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Abstract: The mutual inductance between coils directly affects many aspects of performance in
wireless power transmission systems. Therefore, a reliable calculation method for the mutual
inductance between coils is of great significance to the optimal design of transmission coil structures.
In this paper, a mutual inductance calculation for circular coils sandwiched between 3-layer magnetic
mediums in a wireless power transmission system is proposed. First, the structure of circular coils
sandwiched between 3-layer magnetic mediums is presented, and then a mutual inductance model
of the circular coils is established. Accordingly, a corresponding magnetic vector potential analysis
method is proposed based on Maxwell equations and the Bessel transform. Finally, the mutual
inductance calculation method for circular coils between 3-layer magnetic mediums is obtained. The
correctness of the proposed mutual inductance calculation method is verified by comparing the
calculated, simulated, and measured mutual inductance data.

Keywords: Wireless Power Transfer (WPT); circular coils with magnetic medium; 3-layer magnetic
mediums; mutual inductance calculation

1. Introduction

Wireless Power Transfer (WPT) technology, also known as contactless power trans-
mission (CPT), is a technology that transmits electric energy from a power source to the
load without physical contact [1], and the WPT system can be widely used in internet of
things(IoT) device power supply [2,3].

The transferred power level and transmission performance are critical for the WPT
system which is depend on the mutual inductance and coupling coefficient between
the transmitting coil and receiving coil. Hence, mutual inductance must be accurately
calculated for the optimal design and better performance of the WPT system.

Many scholars have studied mutual inductance calculation in air media, and reliable
results have been obtained from basic calculations of mutual inductance between parallel
coaxial circular coils and circular coils at any relative spatial position. Maxwell [3] provided
a classical calculation method for the mutual inductance of parallel coaxial circular coils by
using an elliptic integral, which laid a solid foundation for mutual inductance calculation.
According a decoupling expansion formula for reciprocal distance in cylindrical coordi-
nates, Luo Yao [4] and Slobodan Babic [5] presented the calculations for mutual inductance
between parallel circular noncoaxial coils and coaxial circular coils respectively. For the
receiving coil with four degrees of freedom, Grover [6] and Xiong Hui [7] have developed
a classical mutual inductance calculation method for the noncoaxial coil and an improved
calculation method for the mutual inductance coefficient, respectively, while the calculation
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process is complex. J.T. Conway [8] proposed a relatively simple expression for mutual
inductance between air-cored circular coils under coaxial and noncoaxial conditions based
on Maxwell equations, which markedly reduced the complexity of the formula. For the
mutual inductance between the primary coil and a secondary coil with an arbitrary relative
position and arbitrary shape, a linear integral expression is proposed by K.V Poletkin [9].
Slobodan Babic [10] and Luo Yao [11] deduced mutual inductance calculation methods
for the secondary coil with any deviation, respectively. Xie Yue [12] deduced a theoretical
calculation formula for mutual inductance between a single-turn coil with rectangular
sections at arbitrary relative spatial positions. Li Zhonggqi [13] provided a complete solution
for arbitrary position calculation with high accuracy.

In the WPT system, multilayer magnetic medium, such as a magnetic shielding layer
and an electrical shielding layer (aluminum plate, copper plate, ferrite core, and so on), are
added to the resonant coils [14,15] for reducing electromagnetic radiation and energy loss,
and gathering the magnetic flux; therefore, the transmission efficiency can be improved
by increasing the mutual inductance between the primary coil and the secondary coil. At
present, the mutual inductance between circular coils with a magnetic medium is mainly
calculated based on Maxwell equations, electromagnetic field initial conditions, and bound-
ary conditions. J.R. Claycomb [16] obtained an impedance calculation formula for two
coaxial circular coils with a one-sided magnetic medium by the Poisson equation, Maxwell
equation, and boundary conditions of magnetic potential. Furthermore, the impedance
calculation formula between two circular coils with a single-layer magnetic medium was
provided. W.G. Hurley [17] deduced the calculation method for mutual inductance by
solving the electric field strength of a circular current alternating electromagnetic field, the
Fourier Bessel transform was used to calculate the mutual inductance, which substantially
simplifies the calculation formula. He deduced and solved more complex partial differen-
tial equations with the same method as that in [17]. Hence, the calculation formulas for
mutual inductance between circular coils with a one-sided magnetic medium and circular
coils sandwiched between magnetic media are obtained under the condition of single-layer
media with finite magnetic thickness [18,19]. W. A. Roshen [20] used the current imaging
method to calculate the mutual inductance for two circular coils that are both sandwiched
between magnetic medium of finite thickness. However, this method was more complex
and was difficult to solve with programming. The above works are applied to parallel
circular coaxial coils; therefore, works on a parallel circular noncoaxial coils are also being
carried out synchronously. JestisAcero [21], Y.P. Su [22] and JestisAcero [23,24] deduced
mutual inductance calculation methods for circular coils sandwiched between no more
than double-layer magnetic mediums, respectively; complex derivations are used to solve
intermediate variables and the calculation works are difficult.

