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Abstract: The paper is concerned with designing an effective controller for a linear tubular homopolar
(LT-H) motor type. The construction and operation of the LT-H motor are first described in detail.
Then, the motor model is represented in the direct-quadrature (d-q) axes in order to facilitate
the design of the control loops. The designed control system consists of two main loops: the
current control loop and velocity adaptation loop. The determination of the regulator’s gains is
accomplished through deriving and analyzing the transfer functions of the loops. To enhance the
system’s robustness, a robust variable estimator is designed to observe the velocity and stator
resistance. Different performance evaluation tests are performed using MATLAB/Simulink software
to validate the controller’s robustness for variable-speed operation and load force changes as well.
The obtained results reveal the appropriate dynamics of the motor thanks to the well-designed
control system.

Keywords: linear motors; homopolar linear; motor force; velocity adaptation; current control; load
change; sensorless operation

1. Introduction

The invention of linear motors dates back to about a century ago, about 50 years
after the advent of rotating machines; however, their development and use were not very
widespread due to difficulties with their construction techniques at that time. Only with
technology improvements since the end of the 1970s (especially in high-speed-rail transport
systems) has interest in the linear motor and its use increased [1,2].

Unlike traditional motors in which the developed motion is rotary, in linear drives,
the motion is transmitted along a straight line, which represents the great advantage of this
type, as it allows the elimination of mechanical transmission and increases the degree of
reliability. Other characteristics of linear motors can be identified through their geometry:
first of all, they have a beginning and an end in the direction of motion; this aspect manifests
itself with an undesired effect called the edge effect. A second aspect that makes it particular
is the presence of an air gap, which in some types reaches considerable dimensions, and
precludes or prevents the possibility of obtaining high values of efficiency [3].

Finally, another peculiarity is represented by the presence of an attractive or repulsive
force that manifests itself in a direction perpendicular to the direction of the motion, which
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in some applications (high-speed transport) is used to levitate the secondary with respect
to the primary one.

As for the rotary motor, the linear motor also has a considerable range of types
that differ both in the principle of operation and from the construction point of view [4]:
there are synchronous motors, indicated with the abbreviation LSM; induction (LIM);
and transverse flow or longitudinal flow. According to the geometrical aspects, they are
distinguished by the length of the fixed and movable parts, and they also can be single- or
double-sided according to whether the structure embraces one or two sides of the machine.
We can also distinguish the switched reluctance linear synchronous motor (SRLSM) and
the permanent magnet linear synchronous motor (PMLSM), which have the characteristic
of having windings on one side only, but the impossibility of having high magnetic fields
(they are missing the excitation circuit), which does not allow them to provide high power.
Figure 1 reports the possible classifications of the various types of linear motors, within
which the linear tubular homopolar type is identified.
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Linear motors give a realistic solution to several actuation needs. The presented study
in [5] discussed different sorts of applications for which linear motors are suitable. Linear
motors are utilized with plastic threads for textiles, and can position microscope tables and
drive laser-photo exposure machines. These motors are available in several shapes, and
the specific needs of the motor outline which type is best fitted to the application. They can
be flat, tubular, rotary or convert rotation to linear translation.

Some tubular linear motors consist of pneumatic or hydraulic arms, which are suitable
for applications that do not require high precision, but need a high force in a compact space.
Hydraulic actuators are typically used in heavy equipment vehicles such as tractors, dump
trucks and bulldozers. Hydraulics are consistent with these applications because hydraulic
pumps can be powered freely from the drive-train of the engine and provide large power
to the actuators. Hydraulics are a bit bulky and slow, and for these reasons they are not
compatible with compact precision placement.

Pneumatic actuators provide high power density, but they are remarkably less accurate
than electrical actuators. The study in [6] displayed some of the improvements that
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pneumatic motors have made, and presented a design for a rotary pneumatic motor that
can accomplish some tasks initially performed only by rotating motors. The study in [7]
used a combination of pneumatic and electric rotary motors to capitalize on the advantages
of each.

Other linear motors utilize an electric rotary motor with a leadscrew or other linkage
types to convert the rotary action to linear translation, as in [8]. However, the required
mechanism to achieve the conversion causes serious complications in the system. These
complications include backlash and heavy weight of the moving parts due to connecting
gears or linkages. Regardless of these difficulties, leadscrew linear motors are usually
used in high-precision manufacturing equipment, such as two-degree-of-freedom planar
positioning used in metal-working mills.

Another application in which the LT-H motor type can be used is the reciprocating
compressors of refrigerators. Until recently, most refrigeration apparatus used traditional
rotary compressors, which consume large amounts of electricity. In practice, the recipro-
cating compressor utilizes mechanical tools; for example, a crank mechanism is used to
convert the rotary motion to linear reciprocating motion in order to drive the piston. This
crank mechanism generates remarkable friction losses. As a result, there are great chal-
lenges in improving the efficiency of rotary compressors, so new categories of compressors
(e.g., linear compressors) have received much attention from many researchers [9–14]. The
linear compressor has several merits over the traditional rotary one: it does not place any
side load on the sliding bearings, no gearbox is required to be connected with the payload,
and moreover, it is compact and more reliable [15–18]. Another application of the LT-H
motor is the active-pedal system used in vehicles. An active-pedal system is a motorized
systems that is mounted in a vehicle’s accelerator. Unlike the traditional mechanical pedal,
it is typically rotated by an electric motor developing a vibration force opposing the drivers’
foot-press force [19].

