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Abstract

:

The cooperative control problem of discrete-time multi-agent systems (MASs) is discussed, and bounded uncertain time-delays and directed switching topologies are considered. By applying model transformations and matrix theory, an augmented system method is introduced to handle a heterogeneous time-delay MAS. Then, the consensus problem of the system is turned to the convergence issue of the product of innumerable row stochastic matrices. Sufficient conditions for asymptotic consensus of the system under directed switching topologies are obtained. Moreover, a novel consensus-based formation control strategy is designed to gain sufficient and necessary conditions for the formation control of a second-order differential robot system. Finally, the effectiveness of the obtained results is verified through simulations.
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1. Introduction


With the popularization of unmanned equipment, the improvement of the automation level and the application of distributed ideas, people have gradually realized that several single agent systems have difficulty in meeting increasingly complex practical needs, such as the cooperative work of multiple handling robots in warehouses, the cooperative equipment of multiple manipulators in factories and multiple unmanned aerial vehicles (UAVs) cluster reconnaissance in military war. Therefore, multi-agent systems (MASs) have emerged as the times require.



MASs originate from the biological cluster phenomenon in nature, such as the formation migration of wild geese and cluster migration of flocks as shown as Figure 1. Then, to meet the needs of engineering, the concept of group behaviors in nature was introduced to the computer field. The goal is to make several single agent systems realize complex intelligence through cooperative control to, thereby, reduce the complexity of system modeling and improve the robustness, reliability and flexibility of the system.



Since the cooperative control of MASs shows the advantages of high autonomy, fault tolerance, coordination, flexibility and scalability, the fields where it may be involved are also wide, such as target positioning [1,2], environmental monitoring [3,4], military exercises [5,6] and resource exploration [7,8]. It can be seen that the application of cooperative control of MASs bring considerable changes to people’s daily production and life, even in the national military and medical fields. Up to now, the cooperative control problems of MASs have attracted widespread concern of researchers from the fields of physics, robotics, control engineering, biology, artificial intelligence, etc.



Compared with several single agent systems, they can solve more complex practical problems. Therefore, it is necessary to study the cooperative control of MASs. The cooperative control of MASs includes various topics—for example, cooperative output regulation [9,10,11], consensus [12,13,14], formation control [15,16,17] and distributed filtering [18,19,20].



Formation control and consensus: if the formation control problem is linear (displacement- or bearing-based), then it can be considered as special cases of consensus and matrix-weighted consensus. Distance-based and bearing-only cases are quite different, since the equations governing the systems are nonlinear, and the techniques used for consensus problems cannot be applied directly. These two problems have the most important theoretical and practical significance for the intellectualization of the cooperative control of MASs.



The consensus problem is the primary condition of cooperative control of MASs. It means that agents dynamically adjust and update their behaviors under local cooperation and mutual communication, and all agents finally come to an agreement. The design of distributed consensus control protocol for MASs with general linear dynamics under directed graph is considered in [21]. Li et al. [22] are devoted to consensus problems of second-order MASs under directed topologies. By utilizing local cooperation and distributed control laws, all agents move at a constant speed and finally reach an agreement.



Feng et al. [23] overcame a class of consensus problems of mixed-order MASs using distributed nonlinear consensus control protocols. Komareji et al. [24] discussed the consensus problems in topologically interacting swarms under communication constraints and time-delays. However, there are also some works showing that many MASs (biological and artificial) collectively operate according to a consensus protocol without ever reaching consensus, such as [25].



Formation control problem aims to achieve some complex and global operations by applying some appropriate formation control strategies [26]. Li et al. [27] addressed two kinds of leader-follower formation control problems of second-order autonomous unmanned systems, where the speed of the leader is either constant or time-varying. The hierarchical formation control problems of wheeled mobile robots was investigated using a vector field method in [28]. Liu et al. [29] considered formation tracking control problems of second-order MASs with multiple leaders through sampled data.



However, all the above results represent continuous-time dynamics. In reality, the continuous states of agents are often described and updated by their sampled data, which leads to the formulations of discrete-time dynamics or sampled data. Therefore, the results gained in continuous-time dynamics can not be utilized to settle these issues directly. Under this background, a discrete-time dynamic model was developed in [30]. Chen et al. [31] focused on a new class of cluster consensus problems of discrete-time MASs with a few distinct groups. Cao et al. [32] deliberated on dynamic formation control problems of discrete-time MASs under directed graphs.



Thus far, some important results and methods about switched systems with delays have been established. The consensus of MASs subject to time-varying delayed control inputs and switching topology was considered in [33]. A practical example of a team of three networked quadrotors is given to illustrate the condition for consensus for a networked system based on linear matrix inequality (LMI) that takes into account the joint effects of time-varying delays and switching network topology.



The time-varying formation problem for nonlinear second-order MASs regarding the existence of switching directed topology and time delay was investigated in [34]. Sufficient conditions for the system to form the desired formation were obtained using the Lyapunov function approach and LMI technique. Nevertheless, research on the cooperative control of discrete-time MASs under multiple constraints was not fully studied. This paper pays close attention to cooperative control of discrete-time MASs with uncertain time-delays and switching topologies.



