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Abstract: This work discuss the robust stabilization problem for discrete-time switched singular
systems with simultaneous presence of time-varying delay and sensor nonlinearity. To this end,
an observer-based controller was synthesized that works under asynchronous switching signals.
Investigating the average dwell time approach and using a Lyapunov—Krasovskii functional with
triple sum terms, sufficient conditions were derived for achieving the existence of such asynchronous
controller and guaranteeing the resulting closed-loop system to be exponentially admissible with
He performance level. Subsequently, the effectiveness of the proposed control scheme was verified
through two numerical examples.

Keywords: switched systems; hybrid systems; time-varying delay; observer control; average dwell
time; Hoo performance

1. Introduction

Lately, great interest has been devoted to the study of switched singular systems on
both theoretical and application fronts ([1-3], and the references therein). From a mathe-
matical point of view, switched singular systems are typically each composed of a finite
number of subsystems and a switching law that specifies the active subsystems at each
instant of time. Each subsystem is defined by ordinary differential equations that describe
the dynamical part in the system and algebraic equations that represent the interrelation-
ships between different components in the system. Moreover, the switching law plays
a crucial role in determining the dynamic behavior of switched singular systems [2,4,5].
All the montioned works are concerned with arbitrary switching signal to study switched
singular systems. Therefore, many switched singular systems fail to preserve stability
under switching signals of this kind, but may be stable under some prescribed switching
signals. Thus, we devote our attention in this work on the ADT approach, which means
that the number of switches in a finite interval is bounded and the average time between
consecutive switching is not less than a specific constant [6,7].

It should be noted that time-delay occurrence represents, usually, a source of instability
and poor performance of dynamic systems. As a result, the study of switched singular
delayed systems has aroused considerable attention [8-12].

Furthermore, study of robustness against external disturbances is significant [13].
For this purpose, different techniques have been investigated to ensure robust stabil-
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ity. Thus, the H technique has been used to study the problem of control [9,14] and
filtering [4,15] for switched singular systems with time delay.

Nevertheless, all the previous works cited investigated only linear switched singular
systems with synchronous switching modes between the respective controllers and sys-
tems. Generally, in practice the switching instants of the controllers exceed or lag behind
those of the subsystems. Accordingly, it is necessary and more realistic to consider this
phenomenon when dealing with control problems for switched singular systems. The asyn-
chronous switched control problem covers many fields of application, such as Markovian
jump systems [16], networked control systems [17] and neural systems [18,19]. To date,
some appreciable studies have been reported for switched systems under asynchronous
switching [20-24]. To the best of our knowledge, the stabilization problem for discrete-time
switched singular time-delay systems under asynchronous switching has not been fully
investigated, except in some works where the state feedback stabilization has been investi-
gated for discrete-time singular systems [3,25], and for continuous singular systems [12,26].
That was the primary motivation for this work.

We note that all the methods suggested in the previous references suppose that the
system state variables are available for measurements. However, the state variables for
many real plants are mostly not fully accessible for many reasons, such as the non-existence
of correct sensors to measure some states, or an increased number of sensors making the
whole system more complex. Thus, the design of observers to estimate the system states is
more reasonable. Accordingly, considerable attention has been paid to the observer-based
control problem for switched singular systems. For example, in [27,28] the problem of
observers design for a class of discrete-time switched singular systems subject to constant
delay, unknown inputs and arbitrary switching sequences was considered. In addition,
the robust He, non-fragile observer-based control issue for switched discrete singular sys-
tems with time-varying delays under arbitrary switching was treated in [29]. The authors
in [30] studied the observer-based asynchronous He control problem for switched singular
systems with quadratically inner-bounded nonlinearity. A two step method was investi-
gated in [31] to solve the problem of observer-based output-feedback asynchronous control
design for a class of switched continuous-time Takagi-Sugeno fuzzy systems. Based on
the singular value decomposition (SVD) technique and cone complementarity lineariza-
tion (CCL) algorithm, the problem of asynchronous observer-based control for a class of
discrete-time Markov jump systems has been treated in [32]. However, the SVD technique
is difficult to use when the disturbance affects the measurements and the use of an iterative
algorithm such the CCL can complicate the resolution of LMI conditions. In this regard,
how to deal with dynamic systems with unavailable states for measurement by using an
observer-based controller for the considered system under asynchronous switching was
the second motivation for this work.

Due to many environmental circumstances, the actuator or sensor saturation can be
interpreted as additive nonlinear exogenous disturbances. Thus, if such non-linearities
are not considered in the controller design, the stability of system can be affected. Hence,
in the analysis and implantation of the controller, the effect of non-linearity cannot be
neglected [33-36]. Due to its theoretical and practical importance, some representative
results regarding sensor saturation for switched systems have been considered [37-39].
However, the sensor saturation effect has not been investigated when dealing with the
problem of asynchronous ADT observer-based control for discrete-time switched singular
systems with time-varying delay. This represents the third motivation for this paper.

To study a general switched singular system from a practical point of view, it was
assumed that the system under consideration consisted of unmeasured states, time-varying
delay, and sensor saturation. The main contributions can be summarized as follows:

(i) The switched singular systems were employed to cope with the problem of asynchronous
observer-based control design using the ADT approach. Compared to [14,26,40,41],
the design is considered to characterize dynamic systems with unavailable states for
measurement, which closely reflects the reality with a more general structure.
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(ii) The exponential admissibility and He, performances of the switched singular systems
were established by using an appropriate Lyapunov—Krasovskii functional with a
triple-sum term. Delay-dependent LMI conditions were derived using the ADT ap-
proach.

(iii) In contrast to [22,23,31], a one step method was developed to deal with the prob-
lem of asynchronous He observer-based control design without considering any
appropriate algorithm.

(iv) Numerical examples were used to demonstrate the effectiveness of the proposed study.

An outline of this paper is given as follows. The system description and prelimi-
naries are presented in Section 2. The main results, including the admissibility analysis
and the asynchronous observer-based controller synthesis, are given in Sections 3 and 4.
A simulation example is illustrated in Section 5. Section 6 concludes the paper.

