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Abstract: Delayed product differentiation (DD) is a two-stage hybrid system that meets the
dual demands of multiple product types and fast response times. This paper studies the
optimal production planning problem for DD systems under a cap-and-trade environment.
We establish a model to minimize the total cost of storage, late delivery penalties, and
emission quota trading and make optimal decisions on inventory levels, emission trading
quantities, and types of emission trading. Data analyses show that the introduction of
carbon cap-and-trade policies can effectively optimize the optimal inventory of the DD
system. The loading in the MTS and MTO stages has an asymmetric impact on the cost and
emission advantages of DD. Under carbon cap-and-trade policies, DD is more available
than a pure MTS system.

Keywords: hybrid MTS/MTO; emissions trading; inventory quantity

1. Introduction

An increasing number of people believe that carbon emissions from corporate activities
are one of the main causes of global climate change. To ensure sustainable development
for humanity in social, environmental, and economic aspects, many countries and regions
have established various regulations for corporate activities. The cap-and-trade policy is
one of the more popular regulations. Under the cap-and-trade system, companies receive a
certain amount of initial emission allowances for a planning period and are allowed to trade
emission permits with other companies or government agencies on the external market.
The European Union’s Emissions Trading System (EU ETS) is the first and currently the
world’s largest carbon trading system, accounting for the highest proportion of carbon
trading volume. As of 2024, the EU ETS covers over 15,000 fixed installations and about
1500 aviation operators [1].

At the same time, the manufacturing industry is transitioning from Mass Production to
Mass Customization to meet the growing demand for product diversity and personalization.
The traditional Make-To-Stock (MTS) production system offers high responsiveness, but
the storage costs associated with high inventory levels and potential carbon emissions
pose significant challenges [2,3]. In contrast, the Make-To-Order (MTO) production system
produces products based on specific customer orders, reducing inventory but resulting
in longer production lead times [4-6]. Against this backdrop, the Delayed Differentiation
(DD) system, as a hybrid model of MTS and MTO, provides a more flexible production
approach and has demonstrated economic advantages in conventional settings [7-11].

However, under carbon policies, does the DD system still hold an advantage? Can
it achieve both carbon reduction and cost optimization simultaneously? For analyzing
the applicability of the DD system under carbon regulations, we compare it with the
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pure MTS system. By establishing a mathematical model, we examine the impact of
loading each stage on costs, emissions, and carbon trading decisions under different
production systems, aiming to provide theoretical support for manufacturers in selecting
an appropriate production strategy under carbon constraints.

2. Literature Review

This work primarily relates to two streams of research. We will highlight how our
research differs from these studies.

The first stream of research related to our work is delayed differentiation (DD).
DD was proposed and studied in the early 21st century and carries several bene-
fits. Jayashankar M et al. [12] use vanilla boxes as semi-finished products and model a
two-stage integer program, applying DD to solve real-world problems. Gupta and Ben-
jaafar et al. [13] establish a cost model based on service level constraints, using queuing
theory to compare the cost levels of pure MTS systems and DD systems. They solve
for the optimal semi-finished product buffer inventory. Building on Gupta’s research,
Jewkes et al. [14] incorporate product characteristics into the manufacturer’s decision-
making framework to analyze the impact of market characteristics on the differentiation
point and the size of the semi-finished product buffer inventory. When there are replen-
ishment costs, Eman et al. [15], based on Gupta’s model, introduce batch replenishment
strategies into the MTS-MTO hybrid system to reduce the number of replenishments,
making it more aligned with actual production. Su et al. [16] use a two-stage M/M/1
queuing model to compare pure MTO and configure-to-order (CTO) supply chain models,
where CTO applies DD to the MTO system. The results show that DD improves MTO
systems in terms of cost and customer waiting time. Wenhui Zhou et al. [17] research a
two-stage queuing network with demand arriving according to the Markovian Arrival
Process. They introduce the Markovian Process into delayed differentiation systems and
study the impact of demand correlation on supply chain optimization based on the FP
strategy. Fei Qingyi et al. [18] introduce process investment into a two-stage flexible pro-
duction system and explore how investment levels affect delayed differentiation strategies,
using customer order fulfillment delays and inventory risks as indicators. Dia Constantin
Bandalya et al. [19] study delayed production systems for perishable products, integrating
delayed decision-making and deterioration mitigation decisions into a single model and
establishing a multi-period planning model with recourse.

