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Abstract: Optimizing antenna arrays is essential for achieving efficient beamforming with very low
sidelobe level (SLL) where adopting tapered window functions is one of the straightforward efficient
techniques for achieving this goal. Recently, two-dimensional (2D) beamforming has been extensively
required for many applications; therefore, this paper proposes two extrapolation techniques applied
to one-dimensional (1D) tapered functions to efficiently feed 2D antenna arrays using cross-linear
and adaptive radial tapering techniques. The first proposed 2D cross-linear tapering technique
determines the 2D tapering coefficients by Hadamard multiplication of two right-angled grids of
repeated 1D functions, while the second proposed adaptive radial tapering technique locates the
antenna element in the 2D array in terms of its radial distance with respect to the array center,
then converts this distance to an element index in a virtual 1D tapering window to determine the
element weighting value. The adaptive radial tapering technique is optimized for achieving the
minimum SLLs. The two proposed techniques are analyzed and discussed, where it is found that
the adaptive radial tapering provides deeper SLLs compared to the cross-linear tapering technique.
The two extrapolation techniques are examined for four window functions including triangular
(Bartlett), Hamming, cosine-square, and Blackman windows, and the simulation results show that for
extrapolating the Blackman window using adaptive radial tapering, a −50 dB SLL can be achieved
which is independent on the array size, while cross-linear tapering provides −35 dB and −41 dB
SLLs for 16 × 16 and 32 × 32 antenna arrays, respectively.

Keywords: antenna arrays; beamforming; tapered windows; wireless communications; sidelobe
level reduction

1. Introduction
1.1. Background and Motivations

Wireless communications and networks became very important in our daily life
services and applications including mobile, satellite, radar, sonar, and recent wireless
networks such as the Internet-of-Things (IoT) and medical networks [1–6]. Therefore, it is
essential to improve the performance of wireless communications, which requires enabling
technologies and techniques to accommodate the large number of users and devices both
in the current fifth generation (5G) and beyond systems and networks as well.

Array processing is one of the most important research fields in this area, which aims
at increasing system capacity and improving the quality of service and data rates, where
utilizing antenna arrays and beamforming reduces the unwanted interfering signals while
increases the power of the required signals. For example, array processing is essential in the
multi-input multi-output (MIMO) systems [7] of the current wireless networks technologies
such as the 5G wireless networks and even in Wi-Fi networks [8].

Adopting a large number of antenna elements in the array enables a huge gain and the
processing of a large number of signals; however, the processing time became a challenge
where the changing of wireless communications and the signal propagation environment
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requires a fast and responsive beamforming system. On the other hand, the antenna array
configuration determines the capabilities of beamforming where 1D arrays are capable
of one-plane beamforming while 2D structures add another dimension, and the antenna
system is capable of beamforming in both the azimuth and elevation directions.

Currently, MIMO and 5G systems utilize 2D arrays extensively to manage multiple
arriving or transmitted signals [9–12]. Therefore, it is recommended that the antenna array
forms the mainlobe towards the desired signal direction while reducing the radiation
towards others, especially at the sidelobes directions. For 2D planar arrays, the challenge
to process the large number of signals in a very short time requires fast algorithms that
exhibit few steps or direct calculations to accomplish this purpose, such as tapered beam-
forming [13–15] where tapered window functions can be applied directly to improve the
radiation pattern and reduce the SLLs.

Amplitude windows are well-known in spectral analysis for signals; however, it can
be adopted efficiently in antenna arrays as well. Many efficient windows are designed in
one-dimension where they are used in the design of finite impulse response filters and
1D antenna array beamforming [16]. The 2D planar arrays require 2D window functions;
therefore, it is necessary to find efficient 2D window functions by utilizing the current
efficient 1D ones. In [17–20], the process of utilizing and modifying the 1D tapered window
functions has been achieved for concentric circular arrays (CCA) where 1D windows are
applied directly to the concentric rings with the highest amplitude coefficient feeding the
innermost circular array while the lowest amplitude coefficient feeds the outermost ring.

The structure of CCA enables direct application of amplitude windows because the el-
ements are lined in rings that are at equal distance from the array center. On the other hand,
2D planar arrays such as square or rectangular structures are practically recommended due
to the easier feeding structures for the individual antenna elements; however, the elements
cannot be lined at equal distances from the array center and elements at the array corners
are located at larger distances compared to those at the midpoint of the arrays’ outermost
sides. Therefore, 1D tapered windows require efficient extrapolation techniques to find the
antenna-feeding amplitudes in the whole 2D planar structure.

