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Abstract: We propose an equivalent electrical circuit model to evaluate the direct modulation perfor-
mance of optically injection-locked (OIL) semiconductor lasers. We modeled the equivalent circuit of
the OIL laser based on alternating complex envelope representations, simulated it using the Simula-
tion Program with Integrated Circuit Emphasis (SPICE), and analyzed the frequency response of the
OIL laser. Although the frequency response of the OIL laser is better than that of a free-running laser,
its 3-dB modulation performance is degraded by the relaxation oscillation that occurs during direct
modulation of the semiconductor laser. To overcome this limitation and maintain the maximum
modulation performance within the entire locking range, we also designed an electrical filter to
preprocess the electrical modulation signal and compensate for the non-flat modulation output of
the OIL laser. The damping ratio of the directly modulated OIL laser increased by 0.101 (280%)
and its settling time decreased by >0.037 (44%) when the electrical compensation circuit was added,
exhibiting a flat 3-dB modulation bandwidth of 28.79 GHz.

Keywords: semiconductor laser; equivalent circuit; SPICE; optically injection-locked laser; direct
modulation; frequency response

1. Introduction

With the development of high-speed communication, optoelectronic integrated circuits
that combine the advantages of electronics and photonics are rapidly developing [1–3]. The
advantages of optoelectronic semiconductor circuits include low power consumption, low
electrical resistance, and a small form factor. As the use of optoelectronic circuits increases,
a single design environment tool that simulates electronic and photonic devices and circuits
is required [4]. The characteristics of photonic circuits can be obtained by analyzing a series
of rate equations, either analytically or numerically. However, because the analytic solution
that describes photonic circuits is complicated and challenging to derive, especially when
electrical parasitics and driving circuits are included in the analysis, numerical analysis is
more suitable than an analytic approach [5].

The optical injection locking of a semiconductor laser is a promising technology to
improve laser modulation performances and extend the laser application area. It consists
of a master and slave laser, as shown in Figure 1. When the injection locking conditions
are satisfied, the frequency of the slave laser is locked to that of the master laser, and
the phase of the slave laser is synchronized to that of the master laser [6]. Furthermore,
OIL lasers exhibit substantially better direct-modulation performance than free-running
lasers. For instance, they have an enhanced frequency response [7], improved modulation
efficiency [8], high frequency stability [9], and low chirping [10]. The OIL laser has good
potential for use as an optical transmitter in various photonic/optoelectronic applications,
including high-capacity optical communications [6], microwave photonics [11], remote
sensing, optical signal processing [12], and photonics integrated circuits [13].
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We design and apply preprocessing electronic circuits that improve the direct modula-
tion performance of the OIL laser. Usually, simulations for photonics devices and systems
are written in stand-alone software, making them difficult to adapt to existing electronic
design and layout infrastructure. To solve the issue, we propose to model the equivalent
circuit of the OIL laser that can be used in a commercially available electrical circuit sim-
ulator. Although stand-alone simulation of the OIL laser has been well established by
solving coupled rate equations, an equivalent circuit model is required when there is a close
interaction between the electronic and photonic devices in various electronic/photonic
applications [14].

To satisfy the requirements for packaged simulation of the photonics and electronic
devices in a commercially available circuit simulator, we developed an equivalent circuit
model of the OIL laser, simulated it in Simulation Program with Integrated Circuit Empha-
sis (SPICE), and improved the modulation performance of the OIL laser by employing a
preprocessor filter in the laser modulation input.

Previous studies on equivalent circuit modeling of single laser diodes exist [15–17].
For simple optical circuits, the modeling presents no issues. However, for optoelectronic
circuits, where the feedback between optical signals is tight, convergence problems arise
when the signal is removed because of destructive interference. To solve the convergence
problem, we built an equivalent circuit model by dividing the signal into real and imaginary
parts, which alternates complex envelope representations [14,18]. Next, we verified the
reliability of the OIL equivalent circuit in the SPICE simulation by comparing the results
with the optical simulation results obtained using MATLAB.