The second related research stream is on the cap-and-trade policy. To study the
impact of carbon policies on production costs and emissions, many articles incorporate the
emissions trading price into their cost (profit) functions. They solve for the manufacturer’s
optimal production decisions and the optimal quantity of emissions permits traded under
the cap-and-trade mechanism. Based on whether the carbon trading price varies over time,
we categorize these articles into two main groups. Additionally, for the category where
the trading price does not vary over time, we further classify them based on whether the
buying price and selling price are equal.

(i) Unit emissions allowances sell price equals the purchase price

Bin Zhang et al. [20] study the multi-product production planning problem where the
carbon price is an exogenous variable determined by the manufacturer. They model the
profit function and investigate the optimal solution under profit maximization conditions.
Kaiying Cao et al. [21] consider manufacturers selling green products under both the cap-
and-trade policy (CTP) and the low carbon subsidy policy (LCSP). They determine the
optimal solution under conditions where the government commits to maximizing social
welfare, and the manufacturer pursues maximal profit. Hu, BY et al. [22] study a dual-
product MTO supply chain, where manufacturers reduce carbon emissions by investing in



Systems 2025, 13, 161

30f19

emission reduction technologies. They compare the profits and carbon emissions under
decentralized and centralized decision-making, finding that decentralized decision-making
is more advantageous.

(ii) Unit emissions allowances purchase and sell prices are unequal

Ping He et al. [23] study the production batch problem based on the EOQ model,
comparing the effects of the taxation policy and the cap and trade policy on profit and
carbon emissions. They find that both policies lead to the same optimal carbon emissions.
Xiaoping Xu et al. [24] investigate the production and pricing issues in a dual-product
MTO supply chain, comparing the output of regular products and green products. They
find that the cap-and-trade policy does not strongly incentivize manufacturers to produce
low-carbon products. Shouyao Xiong et al. [25] study the optimal production planning
problem for a single-product hybrid MTS/MTO system, finding that optimal produc-
tion decisions and carbon trading decisions are significantly influenced by the initial
emission allowances.

(iif) Unit emissions allowances trade price is stochastic

Xiting Gong et al. [26] construct a dynamic programming model for the single-product
problem of minimizing the expected total discounted cost. The manufacturer can choose
between a green and a regular production technology, with the carbon trading price
determined by a stochastic forward contract price. The study finds that when firms trade
quotas or use both production technologies simultaneously, the optimal base stock level
depends solely on the trading price. In other scenarios, the optimal base stock level also
depends on initial inventory and quota levels. Baiyun Yuan et al. [27] use discrete-time
optimal control theory to study the multi-period production problem for manufacturers in
a low-carbon environment. They establish an inter-temporal optimization model aiming
to maximize total net profit and solve and compare the optimal CER purchase quantities,
carbon trading quantities, and emission reduction strategies for each period.

Our study is also associated with most of the papers on hybrid MTS/MTO and
semi-finished goods production, and we provide Table 1 that summarizes the differences
between some of the studies that are closely related to our work.

Table 1. A brief summary of related literature.

