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Abstract: Recently, much research has focused on the design of biped robots with stable and smooth
walking ability, identical to human beings, and thus, in the coming years, biped robots will accomplish
rescue or exploration tasks in challenging environments. To achieve this goal, one of the important
problems is to design a chip for real-time calculation of moving length and rotation angle of the
biped robot. This paper presents an efficient and accurate coordinate rotation digital computer
(CORDIC)-based efficient chip design to calculate the moving length and rotation angle for each
step of the biped robot. In a previous work, the hardware cost of the accurate CORDIC-based
algorithm of biped robots was primarily limited by the scale-factor architecture. To solve this
problem, a binomial approximation was carefully employed for computing the scale-factor. In
doing so, the CORDIC-based architecture can achieve similar accuracy but with fewer iterations,
thus reducing hardware cost. Hence, incorporating CORDIC-based architecture with binomial
approximation, pipelined architecture, and hardware sharing machines, this paper proposes a novel
efficient and accurate CORDIC-based chip design by using an iterative pipelining architecture for
biped robots. In this design, only low-complexity shift and add operators were used for realizing
efficient hardware architecture and achieving the real-time computation of lengths and angles for
biped robots. Compared with current designs, this work reduced hardware cost by 7.2%, decreased
average errors by 94.5%, and improved average executing performance by 31.5%, when computing
ten angles of biped robots.

Keywords: biped robots; binomial approximation; coordinate rotation digital computer (CORDIC);
field programmable gate array (FPGA); inverse kinematics; pipeline

1. Introduction

Currently, robots are applied in many different realms, such as agriculture, medical
surgery, disaster relief, and robotic exploration, among others. In the area of agriculture,
several human tasks can be replaced by robots for fulfilling agricultural tasks. The agri-
cultural robots are designed to move in the scheduled route and to assemble crops in the
specified location. Therefore, agricultural robots require abilities with high-speed motion
and precise calculation. Concerning medical surgical application, robotic arms will be de-
signed to manipulate precise surgery in narrow operating rooms. Hence, high-performance
chips with high accuracy and high-speed execution time are needed to control the delicate
robotic arms. For rescue applications, biped robots, for example, are needed to be designed
to learn the movements of humans for disaster relief. To achieve this goal, one important
concern is that stable movement should be carefully executed. Thus, the authors proposed
and implemented the reinforcement-learning method for biped robots to achieve real-time,
continuous dynamic walking with stable balance control [1,2]. Additionally, considering
the biped humanoid robot to maintain balance during walking and running, the multiaxis
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force–torque sensor is essential and widely used. Kim reviewed multiple types of the
multiaxis force–torque sensors used in humanoid robots based on the understanding of
biped walking, zero-moment point, and ground-reaction force [3]. Moreover, it is necessary
for biped robots to calculate multiple parameters of moving lengths and rotation angles
in a short and simultaneous time. Concerning robotic exploration, the coordinate rotation
digital computer (CORDIC) algorithm was applied to robotic exploration where the path of
robots is designed to avoid obstacles [4,5]. Summarizing, regardless the robotic application,
it is necessary to design chips efficiently to compute the moving distances and rotation
angles of robots.

A CORDIC-based algorithm is an efficient solution to calculate moving distances and
rotation angles with extremely low complexity. It is realized by a sequence of rotation
matrix with scale factor when computing moving distances [6]. Moreover, it only uses
shifters and adders to compute the trigonometric and hyperbolic functions. In this paper,
the CORDIC algorithm with this low complexity is employed to calculate the square root of
the sum of two squares, the square root of the difference of two squares, and the arctangent
function for biped robots. Therefore, it is possible to compute moving distances and
rotation angles of robotic systems in a short time. Recently, energy-efficiency/area-efficiency
strategy was the crucial methodology in hardware design [7–11]. In [7], an energy-efficiency
design of an image processing technique was proposed for wireless sensor networks.
An energy-efficiency modular exponentiation design for public-key cryptography was
presented in [8]. In [9], an area-efficient reconfigurable CORDIC with multimode and
multitrajectory operations was proposed for the application of communications systems and
signal processing. An area-efficient, two-dimensional interpolation architecture based on
cubic convolution was proposed in [10], which was developed to calculate the square-root
function. In [11], the authors proposed an efficient hardware architecture for fast-Fourier-
transform (FFT) implementation where the modified CORDIC (m-CORDIC) algorithm was
employed to replace the complex multipliers to reduce complexity significantly.