Moreover, to overcome a non-flat modulation response and increase the flat 3-dB
modulation bandwidth, we designed and applied a pre-processing electrical circuit in
the laser modulation stage. The direct modulation performance of the OIL laser with the
preprocessing filter is substantially improved; the damping ratio increased by 0.101 (280%),
the settling time decreased by >0.037 (44%), and a flat 3-dB modulation bandwidth of 28.79
GHz was obtained. The equivalent circuit model of the OIL laser and the preprocessing
filter application obtained by the model can expedite the application of the OIL laser in
real field applications for various next-generation electrical–optical conversion systems.

2. Equivalent Circuit Model of OIL Lasers

Optical injection locking is a technology that synchronizes the frequency and phase of
a slave laser to a master laser light [6,19], as illustrated in Figure 1. The various properties
of the output of the OIL laser are determined by the two injection parameters, ∆ f and R.
Detuning frequency ∆ f is the frequency difference between the master and free-running
slave laser. Injection ratio R is the ratio between the photon number of the free-running
slave laser and the injected photon from the master laser to the free-running slave laser.
When the two injection parameters are tuned within the stable locking range, various
advantages are achieved [19]: laser chirp reduction, frequency stabilization, resonant
frequency increase, modulation bandwidth enhancement, and relative intensity noise
reduction [10]. Therefore, the OIL laser can be applied to a wide range of photonic and
optoelectronic devices and systems as a high-performance optical source.
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Where fML and fSL are the phases of the master and slave lasers, Sinj is the photon
number from the master laser to the free-running slave laser. Moreover, S f r is the photon
number of the free-running slave laser, expressed as follows:

S f r = J + γN Nth/γP, (1)

Where J is the current, γN is the carrier decay rate, γP is the photon decay rate, Nth is
the threshold carrier number of the free-running slave laser, respectively.

We use the following modified laser rate equations to represent the optical injection
process [7,20–22]:

dE(t)
dt

=
1
2

g∆NE(t) + κEinj + j
α

2
gN0E(t)− j

α

2
gNthE(t)− j∆ωinjE(t), (2)

dN(t)
dt

= γN N(t) + gN(t)|E(t)|2 − gNtr|E(t)|2 − J(t), (3)

where the time-dependent functions of E(t), N(t), and J(t) are the output electric field
of the slave laser under optical injection, carrier numbers of the injection-locked slave
laser, and bias current, respectively. The physical parameters are defined as follows: g
is the linear gain, ∆N is the carrier number above the threshold, κ is the field coupling
ratio between the master and slave lasers, Einj is the amplitude of the electric field of the
master laser, α is the linewidth enhancement factor, Ntr is the transparency carrier number
of the free-running slave laser, and ∆ωinj is the angular detuning frequency. The values
and definitions of the parameters used in the calculations are listed in Table 1.

Table 1. Values used in the calculations.

Symbol Quantity Value Unit

λ0 Wavelength 1550 nm
g Net stimulated gain 4.7 × 104 1/s

Ntr Transparency carrier number 9.36 × 106 -
Jth Threshold current 2 × 1016 1/s

Jbias Bias current 5 × Jth 1/s
γP Photon decay rate 5 × 1011 1/s
γN Carrier decay rate 109 1/s
α Linewidth enhancement factor 5 -
κ Coupling ratio 225 1/s

We can separate the electric field into real and imaginary parts as follows:

E(t) = Er(t) + jEi(t), (4)

where Er(t) and Ei(t) are respectively the real and imaginary parts of the time-dependent
functions E(t). We can rearrange Equations (2) and (3) using the definition in (4) as follows:

dEr(t)
dt

=
1
2

gEr(t)Nth −
1
2

gN(t)Er(t) +
α

2
gN(t)Ei(t)−

α

2
gNthEi(t)− ∆ωinjEi(t)− kEr,inj, (5)

dEi(t)
dt

=
1
2

gEi(t)Nth −
1
2

gEi(t)N(t)− α

2
gN(t)Er(t) +

α

2
gNthEr(t) + ∆ωinjEr(t)− kEi,inj, (6)

dN(t)
dt

= γN N(t) + gN(t)Er(t)
2 + gN(t)Ei(t)

2 − gNtr

(
Er(t)

2 + Ei(t)
2
)
− J(t), (7)

where Er,inj and Ei,inj are the real and imaginary parts of the electric field of the master
laser, respectively.