Due to their enhanced dynamics compared with the rotary machines in specific appli-
cations as mentioned earlier, linear motors were given great concern from the designers
to fulfill specific needs [20–29]. For example, in [20], the design of a transverse-flux linear
tubular machine type was presented to harvest a higher force density; the finite element
method (FEM) was utilized for this purpose. In [21], the characteristics of a linear tubular
electromagnetic launcher were analyzed and optimized. The launcher used a linear tubular
PMSM, and an FEM analysis was also utilized to test and validate the design. In [22], the
electromagnetic parameters and static features of a linear tubular reluctance motor were
determined for a sinusoidal motor excitation. In [23], a tubular-transverse flux linear motor
was optimally designed in order to reduce the cogging force. In [24], the authors utilized
the FEM method to optimally design a homopolar linear tubular motor via analyzing the
magnetic motor circuit and its relevant magnetic behaviors. In [25], a linear tubular PM
synchronous generator was designed and tested using a 3D FEM analysis.

The optimal design of linear motors is a vital task that must be correctly accomplished
to achieve an effective operation. However, the control also plays a complementary role to
the design. For this purpose, several articles have dealt with developing robust controllers
for different types of linear motors [26–29]. In [26], a force-control system was constructed
for a linear tubular motor used in the active-pedal system in vehicles. In [27], a nonlinear
predictive controller was used for tracking the speed of a LIM. In [28], a thrust-control
mechanism was developed for a LIM to achieve a stable operation and reduce the thrust
deviation. In [29], a combined vector control and direct thrust-control system was utilized
to manage the operation of a LIM while compensating for the end effect at the same time.
In [30], a recursive adaptive controller was designed using the sliding-mode theory to
manage the operation of a linear motor positioner. A stability analysis was introduced
to confirm the zero-tracking-error operation. In [31], adaptive programming and neural
networks were combined to formulate a nonlinear controller for a linear PMSM. Feed-
back linearization principles were adopted to enhance the system’s robustness against
parameter change. In [32], a position controller for a linear PMSM was introduced, in
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which pole-placement theory was considered while adopting the online parameter esti-
mation. All of these studies aimed to avoid the effects of system uncertainties. In [33],
a combined predictive and adaptive internal (AI) controller was formulated to achieve
a high-bandwidth current regulation for a linear PMSM. The time-delay compensation
and bandwidth increase were realized using predictive control; meanwhile, the AI control
was used to observe uncertainties such as parameter changes. In [34], a position-tracking
controller was introduced for a linear PMSM. In this study, an improved PID controller was
formulated by considering an upper limit of the lumped-model uncertainties and outer
disturbances. In [35], a model for a predictive thrust force control for a double-sided linear
vernier PMSM was introduced. In this study, two active voltages were selected during the
prediction stage rather than using only one voltage vector, which helped in enhancing the
control precision. Moreover, the cost function form used was much simpler compared with
traditional forms due to the absence of weighting values.

Despite the improved dynamics that were obtained using these controllers, the lack
of a thoroughly theoretical analysis for the used controllers was the main shortcoming.
The detailed analysis and derivation of any control system is a requirement to illustrate
when and why the controller works properly. This task can be accomplished via analyzing
each internal closed control loop in the system. Moreover, the control of a linear tubular
homopolar (LT-H) motor type is rare in the literature, and to investigate more about this
type, the current paper introduces a detailed analysis for the control-system design of the
LT-H motor type.

Sensorless operation is a desired requirement from the cost and reliability points of view.
Different velocity estimators were introduced for different types of linear motors [36–38].
The study in [36] proposed an adaptive Luenberger neural-based observer for a LIM. The
effectiveness of the observer was approved for different operating regimes, even though
the most significant shortcoming was the observer’s complexity. In [37], the authors
designed a flux observer for a linear vernier PMSM. The estimator consisted of a feedback
controller and a disturbance observer. An appropriate performance was obtained from
the observer, but the requirement of precise gain tuning made the observer quite complex.
In [38], a sensorless scheme was introduced for a linear PMSM used in reciprocating-pump
applications. The sensorless scheme was in the form of a Luenberger observer, which
estimates the back-emf and extracts the speed from it. The introduced observer was very
simple, but it lacked the ability to investigate the system’s robustness against disturbances
and uncertainties such as resistance change. In [39], an extended Kalman filter (EKF)
was adopted to observe the velocity of a linear flux-switching PMSM. The filter precisely
tracked the variable changes, but a delayed system response was the main deficiency.
In [40], a Kalman filter was designed by considering the phase-locked loop principle in
order to estimate the speed of a LIM. The designed filter used a prefiltering unit and a
magnitude-normalization tool in order to reject the disturbances and deal with parameter
changes. Even though it achieved the appropriate observation, the system was obviously
lacking in simplicity.

As an attempt to maintain the simplicity and robustness of the estimator, a robust
observer is designed in the present study to estimate the velocity and stator resistance as
well. The estimator’s operation depends on extracting and estimating the two variables
via comparing two values of rotor back-electromotive forces (emfs) (actual and estimated
quantities). The estimator design is explained in a systematic manner while clarifying the
theoretical principles upon which it stands.

According to the previous review, the contributions that the current paper introduces
to the literature can be itemized as follows:

• The paper introduces a detailed analysis for the modeling and control of a linear
tubular homopolar (LT-H) motor.

• The paper investigates several operating regimes for the motor to test and validate
the designed controller.
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• The frequency response of the controller’s loops is presented to identify the most
appropriate gains.

• An effective estimator is designed to achieve sensorless operation and reduce the
system’s cost.

• The introduced systematic analysis enables the extension of the controller to be used
by other linear motor types after considering the structure and model of each type.

