used. Since the origin and location of the 1/ f noise sources
in the device is unknown, this fitting is needed to obtain the three input-referred 1/ f noise
parameters (G′IN,I,S, B′IN,I,S, and S) in the final 1/ f phase noise expression in (6). Note that
the measured Kurokawa parameters (G′IN,S, B′IN,S, G′T,S, and B′T,S) from the previous section
were directly used for this fitting. As a result, a 0.1 dB difference in the 1/ f additive phase
noise level was observed for both oscillators with this fitting approach. This result clearly
indicates that the intrinsic noise source of the injection-locked oscillator can be extracted
using this three-1/ f noise parameter-fitting approach. However, the corner frequency Ωc
of the additive phase noise was not well predicted.

To further optimize the corner frequency of the 1/ f additive phase noise in (8), it
was found to be necessary to also optimize the two previously experimentally obtained
G′T,S and B′T,S parameters beside the three noise parameters. Thus, a total of five fitting
parameters is needed for accurate modeling. Note that the initially obtained three-1/ f
parameters (G′IN,I,S, B′IN,I,S, and S) remained about the same for this five-parameter fitting.
The black dashed line in Figures 9 and 10 shows the final results, which accurately fit both
the 1/ f additive phase noise spectrum and the corner frequency (black dot).

To validate the modified parameter extraction and fitting approach used, the phase
noise of the free-running oscillator predicted by the generalized Kurokawa theory [17,18]
was calculated using the same extracted parameters. As shown in Figures 9 and 10, the
modeled curve (blue dashed-dotted line) predicts fairly well the experimental phase noise
spectrum of the free-running oscillator (green solid lines). This additional prediction of
the phase noise of the free-running oscillator provides some additional confidence in the
application of the extracted Kurokawa parameters to the injection-locking analysis. Note
that, when suppressing the injection-locking current source |IS| in (6), the 1/ f additive
phase noise analytic expression for the injection-locked oscillator reduces then to that of
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the 1/ f phase noise analytic expression Equation (14) in [18]. This can easily be verified
using the identity:

C
∣∣Y′T∣∣2 = αB + βA.

This theoretical link and the experimental verification in Figure 9 and 10 indicates
that the methodology presented here is useful for determining the intrinsic phase noise of
negative resistance oscillators both with and without injection locking.
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Figure 9. Comparison of additive phase noise Sφ,add and phase noise Sφ for the pHEMT oscillator
with Load Circuit 1 operating at 2.4828 GHz.
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Figure 10. Comparison of additive phase noise Sφ,add and phase noise Sφ for the pHEMT oscillator
with Load Circuit 2 operating at 2.485 GHz.

6. Conclusions

In this paper, an 1/ f additive phase noise analysis for one-port injection-locked
oscillators was presented to characterize their additive phase noise. An analytic expression
for the 1/ f additive phase noise of the injection-locked oscillator was derived using the
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generalized Kurokawa theory. A new additive phase noise measurement system integrated
with an LSNA was developed to measure the 1/ f additive phase noise for one-port
injection-locked oscillator, as well as the amplitude and phase of the locked oscillation. The
Kurokawa derivatives needed by the theory were experimentally extracted using small-
and large-signal measurements. The three unknown noise parameters (S and Y′IN,I,S) were
then extracted to fit the additive phase noise. To accurately predict the corner frequency, it
was found necessary to optimize Y′T,S. Besides fitting the 1/ f additive phase noise results
for injection-locked operation well, the obtained analytic solution was verified to predict
the experimental phase noise results for two different free-running pHEMT microstrip line
oscillators well. Note that the extraction method applied in this paper is not fully predictive
due to the fact that, overall, five fitting parameters had to be used. This certainly points
to the limitation of the simple circuit model in Figure 1, which only relies on a single 1/ f
noise source. However, the proposed Kurokawa analysis provides overall a reasonable and
simple model for analyzing the experimental data for both the injection-locked and free-
running oscillators. The additive phase noise characterization measurements combined
with injection locking and the extended Kurokawa analysis techniques described in this
paper provides, thus, a useful technique for estimating the intrinsic 1/ f noise source of
negative resistance oscillators.
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Appendix A. Equation (6) Final Derivation

The system given by Equation (4):

Aδ + Bδφ = x

Cδ + Dδφ = y

with

x = −G′IN,I,S δIN(Ω)

y = −B′IN,I,S δIN(Ω)

A = a + jα = G′IN,S + jΩ
B′T,S

AS

B = b + jβ =
|IS|
AS

sin φS + jΩG′T,S

C = c + jγ = B′IN,S − jΩ
G′T,S

AS

D = d + jδ =
|IS|
AS

cos φS + jΩB′T,S

admits for solution:
δφ =

Cx− Ay
BC− AD

=
s + jσ
r + jρ
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with

r = bc− βγ− ad + αδ

ρ = βc + bγ− αd− aδ

s = xc− ya

σ = xγ− yα

It results that we have:

ρ = Ω
[

G′T B′IN −
|IS|
AS

sin φ
G′T
AS
− |IS|

AS
cos φ

B′T
AS
− B′TG′IN

]
= Ω

[
−β− |IS|

A2
S

P

]

r =
|IS|
AS

sin φB′IN + Ω2 G
′2
T

AS
− |IS|

AS
cos φG′IN + Ω2 B

′2
T

AS

= −|IS|
AS

N + Ω2 |Y′T |2
AS

s = −δIN
[
G′IN,I B′IN − B′IN,I G′IN

]
= −δIN R

σ = −δIN

[
G′IN,i(−Ω)

G′T
AS
− B′IN,iΩ

B′T
AS

]
= δIN

A
AS

Ω

The final solution is then:

|δφ|2 =
s2 + σ2

r2 + ρ2

with

s2 + σ2 = |δIN |2
(

R2 +
A2

A2
S

Ω2

)

ρ2 = Ω2

[
β2 +

|IS|2

A4
S

P2 + 2β
|IS|
A2

S
P

]

r2 =

[
|IS|2

A2
S

N2 + Ω4 |Y′T |4

A2
S
− 2
|IS|
A2

S
N|Y′T |2Ω2

]

r2 + ρ2 =

[
|IS|2

A2
S

N2 + Ω2

(
β2 − 2

|IS|
A2

S
N|Y′T |2 +

|IS|2

A4
S

P2

+ 2β
|IS|
A2

S
P

)
+ Ω4 |Y′T |4

A2
S

]
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