To achieve high performance of the CORDIC-based algorithm, several research works
use the field-programmable gate array (FPGA) and very large-scaled integration (VLSI)
architecture to implement high-speed computation [1,12–15]. In [12], efficient implementa-
tions of a family of CORDIC algorithms by using FPGA were proposed, where the radix-4
CORDIC, bit-parallel CORDIC, and bit-serial CORDIC were realized and compared. Next,
a novel Loeffler discrete cosine transform (DCT) based on a recursive CORDIC architecture
was proposed by Chung et al. for reducing the memory demand and increasing image
quality of the two-dimensional DCT signal analyzer [13]. In [14], the authors designed a
sorted QR decomposition hardware with a CORDIC-based Givens rotation (GR) structure
and highly pipelined architecture for high-speed wireless communications with multiple
transmit/receive antennas. Then, Pilato et al. proposed a high-accuracy VLSI architecture
based on CORDIC structure and fast magnitude estimation for calculating arctangent func-
tion [15]. Then, Chung et al. proposed an efficient and high-performance CORDIC-based
algorithm for calculating lengths and angles of biped robots with the FPGA implemen-
tation [1]. In the design, hardware-sharing-machine technique combined with pipelined
structure was utilized for computing square-root and arctangent operators to increase
computational accuracy and decrease hardware area efficiently.

According to the aforementioned discussion, the CORDIC-based algorithm is widely
used in many kinds of engineering applications to achieve high-performance hardware
design. However, to the best of our knowledge, the study on increasing both performance
and accuracy of CORDIC-based architecture for biped robots remains limited. Therefore, it
is important to develop a high performance, high accuracy, and low complexity CORDIC-
based algorithm and its FPGA implementation for biped robots. Hence, this study proposes
an efficient and accurate CORDIC-based FPGA design for biped robots based on binomial
approximation, pipelined architecture, and hardware-sharing machines. The remainder
of the paper is organized as follows. Section 2 describes the biped robot model and the
conventional CORIDC algorithm. In Section 3, the hardware architecture with a cost-
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efficient and hardware-oriented CORDIC-based algorithm is proposed for biped robots. In
Section 4, hardware simulation results of the CORDIC-based algorithm for biped robots
are demonstrated. Section 5 describes and provides a discussion of the simulation results.
Finally, concluding remarks are made in Section 6.

2. Biped Robot Model and CORIDC Algorithm
2.1. Biped Robot Model

In terms of robotic feet, robots can be divided into wheeled robots, crawler-type robots,
and biped robots. Among them, biped robots are the most challenging to design because the
step length and the rotation angle of each step of a biped robot need to be calculated. Biped
robots can be used in rescue and exploration tasks. Therefore, biped robots have caught the
attention of many researchers [16–18]. In [16], the authors proposed a new humanoid biped
robot with an efficient energy usage mechanism to achieve versatility, efficient mobility, and
high endurance. Then, to design the biped robot with a stable and smooth walk, the authors
proposed the reinforcement Q-learning mechanism with an automatic training platform
to acquire a straightforward gait pattern for biped robots [17]. In the implementation of
biped robots, it is the core basis to calculate the step length and rotation angle. In [18], the
authors built a mathematical model for calculating the necessary ten rotation angles and
associated moving distance of the biped robot, as depicted in Figure 1. In Figure 1, the ten
angles θ1 − θ10 in the front view and side view of a biped robot are plotted. The symbol
θa(θb) is denoted by two different angles θa and θb of the biped robots. The θa is denoted
by the angle of the right leg of biped robots for a = 1, 2, 5, 6, 7. The θb is denoted by the
angle of the left leg of biped robots for b = 3, 4, 8, 9, 10. To be specific, in Figure 1a, θ1(θ3)
denotes the hip angle of the right (left) leg in the front view of biped robots, and θ2(θ4)
denotes the shank angle of right (left) leg in the front view. In Figure 1b, θ5(θ8) denotes the
hip angle of right (left) leg in the side view of biped robots, θ6(θ9) denotes the knee angle
of right (left) leg in the side view, and θ7(θ10) denotes the shank angle of right (left) leg in
the side view. To summarize, both the right leg and the left leg have five rotation angles
because of the symmetry of biped robots. The angles {θ1, θ2, θ5, θ6, θ7} describe the right
leg position, and the angles {θ3, θ4, θ8, θ9, θ10} describe the left leg position. Therefore, in
this study, only the equations for the five rotation angles {θ1, θ2, θ5, θ6, θ7} of the right leg
are used as the basis. The equations for the other five rotation angles {θ3, θ4, θ8, θ9, θ10} for
the left leg can be extended straightforwardly. In Figure 1, subscripts R and L are used to
distinguish the right or left leg, respectively. Thus, xR(xL) denotes the length of the right
(left) leg in the x-axis from the hip position, yR(yL) denotes the length of the right (left) leg
in the y-axis from the hip position, and zR(zL) denotes the length of the right (left) leg in the
z-axis from the hip position. Moreover, lR1(lL1) and lR2(lL2) denote the thigh length of the
right (left) leg and the calf length of the right (left) leg, respectively. Equations (1)–(5) list
the calculation for the five angles {θ1, θ2, θ5, θ6, θ7} of the biped robot right leg in terms of
{xR, yR, zR, lR1, lR2} [18]. The calculation for the other five angles {θ3, θ4, θ8, θ9, θ10} of the
biped robot left leg in terms of {xL, yL, zL, lL1, lL2} can be obtained very straightforwardly
from Equations (1)–(5).