Notations. Throughout the paper, a real symmetric matrix Y > 0 (Y > 0) denotes Y being
a positive definite (or positive semi-definite) matrix. sym(Y) stands for Y + YT. I and 0
symbolize the identity matrix and a zero matrix with appropriate dimensions, respectively.
Y € R® denotes the s—dimensional Euclidean space, and Y € R**" refers to the set of all
s x n real matrices. A, (P) and Ayax(P) denote the minimum and maximum eigenvalues
of P. In symmetric block matrices or long matrix expressions, we use a star  to represent a
term that is induced by symmetry. Matrices, if their dimensions are not explicitly stated,
are assumed to be compatible for algebraic operations. ||.|| denotes the Euclidean norm of
a vector and its induced norm of a matrix. col{Y, X} denotes a column matrix.

2. System Description and Preliminaries

Consider a class of switched singular systems with time-varying delay described by

)X (k) + Ago(yx(k —d(k)) + By x)u(k) + By (ryw(k)

<P( yx(k))

Ex(k+1) =
)

1
) 1)
)

y(k
2(k
x(k

Cyo k)x( ) + Dy(iyw(k)
¢(k), k € [=dwm, 0]
where u(k) € R™ is the control input vector, z(k) € R7 is the controlled output vector,

x(k) € R" is the state vector, y(k) € R? is the measured output, E is a singular matrix with
rank(E) < n, and ¢(k) is a given initial condition sequence. The disturbance input vector,

w(k) € R", is supposed to belong to I5[0, o). That is, Z wT (k)w(k) < co. o (k) : [0, +00)

—J={1,2---,N} is a piecewise constant sw1tch1ng s1gna1 with N being the number
of subsystems
Time-varying delay, d(k), is defined as

0<dy<dk) <dy ()

where dj; and d;,, positive integers, represent the bounds of the delay.

Matrices E, Ay(x), Ago(k)r Biok)r Cok)r Bao(k)r Cao(k), and Dy ) are constants with
appropriate dimensions.

The saturation function ¢(C, ) x(k)) is an unknown nonlinear real-valued function
which represents the sensor nonlinearity and satisfies:

(p(w) — Myw)" (p(w) — Maw) < 0 3)

where M; > 0 and M; > 0 are diagonal matrices with My > M;.
According to [42], the nonlinear function ¢(C,)x(k)) can be decomposed into the
following form:

P(Co(ryx(k)) = @n(Cyryx(k)) + My Coryx (k) 4)
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where the nonlinearity ¢, (Cy)x(k)) satisfies

Pi (Cog (k) | 9n(Cory X (k) = MCpgy x(k) | < O )

where M = M, — M >0
By considering the decomposition in (4), discrete-time switched singular systems (1)
is formulated as:

Ex(k+1) = Agyx(k) + Ago(yx(k — d(k)) + By g u(k) + By (ryw(k)
y(k) = @n(Cop x(k)) + M1 Coyx (k) ©)
z(k) = Cy k)x( ) + Dy yw(k)
x(k) = @(k), k € [—d, 0]
Consider the following autonomous switched singular systems:
Ex(k+1) = Ajx(k) + Agix(k —d(k)) )

Definition 1 (Ref. [41]).
1. Foragiveni € Jand a complex number z, the pair (E, A;) is said to be regular if det(zE —

A;) #0.

2. Foragiveni € J, the pair (E, A;) is said to be causal, if it is regular and deg (det(zE — Al-)) =
rank(E).

3. System (7) is said to be admissible if it is reqular, causal, and stable.

Definition 2 (Ref. [43]). Switched system (7) with w(k) = 0 is said to be exponentially stable,
if the solution x(k) satisfies || x(k) ||< 6% || x(ko) ||;, Vk > ko, for constant 6 > 0 and

0<e<1 where| x(ko) ;= sup {[|x(s) |}
k*dMSSSkU

Definition 3 (Ref. [44]). For switching signal o (k) and any ks > k, > ko, let Ny (kq, ks) be
the switching number over the interval [ky, ks). If for a given Ng > 0 and 7, > 0, we have
Ny (ka, ks) < No + (ks — kq) / Ta, where T, and Ny are, respectively, called the average dwell time
and the chatter bound.

Lemma 1 (Ref. [6]). Let g(k) be a vector valued function. The following inequality

- T T . JTTE4+ETTy, —TTE+ETT,
@(s)'E'VE@(s) <¢' (k)| 1 ! k
Y. @) < TELET TR R Bl

s ®)
T [T -1
)| b v m e
2
holds for any V. > 0, Ty, and T,; and an integer d > 0, where @(k) = x(k + 1) — x(k) and
T
c(k) = [xT(k) xT(k—d)] .

Lemma 2. For any matrix V > 0, Gy, and Gy; and an integer d > 0, the following inequality
holds:

T T _ T T
- E 5 awreveen < g[S o rdEal

n=—d s=k+n (9)
T
M dw|g|v e cla

+
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=) X G

n=—d s=k+n

-1 k—1
=3 ) s

n=—d s=k+n
d(d+ 1) ¢

+

T
where @ (k) = x(k+1) — x(k) and {1 (k) = {xT(k) (Zs k—a EX(9))T

1 _1
Proof. LetG = [G; G|,V = 1%2 V02G ; then
vi vigl [vi vie 1% G
Ty — _ 10
V=10 o 0 o {GT GTV‘lG} =0 {10)
T
Ey(s)
VTV{ U
] Ci(k) |
1% G ][En(s)}
GT GTV-1G| |z (k)
—1 k—1
YTETVEy(s) + 22, (k)GT Z 2 Ens)+ Y. Y )GV G (k) (11)
n=—d s=k+n n=—d s=k+n
dGTE +dETG —GT+dETG
TETVE(s)+ T 0|11 E IO O

Z1 (k) [GZT] VG GGi(k)

From (10), we have 0 < ®,, which verifies inequality (9).
This completes the proof. [

Lemma 3. For given real matrices Y, L, and V, the following statements are equivalent:
1.

[LYT é‘] +sym { [Z;\ﬂ v -1} <o (12)

is feasible in variable N and M
2. Y, L, and V satisfy

Y +sym(LVT) < 0 (13)
Proof. Let
[y L M, o\ _ [Y+sym(MVT) L—-M~+VNT
t= {LT 0} * sym{ {N} vt -] } - {LT ~MT+NVT  —sym(N) 14

From (12), we have

[ Y+sym(MVT) L—-M+VNT

= {LT ~MT+NVT  —sym(N) 0 (15)
LetV=1[1 V| ’. Pre and post-multiplying inequality (15) by V and V7, respectively,

inequality (13) holds.