The motivation of this work is to extend the results in [35,36]. Compared with [35], the research object in Section 3 of this paper becomes more complex and the proposed control algorithm is more accurate. In addition, in Section 4 of this paper, the focus is not consensus of the second-order discrete-time MAS but formation control. Furthermore, the obtained consensus-based formation control strategy in this paper adds the target formation shape and target velocity on the basis of the consensus protocol.



Their functions are shown in Remark 3. In the same way, even though [36] and Section 3 of this paper both studied the consensus problem of heterogeneous MASs, the system model and the corresponding consensus control protocol are different. Both [35,36] are devoted to the study of consensus problem, and sufficient conditions for consensus were obtained. On this basis, this paper also studies the formation control problem.



Furthermore, the necessary and sufficient conditions of formation control are proposed. The results are verified effective by the simulation on Webots platform for Pioneer 3-DX robots. Specifically, our contributions are stated as below. First, different from the Lyapunov function approach mentioned in the literature [37,38], an augmented system method is introduced in this paper. The method can not only deal with a heterogeneous time-delay MAS by applying model transformations and matrix theory but also avoids the difficulty of constructing Lyapunov function to prove the consensus of the system.



Then, the consensus problem of the system is converted to the convergence problem of the product of innumerable row stochastic matrices. Secondly, over the existing results in [30,31,32], the restrictive conditions for topologies and time-delays are relaxed, arbitrary, bounded uncertain time-delays, and dynamic directed switching topologies that have spanning trees are allowed. Thirdly, a novel consensus-based formation control strategy that only requires local information of neighbors is proposed to gain necessary and sufficient condition for formation control of a second-order differential robot system.



The remaining sections are summarized as below. Section 2 gives some preliminaries. In Section 3, consensus of a heterogeneous time-delay MAS is presented. Formation control of a second-order differential robot system is shown in Section 4. Section 5 is committed to verifying the correctness of the proposed theoretical results via numerical simulations and robot examples. Section 6 offers our conclusions.



Notations:    ϖ n  =  1 , … , n    is an index set.   i ∈  ϖ a  /  ϖ b    denotes i belongs to   ϖ a   but not to   ϖ b  . R is the real set.  I    n   represents an n dimensional identity matrix.  1  represents a well dimensional column matrix with all ones. ⊗ represents the Kronecker product; and    ( · )  T   represents the matrix transpose.




2. Preliminaries


2.1. Graph Theory


A weighted directed graph is represented by   G = ( V , E , W )  , where   V = ( 1 , 2 , … , n )   is a node set,   E ⊆ V × V   is a directed edge set and   W = [  w  i j   ]   is a weighted adjacency matrix. In addition,    N i  =  j ∈ V , ( i , j ) ∈ E    denotes a set of neighbors of node i. A directed edge of G is represented by   ( i , j )  , which means node i points to node j. The indegree of node i is defined as   d e  g  i n    ( i )  =  ∑  j ∈  N i     w  i j    . The indegree matrix of G is defined as   D = d i a g  d e  g  i n    ( 1 )  , … , d e  g  i n    ( n )    .



The Laplacian matrix of G is defined as   L = D − W  . A directed path from node i to node 1 is an ordered sequence of directed edges, which is represented by   ( i , i − 1 ) , … , ( 3 , 2 ) , ( 2 , 1 )  . If there is a node so that there is a directed path from it to each of the remaining nodes, it is can be said that the weighted directed graph G has a spanning tree and the node is called root node. The union of some weighted directed graphs    G  z 1   ,  G  z 2   , … ,  G  z k     with a common node set and a combined directed edge set given by    G  z j   ,   j = 1 , … , k   is also called a weighted directed graph. The directed switching topologies that have spanning trees means the union of these weighted directed graphs has at least a spanning tree.




2.2. Matrix Theory


Given a matrix   A = [  a  i j   ]  , if all elements   a  i j    are not less than zero, then it is a nonnegative matrix. Moreover, if there exists a nonnegative matrix A satisfying   A 1 = 1  , then it is a row stochastic matrix. Furthermore, if the row stochastic matrix A satisfying    lim  k → ∞    A k  = 1  f T    where f is a column matrix, then it is called indecomposable and aperiodic (SIA) [39].





3. Consensus of Heterogeneous Time-Delay MAS


It should be noted that most studies concentrate on homogeneous systems—that is, all agents have the same-order dynamics. However, the dynamics of the agents may be different because of various restrictions or the common goals with mixed agents in practical systems, such as different spacecraft and robots perform different tasks in the spacecraft and robots formation system.



Thus, it is significant to consider heterogeneous MASs. Compared with the first-order or second-order dynamics MASs, the study of heterogeneous MASs composed of both first-order and second-order dynamics agents seems to be more complicated. Thus, far, there are few results on the consensus of heterogeneous MAS. Therefore, a heterogeneous MAS consists of n agents labeled as   1 , 2 , … , n   is considered. Agent 1 to agent p   ( p < n )   have first-order dynamics, while the remaining agents have second-order dynamics. Then, the discrete-time dynamic model of each agent is presented as:


       x i   ( k + 1 )  =  x i   ( k )  +  u i   ( k )  T , i ∈  ϖ p             x i   ( k + 1 )  =  x i   ( k )  +  v i   ( k )  T        v i   ( k + 1 )  =  v i   ( k )  +  u i   ( k )  T , i ∈  ϖ n  /  ϖ p           



(1)




where    x i   ( k )  ∈ R  ,    v i   ( k )  ∈ R   and    u i   ( k )  ∈ R   are, respectively, the position, velocity and control input of agent i at time k.   T > 0   is the sampling period and   k ≥ 0   indicates the sampling times. For brevity, all   k T   are replaced by k.



