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Abstract: A general bending-torsional coupling dynamic model of the planetary roller screw mecha-
nism is developed by the lumped mass method in this paper to analyze the vibration characteristics.
Firstly, the components of the planetary roller screw mechanism are treated as lumped mass, and
the meshing relationships are expressed by the spring element. Secondly, the natural vibration
characteristics of the planetary roller screw mechanism are analyzed, and four vibration modes based
on the bending-torsional coupling dynamic model are summarized: carrier mode, torsional mode,
transverse mode and roller mode. This reveals the vibration characteristics when the two kinds of
meshing pairs (thread pair and gear pair) come into meshing synchronously. Then, the relationships
between the structural parameters and the natural frequency of each vibration mode are discussed.
Finally, the matrix equation is simplified according to the characteristics of vibration mode, and the
analytic expressions of natural frequency under carrier mode and roller mode are obtained.

Keywords: planetary roller screw mechanism; lumped mass method; bending-torsional coupling
dynamic model; natural vibration characteristics; natural frequency

1. Introduction

With the development of equipment automation and intelligence and the wide appli-
cation of electromechanical actuator in industrial fields, electromechanical servo actuation
system is developing in the direction of high power, high integration, high precision and
high reliability. As an actuator that converts rotational motion into linear motion [1], the
planetary roller screw mechanism (PRSM) has gradually become one of the best choices
of the electromechanical servo actuation system because of its high load capacity, long
service life and convenient installation and maintenance. PRSM mainly transmits power
and motion through point contact between threaded teeth. The motion relationship of the
components in the standard PRSM is called forward transmission, that is, the screw rotates
around its axis, and the nut, as the output component, moves back and forth along the axis.
As shown in Figure 1, this is the structure of a standard PRSM, which is mainly composed
of screw, nut, roller, ring gear and carrier. The specific structure is that the screw and the
nut are processed as multi-starts; the thread on roller is manufactured as a single start.
Rollers will participate in the meshing of two types of meshing pairs (thread pair and gear
pair) at the same time and are evenly distributed around the screw by the carrier, and the
motion is transmitted to the nut through the “planetary motion” of the roller. The carrier
does not participate in any meshing motion, and its moving position is controlled by the
spring retainer.
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lished and compared with the experimental results [16,17]. 

Figure 1. Structure of the standard PRSM.

The unique structural composition and transmission form of PRSM make its static
stiffness about 50% higher than that of a ball screw under the same diameter. When bearing
the same axial load, its installation space is saved by 1/3 times, and its working life is
increased by about 14 times [2]. The transmission accuracy of a PRSM system can also
be improved by adopting the micro-lead design. These advantages can effectively solve
the bottleneck problem of realizing a more stable and ultra-high precision transmission
under light load and heavy load conditions in a limited installation space. Presently, electro-
mechanical servo technology based on PRSM has been adopted in the fields of aircraft
rudder, high–low drive of tank, continuous variable transmission, feed of high-grade
numerical control machines, swing arm of a welding robot and other fully electromechanical
equipment at home and abroad [3–7].

The important points found in the research are that the meshing contact state of PRSM
determines the transmission performance of the mechanism, and its dynamic response
characteristics reflect the quality of the contact state of the system. In recent years, the re-
search on PRSM has mainly focused on contact characteristics, load distribution, kinematic
analysis and dynamics.

The contact state of PRSM refers to the deformation of thread teeth under load and the
position of the contact point. Liu et al. analyzed the theoretical position of the contact point
based on the helical surface equation and the meshing equation between two threaded
surfaces and compared the change of the contact position when the roller is in a different
tooth profile [8,9]. Based on the study of thread contact characteristics, Ma et al. optimized
the meshing clearance by optimizing structural parameters and calculated the size and
principal curvature direction of the contact ellipse at the contact point according to the
principle of differential geometry. Moreover, the contact characteristics of the contact
surface between the screw and the roller or between the roller and the nut under the joint
action of normal pressure and tangential friction are analyzed, and two different contact
states are obtained [10–12]. Hojjat et al. revealed the influence law of the roller thread
direction on the rolling and sliding phenomenon in the motion through the analysis of
the stress state of the roller and verified it with experiments [13]. Jones et al. established
the analytical meshing model of PRSM by using the tangent contact condition of the
curved surface and calculated the contact positions between the screw-roller and nut-roller
interfaces. Then, the load-bearing thread is discretized into spring group, and the load
distribution is proposed by the direct stiffness method [14,15]. Sandu et al. deduced
the thread surface equation when the thread section of the component in PRSM is plane,
convex and concave, and calculated the meshing point position between the contact threads
considering the axial clearance. Further, the geometric shape and size of the contact ellipse
on the screw side were obtained by solving the generalized equations. On this basis,
an analytical model for solving the sliding velocity at any point in the contact area was
established and compared with the experimental results [16,17].

In addition, the research results of Vahid et al. show that thread pair errors and friction
are the main factors leading to vibration [18]. Jones et al. discussed the relationship between
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the relative sliding distance and the lead considering the axial deflection of the roller.
Jones et al. established the rigid body dynamic model of PRSM and calculated the angular
velocity, angular acceleration and rolling sliding velocity at the contact point, respectively.
The model mentioned can accurately simulate the motion state of PRSM through steady-
state and transient kinematic analysis [19,20]. Abevi et al. described the load distribution
model by taking the interaction between the thread tooth as beam, the rod and the nonlinear
spring element, and conducted an experimental study on the load distribution state between
the rollers [21,22]. Ma et al. set up a bond graph dynamic model considering the clearance,
friction, deformation and error, focusing on the influence of PRSM friction characteristics
on dynamic performance [23]. Guo et al. proposed the dynamic modeling method of PRSM
when considering the thread contact stiffness, analyzing the influence of the change of
contact angle under different roller radii and the change of roller radius under different
contact angle on the contact stiffness [24]. Wu et al. suggested that the lumped mass
method can be used to establish the pure torsional model of PRSM. Based on the dynamic
differential equations, the relationship between the natural frequency and the number
of rollers is discussed, and it is concluded that there are two typical vibration modes of
the PRSM [25]. After researching the dynamic behavior of PRSM under light load and
heavy load, Fu et al. pointed out that the error is the main reason for the difference of
contact state and the uncoordinated motion of multiple rollers [26,27]. By using equivalent
load and deformation to equivalent axial load, Du et al. established a mechanical model
considering the machining error and radial force. Meanwhile, machining errors were shown
to increase the unevenness of the load distribution and consequently reduce the lifespan
of PRSM [28]. Based on the influence law of the machining error on lifespan proposed in
Ref. [28], Lepagneul et al. proposed a fatigue life design strategy suitable for standard and
inverted PRSM according to the Hertz contact model. Additionally, the loading range of
infinite life of the mechanism is deduced by using the Dang van criterion [29]. The models
mentioned above on meshing characteristics, kinematics and dynamics were simplified,
and there is a lack of generality of the model, which cannot reveal the motion characteristics
of the two types of meshing pairs during synchronous meshing, nor reflect the relationship
between the meshing pairs and the vibration characteristics of the PRSM.

