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Abstract: This paper mainly focuses on the fixed-time consensus (FXC) control problem for nonlinear
multi-agent systems (MASs). For the cases of leader-following and leaderless, two adaptive discon-
tinuous protocols are designed, respectively, to realize our control goals. Common adaptive control
protocols always significantly increase the dimension of the considered system model, while the
protocols presented here only require two adaptive update laws and are therefore simpler to apply in
the engineering control. Moreover, no additional conditions are required to ensure that the system
can achieve FXC successfully, except for some necessary assumptions. Simulation examples also
illustrate that these two protocols are effective.

Keywords: leader-following multi-agent systems; leaderless multi-agent systems; fixed-time consensus;
adaptive discontinuous protocol

1. Introduction

MAS is important content in the field of artificial intelligence. It is an interdisciplinary
subject belonging to many fields such as computer, military, communication and con-
trol [1,2]. MAS has become an effective method and tool for analyzing, designing and
modeling complex systems in reality. Through the introduction of multi-agent cooperation
mechanism, a large-scale complex task can be completed by multiple simple agents, which
can save the cost and reduce the waste of resources to a greater extent compared with
highly intelligent agents. The consensus problem of MASs aims at guiding the states of
agents towards a common value by using local interactions. It is the key to studying the
cooperative and coordinated control of MAS. The formation problem of unmanned aerial
vehicle [3,4], the management of supply chain networks [5,6], the cooperation of social
networks [7], synchronization of smart power grid architectures [8], etc., are all based on
the consensus of MASs.

After decades of research, a variety of consensus forms have been derived, such as
asymptotic consensus [9,10], finite-time consensus [11–16] and FXC. Compared with the
other two forms, FXC not only has a fast convergence rate, but also has a settling time
that can be estimated by a uniform upper bound independent of the initial value of the
system. Therefore, the FXC of MASs has attracted much attention from many scholars.
At first, the focus was on linear MASs. For example, a time-based generator approach
was proposed in [17] to investigate both leaderless and leader-following practical FXC
for integrator-type linear MASs. In [18], Artstein–Kwon–Pearson reduction approach was
utilized to study the event-triggered FXC for linear MASs with input delay. By means
of the input shaping technique, Chen and Shan [19] designed a novel simple fixed-time
protocol for the linear double-integrator MASs. Sliding mode protocol based on distributed
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observers was presented in [20] to solve the FXC tracking control for the second-order
MASs under directed communication topology.

However, most coupled dynamical systems in nature, physics, economy, and society
are nonlinear. Because of this, nonlinear MASs should be the main research object. Based
on event-triggered strategies, FXC protocols were presented for both the centralized and
the distributed consensus of nonlinear MASs in [21]. In [22], the authors considered the
FXC problem for nonlinear MASs with general time-varying topologies and stochastically
switching topologies via appropriate nonlinear control protocols. Some discontinuous
control protocols were developed in [23] to investigate the fixed-time bipartite consensus
issue for nonlinear disturbed MASs. By means of an observer-based decentralized controller,
ref. [24] addressed the FXC tracking problem for nonlinear second-order MASs under
directed topology.

Generally speaking, a FXC control protocol for nonlinear MASs often contains multiple
power state feedbacks. Although this control strategy could drive the system to the ultimate
goal, the control tradeoff and cost may be bound to be high. As an economical and effective
control method, adaptive protocols are widely exploited in the consensus control of MASs.
This is because the structure of the adaptive control method can be adjusted in real time
according to the current operating state of the system. Actually, owing to the superiority,
many adaptive control protocols have been employed in FXC of MASs [25–31]. In [25],
distributed node-based adaptive control protocols were used to study the fixed-time leader-
following and containment consensus for MASs. By presenting distributed observers,
ref. [26] studied the adaptive FXC tracking problem for uncertain MASs with output
constraints. In [27], the FXC tracking for the MASs with discontinuous dynamics was
solved, in which all the control gains adopt an adaptive strategy. By employing fixed-time
control and neural networks, an adaptive fixed-time control approach was developed
in [28]. A novel adaptive fixed-time controller was designed in [29,30] by combining the
Lyapunov stability theory. In [31], an adaptive controller was designed to ensure the
FXC by introducing fuzzy logic system and a backstepping technique. It must be pointed
out that the adaptive protocols used above significantly increase the dimension of the
system model. Each agent or each edge of the system was assigned to at least one adaptive
update law. Therefore, the design of these control protocols will increase the complexity
of theoretical analysis and numerical simulation, and will also bring more restrictions to
engineering applications. Can a class of simple control protocol based on fewer adaptive
update laws be designed to achieve FXC of MASs? This is a problem worth pondering
and challenging.