θ1 = tan−1
(
−zR
yR

)
(1)

θ2 = π − θ1 (2)

θ5 = 2 tan−1

 l2
R + l2

R1 − l2
R2

2lR1lR +
√
(2lR1lR)

2 +
(
l2
R + l2

R1 − l2
R2
)2

− 2 tan−1
(

xR
lR + (−zR)

)
(3)

θ6 = 2 tan−1


√
(2lR1lR2)

2 −
(
l2
R − l2

R1 − l2
R2
)2

2lR1lR2 +
(
l2
R − l2

R1 − l2
R2
)

 (4)

θ7 = π − θ5 − θ6 (5)
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where lR =
√

x2
R + (−zR)

2.

Figure 1. Views of biped robots: (a) front view and (b) side view.

2.2. CORDIC Algorithm

The CORDIC algorithm is an efficient VLSI algorithm architecture proposed by Volder
in 1959 [19]. It can be used to calculate the lengths and angles in the xy-plane. The CORDIC
architecture only needs add and shift circuits, and can therefore avoid the use of multipliers.
The CORDIC algorithm is widely used in different applications such as DCT in image
processing [13], FFT in digital signal processing [11], digital frequency synthesizer (DFS)
in digital modulation [20], and calculation of moving distances and rotation angles for
biped robots [1,18]. To realize the computation of the ten angles of biped robots described
above, the CORDIC algorithm of vectoring mode can be applied to significantly reduce the
computing complexity.

The CORDIC algorithm can be divided into vectoring mode and rotation mode. The
former is to calculate the length, and the latter is to calculate the angle. Moreover, the
vectoring mode of the CORDIC algorithm can also be divided into circular vectoring (CV)
mode and hyperbolic vectoring (HV) mode. The CV mode can be used to calculate the
square root of the sum of two squares while the HV mode can be used to calculate the
square root of the difference of two squares. The CORDIC algorithm in the vectoring
mode is summarized in Equations (6)–(8), where (xi,yi) denotes the coordinate point in
the xy-plane at the ith iteration of the CORDIC algorithm, for i = 0, 1, . . . , N, where N
is the number of iterations of the CORDIC algorithm. Moreover, ωi denotes the rotation
angle at the ith iteration and the special magnitude of rotation angle at the ith iteration
can be computed using αi = tan−1 2−i (in degrees), which can be previously stored in
the lookup table (LUT) for hardware implementation. Equations (6)–(8) are the general
expressions for the vectoring mode of the CORDIC algorithm. When m = 1, the CV mode is
chosen; otherwise, when m = −1, HV mode is chosen. In the algorithm, the sign number
σi ∈ {−1,+1} is determined by the negative sign value of yi:

xi+1 = xi −m · σi · 2−i · yi (6)

yi+1 = yi + m · σi · 2−i · xi (7)

ωi+1 = ωi − σi · αi (8)