In order to improve the dynamic transmission performance of PRSM, this paper
mainly carries out the dynamic modeling when two pairs are in contact at the same time
and the analysis of vibration characteristics. This paper proposes a general bending-
torsional coupling dynamic model of PRSM by using the lumped mass method. In the
model, each component is regarded as a lumped mass, and the spring element is used to
represent the meshing relationship between components. The whole PRSM transmission
system is regarded as a spring-mass system. First, according to the derivation of relative
displacement between components, the dynamic differential equations of the system are
derived based on Newton’s second law. Second, the stiffness parameters, such as thread
contact stiffness, meshing stiffness, bending stiffness and torsional stiffness, are introduced,
which are calculated by the analytical method and finite element method. Then, the natural
vibration characteristics of the PRSM are analyzed, and four vibration forms according to
the bending-torsional coupling dynamic model are summarized: carrier mode, torsional
mode, transverse mode and roller mode. Finally, the correctness of the bending-torsional
coupling dynamic model proposed is verified from three aspects. This provides guidance
for improving the comprehensive dynamic performance of PRSM.

2. Bending-Torsional Coupling Dynamic Model
2.1. Modeling

In this paper, two different coordinate systems are used for modeling. One is the
overall coordinate system of PRSM, which is also the fixed coordinate system of the screw,
ring gear, nut and carrier. The other group is the local rotating coordinate system of the
roller, which is convenient to describe the roller position with a constant angle value. As
shown in Figure 2, the coordinate origin of the coordinate system o-xyz is fixed on the axis
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of the screw, which does not rotate with the rotation of the carrier, and the x direction points
to the static balance position of the first roller. The coordinate origin of the local rotating
coordinate system oRi-xRiyRizRi (i = 1, 2, . . . , N) is located on the axis of the i-th roller and
rotates at a constant speed with the carrier, so as to ensure that the zRi axis always points to
the axis direction of roller i and coincides with its rotation. Meanwhile, the dynamic model
of the rollers is established in the local rotating coordinate system.
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The following assumptions are adopted in the modeling: (1) The multi-point contact
between the thread pairs in the PRSM is regarded as line contact; (2) The meshing relation-
ship between threads is simplified as a spring element in the tangential direction at the
contact point [21,22], and the stiffness of the spring is the contact stiffness of the thread;
(3) It is considered that the mass and moment of the inertia of each roller are equal, and they
are evenly distributed around the screw; (4) The thread contact stiffness of each roller with
the screw and nut, as well as the meshing stiffness with the ring gear, are equal, respectively,
and there is only a phase difference; (5) The bending stiffness of the screw, nut and ring
gear in x and y directions is equal.

The bending-torsional coupling dynamic model of PRSM shown in Figure 3 θj (j = s, r,
n, Ri, c) is the angular displacement of screw, ring gear, nut, roller and carrier due to system
vibration. Components with such degrees of freedom include the screw, carrier, ring gear,
nut and N rollers, and the number of torsional degrees of freedom is n + 4; xj, yj is the
displacement of the center of mass of the components along the x and y directions, and there
are six translational degrees of freedom. Therefore, the lumped mass dynamic model of
PRSM in this paper contains a total of (n + 10) degrees of freedom. The meshing relationship
between the screw and the roller is described by the spring element KsR. Similarly, the
spring elements KrR and KnR are used to represent the meshing relationship between the
roller and the ring gear, as well as between the roller and the nut, respectively; Ksx and Ksy
is the bending stiffness of the screw in two directions, as shown in Table 1.

Table 1. The definition of parameters.

Symbol Description

θj (j = s, r, n, Ri, c) Angular displacement of screw, ring gear, nut, roller, carrier
n + 4 The number of torsional degrees of freedom

6 The number of translational degrees of freedom
KsR Thread meshing stiffness between screw and roller
KrR Spur gear meshing stiffness between ring gear and roller
KnR Thread meshing stiffness between nut and roller
Ksx Bending stiffness of the screw in x direction
Ksy Bending stiffness of the screw in y direction
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2.2. Relative Displacement

According to assumptions (1) and (2), in order to facilitate the derivation of relative
displacement, Equations (1)–(5) can be used to convert the torsional angle displacement
of screw, ring gear, nut, roller and carrier into tangential line displacement around their
respective axis of contact point position.

us = rs0 · θs (1)

ur = rr0 · θr (2)

un = rn0 · θn (3)

uRi = rR0 · θRi (4)

uc = rc0 · θc (5)

where rs0, rn0 and rR0 are the nominal radii of the screw, nut and roller, respectively; rr0 is
the pitch circle radius of the ring gear; rc0 is the nominal radius of the carrier, which can be
expressed by

rc0 = rs0 + rR0 (6)

When the PRSM is loaded, the contact force between the thread teeth follows the
normal direction of its spatial helical surface, which can be divided into three directions.
The forces state of thread pairs as shown in Figure 4: Fxa is the axial force, Fxt is the
tangential force of the normal load, and Fxr is the radial force. βs is the helix angle of the
screw, βn is the helix angle of the nut, αsc is the normal contact angle between the screw
and the roller, αnc is the normal contact angle between the screw and the roller.