Inspired by above discussions, this paper aims to design simple adaptive control
protocols to study the FXC problems for nonlinear leader-following and leaderless MASs,
respectively. The main contributions are stated as follows. Two novel adaptive FXC
control protocols for nonlinear leader-following and leaderless MASs are proposed, re-
spectively. These two control protocols only require the state measurement errors and
their sign information, which is simpler in structure than the control protocol proposed
in [25,27–37]. Compared with the common adaptive control methods [25–27], these two
protocols presented here only need two adaptive update laws, regardless of the scale of
the system. Furthermore, no additional conditions are required to guarantee the FXC of
the system, except for some necessary assumptions. Lastly, the chaotic multi-agent supply
chain networks are used as simulation examples to verify the effectiveness of the proposed
control protocols.

Notations: Rm, || · ||m and Rm×m denote m-dimensional real vector space, the Euclidean
m-norm, and m×m real matrix space, respectively; diag(ξ1, ξ2, . . . , ξm) is a diagonal matrix
whose diagonal elements are ξ1, ξ2, . . . , ξm; 1m represents the column vector (1, 1, . . . , 1)T

m.
For z = (z1, z2, . . . , zm)T , we give the following notations: the power of the vector z is de-
fined as zδ = (zδ

1, zδ
2, . . . , zδ

m)
T , where δ ∈ R; sign(z) = (sign(z1), sign(z2), . . . , sign(zm))T ,

where sign(·) is the signum function; sigδ(z) = (sigδ(z1), sigδ(z2), . . . , sigδ(zm))T , where
sigδ(zi) = |zi|δsign(zi); Sign(z) = (Sign(z1),Sign(z2), . . . ,Sign(zm))T , where Sign(·) is
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a set-valued function defined as: when ς 6= 0,Sign(ς) = sign(ς), and when ς = 0,
Sign(ς) = [−1, 1].

2. Useful Preliminaries
Graph Theory

Graph GA = (V ,=, A) is used to indicate the topology of information communication
among agents in a MAS. In the graph GA, V = {v1, v2, . . . , vn} is the set of all agents in the
system, = is the edge set representing the connection between agents, and A = (aij)n×n
is the weighted adjacency matrix describing the intensity of information communication.
The element aij of matrix A is positive if and only if (vi,vj) ∈ =; otherwise, aij = 0.
This paper does not consider self-loop, which implies aii = 0. A sequence of edges
(vi, v1

i ), (v
1
i , v2

i ), . . . , (vk
i , vj) with distinct agents v1

i , v2
i , . . . , vk

i is called a path from agent vi
to vj. Graph GA is said to contain a spanning tree if there is at least one agent (named root)
with the property that one or more paths exist from it to any other agent.

Definition 1. If at least one path exists between any two agents, then GA is called strongly
connected.

Definition 2 ([14]). If positive constants q1, q2, . . . , qn exist, such that qiaij = qjaji, for
i, j = 1, 2, . . . , n, then the directed graph GA is detail balanced.

We define the Laplacian matrix LA = diag(
n
∑

j=1
a1j,

n
∑

j=1
a2j, . . . ,

n
∑

j=1
anj) − A. If GA is

detail balanced with positive constants q1, q2, . . . , qn, then it is not difficult to find that QLA
is symmetric with Q = diag(q1, q2, . . . , qn). In fact, QLA is equivalent to the Laplacian
matrix of an undirected graph which contains the same set of agents and the same set of
edges, but a different weighted adjacency matrix from graph GA.

Lemma 1 ([38]). If graph GA is strongly connected, then its Laplacian matrix has an eigenvalue
of zero with multiplicity of one, and the remaining eigenvalues are positive. If graph GA is also
undirected, we have

(1) xT L2
Ax ≥ λ2(LA)xT LAx;

(2) xT LAx ≥ λ2(LA)xTx, and x satisfies 1T
n x = 0;

where λ2(LA) is the second-smallest eigenvalue of LA.

Lemma 2. Suppose function V(t) is positive definite. If V(t) satisfies

V̇(t) ≤ −bVδ(t)− cVθ(t),

where 0 < δ < 1 < θ and b, c > 0, then V(t) → 0 in a fixed time, and the settling time T is
estimated by

T ≤ 1
b(1− δ)

+
1

c(θ − 1)
.

Lemma 3 ([39]). For any non-negative real numbers z1, z2, . . . , zm, the following inequalities hold:

(1)
m
∑

k=1
zh

k ≥(
m
∑

k=1
zk)

h, when 0 < h ≤ 1;

(2)
m
∑

k=1
zh

k ≥ m1−h(
m
∑

k=1
zk)

h, when h ≥ 1.