To enable the system (1) to achieve asymptotic consensus with bounded uncertain time-delays and directed switching topologies, a consensus control protocol is designed as:


          u i   ( k )  =  p 0   ∑  j ∈  N i     w  i j   r ( k )    ( k )   (  x j   ( k −  τ  i j   r ( k )    ( k )  )  −  x i   ( k )  )  ,   i ∈  ϖ p         u i   ( k )  = −  p 1   v i   ( k )  +  p 2   ∑  j ∈  N i     w  i j   r ( k )    ( k )   (  x j   ( k −  τ  i j   r ( k )    ( k )  )  −  x i   ( k )  )           +  p 3   ∑  j ∈  N i     w  i j   r ( k )    ( k )   (  v j   ( k −  τ  i j   r ( k )    ( k )  )  −  v i   ( k )  )  ,   i ∈  ϖ n  /  ϖ p          



(2)




where    p 0  > 0  ,    p 1  > 0  ,    p 2  > 0   and    p 3  > 0   are constant coefficients to be designed.   r ( k )   represents the switching modes of the directed topologies and takes the value from a limited set   S =   G 1  ,  G 2    .    τ  i j   r ( k )    ( k )    represents the uncertain time-delay from agent j to agent i at time k in mode   r ( k )   and satisfies    τ  i j   r ( k )    ( k )  ≤  τ  m a x    , where   τ  m a x    is the upper bound of uncertain time-delay depending on the dwell time of the switching topologies.    x j   ( k −  τ  i j   r ( k )    ( k )  )    and    v j   ( k −  τ  i j   r ( k )    ( k )  )    represent the position and velocity of agent j obtained by agent i at time k in mode   r ( k )  , respectively.    w  i j   r ( k )    ( k )  ≥ 0   is the weighting factor on the directed edge formed by agent i and agent j at time k in mode   r ( k )  .



The system (1) realizes asymptotic consensus under the consensus control protocol (2) if Equation (3) holds [37]:


       lim  k → ∞    (  x i   ( k )  −  x j   ( k )  )  = 0 , ∀ i ,   j ∈  ϖ n         lim  k → ∞    (  v i   ( k )  −  v j   ( k )  )  = 0 , ∀ i ,   j ∈  ϖ n  /  ϖ p       



(3)







For simplicity, the switching modes of the directed topologies   r ( k )   is selectively ignored. Consider it in the subsequent simulations and make the following changes:


      ζ  ( k )  =   [  x 1 T   ( k )  , … ,  x p T   ( k )  ]  T        φ  ( k )  =   [  x  p + 1  T   ( k )  ,  v  p + 1  T   ( k )  , … ,  x n T   ( k )  ,  v n T   ( k )  ]  T       



(4)






     B =     1   T     0    1 −  p 1  T          



(5)






     C =     0   0       p 2  T      p 3  T          



(6)






     E =       p 0  T    0     0     p 0  T          



(7)







Then, under the consensus control protocol (2), the system (1) is written as:


         ζ  ( k + 1 )  =  [ 1 ⊗  I p  +  (  W 10   ( k )  −  D 1   ( k )  )  ⊗ E ]  ζ  ( k )  +  (  W 11   ( k )  ⊗ E )  ζ  ( k − 1 )            + … +  (  W  1  τ  m a x      ( k )  ⊗ E )  ζ  ( k −  τ  m a x   )  ,   i ∈  ϖ p        φ  ( k + 1 )  =  [  I  n − p   ⊗ B +  (  W 20   ( k )  −  D 2   ( k )  )  ⊗ C ]  φ  ( k )  +  (  W 21   ( k )  ⊗ C )  φ  ( k − 1 )            + … +  (  W  2  τ  m a x      ( k )  ⊗ C )  φ  ( k −  τ  m a x   )  ,   i ∈  ϖ n  /  ϖ p          



(8)




where    D 1   ( k )  = d i a g  ( d e  g  i n    ( 1 )  , … , d e  g  i n    ( p )  )    and    D 2   ( k )  = d i a g  ( d e  g  i n    ( p + 1 )  , … , d e  g  i n    ( n )  )    are the indegree matrices of agent 1 to agent p and agent   ( p + 1 )   to agent n, respectively.    W  1 m    ( k )    and    W  2 m    ( k )     ( m = 0 , 1 , … ,  τ  m a x   )   represent the   p × n   and   ( n − p ) × n   dimensional weighted adjacency matrices when    τ  i j   = m  . According to the definition of a Laplacian matrix,    L  1 m    ( k )  =  D 1   ( k )  −  ∑  m = 0   τ  m a x     W  1 m    ( k )    and    L  2 m    ( k )  =  D 2   ( k )  −  ∑  m = 0   τ  m a x     W  2 m    ( k )    hold.