2.2.1. Roller-Screw

As shown in Figure 5, the contact position relationship between the screw and the
roller is shown. The relative displacement between the screw and the roller can be obtained
by projecting the vibration displacement of the screw and the roller to the tangent direction
of the contact point on the roller–screw contact side. The projection of the line displacement
xs and ys of the center of mass of the screw to the tangent direction of the contact point is
−xs · sin φsi and −ys · cos φsi. Its torsional linear displacement is us. Similarly, the torsional
linear displacement of the roller is uRi. Therefore, the projection of the relative displacement
on the roller–screw contact side can be written as

δsRi = (ys cos φsi − xs sin φsi + us + uRi) cos βs (7)
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φsi = αsc − φi (8)

where αsc is the contact angle on the roller–screw contact side; βs is the helix angle of the
screw; φi is the included angle between the connecting line, which consists of the axis of
the i-th roller and the coordinate origin, and the positive direction of the x. It is also the
phase angle of the i-th roller, which can be expressed as

φi = 2π(i− 1)/N (9)
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Figure 5. Contact position between the screw and the i-th roller.

2.2.2. Roller-Ring Gear

The relative position relationship between the ring gear and the i-th roller in the
meshing state is shown in Figure 6. It is assumed that the displacement is positive when the
spring produces compression deformation, which is equivalent to the meshing relationship
between the ring gear and the roller. −xr · sin φri and yr · cos φri, respectively, represent the
projection of the line displacement of the center of mass of the ring gear along the line of
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action. −uRi is the projection of the torsional line displacement of the roller. The relative
vibration displacement projection can be expressed by

δrRi = yr cos φri − xr sin φri + ur − uRi (10)

φri = αr + φi (11)

where αr is the contact angle of the ring gear.
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2.2.3. Roller-Nut

Figure 7 shows the contact position relationship between the roller and the nut. The
relative displacement can be obtained by projecting the displacement between the roller
and the nut to the tangent direction of the contact point. The projection of the transverse
line displacement xn and yn of the center of mass of the nut is −xn · sin φni and yn · cos φni,
respectively, and its torsional line displacement is un. The relative displacement δnRi on the
roller–nut contact side can be described as

δnRi = (yn cos φni − xn sin φni + un − uRi) cos βn (12)

φni = αnc + φi (13)

where αnc is the contact angle on the roller–nut contact side. βn is the helix angle of the nut.
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Figure 7. Contact position between the nut and the i-th roller.

2.3. Dynamic Differential Equations

It can be seen from Figure 4 that t the x direction is the direction of axial force, and the
y axis coincides with the radial force direction. Additionally, the projection relationship
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between the contact force and any of the other three directional forces can also be obtained.
According to the motion principle of the PRSM and the bending-torsional coupling dynamic
model proposed in this paper, the dynamic differential equations of each main component,
which includes the screw, ring gear, nut, roller and carrier, can be deduced based on
Newton’s second law.

ms
..
xs + Ksxxs +

N
∑

i=1
KsRi(ys cos φsi − xs sin φsi + us + uRi) cos βs sin φsi cos βs = 0

ms
..
ys + Ksyys −

N
∑

i=1
KsRi(ys cos φsi − xs sin φsi + us + uRi) cos βs cos φsi cos βs = 0

meq,s
..
us + Ksuus −

N
∑

i=1
KsRi(ys cos φsi − xs sin φsi + us + uRi) cos βs cos βs = 0

(14)



mr
..
xr + Krxxr +

N
∑

i=1
KrRi(yr cos φri − xr sin φri + ur − uRi) sin φri = 0

mr
..
yr + Kryyr −

N
∑

i=1
KrRi(yr cos φri − xr sin φri + ur − uRi) cos φri = 0

meq,r
..
ur + Kruur −

N
∑

i=1
KrRi(yr cos φri − xr sin φri + ur − uRi) = 0

(15)



mn
..
xn + Knxxn +

N
∑

i=1
KnRi(yn cos φni − xn sin φni + un − uRi) cos βn sin φni cos βn = 0

mn
..
yn + Knyyn −

N
∑

i=1
KnRi(yn cos φni − xn sin φni + un − uRi) cos βn cos φni cos βn = 0

meq,n
..
un + Knuun −

N
∑

i=1
KnRi(yn cos φni − xn sin φni + un − uRi) cos βn cos βn = 0

(16)



meq,R1
..
uR1 − KsR1(ys cos φs1 − xs sin φs1 + us + uR1) cos βs cos βs

−KrR1(yr cos φr1 − xr sin φr1 + ur − uR1)
−KnR1(yn cos φn1 − xn sin φn1 + un − uR1) cos βn cos βn = 0

...
meq,Ri

..
uRi − KsRi(ys cos φsi − xs sin φsi + us + uRi) cos βs cos βs

−KrRi(yr cos φri − xr sin φri + ur − uRi)
−KnRi(yn cos φni − xn sin φni + un − uRi) cos βn cos βn = 0

(17)

Jc +
N
∑

i=1
mRir2

c

r2
c0

..
uc + Kcuuc = 0 (18)

where N is the number of rollers; ms, mr, mn, mRi represent the mass of the screw, ring gear,
nut and roller, and meq,s, meq,r, meq,n, meq,Ri are their equivalent mass, respectively. Kjq (j =
s, r, n, Ri, c) (q = x, y) (i = 1, 2, . . . , N) is the bending stiffness; Kju is the torsional stiffness;
KjRi is the meshing stiffness between the component and the i-th roller; uj (j = s, r, n, Ri, c)
is the tangential displacement; Jc and rc are the moment of inertia and nominal radius of
the carrier.