Lemma 4 ([39]). For any vector z = (z1, z2, . . . , zm)T ∈ Rm, h1 > h2 > 0, the following
inequality holds

(
m

∑
k=1
|zk|h1)

1
h1 ≤ (

m

∑
k=1
|zk|h2)

1
h2 ≤ m

1
h2
− 1

h1 (
m

∑
k=1
|zk|h1)

1
h1 .
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3. Fixed-Time Leader-Following Consensus

In this section, we will study a MAS consisting of a leader (labeled 0) and n fol-
lowers. The topology of a leader-following MAS is different from GA, which not only
contains the graph GA, but also the edges between the leader and its followers. Denote
A0 = diag(a10, a20, . . . , an0) as the leader adjacency matrix, if ai0 > 0, that is, an edge exists
from the leader to the ith follower which means the follower can get information from the
leader; otherwise, ai0 = 0.

Lemma 5 ([38]). If graph GA is undirected and the leader is the root of graph ḠA, then LA + A0
is positive definite.

From the lemma above, it can be seen that if directed graph GA is detail balanced and
the root of ḠA is the leader, then QLA + A0 is positive definite, where Q = diag(q1, q2, . . . , qn).

Suppose that the considered leader-following MASs have the following dynamics{
ẋ0(t) = f (x0(t)),

ẋi(t) = f (xi(t)) + ui(t) + di(t), i = 1, 2, . . . , n,
(1)

where x0(t), xi(t) ∈ Rm are the leader’s and the ith follower’s state, respectively, nonlinear
Rm valued vector function f (xi(t)) reveals the dynamic properties of one isolated agent,
and ui(t) ∈ Rm denotes the ith follower’s control input to be designed, di(t) is the bounded
disturbance, i.e., ||di(t)|| ≤ d, and d is a positive constant.

Definition 3. For the above leader-following system (1), if a positive constant T(named settling
time) exists, such that {

lim
t→T

(xi(t)− x0(t)) = 0,

xi(t) = x0(t), ∀t ≥ T,

then the finite-time consensus tracking is achieved. Particularly, if T is independent of the initial
values, we say that the FXC tracking of system (1) is achieved.

Assumption 1 ([40]). For the nonlinear function f (x) in system (1), a positive constant ρ exists,
such that

(x− y)T( f (x)− f (y)) ≤ ρ(x− y)T(x− y), ∀x, y ∈ Rm.

Remark 1. Lipschitz continuity is often used as a prerequisite for the existence and uniqueness of
solutions to nonlinear ordinary differential equations. Many practical scenarios, including chaos
and oscillation, are Lipschitz continuous. However, this assumption limits the local variation of the
function f (·) to no greater than the increment of a linear function. This makes it impossible for
many common functions, such as exponential and nonlinear polynomial functions, to satisfy this
assumption. Recently, another upper bound structure for nonlinear dynamics and interconnections
was presented in [41]. Based on this kind of assumption, the authors studied the synchroniza-
tion problem for complex networks composed of nonlinear nodes under state-dependent a priori
interconnections.

In order to make system (1) achieve FXC, we design an adaptive discontinuous control
protocol for the ith follower as

ui(t) = c1(t)sigα ϕi(t) + (c2(t) + d)signϕi(t),

ċ1(t) =
n
∑

i=1
ϕi(t)sigα ϕi(t),

ċ2(t) =
n
∑

i=1
ϕi(t)signϕi(t),

(2)

where c1(t), c2(t) are adaptive control gains with c1(0), c2(0) > 0, power parameter α > 1,

and ϕi(t) =
n
∑

j=1
qiaij(xj(t)− xi(t)) + ai0(x0(t)− xi(t)).
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After recording the state error as ei(t) = xi(t)− x0(t), we have the state error system as

ėi(t) = f (xi(t))− f (x0(t)) + c1(t)sigα(
n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t))

+(c2(t) + d)sign(
n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t)) + di(t),

ċ1(t) =
n
∑

i=1
(

n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t))sigα(

n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t)),

ċ2(t) =
n
∑

i=1
(

n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t))sign(

n
∑

j=1
qiaij(ej(t)− ei(t))− ai0ei(t)).

(3)

Thus, in the section, we will consider the fixed-time stability of the error system (3)
instead of the FXC tracking problem of system (1).

In the following contents of this section, for the convenience of writing, we shall
consider the simplest form; that is, m = 1, and the other cases shall be naturally generalized
by the Kronecker product. At the same time, the time t in various time-related symbols
will be omitted; for example, xi will replace the state vector xi(t) of the ith agent.

Denote e = (e1, e2, . . . , en)T , F(e) = ( f (x1) − f (x0), f (x2) − f (x0), . . . , f (xn)−
f (x0))

T , D(t) = (d1, d2, . . . , dn)T . Then, the error system (3) can be written as its compact form
ė = F(e)− c1(t)sigα(L̂e)− (c2(t) + d)sign(L̂e) + D(t),
ċ1(t) = ‖L̂e‖α+1

α+1,
ċ2(t) = ‖L̂e‖1,

(4)

where L̂ = QLA + A0.