The current paper is structured as follows: in Section 2, the mathematical model of the
LT-H motor is introduced and analyzed in different coordinates; in Section 3, the design of
the proposed controller is described; in Section 4, the design of the sensorless scheme is
introduced; in Section 5, the performance tests are carried out and the results are analyzed;
and finally, Section 6 presents the conclusions and outcomes of the study.

1.1. Motor’s Structure and Theory of Operation

The motor under study has a permanent magnet and three-phase stator windings
inserted in the primary magnetic core; this arrangement produces an alternating magnetic
field, which provides a translating magnetic field with a speed directly related to the
amplitude of the resulting polar half-pass equal to the step between two salient points of
the track (pole pitch).

The secondary instead is constituted by a cursor composed of a cylinder in which iron
parts and parts of nonmagnetic material alternate in subsequence, which guarantees the
presence of a variable reluctance along the development of the movement.

Therefore, the observed resultant force turns out to be the effect of two contributions
caused by:

• The difference in reluctance between the various magnetic paths of the machine; and
• The Lorentz force on the stator windings.

The construction specifications state that the power supply is provided by a 220 V
single-phase network through the presence of an inverter and a rectifier. This input stage
must ensure that it impresses on each motor phase a voltage greater than 80 Vrms and a
star-shaped voltage, which allows obtaining a good control of the motor, ensuring rapid
accelerations and decelerations.

As shown in Figure 2, both the feeding coils and permanent magnets are set in the
same section of the motor itself. The magnets are arranged so that the direction of the
magnetization is always from the stator to the cursor so that the excitation circuit and
the armature winding are placed on the same magnetic core; for this reason, the name
homopolar is given to the motor. The flux lines of the permanent magnets in the outer-
part are always perpendicular to the axis of the motor. Moreover, the external motor’s
cover is advantageously constructed with axially stacked magnetic laminations in order to
minimize iron losses.

The windings used in the LT-H motor are similar to those of rotary induction motors.
As the magnets and windings are both set within the stator, the cursor is thoroughly
passive, and thus it comes out from the stator without causing any related issues. It is
worth mentioning that the LT-H motor can be constructed without permanent magnets, and
in this case the motor will be very similar to the reluctance motor, with lower manufacturing
costs; however, the thrust-force production will be reduced. The operation of the motor
when loaded is described in the following paragraphs.

The motor windings are linked to the magnetic fields of the permanent magnet; at
the same time, the currents flow in the windings, which finally results in generating a
force because of the magnetic interaction. The value of the generated force is determined
according to the position of the windings with respect to the cursor polar expansions;
for example, maximum force is obtained when windings are in front of the cursor polar
expansions, and vice versa.

From Figure 2, it is noticed that the produced force is formulated of two contributions,
relative to the two sides of the motor coil. As the direction of the magnetic flux density
vector is the same, while the current directions on the two coils’ sides are opposite to each
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other, then the two forces’ contributions along the axial direction have opposite directions.
However, due to the large flux density with respect to the cursor polar expansions, the
output force will fulfill the movement task. When the cursor begins to move, the currents
are synchronized with the cursor movement, in order to obtain a force with the same
direction. Another cross-sectional view of the LT-H motor is also shown in Figure 3 that
illustrates the positions of the motor coils and the distribution of the field lines.
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1.2. Mathematical Modeling

From an electrical point of view, the linear motor has equations very similar to those of
the permanent magnet synchronous motor with anisotropic rotor. To describe the motor’s
behavior, we can therefore consider the same general equations of the voltage balance:

ua = Ria(t) +
dψa(t)

dt
ub = Rib(t) +

dψb(t)
dt

uc = Ric(t) +
dψc(t)

dt

(1)

where ua, ub, uc, ia, ib and ic represent the voltages and currents of the phases, and ψa, ψb
and ψc are the fluxes, whereas R = 4.65 Ω represents the windings resistance.

Assuming that the magnetic circuit is not in saturation, the total magnetic flux linked
by each phase can be calculated as the sum of two contributions: one term originates from
the presence of permanent magnets, and one originates from the currents circulating in
the phases.

In the absence of current in the phases, the flux is determined only by the permanent
magnets. From the theory of homopolar synchronous motors with permanent magnets (the
reference coordinate in the linear motor is given by the direction of motion along the z axis
(along the cursor), not by the electrical angle θme; however, the formulas are the same if we
set the equality θme =

2π
2(τ) z, where τ is the pole-pitch, z =

∫
vdt is the cursor displacement

and θme is the angle between the axis of phase ‘a’ and that of the field produced by the
permanent magnets), then we obtain:

ψa,m = ψm0 + ψm cos
(

π
τ z
)

ψb,m = ψm0 + ψm cos
(

π
τ z− 2π

3
)

ψc,m = ψm0 + ψm cos
(

π
τ z− 4π

3

) (2)

where ψm0 = 0.135 Vs,and ψm = 0.079 Vs.
The self and mutual inductances of the motor’s windings are expressed by (3) and (4):

La = L0 + L2 cos
(
2 π

τ z
)

Lb = L0 + L2 cos
(

2 π
τ z− 4π

3

)
Lc = L0 + L2 cos

(
2 π

τ z− 2π
3
) (3)
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Mab = M0 + M2 cos
(
2 π

τ z− 2π
3 − ϕ

)
Mbc = M0 + M2 cos

(
2 π

τ z− ϕ
)

Mca = M0 + M2 cos
(

2 π
τ z− 4π

3 − ϕ
) (4)

where L0 = 0.0176 H, L2 = 0.001 H, M0 = 0.0157 H, M2 = 0.001 H and ϕ = 0.08π ∼= 15
◦
.