1.2. Paper Contributions

In this paper, 1D window functions extrapolation is performed by two proposed
techniques: namely, direct cross-linear and adaptive radial tapering techniques. In the
direct cross-linear tapering, two perpendicular grids are formed of a 1D window function
by repeating the same profile at every linear array in the 2D structure, and the same process
is applied to linear arrays at right angle; therefore, the overall weights can be obtained
by multiplication of the cross elements of the two grids. This technique has the least
complexity in calculation, and it is straightforward to find the 2D window function, so it is
suited to both the square and rectangular planar array structures.

The second proposed extrapolation technique virtually forms a 1D antenna array
with a specific number of elements, then finds the antenna element virtual index from
its 2D coordinates through its radial distance with respect to the array center and then
applies this index to the virtual 1D function to calculate the element weight in the 2D
array. This approach requires optimization to minimize the SLLs, which is deeper than the
first cross-linear technique; however, it is more suitable for square array structures than
rectangular ones if a symmetric and deeper SLL is required. The two proposed techniques
are demonstrated, and their performances are analyzed and discussed in detail. In addition,
the two proposed techniques are examined using four efficient tapered window functions
including triangular (Bartlett), Hamming, cosine-square, and Blackman windows [16].

1.3. Paper Organization

The remainder of the paper is arranged as follows: Section 2 models the 2D tapered
window functions and demonstrates the proposed extrapolation techniques, Section 3
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investigates the results and performance of the proposed techniques in detail while Section 4
discusses the simulation results. Finally, Section 5 concludes the paper.

2. 2D Tapered Windows Modelling and Extrapolation Techniques

In this section, the 2D tapered window is modelled and extrapolated from 1D windows.
Consider a 2D antenna array that lies on the XY plane as shown in Figure 1. The antenna
elements are indexed with i and j in the X and Y directions, respectively. In general, the 2D
tapered amplitude coefficients wi,j is a function of a virtual 1D array window as follows:

wi,j = f n{α
(
ki,j, K

)}
(1)

where α
(
ki,j, K

)
is the 1D tapered window coefficient of a virtual 1D array of K elements

with the maximum coefficient at the array center and ki,j is the equivalent element index in
the 1D array, which is calculated from the 2D array antenna indices (i, j).
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The two proposed extrapolation techniques in this paper are examined using four
efficient and well-known 1D windows including triangular (Bartlett), Hamming, cosine-
square and Blackman windows. However, the analysis performed in this paper can be
extended to any 1D tapering window. Although the triangular window provides higher
SLLs compared to most tapering windows, it has been chosen in this paper as a benchmark
for the highest achieved SLL by the proposed techniques. The four window functions are
respectively given by [16]:

αTriangular
(
ki,j, K

)
= 1 −

∣∣∣∣ ki,j − (K − 1)/2
(K − 1)/2

∣∣∣∣ (2)

αHamming
(
ki,j, K

)
= 0.54 − 0.46 cos

(
2πki,j

K − 1

)
(3)

αCosine−square
(
ki,j, K

)
=

(
cos
(

π(ki,j − (K − 1)/2
K − 1

))2

(4)

αBlackman
(
ki,j, K

)
= 0.42 − 0.5 cos

(
2πki,j

K − 1

)
+ 0.08

(
cos
(

4πki,j

K − 1

))2

(5)

where ki,j = 0, 1, 2, . . . , K − 1.
In this paper, the value of wi,j can be determined from α

(
ki,j, K

)
directly using cross-

linear grid multiplication of 1D windows distributed at right angles or by radial distance
tapering with respect to the array center. The two proposed techniques are modelled and
demonstrated in the following subsections.
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2.1. Cross-Linear 2D Tapered Window Extrapolation Technique

Extending the 1D tapered window to the 2D one is proposed as a cross-linear element-
wise product of two perpendicular grids of windows along the X and Y directions of the
2D array. Assuming the array is tapered along the X-axis by the following window:

wX
i = α(i, I) (6)