Theorem 1. Supposed that Assumption 1 holds, GA is detail balanced, and the leader is the root of
ḠA. Then, system (1) will achieve FXC tracking under the given protocol (2).

Proof. Choose the following positive definite function

V = V1 + V2,

where V1 = 1
2 eT L̂e, V2 =

(c1(t)−c∗1)
2

2 +
(c2(t)−c∗1)

2

2 with a big enough positive constant c∗1 .
The existence of the sign information of the state error in our control protocol (2)

causes the discontinuity of the right hand of the concerned system (1), which results in its
solution being of the Filippov sense [42]. So, we have the derivative of V with respect to
time t as

V̇ =V̇1 + V̇2

∈K[eT L̂ė + (c1(t)− c∗1)ċ1(t) + (c2(t)− c∗1)ċ2(t)]

=eT L̂(F(e)− c1(t)sigα(L̂e)− (c2(t) + d)Sign(L̂e) + D(t))

+ (c1(t)− c∗1)||L̂e||α+1
α+1 + (c2(t)− c∗1)||L̂e||1.

According to the measurable selection theorem [42], there must be a measurable
function S(t) ∈ Sign(L̂e) that makes the following statement true.

V̇ =eT L̂(F(e)− c1(t)sigα(L̂e)− (c2(t) + d)S(t) + D(t))

+ (c1(t)− c∗1)||L̂e||α+1
α+1 + (c2(t)− c∗1)||L̂e||1

=eT L̂F(e)− c∗1 ||L̂e||α+1
α+1 − c∗1 ||L̂e||1 − deT L̂ + eT L̂D(t)

≤1
2

eT L̂e +
1
2

F(e)T L̂F(e)− c∗1n
1−α

2 (||L̂e||22)
α+1

2 − c∗1(||L̂e||22)
1
2

≤1
2
(1 + ρ2)eT L̂e− c∗1n

1−α
2 (λeT L̂e)

α+1
2 − c∗1(λeT L̂e)

1
2

≤(1 + ρ2)V1 − c∗12
α+1

2 n
1−α

2 λ
α+1

2 V1
α+1

2 − 2
1
2 c∗1λ

1
2 V1

1
2 .
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Obviously, if c∗1 is big enough, it follows that

V̇ ≤ 0,

which implies V, c1(t) and c2(t) are all bounded.
From Assumption 1, and noting the inequalities in Lemmas 3 and 4, we can obtain

V̇1 =V̇ − V̇2

=eT L̂F(e)− c∗1 ||L̂e||α+1
α+1 − c∗1 ||L̂e||1 − deT L̂ + eT L̂D(t)− (c1(t)− c∗1)||L̂e||α+1

α+1

− (c2(t)− c1
∗)||L̂e||1

=eT L̂F(e)− c1(t)||L̂e||α+1
α+1 − c2(t)||L̂e||1 − deT L̂ + eT L̂D(t)

≤eT L̂F(e)− c1(0)||L̂e||α+1
α+1 − c2(0)||L̂e||1

≤1
2

eT L̂e +
1
2

F(e)T L̂F(e)− c1(0)n
1−α

2 (||L̂e||22)
α+1

2 − c2(0)(||L̂e||22)
1
2

≤1
2
(1 + ρ2)eT L̂e− c1(0)n

1−α
2 (λeT L̂e)

α+1
2 − c2(0)(λeT L̂e)

1
2

≤(1 + ρ2)V1 − c1(0)2
α+1

2 n
1−α

2 (λV1)
α+1

2 − 2
1
2 c2(0)(λV1)

1
2

=(1 + ρ2)V1 − c1(0)2
α+1

2 n
1−α

2 λ
α+1

2 V1
α+1

2 − 2
1
2 c2(0)λ

1
2 V1

1
2

=(1 + ρ2)V1 − a1V1
α+1

2 − b1V1
1
2

=((1 + ρ2)V1
1−α

2 − a1

2
)V1

α+1
2 − a1

2
V1

α+1
2 − b1V1

1
2 ,

(5)

where a1 = c1(0)2
α+1

2 n
1−α

2 λ
α+1

2 , b1 = 2
1
2 c2(0)λ

1
2 .

Let ω1 = [ a1
2(1+ρ2)

]2, a set Ω1 = {e(0)| 12 eT(0)L̂e(0) ≤ ω1}.
Next, we will discuss the following two situations:

Case 1. If e(0) ∈ Ω1, then one has

(1 + ρ2)V
1−α

2 − a1

2
≤ 0.

Therefore, it is easy to know

V̇1 ≤ −
a1

2
V

α+1
2

1 − b1V
1
2

1 .

According to Lemma 2, V1 converges to zero in a fixed time; that is to say, the system (1)
reaches a FXC.