This completes the proof. [
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3. Stability Analysis

In this section, a sufficient LMI criterion is developed to ensure the admissibility of
system (7).

Theorem 1. Take tunable scalars 0 < o < 1 and y > 1 and positive integers dy, and d . For any
switching signal o (k) with ADT satisfying T, > T, = — ﬁ—g, switched singular systems (6) are
exponentially admissible, if there exist symmetric definite positive matrices P; > 0, Zs; > 0, and
Qsi > 0; and matrices Ty, Toi, G1i, Goi, Xi, Y;, Sy, Fs, and s = 1,2,3, such that the following
inequalities hold for all (i,j) € Ix :J

Y; * * * *
VAduT;Hr —DchZh- * * *
Yx(Y;, Hr,Hg, Hy) = | V& X[ 0 —aiMZ,, * x| <0
VaduGiHg 0 0 —aMZs
H, 0 0 0 1
- - (16)
Y; * * * *
VayTiHr  —a™Zy o« * *
Yy(Y;, Hr, Hg, Hyi) = | VY] 0 —aiMZ,, % « | <0
VduG;iHg 0 0 —aMZ5
j2 0 0 0 1]
Pi—uP; <0, Qoi—pQoj <0, Q1 —puQ1; <0, Qp—puQy <0,
Qs —1Q3j <0, Zyy—pZyj <0, Zpj—pZy <0, Zz—pZz <0 (17)
and
Y; =T; + sym(Ty;) + H{;P;Hy; — aHy;P;Ho; + H3 (dZ1; + dr Zo; + diZ3;) Ha
+ sym(H4Sl-RTH3) + sym(FAl) + H]]:HTZ'HT + HgHGiHG
T; =diag(Qu; + (dr +1)Qsi; a™ (—Qui + Qai); —a™Qsi; —a®™Qy; ;0; 0; —I),
Ty=[0 0 ,E X;E—YE —XE 0 0 0],
Hy=[E Ouan I 0 0],Hyi=[E Opxen],Hs=1[0 Ouyza I 0 0],
[T 00 0O0O0O0 /I 00 0 000 T
Hr = 000100 0]'HG - {o 0000 I O}Hz; = [I Ouxen], as)

[TLE+ETTy; —TLE+ETTy
HTi:_ll . K —TEE—ETTZ Ty = [Ty Ta),Gi =[G Gul,
[dMGLE +duETGy —GL + dMETGZZ}
Igi = T ,
I * —Gy — Gy
FL=[F 0 b 0 F, 0 0,A;=[A—E 0 Az 0 —I 0 Byl
- dy(dy+1
Hy=[Cyi 0 0 0 0 0 Di],dr:dM—dm,dM:%

R is any matrix with full column rank satisfying RTE = 0.

Proof. The first part of this proof treats the regularity and the causality of the pair (E, A;).
For k € [k;, k,+1), along the processing, switched rule o (k) is fixed to i € J.
Since rank(E) = r < n, there exist two nonsingular matrices N and L € R"*" such that

i I 0
E=NEL = [0 o] (19)
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and R can be described as R = NT [0} , where ® € R(*=7)%("=7) i any nonsingular matrix.

G
Define
Ai Ai Gi i i
A=napL=[40 GR]s -8 =[] du=nag = [fm Gm] o
Ay Ap 5n1 A1 A’
From (16), we can easily verify that
A A
{ * Azz} <0
A = (1 — OC)ETPiE + sym(FlT(Ai — E) + ETTh‘ + dMETGli) (21)

Ay =ETP +S;RT + (A; —E)TF; — Ff
A22 = Pi — sym(F3)

LetA=[1 A] ] " Preand post-multiplying inequality (21) by A and AT, respec-
tively, yields

(1—a)ETPE + ATPA; + sym(ET (P, — B3)A; + ET(—Fy + Ty +dmGyy) + SiRTA;) <0
(22)

Checking a congruent transformation to (22) by L, and using (19)—(20), we get
sym(55,0T Ab,) < 0 (23)

Thus, A, is nonsingular. If we suppose that the matrix A, is singular, then there
exists a non-zero vector ¢; ensuring A5,8; = 0. Consequently, we can deduce that
8T sym(S,©T Ab,)8; = 0, which contradicts (23). Then, pair (E, 4;) is regular and causal.

Next, the exponential stability of systems (7) is demonstrated. We use the following
switched Lyapunov-Krasovskii functional candidate:

Va(k) = Y 2T ()" 1 75Qux(s)
s=k—d,,
k—1—d,,
Vis(k) 2T (5)a* 175 Qyix(s)
s=k—dm (24)
k-1
Via(k) T (s)ak 175 Qg;x(s)
s=k—d(k)
—dy, k—1

Vs()= Y, ¥ xT(s)a" 10 Qgix(s)

nzfdM+1 s=k+n

-1 —du—1 —
nffdMs k+n n=—dy s=k+n
S S T k—1—
=) ) Z 0" (r)ETak 1 Z5iEn (1) (25)

s——dM n=syr=k+n
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Define 17(k) = x(k+ 1) — x(k), and
g(k) = col{x(k), x(k—dy), x(k—d(k)), x(k—dy), Z Ex(s } (26)

Taking the forward difference of V;(k) in the solution of system (7) as A,V (k) =
Vi(x(k+1)) — aVi(x(k)), we get

A Vir (k) = xT(k +1)ETPEx(k + 1) — axT (k)ET B;Ex(k)