The matrix form of the dynamic differential equations can be written as

M ·
..
δ + (Kb + Km) · δ = 0 (19)

where M is the mass matrix; δ is the displacement matrix; Kb are Km the support stiffness
matrix and meshing stiffness matrix, respectively. The specific parameters of the δ, M, Kb
and Km are shown in Equations (20)–(34).

δ = [xs, ys, us, xr, yr, ur, xn, yn, un, uR1, · · · , uRN , uc]
T (20)
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M = diag

ms, ms, meq,s, mr, mr, meq,r, mn, mn, meq,n, meq,R1, · · · , meq,RN ,
Jc +

N
∑

i=1
mRir2

c0

r2
c0

 (21)

Kb = diag
[
Ksx, Ksy, Ksu, Krx, Kry, Kru, Knx, Kny, Knu, 0, · · · , 0, Kcu

]
(22)

Km =



ks k0 k0 ks1 · · · ksN o1
kr k0 kr1 · · · krN o1

kn kn1 · · · knN o1
kR1 · · · 0 0

. . .
...

...
symmetric kRN 0

0


(23)

where

ks =


−

N
∑

i=1
KsRi sin2 φsi cos2 βR

N
∑

i=1
KsRi cos φsi sin φsi cos2 βR

N
∑

i=1
KsRi sin φsi cos2 βR

−
N
∑

i=1
KsRi cos2 φsi cos2 βR −

N
∑

i=1
KsRi cos φsi cos2 βR

symmetric −
N
∑

i=1
KsRi cos2 βR

 (24)

kr =


−

N
∑

i=1
KrRi sin2 φri

N
∑

i=1
KrRi cos φri sin φsi

N
∑

i=1
KrRi sin φri

−
N
∑

i=1
KrRi cos2 φsi −

N
∑

i=1
KrRi cos φri

symmetric −
N
∑

i=1
KrRi

 (25)

kn =


−

N
∑

i=1
KnRi sin2 φni cos2 βR

N
∑

i=1
KnRi cos φni sin φni cos2 βR

N
∑

i=1
KnRi sin φni cos2 βR

−
N
∑

i=1
KnRi cos2 φni cos2 βR −

N
∑

i=1
KnRi cos φni cos2 βR

symmetric −
N
∑

i=1
KnRi cos2 βR

 (26)


kR1 = kR1(1) + kR1(2) + kR1(3)
...
kRN = kRN(1) + kRN(2) + kRN(3)

(27)

k0 =

 0 0 0
0 0 0
0 0 0

 (28)

o1 =

 0
0
0

 (29)
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ks1 =

 KsR1 sin φs1 cos2 βR
−KsR1 cos φs1 cos2 βR
−KsR1 cos2 βR


...

ksN =

 KsRN sin φsN cos2 βR
−KsRN cos φsN cos2 βR
−KsRN cos2 βR


(30)



kr1 =

 −KrR1 sin φr1
KrR1 cos φr1

KrR1


...

krN =

 −KrRN sin φrN
KrRN cos φrN

KrRN


(31)



kn1 =

 −KnR1 sin φn1 cos2 βR
KnR1 cos φn1 cos2 βR

KnR1 cos2 βR


...

knN =

 −KnRN sin φnN cos2 βR
KnRN cos φnN cos2 βR

KnRN cos2 βR


(32)

kR1 = −KsR1 cos2 βR + KrR1 + KnR1 cos2 βR (33)

kRN = −KsRN cos2 βR + KrRN + KnRN cos2 βR (34)

2.4. Parameters
2.4.1. Mass

As the torsional angular displacement is converted to the linear displacement, it
indicates that the equivalent mass can be calculated in Equation (35):

meq,j =
Jj

r2
j0
(j = s, r, n, Ri)(i = 1, 2, . . . , N) (35)

where Jj is the moment of inertia of component j. For the ring gear, rj0 is the radius of pitch
circle; for the screw, nut and roller, rj0 is the nominal radius.

2.4.2. Contact Stiffness of Thread

The working load of PRSM is mainly the axial load, which realizes the bearing and
power transmission through thread surface contact. It is obvious that the deformation of
the screw, roller and nut after bearing is the main factor affecting the stiffness of the thread.
In this paper, it is assumed that the axial load of PRSM is evenly distributed among each
thread, and the thread contact stiffness is defined as the ratio of the load at the contact
point to the contact deformation. According to the Hertz contact theory, the normal contact
deformation on the roller–screw contact side or the roller–nut side can be given by [30]

δjRn =
2K(e)
πma

·
[

3FnE′

2∑ ρ

] 2
3

· ∑ ρ

2
(j = s or n) (36)

where K(e) is the first kind of elliptic integral, and e is the eccentricity; Σρ is the sum of
the principal curvatures of the contact component; Fn is the normal contact force; E′ is the
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equivalent elastic modulus, which can be expressed by Equations (37) and (38); ma is the
function of the principal curvature F(ρ), which can be obtained by [31]

Fn =
Fa

cos βR · sin λ
(37)

E′ =
1−µ2

R
ER

+
1−µ2

j

Ej
(38)

F(ρ) =

∣∣(ρjj − ρjR
)
+
(
ρRj − ρRR

)∣∣
∑ ρ

(39)

where Fa is the axial contact force; βR is the helical angle of the roller; λ is the flank angle of
the thread; µR and ER are the Poisson’s ratio and elastic modulus of the roller; µj and Ej are
the material parameters of the screw or nut, respectively.

The magnitude of the principal curvature on the roller–screw side and on the roller–nut
side can be described as

ρss =
1
R

, ρsR =
1
R

(40)

ρRs= 0, ρRR =
2 cos λ

dc − 2R cos λ
(41)

ρnn =
1
R

, ρnR =
1
R

(42)

ρRn= 0, ρRR =
−2 cos λ

dc + 2R cos λ
(43)

where λ is the flank angle of the thread; dc is the nominal diameter of the carrier; R is the
equivalent spherical radius, which can be written as

R =
dR

2 sin α
(44)

where dR is the nominal diameter of the roller; dc is also the revolution diameter of the
roller, which can be expressed as dc = ds + dR.

