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Abstract: High-precision mapping and positioning of urban underground pipelines are the basic
requirements of urban digital construction. Aiming at the above problems, a dead reckoning algo-
rithm based on the starting point and ending point correction and forward and reverse solution
information reuse is proposed. This paper firstly establishes a dead reckoning system model consist-
ing of a microelectromechanical system (MEMS) inertial measurement unit (IMU) and an odometer
and analyzes the propagation mechanism of dead reckoning errors. The algorithm constructs the
trajectory correction matrix by using the position information of the starting point and the ending
point of the short-distance underground pipeline and then uses the trajectory correction matrix to
correct the trajectory position information obtained by forward and reverse dead reckoning. Finally,
the corrected forward and reverse trajectory position information is fused and averaged to achieve
high-precision mapping and positioning of underground pipelines. The simulation results of the
100 m pipeline show that the maximum positioning error of the proposed algorithm for straight
pipelines is within 5 cm, and the maximum positioning error for 90◦ curved pipelines is within
20 cm. The algorithm effectively solves the problem of a rapid accumulation of errors over time in
the process of dead reckoning, which greatly improves the positioning accuracy.

Keywords: pipeline inertial locator; pipeline positioning; dead reckoning; error correction

1. Introduction

Urban underground pipelines are the infrastructure of urban planning. The pipeline
network buried deep in the city is widely used in water supply and drainage, oil and gas
transportation, communication cable transmission, and other fields. It is also an important
infrastructure for urban planning and management. The precise positioning and mapping
of underground pipelines are an important part of smart city construction. At present,
the detection and positioning methods of underground pipelines mainly include: electro-
magnetic wave method (geological radar method), seismic wave method, high-precision
magnetic measurement method, high-density electrical method, etc. [1–5]. Although the
above methods have their own advantages, it is difficult to realize the inspection of deeply
buried nonmetallic pipelines, and the detection accuracy is relatively low.

In recent years, the positioning method of underground pipelines based on inertial
measurement technology has been widely used in the measurement of urban, trenchless,
underground, small-diameter pipelines [6–10]. Reduct, a Belgian company, has long
been aware of the difficulty in the entry of nonmetallic underground small-bore pipeline
personnel and is committed to developing a small-bore pipeline measurement system based
on inertial technology. WMF Al-Masri et al. proposed a high-precision inertial navigation
system for the pipeline inspection instrument, which was verified by experiments combined
with the corresponding algorithm [11]. In the aspect of a pipeline positioning algorithm
based on inertial technology, Niu Xiaoji et al. analyzed the feasibility of the integrated
navigation algorithm scheme based on an MEMS inertial device odometer, combined with
motion constraints and reverse smoothing for small-diameter pipeline positioning and
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used the STIM300 gyroscope to verify the effectiveness of the proposed algorithm [12,13].
On the basis of analyzing the error propagation characteristics of inertial navigation, Huang
Feirong et al. proposed an inverse solution scheme based on marker points to improve
the accuracy of comprehensive navigation and positioning [14]. Sahli Hussein proposed
an algorithm based on a low-cost inertial measurement unit using an extended Kalman
filter and pipeline node information fusion, which solved the problem of low positioning
accuracy when ground markers were unavailable, and achieved beneficial effects [15]. The
above three algorithms all use the known information of external markers or pipeline
nodes and the microinertial navigation system (MINS) to form an integrated navigation
system and use the Kalman filter method for error estimation and correction to achieve high
pipeline positioning accuracy [16–18]. The positioning method of this integrated navigation
is greatly affected by the accuracy of the model construction, and there are problems, such
as the decrease in the positioning accuracy of the integrated navigation system when the
external measurement information is inaccurate. Liu Jianwei et al. developed a pipeline
measuring instrument composed of data acquisition and data processing parts, using
complementary filtering and dead reckoning methods combined with offline data trajectory
correction, and obtained beneficial measurement results. The horizontal positioning error
of the 100 m straight pipeline experiment is 0.13 m [19]. However, the modified method
only uses the end point information; the information utilization rate is low; the positioning
effect of short and straight pipelines is obvious, and the positioning accuracy of curved
pipelines is low.