(27)
= ¢ (k) H{;P;Hy;G (k) — ag " (k) Hy; P Hai (k)
k
AMVip(k) = Y xT(s)a""Quix(s) — Z $)ak 175 Qyx(s)
s=k+1—dy, =k—dn
_xT(k)Qlix(k) - xT(k - dm)“kikerm Qlix(k - dm)""
k-1 k=1
Y xT(s)a" 5 Qyx(s) — ). 2T (s)aF =5 Qyx(s)
s=k+1—dy, s=k+1—d,,
:xT(k)Qlix(k) - xT(k - dm)“dm Quix(k —dm)
AViz (k) =xT (k — dy)a Qpix(k — d) — xT (k — dpr)a™ Qoix (k — day)
Ao Vig(k) =xT (k) Qaix (k) — xT (k — d(k))a"™® Qg;x (k — d(k))
k=1 k—1
+ Y, T (9)a" o Qux(s) = Y xT(s)af T Qaix(s)
s=k-+1—d(k+1) s=k-+1—d(k)
k—dn
<xT(k)Qaix(k) — xT(k—d(k))a™Qyx(k—d(k)) + Y, xT(s)a"*Qsx(s)
s=k+1—dp
k—dp
AVis(k) =dpxT (k) Qaix(k) — Y xT(s)a**Qzx(s)
s=k+1—dpy
1 k —dn—
MVig(k)= Y Y yT(s)ETa S ZyEn(s) + ) Z 17 (s)ETa* 5 Z5;En (s)
nzfdM57k+1+n n=—dpy s=k+1+n 28)
1 —dy—1 k-1 (
- Y Z nT(s)ETa* = zyEn(s)+ Y. Y. nT(s)ETa 2y En(s)
n=—dpy s=k+n n=—dpy s=k+n
which implies
DoVie(k) = 1" (k)ET (dmZai + dr Zoi) Enp (k) + i " (k+n)ET (=a™")Zy;En(k+n)
L n=sdn (29)
Yoyt (k+n)ET(—a™")ZyEn(k+n)
n=—duy

Since —dp <n < =1, —dy <n < —dy, —1and 0 < & < 1, we obtain, respectively,

aM < g "<y = —a< —a "< gl (30)
30
lde S “71’1 S leerl — —Dédm+1 S _afn S _adM
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From (30), we get

1
NaVig(k) <y (K)ET(dpZyi + dr Zoi)En(k) + Y 07 (k+n)ET(—a®™)Zy;En(k +n)

Vli*dM
7‘171171
+ Z 17T(k+n)ET(—adM)Z2iE17(k+n)
S @31)
=T (K)ET (dpZ1; + drZyi)Eqp (k) — Z T (s)ETa™Zy;En(s)
s=k— dM
k—du—1 k—d(k)—1
- ) 7T (s)ETa™ Z,;En(s) — ) 7T (s)ETa™ Z,En(s)
s=k—d(k) s=k—dm
-1 -1 L -1 -1 k-1 e
MR = L L Y Oz - L L L ey (0E ZEn(
5**'71}\/1” Sr=k+1+4n s=—dpy "=Sr=k+n (32)
dp(dm +1 =
< D) T e~ Y Y T ETa Zy By ()
s=—dpy n=k+s
Using Lemma 1 and defining Jp = [xT (k) xT(k—dM)}T, we can estimate
TLE+ETTy; —TLE+ETTy
BaVig(K) <y ()T (dpaZa; +dy Zos) () + 86 (k)| 17750 g TR 2 g (k)
2i 2i
TL -
+dmid (k) {Tﬂ (a™Z1) " [Ty Tai)Co(k) (33)
1
k—dy—1 k—d(k)—-1
— Y nTETa™ZyEn(s) — Y nT(s)ETa™ZyEn(s)
s=k—d(k) s=k—d
For any nonsingular matrices X;, we introduce
k—d(k)— T _ _
3 { fto ][ X Mz XTI X, [ 50720 o)
i, L En(s) el wlMZyi || En(s) |~
Then, we can write
k—d(k)—1
- Z 0" (s)E"a™ ZiEn(s) <(dwm — d(k))¢" (k) X~ ™2y X £ (k)
k—da (35)
+20T (k) XiE[x(k — d(k)) — x(k — du))]
For any nonsingular matrices Y;, we obtain
k—dnu—1 p
- X 17 T(s)ETa™ ZyiEn(s) <(d(k) — dm)Z" (k) Yia ™™ 25~ Y] ¢ (K)
s=k—d(k (36)
+20" (R)YE[x(k — d) — x(k — d(k))]
From (35) and (36) and allowing d (k) = d’“;ird(k), we get
k—dyu—1 .
Z nT(s)ETa™ ZyEn(s) < {7 (k) (d,d(k)XiadMZ2i1XiT
i (37)

—I—d,(l—ci(k))Yioc_szzi_lYiT+2[0 Y,E X;E-Y,E —-X;E 0 O])g(k)
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T
Based on Lemma 2 and defining {7 (k) = {xT(k) (ot Ex(s))T} , the following

S:k—dM
inequality holds:
dpm(dpm +1
AVir(k) <MD 10 ET 7y 1
dmMGLE+dMETGy; =Gl + dmETGy;
T MY M 1i 1 M 2i
+ | MO ™ awm 68)
dy(dp +1 GL _
+ D 730 | O] @23 60 Gala(h
2 Gyi
Moreover, for any free-weighting matrices F;, s = 1, 2, and 3 satisfying

F=[A Opmu On F Oy F 04", wehave

2T ()F x [(A; — E)x(k) + Agix(k — d(k)) — Eq(k)] =0 (39)
From (26) and (18), we can verify that

RTH3¢(k)=1[0 0 0 0 5T(k)ETR 0]" (40)

Since RTE = 0, it is clear that

2T (k)HyS;RTH3Z (k) = 0 (41)

Thereby, from (27) to (41), we obtain

AV (k) < I (K) (ﬁ(kmu . d(k))azl-)ak) @)

where

Ey; =Y+ dpy(TiHr) T (0™ Zy,) "N (TiHr) + dpm(GiHg) T (0™ Z3;) 71 (G Hg)
+ dyXiT(OédMZZi)ilXi

Eyi =Y; + dp(TiHr) T (a'™ Z1;) "N (T Hr) + dpm(GiHg) T (a"™ Z3;) 71 (G Hg)
+ drYiT(leMZZi)ilYi

(43)

We have 0 < d(k) < 1, which means that (d(k)Z;; + (1 — d(k))Ey) is a convex
combination of Zj; and Ey;. If the inequalities in (16) are justified, then by checking the
Schur complement, (d(k)E1; 4+ (1 — d(k))Ey;) < 0is proved. Thus, we get A,V (k) < 0.