Case 2. If e(0) /∈ Ω1, that is V1(0) > ω1, it can be proved that there exists T1 > 0, satisfying
V1(t) ≤ ω1 for t ≥ T1, that is, e(T1) ∈ {e(T1)| 12 eT(T1)L̂e(T1) ≤ ω1}. Next, we use reduction to
absurdity to verify this situation:

V(T1) ≥V(T1)−V1(τ1)

≥
∫ T1

τ1

((1 + ρ2)V1 − c∗12
α+1

2 n
1−α

2 λ
α+1

2 V1
α+1

2 − 2
1
2 c∗1λ

1
2 V1

1
2 )ds

>
∫ τ1

T1

(−(1 + ρ2)ω1 + c∗12
α+1

2 n
1−α

2 λ
α+1

2 ω1
α+1

2 + 2
1
2 c∗1λ

1
2 ω1

1
2 )ds

=(c∗12
α+1

2 n
1−α

2 λ
α+1

2 ω1
α+1

2 + 2
1
2 c∗1λ

1
2 ω1

1
2 − (1 + ρ2)ω1)(τ1 − T1).

Since V is bounded, the hypothesis is not tenable when τ1 → ∞. So V1 → 0 in a fixed time.



Electronics 2022, 11, 3545 7 of 18

Combined with the above analysis, V1 will converge to zero in a fixed time, that is,
the system (1) reaches FXC.

Remark 2. In [27], Shari and Pourgholi proposed a similar adaptive discontinuous control protocol
to study the FXC tracking problem for nonlinear MASs. However, this protocol includes three power
state feedbacks with three more complicated adaptive control gain update laws. In comparison, it is
natural to find that our control protocol is simpler.

4. Fixed-Time Leaderless Consensus

In this section, we consider a leaderless MAS consisting of n agents corresponding
to the graph GA, which is also assumed to be detail balanced with positive constants
q1, q2, . . . , qn. Its dynamics are

ẋi(t) = f (xi(t)) + ui(t), i = 1, 2, . . . , n, (6)

where xi(t) ∈ Rm represents the ith agent’s state, f (xi(t)) and ui(t) have the same explana-
tion as in the previous leader-following model (1).

Definition 4. For system (6), if a positive constant T which is independent of the initial values

exists, such that lim
t→T

(xi(t)− 1
n

n
∑

j=1
xj(t)) = 0, and xi(t) = 1

n

n
∑

j=1
xj(t), ∀t ≥ T, then the average

FXC is reached.

To drive the system (6) to obtain FXC, we design a discontinuous control protocol for
the ith agent as 

ui(t) = c3(t)sigαφi(t) + c4(t)signφi(t),

ċ3(t) =
n
∑

i=1
φi(t)sigαφi(t),

ċ4(t) =
n
∑

i=1
φi(t)signφi(t),

(7)

where c3(t), c4(t) are adaptive control strengths with c3(0), c4(0) > 0, α > 1 is the power

parameter, and φi(t) =
n
∑

j=1
qiaij(xj(t)− xi(t)).

As in the previous section, in the following part, we also set m = 1 and omit the time t.
After denoting x = (x1, x2, . . . , xn)T , F(x) = ( f (x1), f (x2), . . . , f (xn))T , system (6) with the
protocol (7) is equivalent to the following matrix form

ẋ = F(x)− c3(t)sigα(QLAx)− c4(t)sign(QLAx),
ċ3(t) = ‖QLAx‖α+1

α+1,
ċ4(t) = ‖QLAx‖1.

(8)

Next, the conclusion about leaderless MASs is drawn, mainly based on the previous
stability theory.

Theorem 2. Suppose Assumption 1 holds and graph GA is detail balanced and strongly connected.
Then, system (6) will reach average FXC under the given protocol (7).

Proof. Select a non-negative definite function as

V = V1 +V2,

with V1 = 1
2 xTQLAx, V2 =

(c3(t)−c∗2)
2

2 +
(c4(t)−c∗2)

2

2 , where c∗2 is a large enough positive
constant.
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Additionally, because of the use of discontinuous control protocol, one has the deriva-
tive of V with respect to t as

V̇ =V̇1 + V̇2

∈K[xTQLA ẋ + (c3(t)− c∗2)ċ3(t) + (c4(t)− c∗2)ċ4(t)]

=xTQLA(F(x)− c3(t)sigα(QLAx)− c4(t)Sign(QLAx))

+ (c3(t)− c∗2)||QLAx||α+1
α+1 + (c4(t)− c∗2)||QLAx||1.

Again, from the measurable selection theorem [42], we know that there is a measurable
function S(t) ∈ Sign(QLAx) that makes the following equation true.