Demand Product Solution

Paper Subjects Addressed Process Structure Performance Criteria Approach
. Minimizing sum of N
Stochastic demand, . . Approximations
Willams (1984) [28] MT(.)./M.TS multi-product, inventory holding costs, of M/G/m
partitioning . . stock-out, and set-up
multi-machines queues

costs

Carr
(2000) [29]

Single machine and Markov decision

Joint admission
control and
sequencing problem

two types of product
No backordering, no
set-up times,

Profit maximization

process for
two-class M/M/1
queue

Gupta and
Benjaafar (2004) [13]

inventory
management for the
semi-finished goods
between the

two stages

multi-product,
No set-up cost

Minimizing sum of
inventory holding costs,
backorder costs

Approximations
of M/M/1
queues
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Table 1. Cont.
Paper Subjects Addressed Demand Product Performance Criteria Solution
Process Structure Approach
Minimizing sum of costs
of order fulfillment Markov decision
Jewkes and the optimal point of  a-product, delay, costs of holding

Alfa (2009) [14]

differentiation

multi-periods

semi-finished goods in
inventory, cost of
salvaging.

process for queue
theory

Swaminathan and
Tayur (1998) [12]

the optimal
configuration for
semi-finished
products from the
point of view of
commonality among

single-periods and
multi-periods

Minimizing sum of
stock-out cost, holding
cost

gradient
derivative
methods for
two-stage integer
program with

different final recourse
products
looks into decentralized model:
L the fixed-markup Approximations
Gupta and Weerawat coordination : . o
(2006) [30] between the contract, the simple Profit maximization of M/M/1
fwo stages revenue-sharing queues

contract

Our work differs from the above-mentioned studies in that we explore a novel inter-
section by integrating two-stage delayed differentiation (DD) with carbon cap and trade
policies. Unlike existing literature that primarily focuses on either DD optimization or
carbon trading strategies separately, our research investigates how DD systems can strate-
gically optimize production decisions alongside carbon emission trading under regulatory
frameworks. By examining the synergistic effects of DD’s production flexibility and the dy-
namic nature of carbon pricing mechanisms, this study aims to propose optimal strategies
that balance economic efficiency with environmental sustainability within the context of
carbon policy implementations.

3. Model
3.1. Model Description

We consider a manufacturing system with two production stages, where the final
product comes in M types. We will compare two different production control systems: a
pure MTS (Make-to-Stock) system and a system with DD (Delayed Differentiation). In
the pure MTS system, the final products are produced and stored as inventory to buffer
against demand. In the system with DD, semi-finished products are produced and stored
as inventory, while the final products are made to order. The general processes of the DD
system and the pure MTS system are presented through Figure 1.

Under the carbon trading policy, the comparison between the pure MTS system and
the system with DD focuses on two main aspects: base cost and service level. The base
cost primarily includes emissions trading-related costs, storage costs, and backorder costs
(excluding production costs, see references [16]). An acceptable service level can be defined
as the upper limit of the average order fulfillment time. However, for the DD system, it is
assumed customers can tolerate a certain level of delay, as this production system cannot
deliver products immediately. The objective of the manufacturing system is to minimize
the base cost within a production cycle based on a fixed service level.
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demand
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product

stage-1 stage-2
common differentation
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work release
trigger
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demand

finished
product

stage-1 stage-2
common differentation
operations single buffer of operation
undifferentiated
inventory

work release
trigger

(b)

Figure 1. The two systems under consideration: (a) pure MTS system; (b) system with DD.

At the start of the production planning period, the manufacturer receives zg units
emission allowances and makes production decisions and emissions trading decisions.
During the production planning stage, demand for product-j (j = 1,..., M) follows a
Poisson process with rate A;, the total demand rate denotes as A.

We assumed that the emissions in the system mainly come from production and
storage. The emissions per unit of product are independent of the product type, and the
emissions from producing a unit of product in stage-1 are higher than those in stage-2.
Additionally, the emissions from storing a finished product are higher than those from
storing a semi-finished product. Since the work-in-progress levels of the two systems
are roughly the same, we do not consider the carbon emissions from the production and
storage of work-in-progress [13]. At the end of a production cycle, the manufacturer must
ensure that the balance of the allowances account is non-negative or otherwise be liable for
a penalty 7t per unit.

In both systems, inventory management is based on a basic stock policy, meaning that
each incoming demand triggers a raw material package to enter the stage-1 queue. The
base inventory level for semi-finished goods is denoted as s;, and the basic inventory level
for finished goods is denoted as s;. The processing efficiency at stage-i (i = 1, 2) is defined
as y;, let A/u; = p;, where p; represents the loading rate at stage-i (i = 1, 2). It is assumed
that the processing times per unit at each stage follow an exponential distribution.