All these expressions can be written in a more compact form using vector notations
as follows:

uabc = Riabc +
d(Labciabc)

dt
+ eabc (5)

with uabc =
(

ua ub uc
)T and iabc =

(
ia ib ic

)T .
The resistances, inductances and back-emf matrices are expressed by:

R =

 R 0 0
0 R 0
0 0 R

, Labc =

 La Mab Mca
Mab Lb Mbc
Mca Mbc Lc

, and eabc =
[

ea eb ec
]T (6)

where e = dψm
dt =

(
dψma

dt , dψmb
dt , dψmc

dt

)
.

The flux matrix ψm is expressed by:

ψmg = ψm0 + ψm cos θg 0 0
0 ψm0 + ψm cos

(
θg − 2π

3
)

0
0 0 ψm0 + ψm cos

(
θg − 4π

3

)
 (7)

where θme is the electrical angle between the axes of phase ‘a’ and that of the field produced
by the permanent magnets.

1.2.1. Modeling in d-q Reference Frame
Calculation of Inductance Matrix

The inductance matrix in the dq0 reference (Ldq0) is obtained from the Labc matrix
as follows:

Ldq0 =
(

Tdq0→abc

)−1
∗ Labc ∗ Tdq0→abc (8)

The transformation matrix from the system abc to dq0 can be expressed by:

Tabc→dq0 =
2
3


cos θg cos

(
θg − 2π

3
)

cos
(

θg − 4π
3

)
− sin θg − sin

(
θg − 2π

3
)
− sin

(
θg − 4π

3

)
1√
2

1√
2

1√
2

 (9)

where θg indicates the position of the system d-q with respect to the stationary α-β system.
Then, the inverse transformation of (9) can be defined by:

Tdq0→abc =


cos θg − sin θg

1√
2

cos
(
θg − 2π

3
)
− sin

(
θg − 2π

3
) 1√

2

cos
(

θg − 4π
3

)
− sin

(
θg − 4π

3

)
1√
2

 (10)

Considering the inductance matrix Labc in (6), and by substituting from (3) and (4), the
following expression is obtained:
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Labc =


L0 + L2 cos θme M0 + M2 cos

(
θme − 2π

3
)

M0 + M2 cos
(

θme − 4π
3

)
M0 + M2 cos

(
θme − 2π

3
)

L0 + L2 cos
(

θme − 4π
3

)
M0 + M2 cos θme

M0 + M2 cos
(

θme − 4π
3

)
M0 + M2 cos θme L0 + L2 cos

(
θme − 2π

3
)
 (11)

Via applying the transformation in (8) on (11), the Ldq0 matrix is obtained as follows:

Ldq0 =
L0 +

(
L2
2 + M2

)
cos
(
2θg − θme

)
−
(

L2
2 + M2

)
sin
(
2θg − θme

) 1√
2
(L2 −M2) cos

(
θg + θme

)
−
(

L2
2 + M2

)
sin
(
2θg − θme

)
L0 −

(
L2
2 + M2

)
cos
(
2θg − θme

) 1√
2
(−L2 + M2) sin

(
θg + θme

)
1√
2
(L2 −M2) cos

(
θg + θme

) 1√
2
(−L2 + M2) sin

(
θg + θme

)
L0 + 2M0

 (12)

To synchronize the motor with the reference system dq0 (2θg = θme), the inductance
matrix is further simplified by:

Ldq0 =


L0 +

(
L2
2 + M2

)
0 1√

2
(L2 −M2) cos

(
3θg
)

0 L0 −
(

L2
2 + M2

)
1√
2
(−L2 + M2) sin

(
3θg
)

1√
2
(L2 −M2) cos

(
3θg
) 1√

2
(−L2 + M2) sin

(
3θg
)

L0 + 2M0

 (13)

Calculation of Flux Matrix

Similar to what was done for the Ldq0 matrix, the flux matrix ψmdq0 can be obtained via
utilizing (8), (9) and (10) as follows:

ψmdq0 =


ψm0 + ψm cos

(
2θg + θme

) ψm
2 ψm sin

(
2θg − θme

) ψm√
2

ψm cos
(
θg − θme

)
ψm
2 sin

(
2θg + θme

)
ψm0 + ψm cos

(
2θg + θme

) ψm√
2

sin
(
θg − θme

)
ψm√

2
ψm cos

(
θg − θme

) ψm√
2

sin
(
θg − θme

)
ψm0 +

ψm√
2

cos
(
2θg + θme

)
 (14)

The motor’s model can be synchronized with the reference system dq0 via putting
(2θg = θme), and putting θme =

2π
2(τ) z, then the flux matrix is further simplified by:

ψmdq0 =


ψm0 + ψm cos 2 2π

2(τ) 0 ψm√
2

ψm cos 3
2

2π
2(τ)

0 ψm0 + ψm cos 2 2π
2(τ)

ψm√
2

sin 3
2

2π
2(τ)

ψm√
2

cos 3
2

2π
2(τ)

ψm√
2

sin 3
2

2π
2(τ) ψm0 +

ψm√
2

cos 2 2π
2(τ)

 (15)

Considering that the resistance matrix R remains unchanged, we can write the system’s
equations in the synchronous frame by:

ud = Rid(t) + Ld
did
dt − p π

τ
dz
dt Lqiq

uq = Riq(t) + Lq
diq
dt + p π

τ
dz
dt Ldid +

π
τ

dz
dt ψm

u0 = Ri0(t) + L0
di0
dt

(16)

where dz
dt = v is the cursor displacement variation (velocity), p = 1 is the pole pairs and

Ld = 0.0341 H, Lq = 0.0011, L0 = 0.049 and ψm = 0.079 Vs. All motor data are also typed
in Table A1 in the Appendix A.