V̇ =xTQLA(F(x)− c3(t)sigα(QLAx)− c4(t)S(t))
+ (c3(t)− c∗2)||QLAx||α+1

α+1 + (c4(t)− c∗2)||QLAx||1
=xTQLAF(x)− c∗2 ||QLAx||α+1

α+1 − c∗2 ||QLAx||1.

Additionally, according to Lemma 1, we can obtain

xTQLAF(x) =xTQLA(F(x)− 1n ⊗ f (

n
∑

i=1
xi

n
))

≤ xTQLALAQTx
2

+
1
2
(F(x)− 1n ⊗ f (

n
∑

i=1
xi

n
))T(F(x)− 1n ⊗ f (

n
∑

i=1
xi

n
))

≤ xT(QLA)
2x

2
+

1
2

ρ
n

∑
i=1
‖xi −

n
∑

i=1
xi

n
‖2

2

=
xT(QLA)

2x
2

+
1
2

ρxT M2x,

where M = In − 1
n 1n1n

T , MQLA = QLA M = QLA and 1n
T M = 0, In is the n-th order

identity matrix.
Additionally,

xT(QLA)
2F(x) ≥ λ2(QLA)xTQLAx,

xTQLAx = xT MQLA Mx ≥ λ2(QLA)xT MMx = λ2(QLA)xT M2x.

Then, we have

xTQLAF(x) ≤ xT(QLA)
2x

2
+

1
2

ρ
xTQLAx
λ2(QLA)

≤ xT(QLA)
2x

2
+

1
2

ρ
xT(QLA)

2x
λ2

2(QLA)

=
1
2
(1 +

ρ

λ2
2(QLA)

)xT(QLA)
2x.

To summarize, by applying inequalities listed in Lemmas 3 and 4, one gets

V̇ ≤ (1 +
ρ

λ2
2(QLA)

)xT(QLA)
2x− c∗2n

1−α
2 (xT(QLA)

2x)
α+1

2 − c∗2(xT(QLA)
2x)

1
2 . (9)

When c∗2 > 1 + ρ

λ2
2(QLA)

, one has that

V̇ ≤ 0.
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This shows that V is bounded.
From (9), one has

V̇1 =V̇− V̇2

≤xTQLAF(x)− c∗2 ||QLAx||α+1
α+1 − c∗2 ||QLAx||1 − (c3(t)− c∗2)||QLAx||α+1

α+1

− (c4(t)− c∗2)||QLAx||1
=xTQLAF(x)− c3(t)||QLAx||α+1

α+1 − c4(t)||QLAx||1
≤xTQLAF(x)− c3(0)||QLAx||α+1

α+1

− c4(0)||QLAx||1

≤1
2
(1 +

ρ

λ2
2(LA)

)xT(QLA)
2x− c3(0)n

1−α
2 (xT(QLA)

2x)
α+1

2

− c4(0)(xT(QLA)
2x)

1
2

=
1
2
(1 +

ρ

λ2
2(LA)

)xT(QLA)
2x− a2(xT(QLA)

2x)
α+1

2 − b2(xT(QLA)
2x)

1
2

=(
1
2
(1 +

ρ

λ2
2(LA)

)(xT(QLA)
2x)

1−α
2 − a2

2
)(xT(QLA)

2x)
α+1

2

− a2

2
(xT(QLA)

2x)
α+1

2 − b2(xT(QLA)
2x)

1
2 ,

(10)

where a2 = c3(0)n
1−α

2 , b2 = c4(0).

Let ω2 = [
a2λ2

2(LA)

λ2
2(LA)+ρ

]
2

1−α , and Ω2 = {x(0)| 12 xT(0)(QLA)
2x(0) ≤ ω2}.

Next, we will discuss the following two situations:

Case 1. If x(0) ∈ Ω2, then one has

1
2
(1 +

ρ

λ2
2(LA)

)(xT(QLA)
2x)

1−α
2 − a2

2
≤ 0.

Therefore, it is easy to know

V̇1 ≤−
a2

2
(xT(QLA)

2x)
α+1

2 − b2(xT(QLA)
2x)

1
2

≤− a2

2
(λ2(LA)xTQLAx)

α+1
2 − b2(λ2(LA)xTQLAx)

1
2

=− a22
α−1

2 λ
α+1

2
2 (LA)V

α+1
2

1 − b22
1
2 λ

1
2
2 (LA)V

1
2
1 .

According to Lemma 2, we get V1 converges to zero in a fixed time; that is to say, the system
(6) reaches FXC.