To guarantee the asymptotic consensus of the heterogeneous time-delay MAS (8), an augmented system approach is introduced to deal with the system (8) by applying model transformations and matrix theory, while all uncertain time-delays are equal to zero, the coefficient matrices of system (8) still not satisfy the definition of row stochastic matrix. Therefore, the model transformations are used to transform the system (8) into an equivalent system whose coefficient matrices are row stochastic. Finally, the equivalent system is analyzed by the properties of row stochastic matrices and sufficient conditions for asymptotic consensus are obtained.



Let     v ^  i   ( k )  =  x i   ( k )  + H  v i   ( k )    and   H =   p 3   p 2    . Furthermore, the system (8) is equivalently converted into Equation (9).


      ζ  ( k + 1 )  =  [ 1 ⊗  I p  +  (  W 10   ( k )  −  D 1   ( k )  )  ⊗ E ]  ζ  ( k )  +  (  W 11   ( k )  ⊗ E )  ζ  ( k − 1 )            + … +  (  W  1  τ  m a x      ( k )  ⊗ E )  ζ  ( k −  τ  m a x   )  ,   i ∈  ϖ p             x i   ( k + 1 )  =  x i   ( k )  +     v ^  i   ( k )  −  x i   ( k )   H  T         v ^  i   ( k + 1 )  =   v ^  i   ( k )  +     v ^  i   ( k )  −  x i   ( k )   H   ( 1 − H  p 1  )  T +  p 3   ∑  j = 1  n   w  i j    ( k )   (   v ^  j   ( k −  τ  i j    ( k )  )  −   v ^  i   ( k )  )  ,   i ∈  ϖ n  /  ϖ p           



(9)







Denote:


  Ω  ( k )  =   [  x  p + 1  T   ( k )  ,   v ^   p + 1  T   ( k )  , … ,  x n T   ( k )  ,   v ^  n T   ( k )  ]  T    



(10)






     F =      1 −  T H      T H       −  ( 1 − H  p 1  )   T H      1 +  ( 1 − H  p 1  )   T H           



(11)






     R =     0   0     0     p 3  T          



(12)







Combine Equations (10)–(12), the system (9) is rewritten as:


         ζ  ( k + 1 )  =  [ 1 ⊗  I p  +  (  W 10   ( k )  −  D 1   ( k )  )  ⊗ E ]  ζ  ( k )  +  (  W 11   ( k )  ⊗ E )  ζ  ( k − 1 )             + … +  (  W  1  τ  m a x      ( k )  ⊗ E )  ζ  ( k −  τ  m a x   )  ,   i ∈  ϖ p        Ω  ( k + 1 )  =  [  I  n − p   ⊗ F +  (  W 20   ( k )  −  D 2   ( k )  )  ⊗ R ]  Ω  ( k )  +  (  W 21   ( k )  ⊗ R )  Ω  ( k − 1 )             + … +  (  W  2  τ  m a x      ( k )  ⊗ R )  Ω  ( k −  τ  m a x   )  ,   i ∈  ϖ n  /  ϖ p          



(13)







The system (13) is further improved on the basis of system (8), and its coefficient matrices satisfy the definition of row stochastic matrix. However, it still contains uncertain time delays that are not conducive to the analysis of consensus. Therefore, the system (13) needs to be further changed.



Let   Γ  ( k )  =   [  ζ T   ( k )  ,  ζ T   ( k − 1 )  , … ,  ζ T   ( k −  τ  m a x   )  ]  T    and   Φ  ( k )  =   [  Ω T   ( k )  ,  Ω T   ( k − 1 )  , … ,  Ω T   ( k −  τ  m a x   )  ]  T   , an augmented system (14) is described as below:


      Γ ( k + 1 ) = Ψ ( k ) Γ ( k )       Φ ( k + 1 ) = Ξ ( k ) Φ ( k )      



(14)




where   Ψ ( k )   and   Ξ ( k )   are given in Equations (15) and (16).


  Ψ  ( k )  =      1 ⊗  I p  +  (  W 10   ( k )  −  D 1   ( k )  )  ⊗ E      W 11   ( k )  ⊗ E    …     W  1  τ  m a x      ( k )  ⊗ E      I   0   …   0     0   ⋱   ⋮   0     0   …   I   0      



(15)






  Ξ  ( k )  =       I  n − p   ⊗ F +  (  W 20   ( k )  −  D 2   ( k )  )  ⊗ R      W 21   ( k )  ⊗ R    …     W  2  τ  m a x      ( k )  ⊗ R      I   0   …   0     0   ⋱   ⋮   0     0   …   I   0      



(16)







Let   η ( k ) = 1 ⊗   I     p  −  D 1   ( k )  ⊗ E   and   θ ( k ) =   I      n − p   ⊗ F −  D 2   ( k )  ⊗ R  , Equations (15) and (16) are changed into Equations (17) and (18).