Aiming at the problem of high-precision mapping and positioning of urban, under-
ground, short-distance, trenchless small-diameter pipelines, this paper proposes a dead
reckoning algorithm based on the start and end point correction and forward and reverse
solution information multiplexing. The 10◦/h gyroscope was used for simulation experi-
ments. The simulation results of 100 m pipeline length show that the maximum positioning
error of the algorithm for straight pipelines was within 5 cm, and the maximum position-
ing error for 90◦ curved pipes was within 20 cm. The algorithm proposed in this paper
effectively solves the problem of the rapid accumulation of the error of the line position
estimation over time, and the positioning accuracy is improved by about two times, which
has important practical engineering value.

2. Mathematical Model of Dead Reckoning for Pipeline Inertial Locator
2.1. Initial Alignment Model

Because the pipeline inertial locator adopts the dead reckoning algorithm based on
inertial technology, it needs to complete the binding and acquisition of initial information,
including initial position, initial speed, and initial attitude information, before it enters the
working state. When the pipeline inertial locator is working, it starts from one end of the
pipeline and travels at a certain speed to the other end. The initial position information
is generally consistent with the position information of the starting point of the pipeline.
Since the system starts to work from a standstill, the initial speed information is generally
set to zero [20].

The accuracy of acquiring initial attitude information (pitch, roll, and heading) directly
affects the accuracy of dead reckoning. The measurement accuracy of the pipeline inertial
locator is low, and it is difficult to be sensitive to the information of the angular velocity
of the Earth’s rotation. Because it uses the MEMS gyroscope device, it cannot use the
natural local gravitational acceleration vector and the angular velocity vector of the Earth’s
rotation to achieve the initial attitude determination by the method of double vector
attitude determination. The MEMS accelerometer can be sensitive to the local gravitational
acceleration, and the initial horizontal attitude information can be obtained by measuring
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the output value of the accelerometer. After the system starts to work, the inertial locator is
stationary for 2 min, and the sampled acceleration data are averaged [21]:

fib =
1
N

N

∑
k=1

fib(k), N = t/T (1)

where t is the total sampling time; T is the sampling time interval; N is the amount of output
data for the MEMS accelerometer in the total sampling time; fib(k) is the acceleration output
value of each time interval, and fib is the three-dimensional acceleration average value.

The initial pitch angle formula is expressed as:

θ = sin−1

(
f iby∣∣fib
∣∣
)

(2)

The initial roll angle formula is expressed as:

γ = tan−1

(
− f ibx

f ibz

)
(3)

The initial heading angle is generally given according to the actual direction of the
pipeline, namely:

ψ = sin−1(
cos(φ1) sin(λ1 − λ0)√

(1− [sin ϕ0 sin ϕ1 + cos ϕ0 cos ϕ1 cos(λ1 − λ0)]
2

(4)

where (ϕ0, λ0) is the coordinate of the start point of the pipeline, and (ϕ1, λ1) is the
coordinate of the end point of the pipeline.

2.2. Dead Reckoning Model

After the initial alignment is completed, the system enters dead reckoning mode,
and the pipeline inertial locator travels along the underground pipeline. Since the system
generally runs at a speed of 1 m/s, and the internal sampling time of the system can be
set to 0.01 s, the movement distance of the system changes very little during the sampling
time interval, so it can be considered that the system moves in a straight line during the
sampling time interval. Therefore, the precise position information of the next moment can
be determined according to the heading, speed information, and position information of
the locator at the previous moment [22]. The principle diagram of dead reckoning is shown
in Figure 1.
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Figure 1. Principle diagram of dead reckoning.
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We selected the east–north–sky coordinate system as the navigation reference coor-
dinate system and recorded it as n. The Micro Inertial Measurement Unit (MIMU) was
installed in the pipeline inertial locator in the right-front-up manner. It is considered that
the MIMU coordinate system coincides with the body coordinate system and is recorded
as b. At the wheel of the locator, we defined the coordinate system of the odometer and
recorded it as m. The installation method and its schematic diagram are shown in Figure 2.
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The output of the MEMS gyroscope is the angular rate informationωb
ib at time k under

the body coordinate system, and the angular increment expression from time k− 1 to time
k is:

∆θ =
∫ k

k−1
ωb

ibdt (5)