In this paper, a mutual inductance calculation for circular coils sandwiched between
3-layer magnetic mediums is first studied, and a magnetic vector potential analysis method
is proposed. Next, a corresponding simulation model and measurement platform are
established. The accuracy of the calculation method is preliminarily verified by comparing
simulated and calculated mutual inductance values. Finally, the correctness of the proposed
mutual inductance calculation method is verified by comparing calculated, simulated, and
measured mutual inductance data.

2. Modeling of Mutual Inductance for Circular Coils Sandwiched between 3-Layer
Magnetic Mediums

This section consists of three parts. First, the model of circular coils sandwiched
between 3-layer magnetic mediums is introduced. Second, the calculation method for the
electromagnetic field magnetic vector potential based on circular coils with a single-layer
magnetic medium is presented [15]. Among these, the boundary conditions of 3-layer
magnetic media are mainly analyzed, and then the magnetic vector potential is discussed
layer by layer through the region method. On this basis, the variables are separated by
the Fourier Bessel integral transform, and the formula for the magnetic vector potential is
obtained by solving a huge set of equations. In sum, the mutual inductance calculation
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method for circular coils with 3-layer magnetic mediums on two sides is acquired for
the first time according to the relationship between the magnetic vector potential and
mutual inductance.

2.1. Model of Mutual Inductance

The structural model of circular coils sandwiched between 3-layer magnetic mediums
is shown in Figure 1, which can be divided into three components in a sandwich structure.
The middle layer includes primary and secondary coils, as well as Region 1 and Region 2,
which belong to the air layer. For the upper and lower layers, Regions 3 to 10 on both sides
belong to linear, uniform, isotropic, and horizontally placed magnetic dielectric layers.
In addition, the parameters y,, 0, and t are the relative permeability, conductivity, and
thickness of the corresponding magnetic mediums, and R, and R; are the radii of the
primary coil and secondary coil, respectively. A cylindrical coordinate system with O as
the coordinate origin is established, where the Z-axis is perpendicular to the horizontal
plane and passes through the center of the primary coil. Then, the parameters d; and d»
are the center heights of the primary coil and the secondary coil, respectively, and S is the
distance between the upper and lower magnetic dielectric layers. Since the dielectric layer
and the coil are placed symmetrically and horizontally, the distance between the upper
and lower magnetic dielectric layers is s = d; + d. In this model, the sinusoidal current
through the primary coil can be expressed as I = Ipe/™".

z

Region 10
Hr3,03,1 ~ Region 9
Ur2 02,1 _ Region 8
Hr1 01,1 _ Region7

s

d Region 1
Region 2
Hr1,01,t : I?Egi)n 3
Hr2,02,t2 _ Region4
Hr3,03,13 _ Region 5
Region 6

Figure 1. Simplified schematic of the WPT system based on magnetically coupling resonator.

2.2. Magnetic Vector Potential Analysis

In the quasi-static magnetic field system in Figure 1, the magnetic vector potential A
(which refers to the dynamic potential of the magnetic vector potential) generated by the
sinusoidal current in the primary circular coil satisfies the following formula [15]:

0A | 9*A
VA = —yl+ya§+yeﬁ+yV(l/y) x (V x A), (1)
where y is the permeability, ¢ is the conductivity, and ¢ is the dielectric constant. In the
formula, the value of uodA/dt is much larger than the value of ysazA/ ot2, and ysazA/ o2
is negligible at low frequencies. In linear, homogeneous, and isotropic media, V(1/u) = 0.
Therefore, Equation (1) can be written as:

0A
VA = —ul + Ho = 2)
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According to the characteristics of the time-varying electromagnetic field generated by
circular coils, the initial conditions of the electromagnetic field of circular coils sandwiched
between 3-layer magnetic mediums are as follows:

A =0

Ap=A

A, =0 3)
dA/dp =0,

where Ay is the component of A in the ¢ direction, and A has the only component in the ¢
direction. Based on Equation (2) and initial condition Equation (3), the partial differential
equation for the magnetic vector potential can be obtained as presented below:

%A, 0%Ap, 10A, A
¢ ¢ 2% o _ a0 —
52 52 Ty g2 wHoAgp+ uIs(r —Rp) (r—dp) = 0. 4)

The current of the primary coil is expressed as an impulse function in this model
because only current is present in the primary coil. Applying the first-order Fourier Bessel
integral transform yields [17]:

(o]

A*(k1,z) :/0 A(rl,z)r]y (kr)dr. 5)

The variables of A can be separated, where J; (kr) represents the first-order Bessel func-
tion with the variable kr, and the essence of k is a spatial frequency. Then, the differential
equations that can be easily solved are as follows:

2 A%
d A¢
dz?

— KA} — jwpoAl + pIR, 1 (kR ) (z — dy) = 0. (6)

Based on Equation (6), the general solution for the magnetic vector potential for each
region can be obtained (¢ = 0 when the magnetic medium is air):

Regionl Al = Aek% 4 Be k= di<z<s

Region2 A3 =Ce* +1De ™  0<z<d;

Region3 ~ A3 = Fel* +Ge™M* —t; <z<0

Region4 A} = Ie?* 4 Ke " —(h+h)<z<—-hH

Region5  AZ = Le'3* + Me™'13* —(h+t+13)<z<—(t1+ 1) @
Region6 A} = Nel* z < —(t +tr+1t3)

Region7 A3 = Peh* + Qe~ = -1 <z<0

Region8 A} = Re'?* 4 Te™'2* —(h+th)<z<-—-h

Region9 A = Ue'3* 4 Ve 3% —(hh+th+t3) <z< —(HH+1)

Regionl0 A}, = Xek* s+ (b +1t +13) <z

In Equation group (7),A,B,C,D,F, G, L K,L,M,N, P, Q,R, T, U, V, and X represent

constant coefficients:
ﬂi:\/kz +j(4];l10‘liri0’i (Z = 1,2,3) (8)

According to Maxwell’s classical theory [3], on the longitudinal interface of the
medium in the time-varying electromagnetic field, boundary conditions apply to elec-
tric field strength E and magnetic field strength H :

n X (E1 —Ez) =0
{ nx (Hy — Hyp) = J. ©)
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+¢1(k)

In the electromagnetic field in Figure 1, the electric field intensity E = E, has only one
component along the direction ¢. Moreover, the electric field intensity is the same as the
direction of the magnetic vector potential according to E=—jwA. Therefore, Equation (9)
shows that the electromagnetic field in Figure 1 has the following boundary conditions:

Ags = Ay
{ nx (Hri — Ar) = J,=Iod (r — R,) (z — dy). (10)

Based on the electromagnetic field formula V x A=uH, the relationship between mag-
netic vector potential A and magnetic field intensity H is:

d(r-A,
(ar¢) = poprHz (11)

A
{ 52 = —HoprH.

From A* in each region represented by Equation (7), an equation group containing
18 equations can be acquired by using boundary condition (10) on each horizontal edge
interface. Accordingly, the 18 unknowns in Equation (7) can be solved by simultaneous
equations, and the expressions of A and B can be obtained according to the recursive
methods for each of the two equations such that A;* in Region 1 is

=3

QU=

Ay = E2IR, (KR, £(2) (12)
where,

f(Z) = ({X(tl, tz, t3)+1)~

ek(z—dl) e—k(z+d1) (13)
[“(flr'z'fs) ezks,l] a(ty o t3) =Bt tab3)e =2k
B(t1.t2.t3)

[(1+ m2) — (1= mp)a(k)e213!5] (1 4 my )er2(htta)elm =)t

+[(1 = my) — (1 +my)pa(k)e= 2] (1 — my e (titt) (i tm)t
[(1+my) — (1 —my)pa(k)e=2mt] (1 — my e (tith)e=(m+mn)h