The axial contact deformation can be expressed by

δjRa = δjRn · cos βR · sin λ (45)

where δjRn is the normal contact deformation; βR is the helical angle of the roller; λ is the
flank angle of the thread.

When the threads mesh with each other, the normal contact stiffness and axial contact
stiffness can be calculated with respect to the load and the deformation.

KjRn =
Fn

cos βR · sin λ · δjRn
(46)

KjRa =
Fa

δjRa
(47)

where Fa is the axial contact force; KjRn and KjRa are normal contact stiffness and axial
contact stiffness, respectively.

2.4.3. Meshing Stiffness

The dynamic model of PRSM proposed is a concentrated mass model, which does
not consider the distribution of the load along the tooth width direction. Therefore, the
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meshing stiffness in this paper refers to the meshing stiffness of the full tooth width. The
stiffness of a pair of teeth can be given by [32]

K = K′CMCRCB cos β (48)

where CM is the correction factor, CR is the structure factor; CB is the profile coefficient.
Generally, CM = 0.8, CR = 1, CB = 1. β is the helical angle of gear; K′ is the theoretical value
of stiffness of a pair of teeth, which can be expressed as

K′ =
1
q′

(49)

q′ = 0.04723 + 0.15551
zn1

+ 0.25791
zn2
− 0.00635x1 − 0.11654 x1

zn1
∓0.00193x2 ∓ 0.24188 x2

zn2
+ 0.00529x2

1 + 0.00182x2
2

(50)

where q′ is the minimum value of gear flexibility, and its unit is (mm·µm)/N; zn1 and
zn2 are the equivalent number of teeth of pinion and large gear; x1 and x2 are the normal
modification coefficients of pinion and large gear, respectively.

2.4.4. Bending Stiffness and Torsional Stiffness

The bending deformation and torsional deformation of the screw, roller, ring gear and
nut are calculated by Ansys. When calculating the deformation, the boundary condition
of the force is to couple each node of the loading surface with the center node of the face.
Radial load Fr = 4000 N and torque T = 84 N·m are, respectively, applied to the central
node when necessary. The displacement boundary conditions were set to impose fixed
constraints on one end of the component. The scale of the finite element model is shown in
Table 2.

Table 2. The scale of the finite element model.

Name Number of Nodes Number of Finite Elements

Screw 129,243 714,408
Roller 8090 34,918
Nut 203,766 772,994

Ring gear 20,306 96,336
Carrier 5576 22,881

Due to the action of gravity or radial load Fr, the bending deformation will occur
on the component that is placed horizontally, and the bending stiffness can be written as
Ref [33]. The torsional stiffness of each component can be calculated by Equation (52).

Kjx(jy) =
Fr

tan λ · ∆y
(51)

Kju =
T · rj

∆y
(52)

where Fr is the radial load; λ is the flank angle; T is the torque; rj is the nominal radius of
the component.

The bending deformations of the screw, roller, ring gear and nut under radial load are
shown in Figure 8a–d; Figure 9a–d shows the torsional deformation of the screw, carrier,
ring gear and nut when subjected to torque.
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3. Natural Vibration Characteristics

In this paper, the influence of gyroscopic effect and friction force during thread mesh-
ing is ignored in the analysis of natural vibration characteristics. The structural parameters
are shown in Table 3, and the calculation results of the mass and stiffness parameters of
each component are shown in Table 4. Analyzing the natural vibration characteristics of the
system can be transformed into solving the solution of undamped free vibration equations.
The solution method is shown in Equation (55).

ω2
i ·M ·ϕi = (Kb + Km)ϕi (53)(
Kb + Km −ω2

i M
)

ϕi = 0 (54)∣∣∣Kb + Km −ω2
i M
∣∣∣ = 0 (55)

where ωi is the i-th natural frequency; ϕi is the i-th eigenvector corresponding to the i-th
vibration mode; M is the mass matrix, which can be expressed by Equation (21); Kb and Km
are the stiffness matrix, and the specific expression is shown in Equations (22)–(34).

Table 3. Structural parameters of PRSM.

Parameters
Name

Units Screw Roller Nut

Nominal diameters mm 24 8 40
Major diameter mm 24.65 8.8 39.26
Minor diameter mm 22.5 6.95 41.05

Pitch mm 2 2 2
Number of starts — 5 1 1

Helical angle ◦ 7.55 4.55 4.55
Flank angle ◦ 45 45 45

Roller profile radius mm — 4.956 —

Gear

Number of teeth — — 16 80
Tooth width mm — 10 10

Modulus — — 0.5 0.5
Modification coefficients — — 1 1

Dedendum — — 0.6 0.6
Pressure angle ◦ — 20 20
Helical angle ◦ — 0 0

Table 4. Stiffness parameters of PRSM.

Parameters Units Screw Roller Nut Ring Gear Carrier

Mass kg 1.265 0.0326 2.159 0.112 0.023
Moment of inertia kg·m2 1.822 × 10−4 5.216 × 10−7 8.636 × 10−4 4.48 × 10−5 5.888 × 10−6

Torsional stiffness N·m/rad 6.241 × 104 — 9.359 × 106 3. 380 × 106 6.983 × 106

Bending stiffness N/m 3.571 × 105 2.199 × 105 2.228 × 108 4.160 × 109 —
Thread contact stiffness N/m 2.078 × 108 — 2.198 × 108 — —

Meshing stiffness N/m — — — 2.464 × 108 —

The bending-torsional coupling dynamic model proposed by the lumped mass method
is universal for the system that can meet the assembly conditions of PRSM. According to
the structural parameters provided in Table 3, when the number of rollers is 7, 8, 9, 10, 11
and 12, respectively, the natural frequencies can be obtained by means of looking for zeros
of the characteristic determinant in Equation (55). Table 5 shows the number of natural
frequencies and the order of natural frequency corresponding to different multiple roots
when the number of rollers is different.
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Table 5. Natural frequency of PRSM.