Additionally, this is for any value of j and i = 0,1, . . . , I − 1. Similarly, for any value of
i and j = 0,1, . . . , J − 1, the tapering profile along the Y-axis is given by:

wY
j = α(j, J) (7)

The 2D array tapering coefficient is, therefore, given by:

wi,j = wX
i wY

j (8)

which can be rewritten in matrix form as follows:

W = WX ◦ WY (9)

where ◦ is an element-wise multiplication (Hadamard product) and the matrices WX and
WY are given by:

WX =


wX

0 wX
0 . . . wX

0

wX
1 wX

1 . . . wX
1

:
wX

I−1 wX
I−1 . . . wX

I−1

 (10)

and

WY =


wY

0 wY
1 . . . wY

J−1

wY
0 wY

1 . . . wY
J−1

:
wY

0 wY
1 . . . wY

J−1

 (11)

It is expected that the best tapered profile is obtained for square 2D arrays rather than
rectangular ones because the longer sides of the array will have a lesser tapered profile at
the array edges, which results in asymmetrical SLLs along the X and Y axis of the array.
Figure 2a,b displays the two extended grids of a 1D Hamming window to extrapolate the 2D
Hamming window as shown in Figure 2c using the cross-linear multiplication technique.
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2.2. Adaptive Radial Tapering for 2D Tapered Window Extrapolation

In this approach, the tapered window is transformed to a distance tapered profile
where the location of any element in the array is assumed to be in a continuum distance
space with respect to the array center. This distance information is then converted to
an element index in a virtual 1D array of a specific size to find the required weight by
substituting in the 1D window function.

Assuming the 2D array geometry in Figure 1, where it lies in the XY plane with
the interelement spaces normalized to half-wave distance and the first two 1D arrays
of elements are located on the X and Y axes. The ij-th element indices (i, j) start with
respect to the origin while the array center is located at the normalized distance coordinates
((I − 1)/2, (J − 1)/2).

The tapering coefficient for the rectangular array is extrapolated from a virtual 1D
array window of size K by determining the element distance, ρi,j, from the array center
as follows:

ρi,j =

√
(i − I − 1

2
)

2
+ (j − J − 1

2
)

2
(12)
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where the maximum radial distance from the array center is given by:

ρI,J =

√
(I − 1 − I − 1

2
)

2
+ (J − 1 − J − 1

2
)

2
(13)

or

ρI,J =

√
(

I − 1
2

)
2
+ (

J − 1
2

)
2

(14)

which is the distance from the array center to any one of the array’s four corners.
The equivalent 1D array element index

.
ki,j with respect to the array center and nor-

malized to the maximum radial distance is given by:

.
ki,j = ρi,j (15)

with an equivalent virtual 1D array size of

K =

√
(I − 1)2 + (J − 1)2 (16)

It is noted that the value of
.
ki,j ranges from 0 to K/2 where the elements located at

radial distance ρI,J have the lowest tapered coefficient while the maximum occurs at the

nearest elements to the array center (i.e.,
.
ki,j = 0). Therefore, this approach of tapering is

called “radial tapering” as it depends on the radial distance from the array center.
The application of radial tapering is more suited to square arrays than rectangular

ones where radial distance is much larger than the array width, which means an incomplete
tapered profile along the array’s shorter side resulting in a higher SLL. On the other hand,
and even for square arrays, if we consider the maximum radial distance in (14) as the array
tapering end, then the elements at the midpoints of the outermost sides of the array are
less tapered, which also results in a higher SLL; therefore, the maximum distance in (14)
should be adapted or modified as follows:

ρ̂I,J = µ

√
(

I − 1
2

)
2
+ (

J − 1
2

)
2

(17)

and the adapted equivalent virtual 1D array size is, therefore, given by:

K̂ = µ

√
(I − 1)2 + (J − 1)2 (18)

where µ is an edge tapering optimization factor for adjusting the array tapering profile for
achieving minimum SLLs. Indeed, the edge tapering factor expands or shrinks the tapering
window by reducing the higher values of the tapering coefficients at the mid-regions
of array edges. However, adjusting the coefficients at the midpoints of the outermost
side arrays affects the tapering coefficients at the array corners, which may exhibit some
inversion in the tapered profile as shown in Figure 3, which displays the 2D radial tapered
Hamming window for 16 × 16 array at µ = 0.85.