  Ψ  ( k )  =      η  ( k )  +  W 10   ( k )  ⊗ E      W 11   ( k )  ⊗ E    …     W  1  τ  m a x      ( k )  ⊗ E      I   0   …   0     0   ⋱   ⋮   0     0   …   I   0      



(17)






  Ξ  ( k )  =      θ  ( k )  +  W 20   ( k )  ⊗ R      W 21   ( k )  ⊗ R    …     W  2  τ  m a x      ( k )  ⊗ R      I   0   …   0     0   ⋱   ⋮   0     0   …   I   0      



(18)







Let    W  1 m    ( k )  =  [  W  p × p     W  p × ( n − p )   ]    and    W  2 m    ( k )  =  [  W  ( n − p ) × p     W  ( n − p ) × ( n − p )   ]   , then the weighted adjacency matrix W is obtained as follows:


     W =      W  p × p      W  p × ( n − p )        W  ( n − p ) × p      W  ( n − p ) × ( n − p )           



(19)







Since   L ( k ) 1 = 0  ,    L  1 m    ( k )  =  D 1   ( k )  −  ∑  m = 0   τ  m a x     W  1 m    ( k )    and    L  2 m    ( k )  =  D 2   ( k )  −  ∑  m = 0   τ  m a x     W  2 m    ( k )   , then   Ψ ( k ) 1 = 1   and   Ξ ( k ) 1 = 1   hold. In addition, the following two assumptions are need to be made.



Assumption 1.

The bounded uncertain time-delays mean that time-delays on each interactive topology can be selected at will, as long as they do not exceed the dwell time of the switching topologies.


    τ  i j    ( k )  ≤  τ  m a x     



(20)









Assumption 2.

Suppose   d  m a x    is the largest principal diagonal element of Laplacian matrix and the following inequalities hold.


       p 0  T  d  m a x   ≤ 1        p 1  H ≥ 1       0 < T ≤ H       1 +  ( 1 −  p 1  H )   T H  ≥  p 3  T  d  m a x        



(21)









When Assumptions 1 and 2 are satisfied, all elements of   Ψ ( k )   and   Ξ ( k )   are nonnegative, and satisfy   Ψ ( k ) 1 = 1   and   Ξ ( k ) 1 = 1  . Therefore,   Ψ ( k )   and   Ξ ( k )   are row stochastic matrices. In addition, for positive integers   z 1  ,   z 2  ,…,  z k   with   z k > z 1  , if the union of weighted directed graphs    G  z 1   ,  G  z 2   , … ,  G  z k     has spanning trees, then    ∏  k = z 1   z k   Ψ  ( k )    and    ∏  k = z 1   z k   Ξ  ( k )    are SIA [40]. In other words, there exists a column matrix f that makes    ∏  k = z 1   z k   Ψ  ( k )   =    ∏  k = z 1   z k   Ξ  ( k )  = 1  f T    hold as   z k → ∞  .



Theorem 1.

When Assumptions 1 and 2 are satisfied, the heterogeneous time-delay MAS (1) achieves asymptotic consensus under the consensus control protocol (2) if the directed switching topologies have spanning trees.





Proof Theorem 1.

Take into account the augmented system (14). By continuous iteration, Equation (22) is yielded as:


      Γ ( k + 1 ) = Ψ ( k ) Ψ ( k − 1 ) … Ψ ( 0 ) Γ ( 0 )       Φ ( k + 1 ) = Ξ ( k ) Ξ ( k − 1 ) … Ξ ( 0 ) Φ ( 0 )      



(22)







Equation (22) can be simplified as Equation (23):


      Γ  ( k + 1 )  =  ∏  m = k  0  Ψ  ( m )  Γ  ( 0 )        Φ  ( k + 1 )  =  ∏  m = k  0  Ξ  ( m )  Φ  ( 0 )       



(23)







Take the limitation on both sides of Equation (23), Equation (24) is shown as:


       lim  k → ∞   Γ  ( k + 1 )  =  lim  k → ∞    ∏  m = k  0  Ψ  ( m )  Γ  ( 0 )         lim  k → ∞   Φ  ( k + 1 )  =  lim  k → ∞    ∏  m = k  0  Ξ  ( m )  Φ  ( 0 )       



(24)







As the directed switching topologies have spanning trees, the union of weighted directed graphs    G  z 1   ,  G  z 2   , … ,  G  z k     for positive integers   z 1  ,   z 2  ,,   z k   with   z k > z 1   has at least a spanning trees—that is, Equation (25) holds:


       lim  k → ∞   Γ  ( k + 1 )  = 1  f T  Γ  ( 0 )         lim  k → ∞   Φ  ( k + 1 )  = 1  f T  Φ  ( 0 )       



(25)







According to Equation (25) and all the above analysis, the following Equation (26) holds:


       lim  k → ∞    x i   ( k )  = 1  f T  Γ  ( 0 )  ,   i ∈  ϖ n         lim  k → ∞    v i   ( k )  = 1  f T  Φ  ( 0 )  ,   i ∈  ϖ n  /  ϖ p        



(26)







Then, system (1) achieves asymptotic consensus under the consensus control protocol (2). □





Corollary 1.

If all uncertain time-delays are equal to zero, the heterogeneous time-delay MAS (1) also realizes asymptotic consensus under the consensus control protocol (2).





Proof Corollary 1.

While all uncertain time-delays are equal to zero, the situation is seen as an unusual exception of Theorem 1. Furthermore, the remaining analysis is the same as above. Therefore, Corollary 1 holds naturally. □





Remark 1.