Although the rate equations based on photon number have been widely used in the
optical simulation of lasers including OIL lasers [5], we modify the photon-based equations
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into electric field-based equation and rearrange the rate equations as (5)–(7). Electrical-
field-based rate equations can be utilized, such as an optical phased array [23] and optical
advanced modulation [24], which should consider optical interference. Moreover, we
show that these field-based equations are suitable for the inclusion of optoelectronic device
models in a SPICE-based electrical simulation framework [25,26]. Figure 2 shows the
equivalent circuit of the OIL laser with Er(t), Ei(t), and N(t) as nodes. Each node is
connected by a dependent voltage source connector that is omitted in Figure 2.
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Figure 2. Equivalent circuit of an OIL laser, represented as the real and imaginary parts of the electric fields.

3. Simulation Results

We first checked the validity of the OIL laser equivalent circuit in the SPICE simulator.
We calculated the transient response of electrical field E(t) and phase φ(t) and compared
them with the results calculated using an analytic derivation of the photon-based rate
equations (Appendix A). For comparison, we define the phase φ(t) as the difference
between the phase of the OIL laser and the master laser as follows:

φ(t) = φOIL(t)− φinj = tan−1(
Ei(t)
Er(t)

), (8)

where φOIL(t) is the time-dependent phase of the OIL laser, and φinj is the phase of the
master laser. We use the conversion relationship between the photon number S(t) and the
electric field E(t), which is defined as follows:

S(t) = E(t)·E∗(t) = |E(t)|2 = Er
2(t) + Ei

2(t). (9)

Figure 3a shows the transient responses of the photon numbers. The solid line indicates
the results of the SPICE simulation based on our equivalent model in Figure 2. The dashed
line is the steady-state value calculated by an analytic derivation of the photon-based rate
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equations. A similar confirmation was completed for phase φ(t), as shown in Figure 3b.
Both results confirm that the results of the SPICE model are consistent with those of the
analytic derivation. The injection parameters were set to R = 10× log

(
Sinj/S f r

)
= 0 (dB)

and ∆ωinj = 2π ×
(
−50× 109)(rad/s). We chose these injection locking parameters

because the injection ratio of 0 dB is easily achievable in real demonstration and the postion
of the selected detuning freqeuncy is located around the middle of the stable locking map
for the injection ratio, which ensures reliable locking operation of the OIL laser. The OIL
laser is biased with a step change in the current from 0 to 5 × Jth at 0 s.
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4. Modulation Performance Improvement

The modulation bandwidth, settling time of the relaxation oscillation, and damping
ratio are important indicators that determine the modulation performance of a directly
modulated laser [27]. Although the OIL laser exhibits a significant improvement in direct
modulation performance over a free-running laser [10], the actual speed of the direct
modulation pulse is limited to under a few hundred megahertz owing to the serious
distortion in the output signal caused by the light intensity relaxation oscillation [28].
A highly damped resonance is required to eliminate the relaxation oscillation ringing
for digital modulation. The settling time is the time when the error in the output is
within 1–5% of the steady state. When the maximum modulation bit rate of the laser
is shorter than the setting time of the relaxation oscillation, a bit-pattern effect occurs,
and the laser modulation performance is degraded [29]. This limits the application of
OIL lasers in practical applications. A high damping ratio and low settling time must be
required for high-speed digital modulation [30]. To meet the requirements, we propose
the preprocessing of a direct modulation signal for the OIL laser. Based on our equivalent
circuit model, we can easily design an electrical preprocess circuit that compensates for
the limitation in the direct modulation of the OIL laser. We propose to suppress the
relaxation oscillation frequency by adding a filter in front of the laser circuit to reduce the
relaxation oscillation.