As compared with the cross-linear Hamming window in Figure 2a, the cross-linear
tapering always provides minimum amplitude coefficients at four of the array corner
elements only with raised values at the middle of the four outer sides of the array. The
impact of this adaptation is discussed in detail in the next section.
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3. Results and Performance of the Proposed Techniques
3.1. Cross-Linear Tapering Extrapolation Performance

This section examines the performance of the direct cross-linear extrapolation tech-
nique for 2D antenna arrays of different sizes. Some well-known efficient 1D windows
are extrapolated to 2D ones such as triangular (Bartlett), Hamming, cosine-square, and
Blackman windows. The 2D triangular window for a 16 × 16 array using cross-linear
extrapolation in shown in Figure 4a and the resulted normalized array power pattern is
shown in Figure 4b. The impact of multiplication of the cross-linear windows along the
X and Y axes results in nonlinear roll in the extrapolated window, especially along the
array diagonals; however, the extrapolated windows along the two middle axes of sym-
metry perpendicular to the array sides retain the triangular linear variation. The resulted
SLL is −26.34 dB.
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The analysis of the extrapolated Hamming window is shown in Figure 5a, while the
resulted normalized power pattern is demonstrated in Figure 5b. The Hamming window
provides a slightly higher SLL compared with the triangular window, which is −26.2 dB.
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On the other hand, the cross-linear cosine-square window shown in Figure 6a slightly
improves the SLL to −27.3 dB as depicted in Figure 6b, while the performance can be
further improved using a cross-linear extrapolated Blackman window where the SLL is
reduced to −35 dB at a sacrificed wider mainlobe beamwidth as shown in Figure 7a,b.
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The performance analysis is extended to larger array sizes including the beamwidth
variation for each of the four cross-linear extrapolated windows as listed in Table 1.

Table 1. Cross-linear 2D windows performance at different array sizes.

Maximum SLL in dB Beamwidth in Degrees

Array Size 16 × 16 24 × 24 32 × 32 16 × 16 24 × 24 32 × 32

Triangular window(Figure 4) −26.34 −26.5 −26.47 8.66 5.88 4.44
Hamming window (Figure 5) −26.2 −29.4 −31.37 8.26 5.72 4.38

Cosine-square window (Figure 6) −27.3 −28.6 −29.21 9.54 6.54 4.96
Blackman window (Figure 7) −35 −38.66 −41.62 9.78 6.9 5.34

An interesting feature of the Hamming window at higher array sizes, such as 32 × 32,
is that it provides lower SLLs compared to both triangular and cosine-square windows
and with narrower beamwidth, which increases the array radiation efficiency. On the other
hand, the Blackman window for 32 × 32 provides much lower SLLs with a slight increase
in the beamwidth by ≈ 1◦ compared with the nearest efficient Hamming window.

3.2. Performance of Adaptive Radial Tapering

Although cross-linear 2D window extrapolation is straightforward, simple, and pro-
vides reasonable SLL reduction, the SLL performance can be further improved by opti-
mizing the extrapolation technique using adaptive radial tapering. The best performance
from radial tapering could be achieved for concentric circular arrays [17–20], while for 2D
arrays, such as square or rectangular structures, the central distance varies according to the
element location on the outermost side 1D arrays and, therefore, the tapered window is not
completed at the middle of these side 1D arrays. Therefore, the adaptive radial tapering
finds the optimum shrinking of the maximum radial distance, which is almost between
the maximum radial distance (i.e., the radial distance from the array center to the array
corners) and the distance between the array center to the middle point of the outermost
side arrays. Therefore, the array edge tapering factor (µ) is optimized to minimize the SLLs
for different array sizes and same four windows discussed in the previous section.

For the triangular radial tapered window, the optimization results are shown in
Figure 8a for array sizes 16 × 16, 24 × 24, and 32 × 32 where the SLL is minimized, where
the optimum values of µ range from 0.83 to 0.89. The beamwidth analysis of this window
is shown in Figure 8b where increasing µ results in decreasing the mainlobe beamwidth
because of the reduced tapered coefficients at higher values µ.
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The optimization of the Hamming radial tapered window is shown in Figure 9a where
the SLLs is improved and reduced to values around −33 dB according to the array size and
with optimum values of µ ranging from 0.84 to 0.87. The beamwidth variation shown in
Figure 9b for this window has an interesting feature, which is the slight variation with the
edge tapering factor. This means that optimizing the Hamming radial tapered window
slightly affects the beamwidth.
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The optimization of the cosine-square window provides similar SLLs as in the Ham-
ming radial tapering but with slightly higher beamwidth dependency on µ as shown
in Figure 10a,b, respectively. The optimum values of µ in this case range from 0.87 to
0.9 according to the array size.