The attitude matrix update formula is:

Cn
bk
= Cn

nk−1
Cnk−1

bk−1
Cbk−1

bk
(6)

where Cnk−1
bk−1

and Cn
bk

are the attitude matrices of time k− 1 and time k; the attitude matrix

Cbk−1
bk

represents the body coordinate system transformation caused by the angular motion
of the carrier, and the attitude matrix Cn

nk−1
represents the navigation coordinate system

caused by the linear motion of the carrier.
The output of the odometer is the increment information from time k− 1 to time k,

and its projection form is:
∆Sm

k =
[
0 ∆Sk 0

]T (7)

Assuming that the installation deviation angle α of the odometer is known and the
scale factor error δk = 0, the output expression of the odometer under the navigation
coordinate system is:

∆Sn
k = Cn

bk−1
(I− α×)∆Sm

k (8)

The iterative recursive formula for dead reckoning is:
ϕk = ϕk−1 +

∆Sn
k(N)

RM+hk−1

λk = λk−1 +
∆Sn

k(E)
RN+hk−1

hk = hk−1 + ∆Sn
k(U)

(9)

where ϕk−1, λk−1, and hk−1 are the latitude, longitude, and altitude information, respec-
tively, at time k − 1; ∆Sn

k(N)
, ∆Sn

k(E), and ∆Sn
k(U)

are the mileage information under the
navigation coordinate system at time k, and RM and RN are the radius of curvature of the
Earth’s meridional surface and the radius of curvature of the earth’s unitary surface.
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3. Dead Reckoning Error Analysis

The main error sources of dead reckoning of the pipeline inertial locator are random
gyro drift of the MEME gyroscope, odometer installation deviation angle error, odometer
scale factor error, and initial alignment error [23,24].

The gyro drift of MEMS gyroscope is generally divided into two parts: one part
is the fixed constant drift, and the other part is the random drift. The fixed constant
value drift is usually calibrated in advance through the calibration experiment before the
MEMS gyroscope leaves the factory or works to achieve compensation. The random drift
cannot be identified in advance due to the difference between each power-on and start-
up and then propagates along the error propagation link and affects the dead reckoning
positioning accuracy.

The random drift ε of the gyroscope will cause a platform misalignment angle φ
between the navigation coordinate system and the calculated navigation coordinate system,
and its specific expression is:

.
φ = −ωn

in ×φ + Mavδvn + Mapδp− Cn
b εb

Mav =

 0 − 1
RM+h 0

1
RN+h 0 0
tan ϕ

RN+h 0 0



Map =


0 0 vN

(RM+h)2

−ωie sin ϕ 0 − vE
(RN+h)2

ωie cos ϕ + vE sec2 ϕ
RN+h 0 vE tan ϕ

(RN+h)2


(10)

where ωn
in is the angular velocity caused by the motion of the navigation coordinate system;

δvn is the velocity error under the navigation coordinate system; δp is the position error
under the navigation coordinate system; Mav is the transformation matrix of velocity to
platform misalignment angle, and Map is the transformation matrix of position to platform
misalignment angle.

The formula for calculating the navigation coordinate system is:

Cn′
b = (I + φ)Cn

b (11)

Substitute formula (11) into formula (8) without considering the installation deviation
angle error δα and the odometer scale factor error δk; then, the actual output expression of
the odometer is:

∆S̃
n
k = (I + φk−1)C

n
bk−1

(I−α×)∆Sm
k (12)

where ∆S̃
n
k is the actual output mileage increment of the odometer under the navigation

coordinate system; φk−1 is the platform misalignment angle; Cn
bk−1

is the ideal attitude trans-
formation matrix, and ∆Sm

k is the mileage increment under the odometer coordinate system.
The dead reckoning error caused by the random drift of the MEMS gyroscope is

expressed as:
δ∆Sn

k = ∆S̃
n
k − ∆Sn

k = φk−1Cn
bk−1

(I− α×)∆Sm
k (13)

The installation position of the odometer and MIMU in the pipeline inertial locator is
shown in Figure 3. During the assembly process, there is always an installation deviation
angle between the odometer and the MIMU. The installation deviation angle and scale
factor are generally compensated by calibration experiments.
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During the calibration process of the odometer, there will always be a calibration
residual installation deviation angle error δα and a scale factor error δk. These two errors
will gradually accumulate the dead reckoning error with the increase in the mileage of the
inertial locator during the dead reckoning process.