+[(1 = my) — (1+my)pa(k)e=215] (1 + my e~ () ol =)k

(14)

‘X(tll t2/ t3) -

+¢1(k)

) [(1+my) — (1 —my)pa(k)e=21t] (1 + my)el2(hitt)e(n—n)h
P 10 = m2) — (14 ma)ga (ke 255 (1= my)e st it
[(1+my)— (1— m2)<p3(k)e_2’73t3] (1— ml)e'?z(f1+f2)e—(771+’72)f1

+[(1 = mp) — (1+mp)gs(k)e 21t (1 + my e (titt) e(—m)t

+

(1+my) [_(1 + my )3 (k)e =2t —mt 4 (1 — mz)e*'lth]e*'hfl
+(1 —myq) {*(1 — m2)¢3(k)g—2773t3—2?72(s+t1)—’72t2 +(1+ mz)e’htZ J—

(1—my) [_(1 4 m2)¢3(k)e*2’73t3*'72fz +(1— mz)g*ﬂzfz]g’htl
+(1+my) {7(1 — 1) 3 (k)e~2ts=2n(s ) ~mt 4 (1 4 mz)g'izfz} entl

B(t1,ta,t3) =

(1+ my) [— (1 + my)@3(k)e 2107k 4 (1 — my)el2] e~k (15)

¢1(k) +(1—mq) [_(1 — m2)(p3(k)g*2W3t3*2772(5+t1)*ﬂzfz +(1+ mz)g’hfz] e~ Mmh

+

(1 —my) [— (14 my)ps(k)e 23t7202 (1 — my)e"2f2] et
+(1 + my) [_(1 — my) Pz (k)e 2t 2n(sth)—mh 4 (1 4 mz)g’hfz} et

_ M2 my = Hrall3 (16)

my ,
Mot Hr3f2
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i
T Hri
pi(k) = 5——L. (17)
l Tt
Applying the inverse Fourier Bessel integral transform [17] yields:
A(rz) = / A*(k2)kJ1 (kr)dk. (18)
0

According to Equation (12), the magnetic vector potential of Region 1 can be solved
as follows:

A =R, /0 " (k)1 (kR,) f(2)dk. (19)

2.3. Mutual Inductance Calculation

In region 1, the induced voltage generated by the primary coil current in the secondary
coil is:

V=— 7{ Edl = —27RE(Rs,d) = j27wRsA(Rsda) (20)

V )
Zys = 7 = jwopomRyRs |~ J1(kR)J1 (kRy) £ (d2) k. (21)

According to Equation (19), the mutual inductance formula between single-turn
circular coils sandwiched between 3-layer magnetic mediums is as follows:

Zpe S
My, = Re{jc’;]:Re {yoanRs /O J1 (kR o (R, f(dy) dk | (22)

For the multiturn plane spiral coil, each turn can be approximately regarded as a
circular coil; therefore, the mutual inductance of the plane spiral coil can be calculated by
the following Equation (23):

M=Y"Y" My, (23)

where N, is the number of turns of the primary coil, Ns is the number of turns of the
secondary coil, p represents the primary coil of turn p, s indicates the secondary coil of turn
s, and M is the mutual inductance between the primary coil of turn p and the secondary
coil of turn s. The radius of the outer turn will have one more turn space than the radius of
the inner turn. Then, the radius parameter should change based on the number of turns
during superposition calculation.

3. Simulation and Experimental Verification

In this section, the accuracy of calculation Equation (22) is first verified by simulation.
Then, an experimental platform frame is designed, and a coil is created for an actual
mutual inductance measurement. At the same time, a simulation model and experimental
model of circular coils sandwiched between 3-layer magnetic mediums are also introduced.
Furthermore, the dimensions and parameters of the coils and magnetic mediums in the
model are given, as well as some parameters of the measurement device.

The calculated mutual inductance M., simulated value M, and measured value M,,, of
circular coils sandwiched between 3-layer magnetic mediums are compared and analyzed
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in this section. Among these, the error rate 61 of M, and M; and the error rate J, between
M. and My, are defined by the following formulas:

|M; — M|
o M (24)
| My, — M|
5 = — - 2
2 M, (25)

M, is obtained by calculation with MATLAB, and M; is solved by finite element
simulation with ANSYS Maxwell electromagnetic analysis software. M,;, is acquired by
measuring the actual mutual inductance with an IM3536 impedance analyzer, and the
current frequency of the impedance analyzer is set to 85 kHz.