In the CV mode, the square root of the sum of squares can be calculated. After
performing sufficient iterations N on the CORDIC algorithm, the square root of the sum
of squares can be obtained by xN given in (6), but with a scaling factor to modify the
final result because the CV mode in the CORDIC algorithm enlarges the calculation of the
square-root of the sum of squares value. That is, the square root of the sum of squares

value is given by
√

x2
0 + y2

0 = KCxN , where (x0, y0) is the coordinate point in the xy-plane
at the initialization time, xN is the value of xi at the Nth iteration, and KC is the scale factor
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in the CV mode in the CORDIC algorithm. When N increases sufficiently, for example,
N = 6, Kc approaches a constant value of 0.6073. At the same time, the rotation angle at
the Nth iteration can also be calculated as ωN = ω0 + tan−1 y0/x0, where ω0 is the angle
at the initialization time. Finally, the square root of the difference of squares value can be
obtained by xN in the HV mode in Equation (6), but with KH, a scale factor in the HV mode.

That is, the square root of the difference of squares value is given by
√

x2
0 − y2

0 = KHxN .
When N increases sufficiently, KH approaches a constant value of 1.2076.

2.3. Binomial Approximation for Scale Factor

To achieve enough accuracy for the scale factor, the iteration number is relatively
high in the conventional folded-type CORDIC algorithm and it causes a high demand in
hardware cost. To solve this problem, a binomial approximation technique is elegantly
used here for simplifying the calculation of the scale factor of the CORDIC algorithm. First,
the binomial expansion of the nth-order polynomial (1 + x)n is expressed by

(1 + x)n = Cn
0 1nx0 + Cn

1 1n−1x1 + · · ·+ Cn
n−111xn−1 + Cn

n10xn

= n!
0!n! x0 + n!

1!(n−1)! x1 + · · ·+ n!
(n−1)!1! xn−1 + n!

n!0! xn

= 1 + nx + · · ·+ nxn−1 + xn
(9)

where the binomial coefficient is given by Cn
k = n!

k!(n−k)! . Then, the binomial expansion can
be approximated by Equation (10) when the value of x is sufficiently small:

(1 + x)n ≈ 1 + nx (10)

The scale factor of the CORDIC algorithm in CV mode at the ith iteration is Ki, given by

Ki = (1 + 2−2i)
−1/2

(11)

Substituting x = 2−2i and n = −1/2 into Equation (10), the approximation value of Ki
at the ith iteration can be obtained by

Ki ≈ 1− 2−2i−1 (12)

Finally, Equation (13) shows the rotation matrix at the ith iteration, which is used to
calculate the length in the vectoring mode [6]:

Ri = Ki

[
1 −σi2−i

σi2−i 1

]
(13)

By using the binomial approximation of the scale factor given in Equation (12) instead
of using the scale factor given in Equation (11), we can observe that the rotation matrix
given in Equation (13) can only be obtained by using adders and shifters. In doing so, the
same accuracy of the final scale factor can be obtained with fewer iterations. Therefore,
the benefits of using the binomial approximation include the decrease in the latency, the
reduction in the computing complexity, and the improvement of the performance for hard-
ware implementation. To summarize, the proposed algorithm uses simple operators and
support from the fast convergence speed of the scale factor with binomial approximation
for improving the accuracy and decreasing hardware area. In so doing, an efficient CORDIC
architecture is provided for FPGA implementation.

3. Hardware Architecture

From Equations (1)–(5), it can be observed that the calculation of sum of squares,
difference of two squares, and arctangent function are needed to calculate all the angles
of biped robots. Therefore, in this study, vectoring mode and rotation mode of CORDIC
algorithms were utilized to complete the calculation of Equations (1)–(5). In doing so,
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extensive hardware resources can be saved. Figures 2 and 3 depict the CV mode and HV
mode of CORDIC algorithms, respectively. In Figure 2, the inputs are x, y, 0, and the
outputs give the square root of the sum of squares

√
x2 + y2 and the arctangent function

tan−1 y/x. In Figure 3, the inputs are x and y, and the outputs give the square root of the
difference of two squares

√
x2 − y2. Based on Equations (1) and (2) and the CV mode in

Figure 2, the hardware architecture for calculation of {θ1, θ2} for a biped robot are shown
in Figure 4. Next, based on Equation (3), CV mode in Figure 2, and HV mode in Figure 3,
the hardware architecture for calculation of θ5 for a biped robot is shown in Figure 5. Based
on Equation (4), CV mode in Figure 2, and HV mode in Figure 3, the hardware architecture
for calculation of θ6 for a biped robot is shown in Figure 6. Finally, based on Equation (5),
θ5 from Figure 5, and θ6 from Figure 6, the hardware architecture for calculation of θ7 for a
biped robot is shown in Figure 7.