The calibration residual installation deviation angle error δα is composed of the pitch
residual installation deviation angle δαθ , the roll residual installation deviation angle δαγ,

and the azimuth residual installation deviation angle δαψ that is δα =
[
δαθ δαγ δαψ

]T;
the residual installation deviation angle correction matrix Cb

m composed of the calibration
residual installation deviation angle is:

Cb
m = (I+δα×) =

 1 −δαψ δαγ

δαψ 1 −δαθ

−δαγ δαθ 1

 (14)

Considering the odometer scale factor error δk, the odometer measurement output
expression is:

∆S̃m = (1 + δk)∆Sm (15)

The actual output expression of the odometer after considering the residual installation
deviation angle and the odometer scale factor error is:

∆S̃m = (I− α×)(1 + δk)∆Sm (16)

In summary, the dead reckoning error caused by the random drift ε of the MEMS
gyroscope, the installation deviation angle error δα of the odometer, and the scale factor
error δk of the odometer are as follows:

δ∆Sn
k = φk−1Cn

bk−1
Cb

mk
(I− α×)(1 + δk)∆Sm

k (17)

4. Trajectory Position Error Correction Algorithm

The gyro drift of the MEMS gyroscope in the pipeline inertial locator, the calibration
residual installation deviation angle of the odometer, and the scale factor error will make
the dead reckoning trajectory different from the real trajectory, making the underground
pipeline running trajectory deviation larger, and it is difficult to meet the requirements of
centimeter-level mapping and positioning.

Figure 4 is a schematic diagram of the operation of the pipeline inertial locator in the
underground trenchless pipeline in actual work.
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Aiming at the problem of large trajectory error in dead reckoning, this section proposes
a dead reckoning correction algorithm based on the analysis of the above error sources.
The dead reckoning trajectory is corrected by constructing a correction matrix using known
location information, such as the starting point and ending point of the pipeline, and then
the corrected forward and reverse trajectory information is fused and averaged to achieve
high-precision mapping and positioning of underground pipelines. A schematic diagram
of the algorithm is shown in Figure 5.
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4.1. Forward Horizontal and Height Correction Algorithm

As shown in Figure 4, under the traction of hoist 2, the pipeline inertial locator travels
from the start point to the end point, where the position information of the start point and
the end point can be obtained by other positioning measurement methods, such as the
global navigation satellite system (GNSS). In the Cartesian coordinate system, the start point
coordinate is defined as (xstart, ystart, zstart); the end point coordinate is (xend, yend, zend),
and the dead reckoning end point coordinate is

(
xc

end, yc
end, zc

end
)
.

According to the coordinates of the start point and end point, the true heading angle
can be obtained as:

ψ+
1 =

180
π

tan−1
(

xend − xstart

yend − ystart

)
(18)

The true height rotation angle is:

ψ+
2 =

180
π

tan−1
(

xend − xstart

zend − zstart

)
(19)

The heading angle obtained from dead reckoning is:

ψ+
3 =

180
π

tan−1
(

xc
end − xstart

yc
end − ystart

)
(20)

The height rotation angle obtained by dead reckoning is:

ψ+
4 =

180
π

tan−1
(

xc
end − xstart

zc
end − zstart

)
(21)
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The horizontal and height scale transformation factors obtained from the real start
and end point information and dead reckoning end point information are:

K+
1 =

√
(xend − xstart)(yend − ystart)√(
xc

end − xstart)(yc
end − xstart

) (22)

K+
2 =

√
(xend − xstart)(zend − zstart)√(
xc

end − xstart)(zc
end − zstart

) (23)

where K+
1 is the horizontal scaling factor, and K+

2 is the height scaling factor.
The forward correction matrix Cn

p+ is constructed from formulas (18)–(23) as:

Cn
p+ =

 K+
1 K+

2 cos(ψ+
1 − ψ+

3 ) cos(ψ+
2 − ψ+

4 ) K+
1 K+

2 sin(ψ+
1 − ψ+

3 ) K+
1 K+

2 cos(ψ+
1 − ψ+

3 ) sin(ψ+
2 − ψ+

4 )
−K+

1 K+
2 sin(ψ+

1 − ψ+
3 ) cos(ψ+

2 − ψ+
4 ) K+

1 K+
2 cos(ψ+

1 − ψ+
4 ) −K+

1 K+
2 sin(ψ+

1 − ψ+
3 ) sin ψ+

1 − ψ+
4 )

−K+
1 K+

2 sin(ψ+
2 − ψ+

4 ) 0 K+
1 K+

2 cos(ψ+
2 − ψ+

4 )

 (24)

The dead reckoning formula based on forward horizontal and height correction is:

∆S̃
n
+ = Cn

p+Cp
b Cb

m(I− α×)(1 + δk)∆Sm (25)

where Cp
b is the calculated attitude transformation matrix.

4.2. Inverse Horizontal and Height Correction Algorithm

As shown in Figure 4, under the traction of hoist 1, the pipeline inertial locator moves
from the end point to the start point, and the dead reckoning position coordinate of the
start point in the Cartesian coordinate system is (xc

start, yc
start, zc

start).
According to the coordinates of the start point and end point, the reverse true heading

angle can be obtained as:

ψ−1 =
180
π

tan−1
(

xend − xstart

yend − ystart

)
(26)

The true height rotation angle is:

ψ−2 =
180
π

tan−1
(

xend − xstart

zend − zstart

)
(27)

The heading angle obtained from dead reckoning is:

ψ−3 =
180
π

tan−1
(

xend − xc
start

yend − yc
start

)
(28)

The height rotation angle obtained by dead reckoning is:

ψ−4 =
180
π

tan−1
(

xend − xc
start

zend − zc
start

)
(29)

The horizontal and height scale transformation factors obtained from the real start
point and end point information and dead reckoning end point information are:

K−1 =

√
(xend − xstart)(yend − ystart)√(
xc

end − xstart)(yc
end − xstart

) (30)
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K−2 =

√
(xend − xstart)(zend − zstart)√(
xc

end − xstart)(zc
end − zstart

) (31)

The inverse correction matrix Cn
p− is constructed from formulas (26)–(31) as:

Cn
p− =

 K−1 K−2 cos(ψ−1 − ψ−3 ) cos(ψ−2 − ψ−4 ) K−1 K−2 sin(ψ−1 − ψ−3 ) −K−1 K−2 cos(ψ−1 − ψ−3 ) sin(ψ−2 − ψ−4 )
−K−1 K−2 sin(ψ−1 − ψ−3 ) cos(ψ−2 − ψ−4 ) K−1 K−2 cos(ψ+

1 − ψ+
3 ) −K−1 K−2 sin(ψ−1 − ψ−3 ) sin ψ−1 − ψ−4 )

K−1 K−2 sin(ψ−2 − ψ−4 ) 0 K−1 K−2 cos(ψ−2 − ψ−4 )

 (32)

The dead reckoning formula based on reverse horizontal and height correction is:

∆S̃
n
− = Cn

p−Cp
b Cb

m(I− α×)(1 + δk)∆SmES (33)

5. Simulation and Experiment
5.1. Simulation Results

The algorithm proposed in this paper based on the start and end point correction and
forward and reverse information multiplexing error correction algorithm (SEC + FRIM) is
simulated and verified, and the device accuracy settings are shown in Table 1:

Table 1. Simulation device parameter settings.

Device Parameter Value

Gyroscope Zero Bias (◦/h) 10
Random walk (◦/

√
h) 0.5

Accelerometer
Zero Bias (mg) 1

Random walk
(

m/s2/
√

h
)

0.3

Odometer Scale Factor 0.9995

The positioning error of the proposed algorithm will also increase with the increase
in pipeline length. In order to ensure high-precision mapping and positioning at the CM
level, the maximum pipeline length applicable to this algorithm is 100 m. The length of the
pipeline simulation trajectory is 100 m, and the simulation trajectory diagram is shown in
Figure 6:
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reckoning reverse endpoint correction (DR + RC) algorithm for comparative simulation
experiments. The comparison results are shown in Figures 7–10:
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For the above simulation experiment error statistics, the positioning error statistics of
different algorithms are shown in Tables 2 and 3.