3.1. Simulation Model

In this section, the mutual inductance simulation model of circular coils sandwiched
between 3-layer magnetic mediums is established based on the model in Figure 1, as shown
in Figure 2. The dielectric layer and coil are placed symmetrically and horizontally; hence,
the distance between the upper and lower magnetic dielectric layers is s = d + d1, and the
transmission distance is D = dp — d.

Secondary coil . .
\— Aluminum layer

Copper layer

Magnetic layer

Primary coil
Magnetic layer

Copper layer

Aluminum layer

Figure 2. Mutual inductance model of circular coil sandwiched between 3-layer magnetic mediums.

The mutual inductance of coils with different radii must be observed to verify the
correctness of Equation (22). Therefore, the initial radii of the primary coil and secondary
coil are set to 51 mm, and the variable quantity of the radius is 2.4 mm. In addition, the
number of turns increases from 1 to 10, and the transmission distance D is 120 mm. Other
parameters of coils and magnetic mediums are shown in Table 1.

The calculated mutual inductance M, and simulated value M; of circular coils sand-
wiched between 3-layer magnetic mediums with different turns are shown in Table 2. The
calculated and simulated mutual inductance values are intuitively compared in Figure 3.
Table 2 and Figure 3 show that the value calculated using Equation (22) is in good agreement
with the simulated value, which preliminarily verifies the correctness of the calculation for-
mula for circular coils sandwiched between 3-layer magnetic mediums. For the single-turn
coil, the error rate between the calculated and simulated mutual inductance values is very
low because simulated modeling of the single-turn coil is established with the circular coil.
For coils exceeding one turn, the coil simulation model is established with a plane spiral,
resulting in a slightly larger error.
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Table 1. Parameters of coils and magnetic mediums.
Parameter Value
Initial radius of primary coil Ry 51 mm
Initial radius of secondary coil R; 51 mm
Turns of primary coil Nj 1~10
Turns of secondary coil N 1~10
Diameter of the field excitation conductor 2.4 mm
Height of primary coil d; 2 mm
Height of secondary coil d; 5mm
Side length of the magnetic medium 550 mm
Thickness of magnetic medium t; 15 mm
Relative permeability of magnetic medium p,; 1000
Conductivity of magnetic medium oy 0.01 (S/m)
Side length of copper 600 mm
Thickness of copper f; 1 mm
Conductivity of magnetic copper o, 5.8 x 107 (S/m)
Side length of aluminum 600 mm
Thickness of aluminum #3 6 mm
Relative permeability of aluminum pi,3 1
Conductivity of magnetic aluminum o3 3.8 x 107 (S/m)
Table 2. Parameters of coils and magnetic mediums.
N, N; M, (uH) M; (uH) 51
1 1 0.0172 0.0174 1.15%
2 2 0.0746 0.0779 4.24%
3 3 0.1816 0.1887 3.76%
4 4 0.3482 0.3605 3.41%
5 5 0.5859 0.6039 2.98%
6 6 0.9066 0.9312 2.64%
7 7 1.3236 1.3536 2.22%
8 8 1.8509 1.8850 1.81%
9 9 2.5035 2.5400 1.44%
10 10 3.2973 3.3319 1.04%
T4
3 | Calculated Values
=~ | + Simulation Values
83
c
5
S2
2
<1
=
S
=0 ‘ ‘
0 2 4 6 8 10 11

Turn of the coil

Figure 3. Mutual inductance model of circular coil sandwiched between 3-layer magnetic mediums.

3.2. Experimental Verification

To verify the correctness of Equation (22) corresponding to the model in Figure 1,
the measurement framework for mutual inductance shown in Figure 4 is designed. The
front view and vertical view of the measurement device are presented; the framework is
composed of acrylic and nylon, which have good magnetic flux permeability and do not
affect the measured mutual inductance value. Moreover, the whole measurement process
is carried out overhead on a wooden table to reduce environmental interference.
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8- < | .
536 impedance Copper and \

s ) % Magnetic aluminum
Primary 3 analyzer 4 Jayer

Coi l

E2 4 e = =

o\ . . = ] ! .- Secondary
hasnetic 78 : ‘ \
I layer X

Copper
layer -
[

Aluminum

@) | (b)

Figure 4. Experimental device of a circular coil sandwiched between 3-layer magnetic mediums. (a) The
front view of the measurement framework; (b) The vertical view of the measurement framework.