Case 2. If x(0) /∈ Ω2, that is V1(0) > ω2, it can be proven that there exists T2 > 0 satisfying
V1(t) ≤ ω2 for t ≥ T2; that is, x(T2) ∈ {x(T2)| 12 xT(T2)(QLA)

2x(T2) ≤ ω2}. Next, we use
reduction to absurdity to verify this situation:

V(T2) ≥V(T2)−V1(τ2)

≥
∫ T2

τ2

(1 +
ρ

λ2
2(QLA)

)xT(QLA)
2x− c∗2n

1−α
2 (xT(QLA)

2x)
α+1

2 − c∗2(xT(QLA)
2x)

1
2 ds

>
∫ τ2

T2

−(1 + ρ

λ2
2(QLA)

)ω2 + c∗2n
1−α

2 (ω2)
α+1

2 + c∗2(ω2)
1
2 ds

=(−(1 + ρ

λ2
2(QLA)

)ω2 + c∗2n
1−α

2 (ω2)
α+1

2 + c∗2(ω2)
1
2 )(τ2 − T2).

Since V is bounded, the hypothesis is not tenable when τ2 → ∞. So V1 → 0 in a fixed time.
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Combined with the above analysis, V1 will converge to zero in a fixed time; that is,
the system (6) reaches FXC.

Remark 3. Two protocols are used to consider the FXC for nonlinear MASs in above two sections.
They are relatively simple compared to other studies on the same topic [1,27,32–37], because they
only contain two terms. One is the sign information of the state error between one agent and its
neighbors, and the other is the state feedback with power greater than one.

Remark 4. In [1,27], the authors studied the FXC problem of MASs with node-based and edge-
based adaptive control protocols, respectively. It can be seen from the control protocols provided that
each agent or each edge in the system will correspond to at least an adaptive updating law. In other
words, if the system scale is large, the dimension of the system model will be dramatically increased
under such control protocols, which will increase the computational complexity and control cost.
However, in our proposed control protocol, only two adaptive updating laws are needed without
considering the scale of the system.

Remark 5. When control protocols (2) and (7) are applied to real networks, some sensors are needed
to obtain the state error between each agent and its neighbors. Then, the state errors of all agents
and their neighbors should be integrated, and the time-varying control gains ci(t) are determined
according to the adaptive updating laws. Finally, the protocols ui(t) proposed in this paper are used
to control the considered system to ensure the FXC.

Remark 6. Generally, controllers with signum function are widely used in the cooperative control
for MASs because they not only can improve the convergence rate of system but also can be realized
by some simple electronic circuits [43]. However, the chattering phenomenon caused by signum
function is hard to avoid. Therefore, some scholars began to design the controllers without signum
function to overcome the chattering phenomenon. For example, a quantized pinning synchronization
controller without signum function was proposed in [44] to avoid the chattering phenomenon; in [45],
some saturation functions were constructed to replace the sign function to suppress the chattering.

5. Illustrative Example

The multi-agent-based supply chain network is a dynamic system consisting of multi-
ple subchains that exchange information and materials between enterprises, as shown in
Figure 1.

Figure 1. Multi-agent-based supply chain network with N sub-chains.

In [46], a chaotic three-echelon supply chain is presented, whose dynamics are shown as
ẋ1(t) = mx2(t)− (n + 1)x1(t),
ẋ2(t) = rx1(t)− x2(t)− x1(t)x3(t),
ẋ3(t) = x1(t)x2(t) + (k− 1)x3(t),

where x1(t), x2(t), x3(t) stand for the number of retailers required in this period, the amount
of products that distributors can deliver, and the quantity produced depending on the
order, respectively. m represents the retailer’s customer demand satisfaction rate. n denotes
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the level of distributors’ inventory. k is manufacturer’s safety stock factor. r indicates
the rate of product information distortion. The nonlinear supply chain network exhibits
chaotic behavior when m = 12, n = 7, r = 45, k = − 7

3 [46]. We set the multi-agent based
three-echelon supply chain network that was given in [6] as our example to verify the
validity of the proposed control protocols.

5.1. Fixed-Time Leader-Following Consensus Example

This subsection takes an example consisting of a single leader and five followers in
three-dimensional space as an example to verify the correctness of the proposed Theorem 1.
To make the leader become the root node of the example topology graph, the weighted
adjacency matrix A and the leader adjacency matrix A0 of the example are given as

A =


0 2 2 0 0
3 0 3 0 0
3 3 0 0 0
0 0 0 0 4
0 0 0 1 0

, A0 =


2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 2 0
0 0 0 0 0

.

The topology graph of the leader-following multi-agent-based three-echelon supply
chain network is given in Figure 2. Obviously, the weighted adjacency matrix A is detail
balanced with q1 = 1

2 , q2 = 1
3 , q3 = 1

3 , q4 = 1
4 , q5 = 1.

Figure 2. Communication topology of a leader-following multi-agent-based supply chain network.