The proposed augmented system method is easier to obtain the sufficient condition for asymptotic consensus of the heterogeneous time-delay MAS (1) under directed switching topologies. Furthermore, the restrictive conditions for topologies and time-delays are relaxed.






4. Formation Control of Second-Order Differential Robot System


In this part, a second-order differential robot system is shown as:


       x i   ( k + 1 )  =  x i   ( k )  +  v i   ( k )  T        v i   ( k + 1 )  =  v i   ( k )  +  u i   ( k )  T ,   i ∈  ϖ n       



(27)




where    x i   ( k )  ∈ R  ,    v i   ( k )  ∈ R  ,    u i   ( k )  ∈ R   and T are given in Equation (1).



The target formation of the system (27) is given as follows:


  ξ =   [  ξ 1  ,  ξ 2  , … ,  ξ n  ]  T    



(28)




where    ξ i  =   [  ξ  i x   ,  ξ  i v   ]  T   ,   ξ  i x    and   ξ  i v    denote, respectively, the target position and target velocity of agent i.



To make the system (27) achieve the target formation shape and run at the target velocity, a novel consensus-based formation control strategy is designed as:


      u i   ( k )  =     −  p 1   (  v i   ( k )  −  ξ v  )  −  p 2   ∑  j ∈  N i     w  i j   r ( k )    ( k )   (  x i   ( k )  −  x j   ( k −  τ  i j   r ( k )    ( k )  )  −  ξ  d i j   )         −  p 3   ∑  j ∈  N i     w  i j   r ( k )    ( k )   (  v i   ( k )  −  v j   ( k −  τ  i j   r ( k )    ( k )  )  )  ,   i ∈  ϖ n      



(29)







The second-order differential robot system (27) achieves the target formation shape and run at the target velocity under the strategy (29) if and only if Equation (30) holds [41].


       lim  k → ∞    (  x i   ( k )  −  x j   ( k )  )  =  ξ  d i j          lim  k → ∞    v i   ( k )  =  lim  k → ∞    v j   ( k )  =  ξ v  , ∀ i ,   j ∈  ϖ n        



(30)




where    ξ  d i j   =  ξ  i x   −  ξ  j x   =  ( i − j )  ∗ d  , which denotes the relative position of agents i and j measured by sonar sensors. d is the distance between adjacent agents.    ξ v  =  ξ  i v     represents target velocity.



Remark 2.

If    ξ  d i j   = 0  , formation control becomes the asymptotic consensus. Furthermore, Equation (30) also becomes    lim  k → ∞    (  φ i   ( k )  −  ξ i  )  −  (  φ j   ( k )  −  ξ j  )  = 0  .





Similarly, make the following changes:


      B 1  =     0   0     0     p 1  T          



(31)






      C 1  =     0   0       p 2  T    0         



(32)







By substituting the strategy (29) into the system (27) and combining Equations (5), (6), (31) and (32), the system (27) is rewritten as:


     φ ( k + 1 )     =  [  I n  ⊗ B −  (  D 0   ( k )  −  W 0   ( k )  )  ⊗  C 1  ]  φ  ( k )  +  (  W 1   ( k )  ⊗ C )  φ  ( k − 1 )  + …        +  (  W  τ  m a x     ( k )  ⊗ C )  φ  ( k −  τ  m a x   )  +  (  I n  ⊗  B 1  )  ξ −  (  (  D 0   ( k )  −  W 0   ( k )  )  ⊗  C 1  )  ξ     



(33)




where    D 0   ( k )  = d i a g  ( d e g  ( 1 )  , … , d e g  ( n )  )    is the indegree matrix of agent 1 to agent n and    W m   ( k )     ( m = 0 , 1 , … ,  τ  m a x   )   is   n × n   dimensional weighted adjacency matrix when    τ  i j   = m  .



Further denote:


  γ ( k ) = φ ( k ) − ξ   



(34)







Then:


  φ ( k ) = γ ( k ) + ξ   



(35)







Substituting Equation (35) into Equation (33) yields:


     γ ( k + 1 )     =  [  I n  ⊗ B −  (  D 0   ( k )  −  W 0   ( k )  )  ⊗ C ]   ( γ  ( k )  + ξ )  +  (  W 1   ( k )  ⊗ C )   ( γ  ( k − 1 )  + ξ )  + …        +  (  W  τ  m a x     ( k )  ⊗ C )   ( γ  ( k −  τ  m a x   )  + ξ )  +  (  I n  ⊗  B 1  )  ξ −  (  (  D 0   ( k )  −  W 0   ( k )  )  ⊗  C 1  )  ξ − ξ     



(36)







Theorem 2.

If and only if    lim  k → ∞    γ i   ( k )  −  γ j   ( k )  = 0  , the second-order differential robot system (27) realizes the target formation shape and run at the target velocity under the strategy (29).





Proof Theorem 2.

(Sufficiency) By substituting Equation (34) into the equation    lim  k → ∞    γ i   ( k )  −  γ j   ( k )  = 0  ,    lim  k → ∞    (  φ i   ( k )  −  ξ i  )  −  (  φ j   ( k )  −  ξ j  )  = 0   holds. According to Equation (30) and Remark 3, it is shown that system (27) realizes the target formation shape and runs at the target velocity.