Considering (17), V k € [ky, k,+1); we have
V(o (k) < a5V, ) (),
< &RV, ) (k) (44)
< [xk—kg‘u(k—kg)/ra Va(ko) (ko)

A

IN

Then, it becomes
V(i (k) < (/™) 0V, (ko) (45)
Besides, there exist two positive scalars p; and p, such that

o1 || x(k) [P< Voo (k); Ve (ko) < 2 || x(k) |17 (46)
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Let € = \/au!/%. Using the above inequality in (45), we get
o1 || x(k) [[* < Vo (k) < pae*750) | x(k) |7
47
I x(6) | < L2206k | a(p) |2 @)
01
which means
| x(k) 1< /22e®R) | xk) || (48)

01

By considering the definition of 7,, we obtain € < 1. Then, from Definition 2, systems (7)
is exponentially stable.

To develop the Hy performance for systems (6) with u(k) = 0, we propose the
following performance index:

T

Joz = ), (2" (K)z(k) — 7w’ (k)w(k)) (49)

k=0
Define &(k) = [T (k) wT (k)] " The following equation holds:

2 @T(k)Fw X [(Al- — E)x(k) + Agix(k — d(k)) + Byw(k) — E?](k)] =0 (50)
where F, = [FT O]T.
According to (16) and the Schur complement, we can obtain

ALV (k) +zT (k)z(k) — ¥*wT (k)w(k) <0 (51)

Summing (51) over the range [0, T] with initial condition V(0) = 0 yields

T
Y AV 4 Juz S V(T+1) + Juz <0 (52)
k=0
Letting T — oo, we get

ﬁ(z%k)z(k) Pl (Rw(k)) <0 53)
=0

O

4. Asynchronous Controller Design

This section is reserved to studying the control design problem for switched singular
systems under asynchronous switching. Based on the previous results, we developed
an LMI method for designing the observer-based controller, which guarantees for the
exponential admissibility of the closed-loop system.

Since it was assumed that all of the system states are not available, an observer was
designed for estimating the unmeasured states as follows:

§(k) = Cory2(k) (54)

where L, ;) are the observer gain matrices to be determined, (k) is the observer output,
and £(k) is the state estimation of x(k).
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It is known that, in many practical processes, a delay, called as a lag time, can oc-
cur between system modes and controller. Therefore, a mismatch between controller
and switching subsystems instances, called asynchronous switching, is present. Thus,
the following controller was considered:

M(k) = K(—T(k)f(k),Vk S [kr, kr+1) (55)

where A, < k,;1 — k; is the delayed period and 7 (k) = o(k — A,) represents the switching
signal of the controller with Ag = 0.

Let the ith subsystem be switched on at the instant k,, and the jth subsystem be
switched on at the instant k,, ;. In this case, corresponding controllers are switched on at
the instants k, + Ay and k,1 + A, respectively (see Figure 1).

kr + Ar kr+1 + Ar kr+2 + Ar

1 1 1

kr : kT+1 : kT+2 :

1 1 1

1 1 1

Switching of 1 Controlleri 1 Controller j 1

) ] ]

the controller 1 1 g

1 1 1

1 1 1

1 1 1

1 1 1

Switching of ! | |
the system subsystem i subsystem j

synchronous : i asynchronous

Figure 1. Diagram of asynchronous switching.
Combining (6) and (54) with (55), the augmented closed-loop system is written as

Ex(k+1) = Aix(k) + Agi%(k — d(k)) + Byw(k) + Ggign(Cix(k)),
ke ke + A kpiq)

Ex(k+1) = Ajx(k) + Agi%(k — d(k)) + Byw(k) + Ggign(Cix(k)), (56)
k € [ky, kr + A)

z(k) = Cyi%(k) + Dyw(k)

medH:x&)ﬁ&)ﬂ@z{ﬂm}&:AK+AmAU:AM+AM

e(k)
~ E O ~ Ad 0 O . B2 ~
E = |:0 E:| /Adi = |: Ol Adl.:| , G(Pi = |:—Ll:| ,le' = |:B22:| /CZi = [CZi 0]/
= _ . o4 _ |AitBuKi —ByK; o 0 0
Dz = Dl/ AKz - |: 0 Ai rALz = LZ‘CZ- _ LZ-Mlci —Lici ,
A+ BuK, —ByK;
AK1] - [ 0 Ai .

The corresponding controller design method is introduced by the following theorem.

Theorem 2. Take tunable scalars 0 < o <1, B > 1, u1 > 1, and yp > 1 and positive integers dy,
and d . Switched singular system (56) is exponentially admissible, if there exist symmetric definite

positive matrices By, Pyj, Zsj, Zsij, Qsi, and Qsij; matrices Ty, Toi, Gui, Goi, Xy, Xij, Vi, Yij, Siy K,
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s =1,2,3, Kj, and L;; and positive scalar €y; such that for all (i,j) € I x J, i # j, the following
inequalities hold.

Y; * * * *
\/mTiHT —OchZh' * * *
ZXi(FAi/ FALZ‘) = \/ETrXZT 0 —OKdMZZi * x| <0
\/EGiHG 0 0 —DédMZQ,Z‘ *
H,; 0 0 0 -1
- (57)
Y; * * * *
\/ETI'HT *D(szli * * *
ZYi(FAi, FAU) = \/EYZ-T 0 —DchZQi * * [ <0
\/@Gif_{c 0 0 —am 231' *
H,; 0 0 0 -1
Yij * * * *
\/HTI'HT —zdeZh-]- * * *
Zxij(FAy, FAL) = | V&X] 0 —a 2y * ¥ <0
\/@GiHG 0 0 —DCdMZ:),l']‘ *
H,; 0 0 0 -1
_ (58)
Yij * * *
VauTiHr  —atMZy; * *
Zyl‘]'(IFAi]‘, FAU) = \/dirYg 0 _“dMZZij * * [ <0
\/EGiHG 0 0 —OédMZ3l']' *
H,; 0 0 0 -1
The switching rule is characterized by the following ADT condition.
In(pa) + Anln(E)
T, > T = & (59)