Finally, the Blackman radial tapered window optimization is carried out for the three
array sizes as shown in Figure 11a,b where there is a significant SLL reduction with a
slightly increased beamwidth compared to the three previous optimized windows. The
optimum SLL for the three array sizes is minimized to −50 dB at values of µ ranging
between 0.86 and 0.89.
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The optimization results of the radial tapering extrapolation for the four different
windows are summarized in Table 2, showing the optimum value of µ at which the SLL is
minimized along with the resulted mainlobe beamwidth.

Table 2. Optimum radial tapering of 2D windows at different array sizes.

Maximum SLL in dB Beamwidth in Degrees

Array Size 16 × 16 24 × 24 32 × 32 16 × 16 24 × 24 32 × 32

Triangular window
(Figure 8)

−27.56 dB −27.63 dB −27.8 dB 8.46 6 4.12
µ =0.89 µ =0.83 µ =0.89 µ =0.89 µ =0.83 µ =0.89

Hamming window
(Figure 9)

−32.18 dB −33.33 dB −33.6 dB 8.46 5.6 4.24
µ =0.87 µ =0.87 µ =0.84 µ =0.87 µ =0.87 µ =0.84

Cosine-square
window (Figure 10)

−33.1 dB −33.11 dB −33.4 dB 9.22 6.2 4.58
µ =0.9 µ =0.87 µ =0.88 µ =0.81 µ =0.87 µ =0.88

Blackman window
(Figure 11)

−50.45 dB −50 dB −50.38 dB 10.34 6.9 5.18
µ =0.89 µ =0.87 µ =0.86 µ =0.89 µ =0.87 µ =0.86
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From the optimization results in Table 2, it is clear that the radial tapered Blackman
window provides significant improvements in SLLs where −50 dB is achieved irrespective
of the array size and with a slightly increased mainlobe beamwidth. Additionally, the opti-
mum Hamming radial tapered window almost provides similar SLLs compared with the
cosine-square one but at lower beamwidth values, while the triangular window provides
higher SLLs with some higher beamwidth values, especially for smaller array sizes.

The optimum values of µ for the different extrapolated windows range from 0.83 to
0.96 as shown in Figure 12 according mainly to the array size. There is a general behavior
for the optimum value of µ where it generally decreases with increasing array size, and
most array sizes have approximately an average optimum µ value of 0.87, which is almost
at midrange between the maximum normalized array radial distance and the normalized
normal distance from array center to the midpoint of the outermost array side. In addition,
it has been noted that there is a common behavior with the windows that have cosine
and cosine-square profiles rather than the triangular window. The triangular window
has more variation for the optimum µ with the array size than the other windows, while
Blackman and cosine-square windows have an almost near profile as they both have
squared cosine terms.
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3.3. Performance of the Proposed Techniques for Rectangular Arrays

In this section, we will examine the two proposed techniques for rectangular array
structures. The cross-linear tapering technique guarantees the tapered profile along the
array edges due to the Hadamard matrix multiplication in (9) while the adaptive radial
tapering requires almost equal contours over the array to work effectively. Therefore, it is
expected that the radial tapering will be incomplete along the shorter edge or width of the
array, which results in a higher SLL in one direction than the other perpendicular one.

Figure 13a displays the cross-linear extrapolated Blackman window for a 16× 24 array
while Figure 13b shows the normalized power pattern where a maximum SLL of −34 dB
results. On the other hand, the radial tapering of this array at µ = 0.86 results in the 2D
tapered shown in Figure 14a and the corresponding normalized power pattern in Figure 14b
where there are some higher values for the coefficients along the array longer side while
the other shorter one still provides the lowest coefficients. Therefore, the normalized power
pattern shown in Figure 14b has two unequal planes of SLLs where the plane along the
shorter side has higher SLL values than the loner one. In this case, we may compromise the
required SLL where it is more important to achieve lower SLL values along the length of
the array than its width.
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array power pattern.