(Necessity) If the system (27) achieves the target formation shape and run at the target velocity under the strategy (29)—that is,    lim  k → ∞    (  φ i   ( k )  −  ξ i  )  −  (  φ j   ( k )  −  ξ j  )  = 0   holds. Then, according to Equation (35),    lim  k → ∞    γ i   ( k )  −  γ j   ( k )  = 0   holds. □





Remark 3.

The benefits of the strategy (29) are that it only requires local information of neighbors instead of centralized control and global shared information to realize the formation control. Furthermore, the target formation shape and target velocity can be adjusted by modifying the parameters d and   ξ v  . Therefore, the strategy is suitable for large-scale formation control. Moreover, if the appropriate quantitative information and topology can be found, then consensus algorithm can be guaranteed to converge in a certain time—that is, the strategy can complete the target formation in a certain time.






5. Simulations


To explain the correctness of the obtained results, some numerical simulations and robot examples are presented. Figure 2 shows the switching modes of directed topologies   r ( k )  . Let the sampling period   T =   0.2 s, then the dwell time of switching topologies is 20T. Therefore, the upper bound of uncertain time-delay is    τ  m a x   =   4 s.



5.1. Case 1


The interactive topologies of heterogeneous time-delay MAS (1) with   n =   4 are given in Figure 3. Suppose agent 1 and agent 2 have first-order dynamics, while the remaining agents have second-order dynamics. According to the definition of spanning trees, the two interactive topologies have spanning trees. Moreover, since the time-delays on each interactive topology are uncertain but bounded and to satisfy Assumption 1, the time-delays on   G 1   and   G 2   are arbitrarily selected as 1 and 0.6 s.



If the weighting factor on each edge of the directed topologies is 0.5 and to satisfy the definition that W is a row stochastic matricx [42], then the weighted adjacency matrices of directed graphs   G 1   and   G 2   are as below:


      W  G 1   =      0.5    0   0    0.5       0.5     0.5    0   0     0    0.5     0.5    0     0   0    0.5     0.5          










      W  G 2   =      0.5     0.5    0   0     0    0.5     0.5    0     0   0    0.5     0.5       0.5    0   0    0.5          











Since   H =   p 3   p 2    ,   T = 0.2   s and    d  m a x   = 0.5  , then   0 <  p 1  ≤ 5  ,   0 <  p 2  ≤ 5  p 3   ,    p 3 2  ≤ 10  p 3  + 2  p 2  − 2  p 1   p 3    and   0 <  p 0  ≤ 10   are deduced to satisfy Assumption 2. Therefore,    (  p 0  ,  p 1  ,  p 2  ,  p 3  )  =  ( 1 , 1 , 1 , 2 )    can be chosen. Similar to convergence factors, they directly affect the convergence rate.



Let    x i   ( 0 )  = i − 1 , i ∈  I n    and    v i   ( 0 )  = 0.1 ∗  ( i − 1 )  , i ∈  I n  /  I p   . According to Figure 3 and W, the four agents adjust their state information in real time with the local information of themselves and their neighbors. The ultimate goal is to achieve global state consensus through these local information. By applying the consensus control protocol (2) to the system (1), the position and velocity consensus are shown in Figure 4, which prove the correctness of Theorem 1. Figure 4 shows that the position and velocity trajectories asymptotic convergence about 15s while those asymptotic convergence after 20 s in [43], the convergence rate is about improved by   25 %   at the cost of increasing the gain parameters and decreasing the number of agents.




5.2. Case 2


The interactive topologies of second-order differential robot system (27) with   n = 4   are exhibited in Figure 5. Similarly, the time-delays on each interactive topology are uncertain but bounded and to satisfy Assumption 1, the time-delays on   G 1   and   G 2   are arbitrarily selected as 0.18 and 0.12 s.



Let   d = 5   m,   ξ ( v ) = 0   in X direction and   d = 0  ,   ξ ( v ) = 0.5   m/s in Y direction. Furthermore, take   (  x i   ( 0 )  ,  y i   ( 0 )  )   =((6,1), (9,3), (12,6), (20,9)) and   (  v  x i    ( 0 )  ,  v  y i    ( 0 )  ) =  ( 0 , 0 )    for   i ∈  I n   . Similar to case 1, the arrows in Figure 5 show the information interaction between agents. Agents achieve cooperative control by continuously adjusting the state information of their neighbors. By applying consensus-based formation control strategy (29) to second-order differential robot system (27), the position and velocity trajectories are shown in Figure 6. Figure 6a,b depict that four agents achieve the target formation shape and run at the target velocity.



Four curves with different colors in Figure 6a represent position trajectories of four agents. From this figure, it can be seen that four agents reach the desired relative positions. Similarly, it can be seen from Figure 6b that the final velocities of the four agents also reach the target velocities. Figure 7 reveals the corresponding position and velocity trajectories when    τ  i j    ( k )  ≠ 0  .