1.3. Operation Regions for the LT-H Motor

The region of operation for the linear motor is set by the current and voltage limits
imposed at the design stage (Un = 80 V, In = 5 A), which must be considered to ensure the
correct operation of the drive.
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To determine these limits, the motor’s equations at full-speed operation (ω = p π
τ ) are

then considered, leaving out its behavior during transients, where higher limits can be
allowed for limited times.

Ud = Rid −ωLqiq (17)

Uq = Riq −ωLdid + ωψm (18)

f = 1.5p
π

τ

(
ψmiq +

(
Ld − Lq

)
idiq
)

(19)

where f refers to the developed force.
The current and voltage limits can be expressed by:

I =
√

i2d + i2q ≤ In (20)

U =
√

U2
d + U2

q ≤ Un (21)

Substituting from (17) and (18) in (21), it results in:(
Rid −ωLqiq

)2
+
(
iq −ωLdid + ωψm

)2 ≤ U2
n (22)

Then:(
R2 + ω2L2

d

)
i2d +

(
R2 + ω2L2

q

)
i2q − 2ωR

(
Ld + Lq

)
Idiq − 2ω2Ldψmid + 2ω2Rψmiq + ω2ψ2

m −U2
n = 0 (23)

The relation (23) represents an ellipse centered at the following coordinate points:
x =

4ω2ψm(Ld−Lq)−4Ldψm(R2ω2+Lqω4)
(2R2−Ldω2)

2

y = − 2R4+2R2ω2(L2
d+L2

q)+2L2
d L2

qω4+4ω3RLdψm(Ld−Lq)
(2R2−Ldω2)

2

(24)

Using (24), the current limits and the related iso force (f ) curves can be correctly obtained.
Expecting to operate the motor in the area with constant maximum force, it becomes

interesting to analyze the equation that identifies the operation of the motor with the
maximum force per current (MFPC) ratio, represented graphically, as the speed varies, by
the set of points at which the current curve and the iso-force curve result in the same tangent.
This calculation can be simplified by considering that the radius of the circumference
passing through the tangent point must be perpendicular to the tangent line of the iso-force
curve at the same point, as indicated in Figure 4.
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From Figure 4, the angular coefficient of the radius can be calculated by:

m1 =
id
iq

(25)

From (19), the current iq is calculated by:

iq =
τ
π f

1.5p
(
ψm +

(
Ld − Lq

)
id
) (26)

Taking the derivation of (26) with respect to id, the angular coefficient of the tangent
line to the iso force curve is expressed by:

m2 =
diq
did

= −
τ
π f[

1.5p
(
ψm +

(
Ld − Lq

)
id
)]2 (Ld − Lq

)
(27)

To maintain the perpendicularity between the d-q current components, it is neces-
sary that:

m1 =
−1
m2

(28)

Then, from (25) and (28), it results in:

id
iq

= − 1.5p f[
ψmiq +

(
Ld − Lq

)
id
]2 (Ld − Lq

)
(29)

By substituting from (19) into (29), then the relationship between the q and d compo-
nents of the current is expressed by:

iq = iq(id) =

√
ψmgid +

(
Ld − Lq

)
i2d(

Ld − Lq
) (30)

Through plotting (30) and also adding the iso-force curves to the plot, the maximum
force per ampere curve (red line) can be obtained as illustrated in Figure 5.
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Once the maximum force-current operating curve is identified, the maximum values
of id and iq currents can be obtained as follows:

id,max ≈ 4.4372 A and iq,max ≈ 5.5056 A (31)

Using these values, and through (19) and (22), the calculation of the base displacement
zbase and nominal force is performed as follows:

dzbase
dt

=
τ

pπ
ωbase =

zt

pπ

(
−b +

√
b2 − 4ca

2a

)
≈ 19.1770 m/s2 (32)

where
a =

(
Lqiq,max

)2
+
(

Ldid,max + ψmg
)2

= 0.0531
b = −2Rid,maxiq,maxLq + Riq,max(Ldid,max + ψm) = 5.6462

c = (Rid,max)
2 +

(
Riq,max

)2 −U2
n = −5.3189 ∗ 103

(33)

The nominal force can be calculated by:

Fn = 1.5p
π

τ

(
ψm +

(
Ld − Lq

)
id,max

)
iq,max = 1.5p

π

τ
(0.079 + (0.0341− 0.0011)4.4372) ∗ 5.5056 ≈ 25.9938 N (34)

2. Control-System Design

The proposed control system for the LT-H motor consists of two main loops: the
current (id, iq) control loop and the velocity control loop.

2.1. Design of the Current Control Loops

Two regulators were developed, one for the current iq and one for the id that guar-
anteed a bandwidth of 500 Hz for both. Before analyzing the loops, it was decided to
decouple the two current branches through eliminating the mutual coupling between the d
and q components, adding to the output of the regulators a contribution equal and opposite
to that present inside the motor model, as shown in Figure 6.
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From Figure 6, the open-loop transfer function of id current including the regulator
can be expressed by:

GHid = KIid

(
1 + sτRid

s

)
1

R
(

1 + s Ld
R

) (35)

where τRid
=

KPid
KIid

.