Number of
Rollers

(N)

Multiple Roots (m) Number of
Rollers

(N)

Multiple Roots (m)

m = 1 m = 2 m = N − 3 m = 1 m = 2 m = N − 3

7

834 2995 14,801

10

708 3706 14,081
4312 5712 5129 6977
5151 12,569 6131 11,584

18,047 28,406 18,648 27,525
22,308 26,055

8

785 3248 14,081

11

677 3917 14,801
4602 6148 5371 7380
5499 12,269 6421 11,215

18,268 28,104 18,815 27,248
23,637 27,169

9

743 3485 14,801

12

650 4117 14,801
4874 6567 5601 7780
5824 11,945 6697 10,808

18,466 27,811 18,971 26,979
24,881 28,233

It can be seen from Table 5 that there is a certain mapping relationship between the
natural frequency and the number of multiple roots [19]. When m = 1 and m = 2, the change
of the number of rollers will not affect the number of natural frequencies, but only its value;
when m = N − 3 (N > 3), the change of the number of rollers only affects the change of the
number of natural frequencies, but it does not affect the value.

By solving the eigenvalue of Equation (53), the vibration modes of each order of
PRSM with N rollers and meeting the assembly conditions can be obtained [33]. Taking
the number of rollers N = 7 as an example, the natural frequency and vibration modes of
PRSM based on bending-torsional coupling dynamic model are solved, as shown in Table 6.
(1) Under the first natural frequency with m = 1, there is only torsional vibration of the
carrier. Therefore, according to the characteristics of its vibration mode, it is defined as the
carrier mode; under other natural frequencies with m = 1, the vibration modes of the screw,
ring gear and nut are torsional vibrations, and there is no vibration in the x direction and
y direction. The vibration modes of all rollers are torsional vibrations, and the modes are
the same, and thus, it should be defined as the roller mode. (2) Among the four vibration
modes corresponding to the natural frequency with m = 2, the screw, ring gear and nut
appear transverse vibration in the x and y directions without torsional vibration. Each roller
does complex torsional vibration, and the vibration state is different. These four vibration
modes can be attributed to the transverse mode. (3) In the vibration mode corresponding
to the natural frequency with m = N − 3 (N > 3), there is only torsional vibration of the
roller, and therefore, it is known as the roller mode.

3.1. Carrier Mode

The characteristics of the mode shapes of the carrier mode are as follows:

(1) The multiple root m = 1;
(2) There is no torsional vibration and transverse vibration of the screw, ring gear and

nut;
(3) The vibration state of each roller is the same: ϕRiu = ϕR1u = 0, i = 1, 2, . . . , N.
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Table 6. Vibration modes of PRSM with 7 rollers.

Natural
Frequency (f )

834 4312 5151 18,047 22,308 2995 5712 12,569 28,406 14,081
(m = 1) (m = 1) (m = 2) (m = N − 1)

Vibration
modes

ϕsx 0 0 0 0 0 −0.45 −0.02 −0.02 −0.02 0
ϕsy 0 0 0 0 0 −0.05 0.73 0.22 0.007 0
ϕsu 0 −0.85 0.17 −0.18 0.04 0 0 0 0 0

ϕrx 0 0 0 0 0 0.02 0.21 −0.77 −1.08 0
ϕry 0 0 0 0 0 0.04 −0.10 0.43 −2.63 0
ϕru 0 −0.29 0.34 1.03 −2.77 0 0 0 0 0

ϕnx 0 0 0 0 0 0.06 0.31 0.14 0.005 0
ϕny 0 0 0 0 0 0.58 −0.01 −0.011 −0.01 0
ϕnu 0 −0.15 −0.66 0.10 −0.03 0 0 0 0 0

ϕR1u 0 −0.31 0.32 1.88 0.77 −0.11 0.67 −2 −0.66 3.12
ϕR2u 0 −0.31 0.32 1.88 0.77 0.04 0.91 −2.60 0.06 −3.33
ϕR3u 0 −0.31 0.32 1.88 0.77 0.15 0.46 −1.24 0.73 −0.07
ϕR4u 0 −0.31 0.32 1.88 0.77 0.15 −0.33 1.05 0.85 2.63
ϕR5u 0 −0.31 0.32 1.88 0.77 0.04 −0.88 2.55 0.33 −1.34
ϕR6u 0 −0.31 0.32 1.88 0.77 −0.11 −0.76 2.13 −0.44 −0.86
ϕR7u 0 −0.31 0.32 1.88 0.77 −0.17 −0.07 0.10 −0.88 −0.15
ϕcu 1.984 0 0 0 0 0 0 0 0 0

Assuming that the natural frequency isωi, the mode shapes of the carrier mode can
be expressed by

ϕi = ϕcu (56)

Equation (54) can be simplified based on Equation (56):Kcu −ω2
i ·

Jc +
N
∑

i=1
mRir2

c0

r2
c0

ϕcu = 0 (57)

The natural frequency of the carrier mode can be written as

ωi =

√√√√√√ Kcu · r2
c0

Jc +
N
∑

i=1
mRir2

c0

(58)

From the analytic expression of natural frequency, it can be seen that the natural
frequency of the carrier mode is related to the moment of inertia, nominal radius, torsional
stiffness of the carrier and the mass of the roller. There is only one natural frequency
corresponding to this vibration mode. It is found that the number of rollers N will not
affect the number of natural frequencies but only the value of natural frequencies.

3.2. Torsional Mode

The mode shapes of the torsional mode have the following characteristics:

(1) The multiple root m = 1;
(2) The vibration state of each roller is the same: ϕRiu = ϕR1u = 0, i = 1, 2, . . . , N;
(3) There is no transverse vibration of the screw, ring gear

and nut;
(4) The amplitude of the carrier in the torsional direction is zero.