Comparing Figure 6 and Figure 7, it is easy to see that the existence of uncertain time-delays does have an impact on the convergence rate and overshoot of system (27). However, as long as the uncertain time delays are within the dell time of switching topologies, the overall convergence characteristics of the system do not change. In addition, Figure 6 and Figure 7 reveal that the position and velocity trajectories are not completely smooth because of the switching topologies.



To further verify the feasibility of formation control of second-order differential robot system (27), four Pioneer 3-DX robots are imported into Webots platform. According to the control requirements, GPS node and Gyro node are added to measure the global position coordinates, velocity and angular velocity. Pioneer 3-DX robots adjust their velocity and direction by means of two wheel differential drive. Furthermore, each wheel is controlled by an independent motor. The dynamic model of second-order differential robot [44] is shown in Figure 8. They mainly rely on the front and rear sonar rings to sense the distance between each other.



There are eight sonars in each sonar ring and 16 sonars in the front and rear. They are eight forward ultrasonic (sonar) sensors and eight optional real sonars, respectively. Relying on these 16 sonars, the Pioneer 3-DX robot has a 360 degree perception capability. Each sonar has an effective detection range of 30 mm to 5000 mm and a resolution of 1 mm.



The   v ( k )   and   w ( k )   denote the velocity and angular velocity, respectively. The    v l   ( k )    and    v r   ( k )    represent the left and right wheel velocities, respectively. The global position coordinates are denoted by   ( x , y )  . l denotes the distance between the left and right wheels, r is the wheel radius [45].



The left and right wheel velocities    v l   ( k )    and    v r   ( k )    are selected as the control variables, and the dynamic model is obtained as shown in (37).


       x ˙  =  r 2   (  v l   ( k )  +  v r   ( k )  )  c o s θ        y ˙  =  r 2   (  v l   ( k )  +  v r   ( k )  )  s i n θ        θ ˙  =  r l   (  v r   ( k )  −  v l   ( k )  )        



(37)







If the robot is regarded as a particle, the velocity   v ( k )   and angular velocity   w ( k )   are selected as the control variables, and the dynamic model is obtained as shown in (38).


       x ˙  = v  ( k )  c o s θ        y ˙  = v  ( k )  s i n θ        θ ˙  = w  ( k )        



(38)







By synthesizing Equations (37) and (38), eliminating intermediate variables x, y and  θ , then the relationships between the left and right wheel velocities and the velocity and angular velocity are obtained as shown in Equation (39). Thus, the dynamic model of the robot with velocity and angular velocity as control variables is obtained as shown in (39).


       v l   ( k )  =   2 v ( k ) − w ( k ) l   2 r          v r   ( k )  =   2 v ( k ) + w ( k ) l   2 r         



(39)







Let   w ( k ) = 0   and initial positions of four robots are taken as ((−2.5, 1.2), (−1, −0.3), (0.5, 0.2) and (1.8, 2.4)). The strategy (29) is applied to second-order differential robot system (27) to obtain the velocity   v ( k )  . According to Equation (39),    v l   ( k )    and    v r   ( k )    are obtained. Finally, the formation achieving processes at   k = 0 , 20 , 35 , 75   are shown in Figure 9. Clearly, the four Pioneer 3-DX robots form a given target formation shape and run at the target velocity within 15 s.





6. Conclusions


The cooperative control problem of discrete-time MASs with bounded uncertain time-delays and directed switching topologies is considered. By applying model transformations and matrix theory, an augmented system approach is introduced to make the consensus of the heterogeneous time-delay MASs transform into the convergence issue of the product of innumerable row stochastic matrices. Moreover, a novel consensus-based formation control strategy is devised so that the second-order differential robot system realizes target formation. Furthermore, the effectiveness of the obtained results is verified through some simulations.
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Figure 1. Biological cluster phenomenon in nature. (a) Formation migration of wild geese. (b) Cluster migration of a flock. 
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Figure 2. Switching modes of directed topologies   r ( k )  . 
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Figure 3. Interactive topologies of heterogeneous time-delay MAS (1). (a)   G 1  , (b)   G 2  . 
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Figure 4. Position and velocity trajectories of heterogeneous time-delay MAS (1). (a) Position trajectories. (b) Velocity trajectories. 
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Figure 5. Interactive topologies of second-order differential robot system (27). (a)   G 1  , (b)   G 2  . 
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Figure 6. Position and velocity trajectories of second-order differential robot system (27) (   τ  i j    ( k )  = 0  ). (a) Position trajectories. (b) Velocity trajectories. 
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Figure 7. Position and velocity trajectories of second-order differential robot system (27) (   τ  i j    ( k )  ≠ 0  ). (a) Position trajectories. (b) Velocity trajectories. 






Figure 7. Position and velocity trajectories of second-order differential robot system (27) (   τ  i j    ( k )  ≠ 0  ). (a) Position trajectories. (b) Velocity trajectories.



[image: Electronics 11 02598 g007]







[image: Electronics 11 02598 g008 550] 





Figure 8. Schematic diagram of second-order differential robot (27). 
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Figure 9. The formation shape of four robots at   k = 0 , 20 , 35 , 75  . (a) Formation shape (  k = 0  ). (b) Formation shape (  k = 20  ). (c) Formation shape (  k = 35  ). (d) Formation shape (  k = 75  ). 
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