Assuming that the zero of the PI regulator cancels the dominant pole of the transfer
function that represents the motor dynamics with a crossover frequency equal to fid =

500 Hz
(
ωid = 2π fid = 3141

)
, and by imposing τRid

= Ld
R = 0.007 and

∣∣GHid

∣∣
fid

=500 Hz
= 1,

the following is obtained:

KIid
= R

∣∣∣1 + s Ld
R

∣∣∣|s|∣∣∣sτRid
+ 1
∣∣∣ = 14, 608, and KPid

= τRid
KIid

= 107 (36)

Figure 7 shows the bode plot of the transfer function; from which it can be observed
that the phase margin is approximately equal to 90◦ degrees, which reveals the validity of
the design procedure.
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As illustrated in Figure 6, after compensating for the counter-electromotive force,
the block diagram of the q-axis current loop appears to be similar to that of the direct
axis. Then, similar to what was done for the direct axis by assuming that the zero of
the regulator cancels the dominant pole of the function 1

R
(

1+s
Lq
R

) with crossing frequency

of fiq = 500 hz

(
ωiq = 2π f iq = 3141

)
and

∣∣∣GHiq

∣∣∣
fiq=500 hz

= 1, the following parameters

are obtained:

τRiq
=

KPiq

KIiq

=
Lq

R
∼= 0.00023 (37)

KIiq
= R

∣∣∣1 + s Lq
R

∣∣∣|s|∣∣∣sτRiq
+ 1
∣∣∣ = 14608, and KPiq

= τRiq
KIiq

= 3.4535 (38)
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Then, by plotting the bode plot of the transfer function for the iq current loop as shown
in Figure 8, it is revealed that a phase margin of 90◦ is obtained, which confirms the validity
of the designed regulator.
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2.2. Design of the Velocity Control Loop

The scheme used for designing the parameters of the velocity regulator is shown in
Figure 9. In the following subsections, the description of each block in the scheme will be
provided, and some linearizations are introduced to size the velocity regulator.
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2.2.1. Current Loop Transfer Function

Some simplifications were made in the study of the velocity loop; the first was to
approximate the transfer functions of the current loops to a first-order function with a
crossing frequency set to 500 Hz.

This approximation is well justified from the theoretical point of view: in fact, con-
sidering the generic transfer function W(s) = G(s)

1+G(s)H(s) depending on whether the value
of the product G(s)*H(s) is greater than 1, resulting in a good approximation in the band-
width, or lower than 1, that is, for frequencies greater than the crossing one, which re-
sults in W(s) = 1

H(s) and W(s) = G(s), respectively. With this choice, the current loop
blocks are the ones shown in Figure 10: where ωid = 2π fid and ωiq = 2π fiq . Meanwhile,
fid = fiq = 500 Hz are the crossover frequencies.
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2.2.2. Calculation of Reference Currents
Numerical Solution

The reference currents are calculated based on the value of the force required from the
motor. This can be performed through analyzing the relationship between the force and
the q-axis current component. Using (19) and (30), and after derivation, this results in:

iq =

(
1

1.5p
π

τ

f
ψm

)2

(

J1W +
(

1
1.5p

π
τ

f
ψm

))(
1

1.5p
π
τ

f
ψm

)
(J1W)2


1
2

(39)

where J1 = Q
12 +

√
6

12 , W =

(
U+K

G
1
3 Q

)2
, U =

[
−QM + 48Q

(
ψm

Ld−Lq

)2( 1
1.5p

π
τ

f
ψm

)2
]

,

K =

[
72
(

ψm
Ld−Lq

)2( 1
1.5p

π
τ

f
ψm

)
(Q)

(
ψm

Ld−Lq

)2( 1
1.5p

π
τ

f
ψm

)2
]

, Q = −P
N , P = −6M + L M = G

2
3 ,

G =
(

X + H
1
2

)
, L =

(
288
(

ψm
Ld−Lq

)2( 1
1.5p

π
τ

f
ψm

)2
)

, X =

(
108
(

ψm
Ld−Lq

)4( 1
1.5p

π
τ

f
ψm

)2
)

,

H =

(
768
(

ψm
Ld−Lq

)6( 1
1.5p

π
τ

f
ψm

)6
+ 81

(
ψm

Ld−Lq

)8( 1
1.5p

π
τ

f
ψm

)4
)

.

The complexity of the obtained solution does not allow the numerical calculation of
the velocity loop’s transfer function, since it foresees divisions 0 on 0 that the calculation
program is not able to manage; it was therefore necessary to switch to an alternative solution.

Solution Through Linearization [iq = iq(f)]

The need to make a simplification in (39) has led to approximating the id curve to be a
straight line; thus:

id = Kiq (40)

where K =
id,max
iq,max

∼= 0.8059.
Replacing (40) into (19), it results in:

iq =
−Kψm ±

√(
1.5p π

τ ψm
)2

+ 4| f | ∗ 1.5p π
τ

(
Ld − Lq

)
|K|

2K
(

Ld − Lq
)
∗ 1.5p π

τ

(41)

where the + sign is considered when f > 0, and the − sign when f < 0.

2.2.3. Mass (m) and Friction (F) Parameters

The velocity calculation block is constructed directly through the linearization of the
mechanical load equation defined by:

f = m
dV
dt

+ FV + fl (42)

where

• m = 0.996 Kg represents the mass of the slider;
• F = 0.4980 N is the dynamic friction component; and
• fl is the load force.
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Finally, the load force during the design of the velocity controller was treated as a
disturbance, and therefore considered null in this analysis.

2.2.4. Design of Velocity Regulator

By reconsidering the block diagram in Figure 9, it is now possible to pass to the
determination of the parameters of the velocity regulator and analyzing the velocity-loop
transfer function via combining all blocks’ functions as follows:

GHV = KIV

(
1 + sτRV

s

)(
1

1 + sτiq

)(
1

F
(
1 + s m

F
)) (43)

where τRV =
KPV
KIV

.