For a pure MTS system, demand is prioritized to be met by inventory. If the corre-
sponding finished goods inventory is depleted, subsequent orders are backordered. For a
system with DD, each demand arrival triggers the delivery of a semi-finished product from
inventory to the differentiated stage, which is then added to the stage-2 job queue to await
differentiation. However, when the semi-finished goods inventory is empty, demand will
be backlogged in stage-1 for processing.

Below is a summary of the notation used in the paper:

D;»“ax maximum demand for product-j in a single production period
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Vi the summary cost in the MTS system.
V; the summary cost in the DD system.
C; the total emissions in the MTS system.
C; the total emissions in the DD system.

s4 the base stock level for the semi-finished product in the DD system (decision variable).

st the base stock level for the finished product (decision variable).
zq the initial emission allowances in the system.

z¢ Emissions allowances after trading decisions in pure MTS (decision variable).

z; Emissions allowances after trading decisions in DD (decision variable).
u Emissions allowances purchase price.

v Emissions allowances sale price.

hy the unit finished product storage cost.

h; semi-finished product storage cost per unit.

7T penalty cost for excess emissions per unit.

i the processing rate at stage-i.

p; the stage-i loading, A/u; = p;.

A the rate of total demand.

I¢(st) the expected inventory of finished product in the pure MTS system.
1;(s4) the expected inventory of semi-finished product in the DD system.

B,;(s4) the expected backorders of semi-finished product in the DD system.

B (
Fa(
Fi(s¢) the order-fulfillment time in the pure MTS system.

s¢) the expected backorders of finished product in the pure MTS system.
s4) the order-fulfillment time in the DD system.

Aj the rate of a Poisson process that demand for product-j occurs.
c1 the emissions of producing unit product in stage-1.

c» the emissions of producing unit product in stage-2.

c3 the emissions of storing unit finished product.

c4 the emissions of storing unit semi-finished product.

« the lead time of unit customer order.

3.2. Pure Make-to-Stock System

In the pure MTS system, since demand is Poisson and processing times are exponen-
tially distributed the two stations behave like M/M/1 queues in tandem. Therefore, the

expected inventory, backorder level, and order-fulfillment time are:

M(si(1 ) = 2000) i =p=p,
Ti(s)) =  M=p)(=p2) (sba(1-pr)f30-5)
t(st) = (p2—p1) (1-p2)° ’
A (1A A2(1_ A%t
_sh(1 Pl)Aplz(l f1 )) otherwise
(1-p1)
Ast+1
- Mt + ) if o1 = p2 = p,
18 = M2-p)py) 7 A - /
Alp2—p1) ((1—ﬁ2)2 B (1—ﬁ1)2) otherwise

= = p1 P2
By(bf) = I¢(by) +M(1 s +1 s br),

where p = p/[M(1 —p) + p], and p; = p;/[M(1 — p;) + pi].
3.2.1. Emissions Trading Cost

+

u(ze —20)" = v[—(z — 20)]",

@

®)

(4)
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3.2.2. Inventory Cost
heli(st), ®)
3.2.3. Penalty Cost for Backorders
bBi(st), (6)
3.2.4. Penalty Cost for the Excess Emissions
e  MTS stage-1 emissions:
M D;nax
clse+Y. ) kipi(ky) |, @)
j=1k;=0
e  MTS stage-2 emissions:
M D](nax
ofsi+ ) Y kipi(kj) |, 8)
j=1k;=0
e Inventory emissions:
cali(se). ©)
Total emissions:
M D;nax M D}nax B
Cr=cr|se+ Y, Y, kiprkj) | +ca|se+ Y, Y kipe(k) | + csli(se), (10)
j=1k;=0 j=1k;=0
The penalty cost for the excess emissions:
7T(Ct — Zt)+. (11)
3.2.5. MTS Summary
_ + + B +
Vi =u(zt —z0)" —v[—(2t —20)]" + hel¢(st) + bBi(s¢) + m(Cr —z¢) 7, (12)
(x) "means the non-negative part, i.e., max(0, x).
The optimization problem:
min V; (13)

st. Fi(st) < a.