The specific parameters of the coils and magnetic mediums of the simulation model
and the measurement device are shown in Table 3. The dielectric layer and the coil are
placed symmetrically; thus, the distance between the upper and lower magnetic dielectric
layers is s = dy 4 d1, and the transmission distance is D = dy — d;.

In the measurement, the two coils inevitably use longer terminals to connect to the
IM3536 impedance analyzer. On this basis, winding two terminals can reduce the influence
of terminals on mutual inductance. The measurement is carried out on the wooden
table and acrylic experimental framework to reduce the influence of the surrounding
environment on the mutual inductance and obtain accurate measurement results. In
addition, wood and acrylic are nonmagnetic materials, and their influence on mutual
inductance can be ignored.

Table 3. Parameters of coils and magnetic mediums.

Parameter Value
Initial radius of primary coil R, 51 mm
Initial radius of secondary coil R; 51 mm
Turns of primary coil N, 10

Turns of secondary coil N 10
Variable quantity of the radius 85 kHz
Diameter of the field excitation conductor 2.4 mm
Height of primary coil dq 2 mm
Height of secondary coil d; 5mm
Side length of the magnetic medium 550 mm
Thickness of magnetic medium t; 15 mm
Conductivity of magnetic medium oy 0.01 (S/m)
Side length of copper 600 mm
Thickness of copper t; 1mm
Relative permeability of copper pi,, 1
Conductivity of magnetic copper o 5.8 x 107 (S/m)
Side length of aluminum 600 mm
Thickness of aluminum #3 6 mm
Relative permeability of aluminum ji,3 1

3.3. Analysis of Experimental Results

The calculated value M., simulated value M, and measured value M,, of mutual
inductance are shown in Table 4. Among these, the transmission distance D increases
from 100 mm to 150 mm in steps of 10 mm. Table 4 and Figure 5 show that the mutual
inductance between coils decreases with increasing transmission distance D.
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EG | —Calculated Values

\q-; & + Simulation Values

24 0 Measurements

o]

©

3

©

£2

©
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=1

> 0" L L 1 I |
95 100 110 120 130 140 150 155

Transmission Distance (mm)

Figure 5. Comparison of Mutual inductance with vertical misalignment.

Table 4. Mutual inductance with vertical misalignment.

D (mm) M, (uH) M; (uH) M, (uH) 01 01
100 4.5976 4.8269 4.7670 4.75% 3.55%
110 3.8803 3.9954 3.9605 2.88% 2.02%
120 3.2973 3.3319 3.3236 1.04% 0.79%
130 2.8201 2.8029 2.7915 0.61% 1.02%
140 2.4269 2.3722 2.3463 2.31% 3.44%
150 2.1006 2.0223 2.0214 3.87% 3.92%

In addition, the error rate J; of the simulated and calculated values is within 5%, as
well as the error rate J, of the measured and calculated values. In general, the correctness
of the mutual inductance calculation for circular coils sandwiched between 3-layer mag-
netic mediums, shown in Equation (22), is verified by simulated and measured mutual
inductance results.

4. Conclusions

In this paper, the mutual inductance calculation for circular coils sandwiched between
3-layer magnetic mediums was thoroughly studied. First, the partial differential equa-
tion of the magnetic vector potential was obtained through the relationship between the
magnetic vector potential and current density in a uniform magnetic medium. Next, the
Bessel transform was used to separate variables to acquire the solution of the magnetic
vector potential by combining the Maxwell equation and the boundary conditions of the
time-varying electromagnetic field. Thus, the calculation formula for mutual inductance
between circular coils with 3-layer magnetic mediums on two sides was given. Finally,
the mutual inductance data obtained by calculations, the ANSYS Maxwell finite element
model analysis, and the experiments on the actual coil were compared. The reliability and
correctness of the proposed calculation were verified from the low error rate between the
three types of data.
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