—Ina

where Ay, denotes the maximum delay period in which the switching of the controller of the ith lags
behind that of the subsystem, pg = (%)dM =2, and pypp > 1 satisfies
P — 1Py <0, Qo — #1Quij < 0, Qui — p1Q1ij < 0, Qoi — 11 Qi < 0,
Qsi — m1Qsij < 0, Z1j — p1Z1ij < 0, Zpj — p1Zpjj < 0, Zzj — 1235 < 0,
BQoij — Hap0Qoj < 0, BQuij — H2poQ1j < 0, BQaij — papoQaj < 0, (60)
BQaij — H2poQ3j < 0, BZ1ij — papioZ1j < 0, BZajj — papoZaj < O,
BZsij — papoZsj < 0
and
Yij =Tij + sym(Tij) + H{;PjFy; — aHy Py Fo; + A (dmZai + dr Zoig + dZsij) Hs
+ sym(H4SiRTH3) + sym(I_FAl]) + sym(FALi) + H%HTHT + H£HGHG
- ezisym(HgH(P)
Tij =diag (Quij + (dr +1)Qaij; a™ (—Quij + Qaif); —a™ Qgij; —a™ Q5 ; 0; 0; —71;0),
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Hyi=[E Opxen I 0 0 O0],Hy=[E Ozxion 0 0],

H3=[0 Opxen I O O O], H{=[I Opxion 0 0],
q._[f 0000000 5 [I 0000000
TlooorI1o0000 °“ [00000T0 0

Hy =[0 Opuxizn I],Hp = [-MCilc Opuxizn 1],

fp = [FE4 7T T+ Ty
I * ~TLE—ETTy|"
I — _dMG%;E + dMETGh' —G{l :l— dME:TG2i
¢ * Gy~ Gy |
Ty = X Y

= , =11 0].

R is any matrix with full column rank satisfying RTE = 0.

Proof. Let the ith subsystem be switched on at k, and jth one be switched on at k, 1. Select
the following switched Lyapunov—Krasovskii functional candidate:

7
Vz(k) = Z Vis(k)/ ke [kr + Arrkr-H)
B (61)
Vii(k) = ) Viss(k), k€ [ke ke + )
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with
Vi (k) =x" (k) ET P;Ex (k)
k—1

Via(k) = £ (s)ak 172 0yi%(s)

s=k—d,,

k—1—dy,
Vis(k) = T (s)a 170 Qyi(s)

S:kfdM
— k71 ~
Via(k) = 21 (s)a* 17 Qgi%(s)

s=k—d(k)

—dm k—1 B (62)

n—fdM +1s=k+n

2 Z ETklsZEU()

nffdMs k+n
—dy—1 k—

+ ) Z (s)ETa* 17525 Eff(s)

n=—dy s=k+n
1 -1 k=

- L LT T OE 2

s—fdM n=s r=k+n

Vin(k) = 2(s) B 15 004%(s)

s=k—dy,
. k—1—d,,
Via(k) = 2T (s) B 1 500;%(s)

S:kfdM
; k=1
Viu(k) = 2 (s) B 15 05%(s)

s=k—d(k)

—dy, k-1 (63)

Visk)= Y, Y &7 (s)B" 1 Quy(s)

n—fdM+1s—k+n
Vije (k) = 2 2 (s)ETB*17524;Edf(s)
n=—dp s=k+n
—dp—1 k-1
+ Y L T ()ETE T2y Ed (s)
n=—dp s=k+n
o &% AT pk—1—
1]7 Z Z Z E ﬁ rZ Eﬁ(}’)

s——dM n=syr=k+n

Define 7j(k) = #(k+1) — %(k) and

L) = [¥T(0) &(k—dw) T(k—d() 7 (k—dy)
OB (T, Ex(s)T 0™ (0) 9f(Cix(k))]’

For k € [k + Ay, ky11), the system modes and controller are switched on simultaneously.
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It follows from (56) that

2T (K)F x [(A; = E)x(k) + Agx(k —d(k)) + Boiw(k) + Goigpn(Cix (k)] (64)
=207 (k) (FA;)E (k) + 20" (k) (FAL) (k) = 0
Furthermore, from (5) we have for any scalar e;; > 0
(k) = 2e2i9, (Cix(K)) [ @n(Cix(k)) — MCix(k) | < 0 (65)

Since — @y (k) > 0, by applying the same strategy in Theorem 1 with the closed loop
system (56) for the matched period, the following conditions hold by considering (64)
and (65):

Zxi(FA;, FAL) = Yx (Y,
Yy (Y,

T
3

T, HG/ Hzi) (66)
H Hzi)

From (57) it can be verified that € {A,X V (k) } <0.

Now, when k € [k, k, + A;), the subsystem and the controller are switched on
asynchronously. Pursuing the same proof line of the synchronous switching, we get

E{A,gV(k)} = 8{\7ij(f(k +1)) — IBVl](f(k))} < 0. Therefore, the conditions in (58) hold.
This completes the proof. [

Remark 1. Theorem 2 provides sufficient conditions for the admissibility of switched singular
nonlinear systems with the simultaneous presence of time-varying delay, sensor nonlinearities, dis-
turbance, and unmeasurable states. To obtain less conservative conditions, the proposed conditions
were developed by using an appropriate Lyapunov—Krasouvskii functional with a triple sum term
and adding some free matrices. 1t clear that the computational burden is the main drawback of
this technique.

Moreover, the bilinear matrix inequalities (BMIs) conditions proposed in Theorem 2 cannot
be solved by using the standard numerical software. Next, LMI conditions will be proposed in the
following theorem using Lemma 3.

Theorem 3. Take tunable scalars 0 < o < 1, B > 1, yy > 1, and up > 1; chosen matrices
K.i; and positive integers dy, and d . Switched singular system (56) is exponentially admissible
for any switching rule satisfying (59) and (60), if there exist symmetric definite positive matrices
b, Byj, Zg;, Zs,], Qsi, QijR¥™, and s = 1,2,3; matrices T1, Tp, G1i, Gy, X, Xij, Vi, Yij, Si,

= [Fn Fo

F=lo B
i # j, the following inequalities hold.