3.3. Delayed Differentiation System

In the system with DD, calculating the above metrics is more difficulted, because there

is a positive correlation between the arrivals of undifferentiated units, when these units

move from stage-1 to stage-2 when 0 < s; < co. The steady-state probabilities cannot

be calculated using the product-form structure of the serial M/M/1 queues. To simplify

the analysis and modeling process of the system, we approximate the inter-arrival times

of units at stage-2 to follow an exponential distribution, thus treating it as an M/M/1
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queue [13]. Below are expressions for the expected inventory level, backorders level with
the order fulfillment time in the system with DD:

- p1(1 *P?)),

La(sa) = 54 — (7 _— (14)
55+1
5 P2 1
Bi(sg) # —— + ——, 15
a(sa) o 1-p (15)
sg+1
T P1 P2
Fy(sy) = + : 16
0= K= T AG-pa) 1
3.3.1. Emissions Trading Cost
#(zg —20)" —v[~(2a —20)]" (17)
3.3.2. Inventory Cost
hala(sa)- (18)
3.3.3. Penalty Cost for Backorders
b?d (Sd). (19)

3.3.4. Penalty Cost for the Excess Emissions

e  Stage-1 manufacturing emissions:

D}nax
1 (Sd+ Z k]pd(k]) ; (20)
kj=0

e  Stage-2 manufacturing emissions:

D max

j
Co Z kjpd(k]), (21)
kj=0
e Inventory emissions:
caly(sa)- (22)
e  Total emissions:
D]r.nax D;nax
Co=ci|sat+ Y kipa(kj) | +c2 Y kipa(k;) + cala(sq), (23)
kj=0 ki=0

e  The penalty cost for the excess emissions is
H(Cd —Zd)Jr. (24)
3.3.5. DD Summary
Vi = 1(zg —20)" = v[~(za — 20)]" +hala(sa) + bBa(sa) + 7(Ca—2a) . (25)

The optimization problem:
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min Vj

st. Fy(sq) < a. (26)

4. Optimal Policies

Before the optimal system cost and the optimal emissions trading decisions can be
calculated, we need to determine the optimal base stock levels. Therefore, in the following
formulas, we represent the optimal base stock levels with s}, s}. To study the mechanism
of carbon trading policies in depth, we assume that manufacturers will definitely engage in
carbon trading, i.e., 7m > p > v.

4.1. Production Decisions and Emissions Decisions in the Pure MTS System

Theorem 1. During the planning period, the optimal emissions trading quantity is as follows:

Cr z >
R 27)
C zZr < 29

A proof can be found in Appendix A.

Theorem 2. Since the equation has no explicit solution, s} is defined by the following equation:

(1) If zt > z, s} is obtained from the following equation:

oV} . ‘M(Ct — Zo) + th(st) + bgt(st)

aSt aSt 0’ ( 8)
(2)  If zt < zq, s} is obtained from the following equation:
Vi _ —v(zo — C¢) + htTt(St> + bEt(St) —0 (29)

aist aSt
An explanation can be found in Appendix B.

Theorem 3.

(1) If z; > zg, means that the manufacturer needs to purchase emissions allowances; the minimum
cost for the manufacturer is:

Vi = u(zf —zo) + helt(sy) + bBi(s)); (30)

(2) If z¢ < zg, means the manufacturer needs to sell emissions allowances; the minimum cost for
the manufacturer is:

Vit = =020 = 2f) + Ieli(sf) + bBi(sf), (31)
An explanation can be found in Appendix B.
4.2. Production Decisions and Emissions Decisions in the DD System

Theorem 4. In the DD system, the optimal emissions trading quantity is as follows:

DmaX
] —
Ci za>z0 0<z9<(c1+c2) ¥ kipa(k;)+c1sy +caly(s))
k=0
Z*d = pmax ! s (32)

] —
Ci za<zo (c1+ Cz)kz kipa(k;) +c1s) +cala(s)) < zo
=0
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Theorem 5. The optimal inventory level obtained under the cost minimization condition for the
system with DD is as follows:

(1) Ifzd > Z0

« [hg +pcr +cg)l(pr —1) | hgoiInpy | cappr 1nP1]
s;=1In + + /1Inpq, 33
d [ bor Inpr 0 —1 01— 1 01 (33)

(2) Ide < Zp

o= ln[[hd +o(c1 +ca)l(p1 — 1) n hap1 Inpq | 4t Inpy

/1Inpq, 34
bp1Inp; p1—1 p1—1 } 7 4

An explanation can be found in Appendix D.

Theorem 6.

(1) ifzy > zy, means that the manufacturer needs to purchase emissions allowances; the minimum
cost for the manufacturer is:

1-p;

1o
Vi =puller + Cz)lfﬁ +e1sy+oeq|sy— (pl(p]))] —zg)+
sZ+1 ’ (35)
+b<1p2 + P1 )

-2 1-p

* 1- SZ
g [sd — (aleer)y

(2)  if zg < zq, means that the manufacturer needs to purchase emissions allowances; the minimum
cost for the manufacturer is:

10
Vi =10v((c1 +cz)% + 18] +cq |8 — (p](pl))] —20)+

-0
ps;+1
P2 1
+b 1—p2 - 1-p1

An explanation can be found in Appendix C.

(36)

* 1— S;
h4 [sd - (%)

5. Numerical Analysis and Comparisons

In this section, we present some numerical examples and discuss the key results.
Our aim is to investigate the impact of various parameters on optimal cost and emission
decisions and to compare the cost advantage of the pure MTS system and the DD system
under fixed service level constraints.

5.1. DD with Emissions Trade vs. DD Without Emissions Trade

Figure 2 illustrates the impact of emissions trading on the optimal semi-finished
inventory level. b represents the optimal inventory level for the DD system without
carbon emissions trading, while s} represents the optimal inventory level in the cap and
trade environment, « is the lead time for unit customer order. As & increases in Figure 2,
the ratio of b} /s increases. It implies that, when the order-fulfillment time is relatively
flexible, the introduction of carbon cap-and-trade policies can encourage manufacturers to
reduce inventory. Conversely, when customers have a low tolerance for order fulfillment
delays, the policy has a constrained impact, and manufacturers still need to maintain a
high inventory level.
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8.0F y - -

6.0

+ O

*;u 4.0F

1.0F

Figure 2. Optimal Inventory Comparison: DD with Emissions Trade Vs. DD without.

5.2. Impacts of Loading

The analysis impacts of p; on the V;/V; and z;/z5. We fix pp = 0.8,¢c1 =2, =4,
c3=04,c4 =025,b=2,hy =1, =15. For0 < zp < Cjand 0 < zg < C¢, we let
zg = 25; for C; < zg and Cy < zg, we let zy = 150.

Figure 3 shows that V;/V; > 1 always holds, and this ratio increases as M increases.
This means that under a carbon cap-and-trade environment, DD is still more suitable than
pure MTS for mass customization. But V;/V; decreases when the loading of stage-1 in-
creases, which means that the relative advantage of DD becomes more capacity-constrained.
The comparison between Figure 3a,b shows that the revenue from emission trading sig-
nificantly improves the cost function. For example, when p; = 0.42 and M = 3, if the
manufacturer purchases emission allowances, V;/V; = 2; if the manufacturer sells emission
allowances, V;/V; = 3.52. This indicates that the profit generated from carbon trading
increases the cost advantage of DD.

2.2

1.3
0.4

0.45

(a) Purchase emissions allowances.

0.5

0.55

06 065 07 075 08 04 045 05 055 06 065 07 075 08
”q ”q

(b) Sell emissions allowances.
Figure 3. Impact of stage-1 loading on the cost advantage of DD.