The mode shapes of the carrier mode can be expressed by:

ϕi = [0, 0, ϕsu, 0, 0, ϕru, 0, 0, ϕnu, ϕR1u, · · · , ϕR1u, 0]T (59)
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Since the vibration state of each roller is the same, Equation (54) can be described as(
K
′
b + K

′
m −ω2

i M
′
)

ϕ
′
i = 0 (60)

where
ϕ
′
i = [ϕsu, ϕru, ϕnu, ϕR1u]

T (61)

K
′
b = diag[Ksu, Kru, Knu, 0] (62)

M
′
= diag

[
meq,s, meq,r, meq,n, meq,R1

]
(63)

K
′
m =


−ksR1 · cos2

βR
0 0 −ksR1 · cos2

βR

0 −krR1 0 krR1
0 0 −knR1 · cos2

βR
knR1 · cos2

βR

−ksR1 · cos2
βR
−krR1 −knR1 · cos2

βR
−ksR1 · cos2

βR
+krR1 + knR1 · cos2

βR

 (64)

The natural frequency and mode shapes under the torsional mode can be obtained
quickly based on the simplified lower-order matrix. It can be seen from Equations (61)–(64)
that there are four natural frequencies in the torsional mode, and the number of natural
frequencies will not change with the number of rollers, but only the value will change. It is
also found that the moment of inertia of the screw, ring gear, nut, carrier and roller will
affect the natural frequency.

3.3. Transverse Mode

The mode characteristics of the transverse mode are as follows:

(1) The multiple root m = 2;
(2) There is a proportional relationship between the torsional mode shapes of each roller:

ϕRiu = ξi ϕR1u, i = 1, 2, . . . , N;
(3) The amplitude of the screw, ring gear, nut and carrier in the torsional direction is zero.

The mode shapes of the transverse mode can be expressed as

ϕi =
[
ϕsx, ϕsy, 0, ϕrx, ϕry, 0, ϕnx, ϕny, 0, ϕR1u, · · · , ξi ϕR1u, 0

]T (65)

N

∑
i=2

ξi + 1 = 0 (66)

Substituting Equations (65) and (66) into Equation (54) can obtain a simpler eight-
dimensional matrix, and its formula is shown as(

K”
b + K”

m −ω2
i M”

)
ϕ”

i = 0 (67)

ϕ”
i =

[
ϕsx, ϕsy, ϕrx, ϕry, ϕnx, ϕny, ϕR1u, ϕR2u

]T (68)

M” = diag
[
ms, ms, mr, mr, mn, mn, meq,R1, meq,R2

]
(69)

K”
b = diag

[
Ksx, Ksy, Krx, Kry, Knx, Kny, 0, 0

]
(70)

K”
m =


k
′
s k

′
0 k

′
0 k

′
s1,2

k
′
r k

′
0 k

′
r1,2

k
′
n k

′
n1,2

k
′
1,2

 (71)
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where

k
′
s = k

′
s(1) + k

′
s(2)

k
′
s(1) =

[
−KsR1 sin2 φs1 cos2 βR KsR1 cos φs1 sin φs1 cos2 βR

symmetric −KsR1 cos2 φs1 cos2 βR

]
k
′
s(2) =

[
−KsR2 sin2 φs2 cos2 βR KsR2 cos φs2 sin φs2 cos2 βR

symmetric −KsR2 cos2 φs2 cos2 βR

] (72)

k
′
r = k

′
r(1) + k

′
r(2)

k
′
r(1) =

[
−KrR1 sin2 φr1 KrR1 cos φr1 sin φr1

symmetric −KrR1 cos2 φr1

]
k
′
r(2) =

[
−KrR2 sin2 φr2 KrR2 cos φr2 sin φr2

symmetric −KrR2 cos2 φr2

] (73)

k
′
n = k

′
n(1) + k

′
n(2)

k
′
n(1) =

[
−KnR1 sin2 φn1 cos2 βR KnR1 cos φn1 sin φn1 cos2 βR

symmetric −KnR1 cos2 φn1 cos2 βR

]
k
′
n(2) =

[
−KnR2 sin2 φn2 cos2 βR KnR2 cos φn2 sin φn2 cos2 βR

symmetric −KnR2 cos2 φn2 cos2 βR

] (74)

k
′
s1,2 =

[
KsR1 sin φs1 cos2 βR KsR2 sin φs2 cos2 βR
−KsR1 cos φs1 cos2 βR −KsR2 cos φs2 cos2 βR

]
(75)

k
′
r1,2 =

[
−KrR1 sin φr1 −KrR2 sin φr2
KrR1 cos φr1 KrR2 cos φr2

]
(76)

k
′
n1,2 =

[
−KnR1 sin φn1 cos2 βR −KnR2 sin φn2 cos2 βR
KnR1 cos φn1 cos2 βR KnR2 cos φn2 cos2 βR

]
(77)

k
′
1,2 =

[
−KsR1 cos2 βR + KrR1 + KnR1 cos2 βR 0

0 −KsR2 cos2 βR + KrR2 + KnR2 cos2 βR

]
(78)

Matrix k
′
0 is a second-order matrix whose elements are all zero. Equations (68)–(71)

show that the main factors affecting the natural frequency of the transverse mode, including
the mass and bending stiffness of the screw, ring gear and nut, the contact stiffness of the
thread, the meshing stiffness, along with the moment of inertia of the roller.

3.4. Roller Mode

The mode shape characteristics of the roller mode are as follows:

(1) The multiple root m = N − 3;
(2) There is no transverse vibration and torsional vibration of the screw, ring gear and

nut: ϕsx = ϕsy = ϕsu = ϕrx = ϕry = ϕru = ϕnx = ϕny = ϕnu = 0;
(3) The amplitude of the carrier in the torsional direction is zero: ϕcu = 0.
(4) The relationship between the mode shapes of each roller can be expressed as

ϕRiu = ξi ϕR1u (79)

N

∑
i=2

ξi = 0 (80)

The mode shapes of the roller mode can be described as

ϕi = [0, 0, 0, 0, 0, 0, 0, 0, 0, ϕR1u, · · · , ξi ϕR1u, 0]T (81)
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Similarly, the sub eigenvalues corresponding to the roller mode can be obtained
through combining Equations (54) and (79)–(81):(