Wyi, Wy, and Xg; and positive scalars €1; and €o; such that for all (i,j) € I x J,

[Zxi(FA, TAHL;) F(ﬂ " sym{]l Wki} <0

L 67)
Zyi(FAc:]IAHLi) FOBz] n sym{}l Wki} <0

[Zxij (FAj, [\ H) FBi] +sym{HWk]} <0

L 0 (68)
Zyi]‘(]FA;ij/ I\ Hr;) F(;%i} n sym{]l ij} <0
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[

Ay=[A;—E 0 Ay 0 —I 0 By 0],
Ayj=[Auj—E 0 Az 0 —I 0 By 0],
LT=[MI 0 AJ 0 A3l 0 0 0],
Hy =[A; 0 0 0 0 0 0 G,
Fpi' =[MBLF 0 ABLE 0 ABLE 0], (69)
Aci_|:Ai+BliKci B1iKcz},ALi_[ 0 0 },

0 Aj WLiCi — WM G —W,G
. ={Ai+ Bk Bllfcf},éu = {Boh}, Goi = [_SVLJ,
Wi=[Ks 0 0 00 0 O —Xy], Ky = Wi — XiKei  —Wii — XkKei],
0=[0 0 0 0 0,I=[0 000000 O I

Controller and observer gains matrices K; and L; are given by:
Ki =X '"Wei, L = By, Wi (70)

Proof. Using the proposed conditions in Theorem 3, a feasible solution verifies —sym(Xj) < 0.
Thus, X} is non-singular. For the controller synthesis purpose, we introduce some auxiliary
variables K; in systems (56). Thus, we obtain

Ex(k+1) = (A; + B;;X. — B;iX.)%(k) + Agi#(k — d(k)) + Byyw(k)

+ G(pz?’n(cz‘x(k))/ k€ [kr +Dr ki) 1)
Ex(k+1) = (Ayj + B1iXej — B1iKej) % (k) + AgiZ(k — d(k)) + By (k)

+ Gyign (Cix(K)), k € [ky, ky + Ay)

where :Kci = [Kci Kci]'

Taking Fs = AsF withs =1,2,3and F = [Fél 1;12} , the following equation holds for
2

Wy = FLL;:
FAp; = LHy; (72)
Applying Theorem 2 to system (71) and considering (72) yields
Zxi(FAq, \Hy;) + sym(FpK;) <0,
Zyi(FAq, T\H;) + sym(FpiK;) <0
Lxij(FAij, I\ HL;) + sym(FpiK;) <0,
(FAij, IAHL;) 4 sym(FpK;) <0

(73)
Lyij
where Ki = HKi - Kci _Ki - Kci] @] .
By applying Lemma 3 to (73), conditions in (67) and (68) hold for Wy; = X;K;.
O

Remark 2. Note that inequalities (67) and (68) are linear on vy, which can be minimized as follows:

Ym = . _ _ __ _min_ , Y (74)
Py, Pij,QsiQsijrLsisLsij 11, T2,G1i Goin X, X, Y, Yij S F Wi Wi, Xk, 1€7,5=1,2,3
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Remark 3. In [30], the study of observer-based asynchronous Heo control for switched singular
systems with state nonlinearity was considered. To solve the problem of observer-based asynchronous
control design, system transformation and Finsler’s lemma involving some scalars, pi, qmi, and
Tmi, have been considered. However, this problem is solved only if the values of the used scalars
are given. Otherwise, some global optimization algorithms should be used to solve the problem of
bilinear matrix inequalities (BMIs), which can complicate the solvability of the LMIs. Moreover,
in contrast to [23,45], the LMI conditions in Theorem 3 can be solved in one step without resorting
to an iterative algorithm.

5. Numerical Examples

Example 1. Consider a switched singular delayed system with two modes and the following parameters:

30 12 —03 05 —0.3 01 —0.1
E= {1 o]’ Ar= {12 138]’ Az = [ ~1 —0.1]’ An = [0 0.1 }

0.1 2 - ~19 —
A = {0 01 01} B = { 1 ] Bix = [ 1 13} G =[05 -12],
C=[06 —11], By = {8 ], By = { } Cy = [0.001 0], Cx = [0.0001 0],
D1 - 06, D2 = 07

Since deg(det(zE — Ay)) = deg(—0.25) = 0 < rank(E) = 1, pair (E, Ay) is non causal.
In this case, the unforced part of the considered subsystem is not admissible.

Let dy = 2,dpa = 3, Ap = 0.0001, A, = —0.0004, A3 = —0.0002, K. = {__Of _S‘gl}
Ko = [:81 :ﬂ;und take the ADT parameters « = 0.6, = 1.03, 1 = 1.2, and yp = 1.5.

Solving LMI conditions in Theorem 3, we get the minimum allowed vy, = 0.6392 and the following
controller gains:

—0.9743 —0.3784|" —0.1413 —-0.1637

L [o01394]  _ [02519
1= 1-0.9710|” *2 = |-0.5930

K, = [—0.6334 —0.0375} K, — [—0.1141 —0.1352]
(75)

For simulation purposes, the nonlinear function and the exogenous disturbance are given,
respectively, as follows:

¢(0) = 2(My + My)¢ +3(M; — My)tan(g).
w(k) = sin(2k)e "%k,

where M1 = 0.1 and M, = 0.4.

Under the variation of d (k) depicted in Figure 4 and the switching signals depicted in Figure 2
with Ay, = 0.7 and 1, = 2.1 > 17 = 1.8912 by respecting the relationship in (59), simulation
results are shown in Figures 3-5, with initial conditions x(0) = [670 — 700]T and £(0) = [0 0]”.
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T T T T T T T
— System switching
= = Controller switching
2r T ' | 1 I 12 I -
1 1 1 1 1
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Figure 2. The system and controller switching signal.
700 T 0
xy
600 [ ol
500
40 F
400 <
S oaf
300 =
g of
200 [ 5
100 - or
-100 L L L L L -60 : . -
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
k k
(a) (b)
100 - 2|1
J—
0 2 4‘3 6 B‘ 1‘0 12 14 I‘B 18
k
(0)

Figure 3. Simulation results for example 1. (a) Response and estimate trajectories of x1. (b) Input

trajectory. (c) Response and estimate trajectories of x;.



Electronics 2021, 10, 2334

20 of 27

Delay

Figure 4. Variation of d (k).
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0.62 - .

0.615

0.61 .
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Figure 5. Ratio evolution.

In the plotted Figure 3a—c, it can be seen that the system is stabilized regardless of time-varying
delay, external disturbance, and sensor saturation. Moreover, for a non-causal system, a control
problem is soved when the system states are unmeasured via the proposed control scheme, which is
pertinent for the analysis in this paper.

From Figure 5, we can see that the evolution of the ratio ||z||2/||w||2 under zero-initial
condition tends to a constant value with a square root of about 0.6055 which reveals that the Heo
disturbance attenuation level is less than the required minimum allowed value 7y, = 0.6392 of .