By assuming that the zero of the regulator cancels the denominator’s pole given by the

term
(

1
F(1+s m

F )

)
, with a bandwidth frequency of fV = 200 Hz (ωV = 2πfV ∼= 1256 rad/s),

with τRV
∼= 2 and |GHV |fV=200 Hz = 1, then the following gains are obtained:

KIV = FωV

√
1 +

ωV
ωiq

∼= 674.0129 (44)

KPV = τRV KIV
∼= 1348 (45)

Thus, the designed regulator allows a bandwidth frequency of 200 Hz with a phase
margin of about 68◦, as shown in Figure 11.
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3. Proposed Estimator

In order to enhance the control system’s robustness, an estimator is designed to
observe the motor’s velocity v̂ and stator resistance R̂ in parallel. The design procedure
can be described in a systematic way as follows:

From (16), the stator voltage d-q components can be reformulated in terms of the
estimated velocity in the synchronous rotor frame by:

ud = R̂id(t) + Ld
did
dt
− p

π

τ
v̂Lqiq (46)
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uq = R̂iq(t) + Lq
diq

dt
+ p

π

τ
v̂Ldid + p

π

τ
v̂ψm (47)

From (46) and (47), the rotor’s back-emf can be evaluated by:

edr = ud − R̂id(t)− Ld
did
dt

+ p
π

τ
v̂Lqiq (48)

eqr = uq − R̂iq(t)− Lq
diq
dt
− p

π

τ
v̂Ldid (49)

The imprecise flux orientation causes an error in the mutual induced back-emf, as
shown in Figure 12.
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unknown during the sensorless operation. As a solution to this problem, the estimated 

Figure 12. Misalignment between actual and estimated rotor flux vectors.

From Figure 12, it is noted that there is an error ∆θr between the actual and estimated
rotor flux vectors. It is also noted that the back emfs es and ês are perpendicular to the
actual and estimated flux vectors, respectively.

As the velocity and resistance values are extracted from the error between two models:
reference model which utilizes the real back-emf (es) and an adaptive model which provides
the estimated back-emf (ês) as shown in Figure 13.
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To achieve a correct estimation, the real back-emf must be precisely evaluated. How-
ever, the real back-emf cannot be directly evaluated, as the rotor position θr is also unknown
during the sensorless operation. As a solution to this problem, the estimated rotor flux axis
is considered as a reference to obtain the actual back-emf es. This is illustrated in Figure 12,
as the vector es is obtained after the vector summation of the rotor emfs (edr and eqr), then:

es = er = edr + jeqr (50)

The actual back-emf er in (50) can be obtained via differentiating the rotor flux vector
ψr as follows:

er =
dψr
dt = d

dt

(∣∣ψr
∣∣ejθ̂r

)
= jp π

τ v̂
∣∣ψr
∣∣ejθ̂r +

d|ψr|
dt ejθ̂r = jp π

τ v̂ψr +
dψr
dt

= j π
τ v̂
(
ψdr + jψqr

)
+ dψdr

dt + j dψqr
dt

(51)

Now, if the estimated and actual fluxes are appropriately oriented (θr = θ̂r), then the
actual rotor flux can be evaluated by:

ψr = ψdr + jψqr = ψm (52)

Consequently, the observed back-emf êr can be calculated by:

êr = êdr + jêqr = jp
π

τ
v̂ψm (53)

The difference between the actual eqr emf and estimated êqr emf is the resultant
error signal εv which must be minimized in order to make the actual and estimated
fluxes identical.

εv = eqr − êqr (54)

From (49), (53) and (54), the error signal that will be utilized to estimate the motor
velocity can be expressed by:

εv = uq − R̂iq − Lq
diq
dt

+ p
π

τ
v̂Ldid − p

π

τ
v̂ψm (55)

The calculated error in (55) is then applied to an anti-windup PI regulator, which
finally provides the estimated velocity v̂ at its output.

From (55), it can be noticed that the accurate acknowledgement of R is a vital require-
ment for the correct estimation, especially at low operating frequencies.

The resistance R can be estimated through regulating the deviation between the actual
and estimated airgap powers (Pg and P̂g). The observed P̂g power can be calculated in
terms of the estimated velocity v̂ and observed rotor flux ψ̂r by:

P̂g = f
(

v̂, ψ̂r

)
= is.

(
v̂ ψ̂r

)
= is.(v̂ ψm) (56)

On the other hand, the actual Pg power can be evaluated through subtracting the
power loss in R from the input power as follows:

Pg = Pinput − I2
s R = is.us − is.

(
isR
)

(57)

Thus, if the correct estimation is ensured, the two powers should have the same value,
otherwise a deviation appears in case of the resistance variation.

The power deviation can be expressed by:

εp = Pg − P̂g = is.∆es = is.∆er (58)
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where es and er are the stator and rotor back-emfs. Then, by replacing from (53) into (54),
it gives:

εp = id∆edr + iq∆eqr = id(edr − êdr) + iq
(
eqr − êqr

)
= idedr + iq

(
eqr − p

π

τ
v̂ψm

)
(59)

It is noted from (59) that the second term of error signal is almost the same as the term
used to estimate the velocity, and to avoid any conflict, the error signal is simplified to
consist only of the term edr multiplied by the sign of the estimated velocity v̂ as follows:

εp = sign(v̂)edr (60)

After that, the stator resistance variation ∆R̂ can be obtained through feeding the
error signal εp to a PI regulator, and finally the estimated resistance R̂ can be evaluated
as follows:

∆R̂ = Kpεp + Ki

∫
εpdt (61)

R̂ = ∆R̂ + R̂(t− Ts) (62)

where Ts is the sampling time.