Figure 2. Circular vectoring (CV) mode of the CORDIC algorithm.

Figure 3. Hyperbolic vectoring (HV) mode of the CORDIC algorithm.

Figure 4. Hardware architecture for calculation of θ1 and θ2.

Based on Figures 2–7, the whole block diagram for implementing all the angles
of the biped robot can be constructed. To reduce the hardware area, we also carefully
incorporate CV with a hardware sharing machine to build the ”CV-Mode Hardware Sharing
Machine”, which is mentioned in Section 3.1. HV with a hardware sharing machine was
also incorporated to build the ”HV-Mode Hardware Sharing Machine”, which is mentioned
in Section 3.2.
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Figure 5. Hardware architecture for calculation of θ5.

Figure 6. Hardware architecture for calculation of θ6.

Figure 7. Hardware architecture for calculation of θ7.

3.1. CV-Mode Hardware Sharing Machine

In this subsection, we apply the hardware sharing machine to the CV-mode design
of the CORDIC algorithm, shown in Figure 2, for reducing the hardware area. Figure 8
illustrates the block diagram of the CV component of our architecture with the hardware
sharing machine of the CORDIC algorithm. It can be observed in the proposed design
that the CV-mode hardware sharing machine contains 18 copies of the CV-mode module
combined with a CV scale factor and an error-correct module. By using this design, the
high accuracy values of the square root of the sum of squares and arctangent functions
can be obtained. To reduce the hardware area of the CV mode, the hardware sharing
machine is used. Figure 9 illustrates the detailed architecture of the CV-mode module and
CV scale factor with the hardware sharing machine shown in Figure 8, where the former
is plotted in the red box and the latter in the blue box. The CV-mode hardware sharing
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machine was realized according to the proposed novel binomial approximation algorithm
where the scale factor is calculated in Equation (12). The simplified version of the CV scale
factor can be realized only by shifters and adders. The hardware sharing machine was
employed to implement the scaling-factor generation module with the proposed binomial
approximation for hardware cost reduction. The CV-mode hardware sharing machine was
developed based on the method of iterative design. Moreover, the pipelined architecture
with operator simplification technique was used to enhance the executing efficiency and
to reduce hardware area. The proposed design is composed of add and shift operators
only, and is realized by a six-stage pipelined architecture which can efficiently improve
the performance and reduce the hardware area. The error correction circuit is utilized to
scale the value of the iterative output of the CV-mode hardware sharing machine, as shown
in Figure 10. Although this design is composed of 15 adders greater than the 9 adders
in [1], there only 18 iterations were required, which is less than the 24 iterations in [1], and
achieved fast convergence of the scale factor.

Figure 8. The CV component of our architecture with hardware sharing machine.

3.2. HV1-/HV2-Mode Hardware Sharing Machine

In this subsection, we apply the hardware sharing machine to the design of HV mode
of the CORDIC algorithm, shown in Figure 3, for reducing the hardware area. Figure 11
illustrates the block diagram of the HV component of our architecture with the hardware
sharing machine of the CORDIC algorithm. In the proposed design, it is efficient to separate
an HV into two types, HV1 and HV2 [1]. It can be observed in the proposed design that
the HV-mode hardware sharing machine contains 6 copies of the HV1-mode module and
18 copies of the HV2-mode module combined with an HV scale factor. By using this design,
the high accuracy values of the square root of the difference of two squares can be obtained.
To achieve the target of high performance and low computation, the proposed HV1 and
HV2 designs were realized with a hardware sharing machine and pipelined architecture
based on [1]. For convenience, the design of the HV1-mode hardware sharing machine
proposed by [1] is replotted in Figure 12, and the design of the HV2-mode hardware sharing
machine proposed by [1] is replotted in Figure 13. It uses low-complexity operators such
as adders and shifters to realize HV1 and HV2. Hence, the proposed HV1-/HV2-mode
hardware sharing machine designs have the benefits of low cost and high performance.
In order to advance the performance of the HV1-/HV2-mode hardware sharing machine
in [1], an initial controller was developed in this study to control the first six iterations in
the initial process. Hence, the proposed hardware sharing machine HV1 design had the
ability of error correction in the initial iteration. In addition, a simplified architecture of the
remaining 12 iterations required by repeating a specific i for each iteration was presented
in [1]. Furthermore, the design of an HV scale factor is plotted in Figure 14, which is used
to modify the final result to be the correct magnitude. In doing so, the performance of the
HV1-/HV2-mode hardware sharing machine with an HV scale factor circuit can achieve
high accuracy with low complexity.
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Figure 9. Design of the CV-mode hardware sharing machine.