As shown in Tables 2 and 3, with the increase of p;, the ratio of emissions after the
trading decision in the DD system and the pure MTS system, i.e., z;/z; gradually decrease
and approach 1. As the number of product types increases, the emission advantage of DD
weakens. By comparing Tables 2 and 3, it can be found that selling emissions allowances
can improve the emission advantage of the DD system.
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Table 2. The impact of stage-1 loading on the ratio of z} /z}j, while the company decides to purchase
emissions allowances.

p1 M=3 M=5 M=7 M=9
0.42 10.54 9.96 9.62 9.40
0.47 8.24 7.77 7.51 7.33
0.53 6.65 6.27 6.05 591
0.58 5.49 5.16 499 487
0.63 459 431 417 4.07
0.68 3.88 3.64 3.51 3.43
0.74 3.30 3.09 2.98 2.92
0.79 2.81 2.63 2.54 2.48

Table 3. The impact of stage-1 loading on the ratio of z} /z};, while the company decides to sell
emissions allowances.

p1 M=3 M=5 M=7 M=9
0.42 12.78 11.70 11.18 10.86
0.47 9.73 8.90 8.51 8.26
0.53 7.73 7.07 6.75 6.56
0.58 6.31 5.77 5.51 5.35
0.63 5.25 479 458 445
0.68 442 4.03 3.85 3.74
0.74 3.75 3.42 3.27 3.17
0.79 3.20 2.92 2.79 2.71

Observation 1. Under a carbon cap-and-trade system, the DD system has greater cost and emission
reduction advantages compared to the pure MTS system. Choosing to sell emission allowances
further enhances the advantages of the DD system.

When analyzing the impacts of p; on the V;/V; and z;/z;, we fix p1 = 0.8, and p,
becomes variable. Based on Figure 4, the trend of V;/V; is decreasing as p, increases,
meaning that the cost advantage of DD diminishes with the increase of p;. The DD system
still plays a suitable role in mass customization. This is because the only way to reduce
stage-2 delays in DD is by holding a more semi-finished product inventory. To meet the
target order fulfillment time, DD has to proportionally increase its inventory, directly
leading to a gradual decline in its cost advantage.

1.6 ' y y : 14
1.2F
15}
o
1.1
14}
09}
13 . , , . 0.7 . , . , . , .
0 0.2 0.4 0.6 0.8 1 02 03 04 05 06 07 08 09 1
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(a) Purchase emissions allowances. (b) Sell emissions allowances.

Figure 4. Impact of stage-2 loading on the cost advantage of DD.
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As shown in Tables 4 and 5, z; /z; decreases with the increase of pp, which is opposite
to the trend of z;/z; with p;. However, the reason is the same as in Figure 4. When
p2 = 0.84 and its subsequent values are considered, a sharp decrease in the value of z;/z;.
Therefore, to maintain the stability of the production system, it is best to control the value
of p, to be below 0.8.

Table 4. The impact of stage-2 loading on the ratio of z} /z}j, while the company decides to purchase
emissions allowances.

P2 M=3 M=5 M=7 M=9
0.16 0.9 0.93 0.89 0.87
0.21 1.02 0.96 0.92 0.90
0.26 1.06 0.99 0.95 0.93
0.32 1.10 1.03 0.9 0.97
0.37 1.15 1.08 1.04 1.02
0.42 1.22 1.14 1.10 1.08
0.47 1.30 1.22 1.18 1.15
0.53 141 1.32 1.28 1.25
0.58 1.56 1.46 1.42 1.39
0.63 1.79 1.68 1.63 1.60
0.68 217 2.03 1.97 1.94
0.74 291 2.73 2.66 2.62
0.79 5.10 481 470 4.64
0.84 0.99 0.93 0.89 0.87
0.89 1.02 0.96 0.92 0.90
0.95 1.06 0.99 0.95 0.93

Table 5. The impact of stage-2 loading on the ratio of z} /z};, while the company decides to sell
emissions allowances.