Example 2. To verify the merit of the controller strategy, the example of single-ended primary
inductor converter (SEPIC) (Figure 6) presented in [46] is considered.



Electronics 2021, 10, 2334 21 of 27

The parameters of the converter are illustrated in Table 1.
L, R, C, VD
_MWY—\_._I | |\I ®
! —
Lo

D

{ LMy —I< V ::C u, R

e
[ ]
[ ]

- L
Figure 6. Single-ended primary inductor converter.

Table 1. Converter parameters.

Acronyms Definitions Values/Units
la Input inductor 1x1073H
I Output inductor 05x1073H
C Input capacitor 0.1 x1073F
C Output capacitor 0.1 x1073F
Ry Resistor of input inductor 20
Ry Resistor of output inductor 020
R Load resistor 20

The state variables of the system are the inductive currents iy and iy, the capacitor voltage 1.1,
and the output voltage ug. The SEPIC scan be described by the following differential equations:

. When V is switched on:

R 1
11 = _711'1 + —Ey
lcl lcl
. 1,
Ul = —Cflz
h (76)
uo - —Ricjzuo
: R
b= — iy + g
ch lc2
e When V is switched off:
: R;. 1 1 1
= ——i1— —Usq — — —E
" lcl i lcl Hel lcl o+ lcl 0
1
ey = ah
i ii + ! i L u 77
0 G 1+t 5™ g ko
Ry . 1
Ip = ———1 — —U
lc2 lc2

Set the control input u(k) = Eq and the state vector as x(k) = [i1(k) uc1 (k) uo(k) ia(k)]".
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We created the model (1) with the following data:

1000 096 0 0 0 0.02
010 0 0 1 0 —02 0
E=1o 01 oM 0 0 099 o |/Bu=Bu=1, 1|
000 1 0 004 0 0992 0
00.926 —01.02 —%oz 8 Lo o0 o
=102 o 099 02 |'G1TC= 8 (1) 2 g’Adl_AdZ_O
0 0 —0.04 0.992
0.1
0.1
By =Bn=|,q| Cn= [0.0001 0.0001 0 0],
0.1

Cp = [0.0001 0 0.0001 0],D; = 0.1, D, = 0.01,

The nonlinear function and the exogenous disturbance are given as follows:

. My + My

plo) = ———¢ 5
“w(k) = cos(2k)e™ 04,

where My = 0.2 and M, = 0.5.

M, — M, o

(78)

(79)

case I: The method in this paper: Let Ay = —2, Ay = —8, A3 = —8, K4 = [0.450.28 — 0.5 0],
Ko =1[04510.8 0], and Ay, = 0.5; and ADT parameters aq = 0.3, p = 1.03, 3 = 1.2,
and yy = 3; a feasible result was obtained by Theorem 3 with the minimum allowed
Ym = 0.936 and the following observer and controller gains:

Ky = [0.0112 0.0088 —0.0123 —0.0001],
Ky = [-0.0321 —0.0186 —0.0337 0.0007],

0.3826 —0.0202 0.016 0.1364
L — —0.0294 04176 0.0243 I, — 0.1179
171 0.0046 0.017 0476 |” 72~ |0.0830
—0.0005 0.0114 0.0172 0.0025

—0.002 —0.0307

0.2011  —0.0052

0.0227  0.1435
—0.00561 —-0.0151

case II: The method in [47]: The observer and controller gains were:

Klz[719.0129 -3.7921 -3.3107 77.1217},
Ky = [—14.5563 —-0.9161 —0.3893 —6.6751},

0.4081 0.1669 0.0882 0.4448
0.4601 1.0845 —0.0181 | 0.1588
02778 —0.0630 0.7716 |” ~2~ | —0.1689
—0.3458

—0.3815 —-0.7171 —0.0399

L=

—0.0478 0.0512
09432 0.1189
—0.0161 0.4380|"
—0.3748 0.1141

(80)

(81)

Given the initial conditions x(0) = £(0) = [1 —120.1)7, the simulation results are depicted
in Figures 7 and 8. The evolutions of the system states are shown in Figure 8. Figure 7 shows the
evolution of the control input and the switching rule of the controller and the system in case L.
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Figure 8. Simulation results for example 2. (a) Response and estimate trajectories of 7;. (b) Response

and estimated trajectories of u.1. (c) Response and estimated trajectories of ug. (d) Response and

estimate trajectories of ip

The results took into account that the converter system under asynchronous switching was
stabilized even in the presence of the simultaneous sensor nonlinearity and exogenous disturbance.
Moreover, the control strateqy guarantees the convergence of the system state when it is
incompletely available for measurement.
To demonstrate the effectiveness of the proposed method in this work, we considered the
resulting closed loop system performing by case 11 in Figure 9.
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Figure 9. Estimation errors with case I and II. (a) Estimation error of i1. (b) Estimation error of u.;.
(c) Estimation error of ug. (d) Estimation error of 7.

From Figure 9, it can be observed that all the presented controllers in case I and case II
guarantee the convergence of the system. However, the evolutions of the estimated states were
improved using the proposed gains in case L.

To further prove the merits of the proposed strategy, two quality criteria were considered to
evaluate the states errors e(k) = x(k) — £(k): integral squared error (ISE) and integral absolute
error (IAE). The comparison is provided in Table 2.

From the results in Table 2, we deduced that the total deviation of e(k) was smaller for the
method developed in this paper.

Table 2. Comparison of e(k) for k € [0,100].

ISE IAE

Expression 1% (e(k))? 1 le(k)|
case I 16 0.27
case II 19 0.39

6. Conclusions

This work was a contribution to some issues in the control of switched singular
non-linear time-varying systems with sensor saturation. An observer was considered to
reconstruct the unmeasured system states with measurable outputs and an asynchronous
control law was synthesized. Based on an appropriate Lyapunov-Krasovskii functional
with a triple sum term and the ADT approach, delay-dependent sufficient conditions were
proposed to ensure robust admissible of the closed loop system with He, performance.
The resolvability of the corresponding observer-based controller conditions has also been
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established using the LMI technique. The merits of the presented results were verified
through two examples.

As future work, it would be interesting to extend the results for the discrete-time
stochastic Markov-jump singular systems and validate the obtained results on a photo-
voltaic practical platform.
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