Figure 4 shows the simulation results of the frequency responses of the free-running
and OIL lasers. The relaxation oscillation frequency of a free-running laser is approximately
9.76 GHz and that of the OIL laser is approximately 23.255 GHz. Although the modulation
bandwidth is more than doubled, a flat and broad 3-dB bandwidth is a more desirable
characteristic for the optical source in various optoelectronic applications [31]. To meet this
requirement, we designed a bandstop filter to suppress the relaxation oscillation during
modulation and achieve a flat 3-dB bandwidth.
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Figure 5 shows an equivalent circuit schematic with and without the filter. The
equivalent circuit without the filter corresponds to Figure 2. The filter is inserted between
nodes Jbias(t) and N(t) in Figure 2.
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Figure 6a presents the schematic of the twin-T filter used as a bandstop filter to sup-
press the 25 GHz relaxation oscillation, and Figure 6b shows the frequency response of
the bandstop filter. The bandstop filter with specific insertion loss and 3 dB bandwidth
(or quality factor, Q-factor) should be designed and inserted in accordance with the fre-
quency response of the OIL laser to minimize the effect of the unwanted strong relaxation
oscillation. The frequency response of the OIL laser depends on the injection locking
parameters [10]. Figure 7a shows the transient response of the OIL laser with and without
the preprocessing of the direct modulation signal based on the bandstop filter. The input
bias current is modulated from 5 × Jth to 6 × Jth at 10 ns. We focus on the elimination of
the transient oscillation of the optical signal for the modulation current change from 5 × Jth
to 6 × Jth in the simulation. The electrical filter should be carefully tuned or designed in
accordance with such modulation parameters including the modulation depth, modulation
speed, and modulation format. The equivalent circuit model reveals that the relaxation
oscillation is significantly reduced by the application of the bandstop filter. The calculated
damping ratio exhibits an increase of 0.101 (280%) from 0.056 to 0.157, and the settling time
(1%) shows a decrease of 0.055 ns (44.6%) from 0.108 to 0.053 ns, respectively. Figure 7b
shows the frequency response of the OIL laser with and without the preprocessing of
the direct modulation signal based on the bandstop filter. It shows a wide and flat 3 dB
bandwidth of 28.79 GHz as a result of the preprocessing of the direct modulation signal.
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5. Conclusions

We derived an equivalent circuit model of an OIL laser to calculate its output using
the SPICE simulator. We separate the real and imaginary parts of the rate equations
to avoid numerical errors caused by the interference between signals and design the
corresponding equivalent circuit. The modeled circuit was simulated using SPICE, and
its reliability was verified by comparing its results with the analytical steady-state value.
Subsequently, SPICE was used to design a preprocessing modulation circuit that improved
the direct modulation performance of the OIL laser. Using our approach, we designed
and applied a bandstop filter to suppress the relaxation frequency and enhance a flat
3 dB bandwidth. The equivalent circuit model of the OIL laser can be widely applied to
evaluate its performance in various photonic and optoelectronic applications owing to its
compatibility with circuit simulators.
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Appendix A

The following equation is the photon-based rate equation used for comparison with the
transient response simulation results of the equivalent circuit model of the OIL laser [10]:

dS(t)
dt

= {g[N(t)− Ntr]− γP}S(t) + 2κ
√

SinjS(t) cos
[
φ(t)− φinj

]
, (A1)

dφ(t)
dt

=
α

2
{g[N(t)− Ntr]− γP} − κ

√
Sinj

S(t)
sin
[
φ(t)− φinj

]
− ∆ωinj, (A2)

dN(t)
dt

= J(t)− γN N(t)− g[N(t)− Ntr]S(t), (A3)

where the time-dependent functions of, S(t), φ(t), and N(t) are the photon number, field
phase, and carrier number, respectively, of the slave laser. In addition, φ(t) is the phase
difference between the slave and master lasers: φ(t) ≡ φslave(t)− φmaster(t). Moreover,
g, Ntr, α, J, γN , and γP are the slave laser’s linear gain coefficient, transparency carrier
number, linewidth enhancement factor, current, carrier recombination rate, and photon
decay rate, respectively. The injection terms κ, Sinj, and ∆ωinj are the coupling rate, injected
photon number, and detuning frequency, respectively. The detuning frequency is formally
defined as the difference between the master laser frequency ωML and the free-running
slave laser frequency ω f r : ∆ω ≡ ωML −ω f r.
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