4. Overall System Structure

Figure 14 illustrates the complete layout for the designed control system for the LT-H
motor type. The main control units are the designed velocity and d-q current PI regulators.
The designed PI velocity regulator receives the velocity deviation (V∗ − V̂) and provides
the reference force command F∗, which is used besides the flux value ψm to calculate
the reference d-q currents (i∗d , i∗q ). The velocity is estimated using the designed observer
described in Section 4. After that, the reference currents are compared with the actual motor
currents, and the resultant errors are fed to the designed PI current regulators to provide
the reference voltage components, which are then fed to the decoupling stage explained in
Section 3 and shown in Figure 6 in order to finally provide the reference voltages u∗d and u∗q .
The decoupled reference voltages are finally applied to the stator terminals through a PWM
technique, which is combined with a filter to smooth the voltages applied to the motor.
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5. Results and Discussion

In order to test the effectivity of the designed sensorless control scheme, the tests were
carried out in different manners using MATLAB/Simulink. The first test was performed
by applying a reference velocity signal of 0.8 m/s at time t = 1 s, while a slope rising
load force of 25 N was applied at time t = 5 s. The obtained results approved the validity
of the controller in achieving a very good tracking of the reference velocity and applied
load force. Figure 15 shows that the actual and estimated velocity signals definitely
were following the reference signal. The estimated velocity also exhibited a very good
dynamic with respect to the actual signal. Figure 16 reveals the actual and estimated rotor
positions, which reconfirmed the observer’s validness. A resistance change of 1.5 times
the actual value was made at time t = 2 s. Figure 17 shows the actual and estimated stator
resistance, which clarified that the estimator was able to track the resistance change, which
contributed effectively in enhancing the robustness. Figure 18 illustrates that the actual
force was tracking the applied force with high precision. Figures 19 and 20 show the
actual and reference values of d-q stator currents. The currents were clearly following
their references thanks to the appropriate design of the regulators. Figures 21 and 22
show the un-decoupled and decoupled d-q voltage components, while Figure 23 presents
the three-phase stator voltages. Finally, Figure 24 shows that a perfect decoupling was
achieved between the d-q flux components thanks to the designed controller.
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The second test was carried out for a velocity reverse from 0.8 m/s to −0.8 m/s
at time t = 5 s. A load force of 25 N was applied at time t = 2 s and removed at time
t = 8 s. The obtained results confirmed the validity of the controller in achieving high
dynamic behavior under the force and velocity changes. Figure 25 shows the actual and
observed velocities, which translated the estimator’s precision. This fact is also confirmed
in Figures 26 and 27, which present the real and observed quantities of mechanical position
and stator resistance. Figure 28 presents the developed motor’s force and shows that it
correctly tracked the load force. Figures 29 and 30 outline the actual d-q stator currents with
respect to their references. The currents adeptly accommodated their dynamics according
to the applied references. Figures 31 and 32 illustrate the d-q voltage components before
and after decoupling. The three-phase voltages are also shown in Figure 33. Furthermore,
the d-q flux components are graphed in Figure 34, which shows that a perfect decoupling
was realized.
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The third test was carried out when applying a reference velocity of 0.6 m/s at time
t = 1 s, while applying a load force with sinusoidal waveform with amplitude of 25 Nm.
This was made while changing the value of stator resistance by 1.5 times its actual value
at time t = 2 s. The sinusoidal load force change was adopted here in order to clarify
the validness of the controllers’ design in facing external disturbances. This fact was
confirmed through the obtained results as shown in Figure 35, which shows the observed,
actual and reference velocities. A very good match was achieved between the actual and
estimated signals. Figures 36 and 37 also prove the proper operation of the designed
controller and its sensorless mechanism; these two figures show a smooth and concise
matching between the real and observed quantities of the cursor’s position and the stator
resistance. Figure 38 shows that the developed force exhibited a good tracking of the
applied load force. Figures 39 and 40 present the dynamic changes of the stator current
d-q components. There was a remarkable precise match between the reference and actual
currents. Figures 41 and 42 outline the coupled and decoupled d-q voltage components,
and the three-phase voltages are shown in Figure 43. Finally, Figure 44 illustrates that a
correct decoupling was achieved between the d-q flux components.
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6. Conclusions

This paper presented the design and modeling of a robust sensorless control system
for a linear tubular-homopolar PMSM. The design and modeling were accomplished
in a sequential manner to enable the understanding of the theoretical base upon which
the controller’s operation stands. The designed controller consisted of two main control
loops: the velocity and current controls. The transfer functions of the controllers were first
derived, and then they were used to tune the regulators. In order to increase the system’s
reliability, a simple and effective estimator was designed to observe the velocity and stator
resistance. The controller’s performance was tested in different operating regimes and
under uncertainties as well. The obtained results confirmed the validity of the designed
controller, as well as the robustness of the designed estimator.
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Appendix A

Table A1. Parameters of the linear motor.

Parameters Value Parameters Value

Nominal force 27 N Pole pairs 1
Rated speed 1 m/s Windings current density 9 A/mm2

Nominal voltage (rms) 80 v Cursor mass (m) 0.996 Kg
R 4.65 Ω Dynamic friction (F) 0.4980 N
Ld 0.0341 H Magnetic material NdFeB
Lq 0.0011 H
ψm 0.079 Vs
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