3.3. Whole Hardware Architecture of the Proposed Efficient CORDIC Design with Hardware
Sharing Machine

In this subsection, based on the aforementioned designs given in Figures 4–14, the
whole hardware architecture of the proposed efficient CORDIC design with hardware
sharing machine is proposed. In the proposed design, 8-bit input and 27-bit output are
employed. From Figure 4, it can be observed that the precise calculation of {θ1, θ2} can be
obtained by using only one CV component. Then, from Figures 5–7, it can be observed
that the precise calculation of {θ5, θ6, θ7} can be obtained by using three CV components
and one HV component. In the CV component with hardware sharing machine, it contains
three CV modules combined with a CV factor circuit. In the HV component with hardware
sharing machine, it contains one HV1 module and three HV2 modules. Finally, Figure 15
shows the proposed efficient 22-stage pipelined CORDIC design with hardware sharing
machine where the scale factor of the CORDIC algorithm was realized using binomial
approximation. In the figure, x denotes xR (or xL), y denotes yR (or yL), z denotes zR (or zL),
l1 denotes lR1 (or lL1), and l2 denotes lR2 (or lL2) for notation simplicity. The design contains
3 hardware sharing machines, 1 controller, 18 adders, 17 shifters and 2 multipliers.
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Figure 10. Error correction circuit for the CV-mode hardware sharing machine.

Figure 11. The HV component of our architecture with hardware sharing machine.

Figure 12. Design of the HV1-mode hardware sharing machine.

Figure 13. Design of the HV2-mode hardware sharing machine.
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Figure 14. Design of HV scale factor.

Figure 15. The proposed efficient 22-stage pipelined CORDIC design with hardware sharing machine.

4. Hardware Simulation Result

In this section, one example with several simulations is first presented to discuss the
hardware simulation results. Then, in Tables 1 and 2 (Section 5), the results presented are
the average results based on several hardware simulations and were not based on a specific
corner case. In the hardware simulation, we use two selection modes according to the
types of the rotation angles used to calculate all of the rotation angles of the biped robots.
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The first type is to calculate angle1 (the calculation of θ1) and angle2 (the calculation of
θ2). The second type is to calculate angle5 (the calculation of θ5), angle6 (the calculation of
θ6), and angle7 (the calculation of θ7). In this hardware design, to improve the accuracy of
angle calculation, the input values x and y are enlarged 218 times, which is shown in stage 2
(Figure 15). Then, the angle value of the special magnitude of rotation angle αi = tan−1 2−i

in the lookup table (LUT) is enlarged 107 times, and therefore the final results of angle1,
angle2, angle5, angle6, and angle7 are also enlarged 107 times. First, when three inputs x,
y, and z in stage 1, shown in Figure 2, are set to 18, 55, and –63, respectively, for example,
the accurate value of θ1 can be obtained by Equation (1), where −zR= 63 and yR = 55,
then θ1 = tan−1(−zR/yR)= 0.853091186091417 (radian/sec). Then, the accurate value of
θ2 can be obtained by Equation (2), where θ2 = π − θ1= 2.288501467498376 (radian/sec).
With hardware simulation, the 107-times enlarged version of angle1 is equal to 8,530,863
and the 107-times enlarged version of angle2 is equal to 22,885,064. Compared to the
hardware simulation result of angle1 divided by 107 to the accurate value of the θ1, the
error occurs at the fifth digit after the decimal point. On the other hand, compared to the
hardware simulation result of angle2 divided by 107 to the accurate value of the θ2, the
error occurs at the sixth digit after the decimal point. Additionally, hardware simulation
results of angle5, angle6, and angle7 for the biped robots were also conducted. After
comparison, the maximum error between the accurate value and the hardware simulation
results occurs at the fourth digit after the decimal point. To summarize, the proposed
efficient 22-stage pipelined CORDIC design for calculating rotation angles of biped robots
can achieve satisfactory accuracy vales.

Table 1. Comparison of AME between previous designs and this work.