The radial tapering provides almost the same maximum −34 dB SLL as in the cross-
linear case while much deeper −51 dB SLL is achieved along the perpendicular plane.

Therefore, we can conclude that radial tapering of 2D arrays is more efficient for
square arrays where it provides symmetrical deeper SLL values than the cross-linear case,
while for rectangular arrays, radial tapering is efficient only in the plane of the array length
than that along its width.

3.4. Simulation Results of the Proposed Techniques for Crossed-dipole 2D Arrays

In this section, the proposed techniques are examined for 2D crossed-dipole arrays
using the MATLAB Antenna Toolbox v 4.2 [21].

The simulation parameters include the following information:

- Operating frequency: 5 GHz;
- Dipole length: 0.476 λ;
- Antenna inter-separation distance: λ/2;
- Dipole width: 0.02λ.

The impact of mutual coupling also has been included in the study, and the array
structure along with the normalized beam pattern are shown in in Figure 15a–c, respectively
for the two proposed techniques using the Blackman window for a 20 × 20 array.
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radial-tapered array at µ = 0.86.

The normalized power pattern in Figure 15b depicting an SLL of −34 dB has been
achieved using cross-linear tapering, while it is down to −53 dB for the adaptive radial
tapering as shown in Figure 15c. The simulation results from these two figures have shown
that an even lower SLL can be obtained due to the incomplete isotropic power pattern of
the crossed-dipole antenna element.

4. Discussions

The capabilities of window functions to reduce the SLLs are extended in this paper
for 2D arrays using the same formulas of 1D windows by two efficient extrapolation
techniques. The results in the previous sections have shown that the adaptive radial
tapering can be optimized to achieve the lowest SLL for any array size compared to the
direct cross-linear tapering technique. The radial tapering converts the element index
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tapering to distance tapering over the array grid by finding the radial distance from the
array center to the coordinates of each antenna element. The optimization process tries
to taper the less-tapered elements at the midpoints of the array’s outer sides by shrinking
the array radial distance by the array’s edge factor. Therefore, if the SLLs required in the
power pattern are in the range of that obtained by cross-linear tapering, it will be better to
apply cross-linear tapering as it is straightforward and does not require any optimization
and provides a lower beamwidth. On the other hand, if the SLLs are required to be less
than −30 dB, then the adaptive radial tapering is the right choice, where there are many 1D
windows that can be extrapolated to achieve these levels at a slightly increased beamwidth.
In addition, we can use a global average value of µ for each 1D window without going
through the optimization process to directly find the extrapolated 2D weights, and although
the obtained SLLs are not the lowest ones, it will still be lower than the direct cross-linear
technique. For example, the extrapolated Blackman window has an average optimum µ
of 0.865, which provides a maximum of 3 dB variation from the lowest sidelobe value for
most array sizes, which is less than −47 dB.

For massive 2D arrays of 40 × 40 elements or more, the optimum µ converges to
approximately 0.85, which can be used regardless of the type of extrapolated window. On
the other hand, the tapered windows that adopt cosine functions or their powers have
almost the same optimization behavior as shown in Figure 12. For example, the Hamming,
cosine-square, and Blackman windows have the same optimum value of µ which is 0.87 for
the 24 × 24 antenna array.

5. Conclusions

The process of extrapolating 2D tapered window functions from 1D ones has been
achieved in this paper by two techniques. The first proposed extrapolation technique is the
cross-linear tapering, which finds the 2D weights by multiplying 2D cross grids of repeated
1D functions in the two directions of the planar array. This technique is straightforward
and does not require optimization and, therefore, is suitable for fast manipulation of 2D
arrays and provides SLLs of less than −26 dB for most window functions. The second
proposed radial tapering extrapolation technique finds the 2D function by converting the
element location to an index in a virtual 1D array calculated from the radial distance of
the element with respect to the array center. The technique has been optimized to achieve
deeper SLLs for any tapered window by adapting the edge tapering factor of the array to
reduce the coefficients along the mid-region of the outermost sides of the planar arrays. It
has been found that the average optimum value of the edge tapering factor is approaching
0.85, especially for massive arrays for most window functions and regardless of the array
size. Additionally, the adaptive radial tapering technique has achieved SLLs of less than
−50 dB using the Blackman window for all array sizes.
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