Table 2. Simulation positioning errors of different algorithms for linear pipelines.

Algorithms

Horizontal
Maximum

Positioning Error
(m)

Horizontal
Positioning Error

RMS (m)

Height Maximum
Positioning Error

(m)

Height
Positioning Error

RMS (m)

DR 0.792 0.518 0.551 0.356
DR + FC 0.093 0.045 0.105 0.057
DR + RC 0.183 0.078 0.121 0.051

DR + SEC + FRIM 0.042 0.023 0.005 0.002

Table 3. Simulation localization error of 90◦ bending pipeline with different algorithms.

Algorithms

Horizontal
Maximum

Positioning Error
(m)

Horizontal
Positioning Error

RMS (m)

Height Maximum
Positioning Error

(m)

Height
Positioning Error

RMS (m)

DR 1.380 0.552 0.325 0.250
DR + FC 0.271 0.179 0.086 0.048
DR + RC 0.422 0.182 0.198 0.087

DR + SEC + FRIM 0.187 0.096 0.011 0.009

It can be seen from Table 2 that the horizontal positioning error of the algorithm
proposed in this paper is within 5 cm, and the height positioning error is within 0.5 cm
when using 10◦/h MEMS gyroscopes for 100 m pipelines. The positioning accuracy of the
proposed algorithm is better than other dead reckoning correction algorithms.

It can be seen from Table 3 that when the length of the simulated pipeline is set to
100 m and the accuracy of the MEMS gyroscope is set to 10◦/h, the maximum horizontal
positioning error of the 90◦ curved pipeline is within 20 cm, and the maximum positioning
error of the height is within 5 cm. Although the positioning error is larger than that of
the straight pipeline, the positioning accuracy of the algorithm is better than other dead
reckoning correction algorithms.

5.2. Experiment Results

In order to better verify and evaluate the effectiveness of the proposed algorithm,
the laboratory self-developed pipeline inertial locator was used to conduct the actual
measurement experiment. The experimental site is shown in Figure 11.
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The pipeline inertial locator developed by the laboratory adopted the STIM300 MEMS
gyroscope. The performance indicators of the STIM300 MEMS gyroscope are shown in
Table 4 below:

Table 4. STIM300 MEMS gyroscope performance index.

Device Performance Precision

Gyroscope
Zero bias stability 0.5◦/h

Zero bias stability at all temperatures 10◦/h
Angle random walk 0.2◦/

√
h

The experimental results are shown in Figures 12–14 below.
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The above Figures 12–14 shows the pipeline trajectories solved by different algorithms.
The red line is the standard trajectory; the blue line is the trajectory solved by the algorithm
proposed in this paper, and the green and black lines are the forward dead reckoning
correction algorithm and the reverse dead position, respectively. The trajectory map
obtained by the reckoning and correction algorithms is not difficult to see from the above
Figures 10–12. The trajectory solved by the algorithm proposed in this paper is the closest
to the standard trajectory, and the positioning accuracy is the highest. The positioning
errors of different algorithms are shown in the following Table 5 and Figure 15:

Table 5. Positional accuracy comparison of different surveying methods.

Different Methods Horizontal Error (m) Height Error (m)

DR + FC 0.296 0.125
DR + RC 0.183 0.141

DR + SEC + FRIM 0.074 0.097
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6. Conclusions

Aiming at the high-precision mapping and positioning of urban, underground, trench-
less, short-distance small-diameter pipelines, a dead reckoning algorithm based on start
and end point correction and forward and reverse information multiplexing is proposed.
Firstly, the correction matrix was constructed by the known start and end point informa-
tion, and then the corrected forward and reverse trajectory information was fused and
averaged to achieve high-precision positioning. Finally, the simulation results show that
the maximum horizontal positioning error and the maximum height positioning error
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for the straight pipeline are both within 5 cm, and the maximum horizontal positioning
error for the 90◦ bend pipeline is within 20 cm, and the maximum height positioning error
is within 5 cm. The algorithm effectively solves the problem of rapid accumulation of
dead reckoning errors over time, improves positioning accuracy, and has certain practical
engineering value.
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