θ1(θ3) θ2(θ4) θ5(θ8) θ6(θ9) θ7(θ10) Average

[18] 5.7 × 10−4 8.75 × 10−4 1.924 × 10−2 3.8 × 10−2 2.715 × 10−2 1.717 × 10−2

[1] 1.98 × 10−5 5.36 × 10−7 2.39 × 10−2 1.9 × 10−3 2.3 × 10−3 5.624 × 10−3

This work 2.45 × 10−6 5.63 × 10−6 7.79 × 10−4 7.54 × 10−4 1.13 × 10−5 3.11 × 10−4

Table 2. Comparison of latency (µs) between previous designs and this work.

θ1(θ3) θ2(θ4) θ5(θ8) θ6(θ9) θ7(θ10) Average

[18] 0.12 0.13 0.43 0.42 0.44 0.308
[1] 0.063 0.063 0.189 0.063 0.197 0.115

This work 0.043 0.043 0.129 0.043 0.136 0.0788

5. Results and Discussion

First, a more detailed comparison obtained the average results based on several
hardware simulations, which are listed in Tables 1 and 2. Altera Cyclone-IV FPGA on the
Quartus II platform was employed for evaluating the performance of the proposed design.
The absolute maximum error (AME) is used as the performance index for evaluating the
accuracy of CORDIC algorithms in previous studies [1,18]. Table 1 lists the comparison
of AME with previous algorithms and this work. Since the proposed design in this study
was realized based on the new binomial approximation algorithm to calculate the scaling
factors, the accuracy result in this work increased to over 94.5% and 98.2% compared to the
previous studies in [1,18], respectively. In addition, the iterating cycles obtained by using
the proposed algorithm with binomial approximation can be reduced to 18, whereas, in the
previous work, it needs 24 iterating cycles. To be specific, the proposed design required
6 cycles for computing the angles of θ1(θ3), θ2(θ4), and θ6(θ9), 18 cycles for computing
the θ5(θ8), and 19 cycles for computing the θ7(θ10), which were significantly less than the
previous designs [1,18].

Next, hardware simulation results listed in Table 2 are presented to show that the
proposed design only spent 0.043 µs to obtain the angles θ1(θ3), θ2(θ4), and θ6(θ9); 0.129 µs
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to obtain the angles θ5(θ8); and 0.136 µs to obtain the angles θ7(θ10). The average latency of
the proposed design is 0.0788 µs, which means that a result could be produced in 0.0788 µs.
With that, the calculated throughput of the proposed design is 12.69 Mega per result. Table 2
lists the comparison of the latency between the previous works and this work, where the
proposed design in this study improved the execution performance by 31.5% and 74.4%
relative to [1,18], respectively.

Finally, the comparisons of the computational resources and hardware costs in this
work and the previous designs [1,18] are listed in Table 3. From Table 3, the proposed
design with the hardware sharing technique consisted of 47 adders/subtractors and two
multipliers. Comparing the proposed work to the previous design [1], this work can save
one multiplier but adds only five adders/subtractors. On the basis of using the 171 NAND-
equivalent gates for a adder/subtractor and 1773 NAND-equivalent gates for a multiplier
synthesized by a TSMC 0.18 µm CMOS process, the proposed design had a size of 11.6 k
gate counts, which indicates a reduction of 7.2% and 53.2% relative to [1,18], respectively.
The power consumption of this work is 5.54 mW when operating at 100 MHz which was
synthesized by Design Vision tool based on TSMC 0.18 µm CMOS process. Hence, the
proposed design can achieve higher accuracy but with less latency than previous designs.

Table 3. Comparisons of computing resources and hardware costs between previous designs and
this work.

Implementation Adders/Subtractors Multipliers Gate Counts Power Consumption

[18] FPGA 31 11 24.8K N/A
[1] TSMC 0.18 µmCMOS process 42 3 12.5K 5.97 mW @100 MHz

This wok TSMC 0.18 µmCMOS process 47 2 11.6K 5.54 mW @100 MHz

6. Conclusions

This paper developed a new binomial approximation algorithm to calculate the scale
factor of the CORDIC algorithm to achieve high accuracy and low complexity. Additionally,
the efficient architecture of the CORDIC-based algorithm for calculating rotation angles of
biped robot design was constructed. The architecture had benefits of lower cost and higher
performance by using a pipeline and hardware sharing machine techniques. Therefore,
the proposed architecture of the CORDIC-based algorithm is a promising candidate for
efficiently calculating rotation angles of biped robots.
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