K”’
b + K”’

m −ω2
i M”’

)
ϕ”’

i = 0 (82)

where
ϕ”’

i = [ϕR1u, · · · , ξi ϕR1u]
T (83)

M”’ = diag
[
meq,R1, · · · , meq,Ri

]
(84)

K”’
b = diag[0, · · · , 0] (85)

K”’
m = diag

[
K”’

m(1) K”’
m(2) K”’

m(3)
]

(86)
K”’

m(1) = diag
[
−KsR1 · cos2 βR, · · · ,−KsRi · cos2 βR

]
K”’

m(2) = diag[KrR1, · · · , KrRi]
K”’

m(3) = diag
[
KnR1 cos2 βR, · · · , KnRi cos2 βR

] (87)

Equation (82) is simplified by substituting the specific parameter of each matrix
through Equations (83)–(87):(

−KsRi · cos2 βR + KrRi

+KnRi · cos2 βR −ω2
i ·

JRi
r2

Ri

)
· ξi ϕR1u = 0 (88)

The analytic expression of the natural frequency in the roller mode can be deduced:

ωi =

√
(−KsRi · cos2 βR + KrRi + KnRi · cos2 βR)r2

Ri
JRi

(89)

It is apparent from the analytic expression that the natural frequency of the roller
mode is related to the moment of inertia, helical angle, the contact stiffness and meshing
stiffness of the roller, but it is independent of the torsional stiffness and the number of
rollers. When the multiple root m = N − 3, the number of rollers does not have an effect on
the value of natural frequency but only the number of natural frequencies from Table 4,
which is consistent with the result of the analytical expression of natural frequency.

4. Verification

The influence for the change of roller radius on the thread contact stiffness is displayed
in Figure 10, where (a) is the effect of the roller radius on the thread contact stiffness under
the structural parameters of PRSM, as shown in Table 3; (b) is the law of influence under
the condition of Ref. [24]. It can be seen that the influence law of the roller radius on
the thread contact stiffness calculated by the model in this paper is in good agreement
with the law obtained from Ref. [24]. With the increase in roller radius, the thread contact
stiffness is also increasing, but the speed is gradually slower; under different contact angles,
when the roller radius increases to a certain range, it is almost impossible to change the
contact stiffness by changing the value of the roller radius. The value difference between
the two models is mainly due to the fact that the number of threads and design details of
the screw, roller and nut are not described in detail; consequently, this paper only compares
the trend phenomenon with the conclusion in Ref. [24]. The reason why the roller radius
affects the contact stiffness is that the selection of the roller radius is related to the design
of the roller thread profile [34]. When the roller radius is increased, the thread contact
curvature radius will increase synchronously, which further affects the improvement of
contact stiffness. According to the structural design principle of PRSM, the structural
parameters of the screw, roller and nut are closely related. The radius of the screw and nut
will increase with the growth of the roller radius, which will not only increase the thread
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contact radius but also improve body stiffness of the component and the overall stiffness of
PRSM.
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Figure 10. The influence of roller radius on contact stiffness. (a) Model in this paper (b) Model
in Ref. [24].

As shown in Figure 11a,b, the law for the change of contact angle on the contact
stiffness is displayed based on the model in this paper and in Ref. [24], respectively. It is
shown that when the rollers take different radii, the contact stiffness is enhanced with the
increase in thread contact angle, and the growth rate increases.
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Figure 11. The influence of contact angle on contact stiffness. (a) Model in this paper (b) Model
in Ref. [24].

According to the formula of contact stiffness, the contact angle is related to the contact
stiffness, and the natural frequency of the system will be affected by contact stiffness.
Further, the change of the contact angle will have an effect on its natural frequency. When
the nominal diameter of the roller is 8 mm, the influence trend of the change of thread
contact angle on the first-order natural frequency is obtained. As shown in Figure 12a,
the first natural frequency increases monotonically with the contact angle increasing. The
dynamic model of PRSM in Ref. [24] was established according to the finite element method.
On this basis, when the nominal diameter of the roller is 7 mm, the influence of the contact
angle on the first-order natural frequency is shown in Figure 12b. It is also indicated that
when the contact angle increases, the first-order natural frequency under the two dynamic
models shows a monotonic increasing trend, and its change rate gradually accelerates.
In general, the purpose of changing the first-order natural frequency of PRSM can be
achieved by reasonably changing the contact angle. The reason why the natural frequency
value shown in Figure 12a is significantly higher than that in Figure 12b is that the nominal
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diameter of the roller thread selected in this paper is larger than that in Ref. [24]. In addition,
the nominal diameter of the roller has a great influence on the first-order natural frequency,
which is consistent with the law under the roller mode.
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5. Conclusions

(1) This paper proposed a bending-torsional coupling dynamic model for the dynamic
characteristics PRSM based on the lumped mass method. The lumped mass of the
screw, ring gear, nut and roller, thread contact stiffness and meshing stiffness were
taken into account. In addition, the torsional vibration of the roller and the transverse
vibration of the screw, ring gear and nut became another key consideration.

(2) Based on the analysis of the contact point positions on the roller–screw side and
roller–nut side, the analysis method of the vibration displacement between the two
meshing parts of the PRSM was proposed. The projection and derivation progress of
the relative displacement between the screw and the roller, the roller and the nut, as
well as the roller and the ring gear, were mainly discussed. On this basis, the dynamic
differential equations of the screw, ring gear, nut, roller and carrier were derived to
form the multi degree of freedom differential equations of the PRSM. The calculation
methods of mass parameters, thread contact stiffness and meshing stiffness were also
discussed in detail.

(3) The natural vibration characteristics of the PRSM were studied according to the
bending-torsional coupling dynamical model proposed in this paper. With that,
four vibration modes and the main parameters affecting the vibration modes were
summarized. Then, the analytic expressions of natural frequency under the carrier
mode and the roller mode were deduced. The correctness of the bending-torsional
coupling model was verified from three aspects, which has great directive meaning for
further development of the structural design, vibration characteristics and dynamic
response of the PRSM.
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