To demonstrate the influence of different initial states on FXC, we give the fol-
lowing initial values: (1): x1(0) = (−1, 2, 3)T , x2(0) = (4,−2, 1)T , x3(0) = (−3, 1, 2)T ,
x4(0) = (−1, 3,−1)T , x5(0) = (2, 4,−2)T , x0(0) = (1, 2, 1)T ; (2): x1(0) = (−5, 10, 15)T ,
x2(0) = (20,−10, 5)T , x3(0) = (−15, 5, 10)T , x4(0) = (−5, 15,−5)T , x5(0) = (10, 20,−10)T ,
x0(0) = (5, 10, 5)T . The external disturbance is chosen as di(t) = 1 + sin(cos(π

2 t)).
We set α = 1.2 to verify the validity of the control protocol (2) in facilitating the

example to obtain FXC. Figures 3–5 show that all followers can catch up with the leader
after a transient of about 0.3s under initial values (1) and (2). Figure 6 shows the control
curve of the adaptive law c1(t) and c2(t). These two figures also imply that when the initial
values differ greatly, the change in convergence time is not very obvious, which verifies the
advantage of the FXC. Therefore, the simulation results effectively verify the validity of the
theoretical analysis in Theorem 1.
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Figure 3. The trajectories of xi1 for leader-following example under initial values (1) and (2).
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Figure 4. The trajectories of xi2 for leader-following example under initial values (1) and (2).
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Figure 5. The trajectories of xi3 for leader-following example under initial values (1) and (2).
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Figure 6. The trajectories of c1(t) and c2(t) under initial values (1) and (2).
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5.2. Fixed-Time Leaderless Consensus Example

This subsection considers a leaderless MAS of five agents in three-dimensional space
as an example to illustrate the effectiveness of Theorem 2. Figure 7 indicates the interaction
of five three-echelon supply subchains. The weighted adjacency matrix A is given as

A =


0 2 2 0 0
1 0 0.5 0 0
1 0.5 0 1 0
0 0 1 0 1
0 0 0 1 0

.

Figure 7. Communication topology of leaderless multi-agent based supply chain network.

It is easy to see from the adjacency matrix A that its corresponding topology graph
is strongly connected. The weighted adjacency matrix A is detail balanced with q1 = 0.5,
q2 = q3 = q4 = q5 = 1.

Similarly, we take two very different sets of initial values: (1): x1(0) = (−1, 2, 3)T ,
x2(0) = (4,−2, 1)T , x3(0) = (−3, 1, 2)T , x4(0) = (−1, 3,−1)T , x5(0) = (2, 4,−2)T ; 2):
x1(0) = (−5, 10, 15)T , x2(0) = (20,−10, 5)T , x3(0) = (−15, 5, 10)T , x4(0) = (−5, 15,−5)T ,
x5(0) = (10, 20,−10)T , x0(0) = (5, 10, 5)T to reveal changes in convergence time. The non-
linear function f (x) is the same as the case of above leader-following example.

Here, we also select α = 1.2 to demonstrate the availability of our control protocol (8)
on the average FXC of this leadless example. Figures 8–10 tell us that under two different
initial values, all agents can reach consensus in about 0.4s. Additionally, the settling time
does not change significantly with the great change in the initial values. The curves of the
adaptive control laws are shown in Figure 11.

In contrast with the existing literature [12–15,17,19–21], a strange thing seems to
happen in the above two simulation examples; that is, the larger the initial value of the
system, the shorter the convergence time. The reason is that the larger the initial values of
the system, the faster the control gains increase. In a very short time, they can reach a large
value, thus shortening the convergence time of the system.

Compared with [9,10], the numerical simulation here shows that under the control
protocol we give, the system can achieve consensus in a very short time, which indicates
that the convergence speed of fixed-time consensus is very fast. Moreover, compared
with [21–24], in our simulation process, the eigenvalues of the Laplacian matrix and pa-
rameters of the control protocol do not need to be calculated, and the Lipschtiz constant of
nonlinear dynamic properties does not need to be considered.
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Figure 8. The trajectories of xi1 for leaderless example under initial values (1) and (2).

Figure 9. The trajectories of xi2 for leaderless example under initial values (1) and (2).
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Figure 10. The trajectories of xi3 for leaderless example under initial values (1) and (2).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

5

10

15

20

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

30

32

34

36

38

40

Figure 11. The curves of c1(t) and c2(t) with different initial values (1) and (2).
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6. Conclusions

In this paper, we study the FXC control problem for nonlinear leader-following and
leaderless MASs on a detailed-balance graph. Two simple adaptive discontinuous control
protocols are proposed to drive our considered systems to FXC. Structurally, the proposed
control protocols only need the state measurement error and its sign information. Furthermore,
the protocols presented here require very few adaptive update laws and are much simpler
than the common node-based and edge-based adaptive protocols. As mentioned above, the
control protocol presented in this paper needs to know the adjacency matrix of the system in
advance, and the chattering issues may occur during the control process. These shortcomings
will motivate us to design even more superior algorithms in our future work.
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