2 M=3 M=5 M=7 M=9
0.16 0.96 0.88 0.84 0.82
0.21 0.99 0.90 0.86 0.84
0.26 1.01 0.92 0.88 0.86
0.32 1.04 0.95 0.91 0.88
0.37 1.07 0.98 0.93 0.91
0.42 1.11 1.01 0.97 0.94
0.47 1.15 1.05 1.01 0.98
0.53 121 1.10 1.05 1.02
0.58 1.28 1.16 1.11 1.08
0.63 1.36 1.24 1.19 1.15
0.68 1.48 135 1.29 1.25
0.74 1.63 1.49 1.42 1.38
0.79 1.87 1.70 1.63 1.58
0.84 2.25 2.06 1.97 1.92
0.89 3.01 2.75 2.64 2.57
0.95 5.26 4.83 4.63 453

Comparing with two emission decisions, the systems receive a cost and emission
advantage under the purchasing emissions allowances decisions. In the case of more
product varieties, although the DD system shows clear cost advantages, its emission
reduction advantages weaken.



Systems 2025, 13, 161

14 of 19
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Observation 2. While p1 = 0.8 and p, € [0.6,0.7], the DD system can achieve optimal perfor-
mance in both cost and emission reduction under the purchase emissions allowance decisions.

5.3. Sensitivity Study

Next, we study the sensitivity of optimal solutions with the parameters changing.

Figures 5 and 6 show that as the product variety increases, the cost and emission
advantages of the DD system increase when p, = 0.6; whereas, while p, = 0.9, the cost
optimization capability of the DD system weakens. This implies that for stage-2, production

capacity can be controlled moderately, and there is no need to blindly expand equipment
or increase labor.

8.5

6.0

3.5

1.0

(a) Purchase emissions allowances.

(b) Sell emissions allowances.

Figure 5. Impact of the quantity of products on the cost advantage of DD.
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(a) Purchase emissions allowances.
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M M

(b) Sell emissions allowances.
Figure 6. Impact of the quantity of products on the emissions advantage of DD.

As the cl value increases in Figures 7 and 8, the cost advantage of the DD system
decreases, while the emission advantage of the DD system increases. When c1 is relatively
large, the cost advantage of the DD system becomes more apparent when the p; is relatively
low. This indicates that when carbon emission control is prioritized, the cost optimization
capability of the DD system weakens.
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Figure 7. Impact of the unit emissions of stage-1 on the cost advantage of DD.
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Figure 8. Impact of the unit emissions of stage-1 on the emissions advantage of DD.

6. Conclusions

This paper primarily investigates the production decision and cost optimization of
a multi-product delayed differentiation (DD) system with capacity and order fulfillment
time constraints in a carbon trading environment. We model the two-stage production
system based on queuing theory and derive the optimal analytical solution for inventory
levels and cost function. We found that under carbon policies, the DD system still holds an
advantage. Additionally, our research provides three management recommendations.

First, when the order-fulfillment time is relatively flexible, the manager can appropri-
ately reduce the inventory levels of semi-finished goods. Second, production should be
primarily focused on stage-1, and the manager needs to allocate more resources to enhance
the load capacity of this stage, while stage-2 should maintain a moderate load capacity.
Finally, the unit carbon emissions of each production stage are positively correlated to costs,
so it may be worth considering the introduction of emission reduction technologies.
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This paper researched the study of fixed carbon permit trading prices. A fu-
ture research direction is to consider time-dependent stochastic carbon trading prices.
Other possible extensions include modeling the optimal cost in the context of multiple
decision periods.
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Appendix A

The carbon trading situation can be divided into two types: (1) if z; > z(, then purchase
emission allowances; (2) if z; < zg, then sell emission allowances.

(1) ifzy > zp,
o Ci >z > 2z,

Vi = u(zt — z0) + htle(st) + bBi(st) + 71(Cr — z4); (A1)

oz > (> 2,
Vi = u(zt — z0) + htle(st) + bBi(st); (A2)

o z;>zp> (G,
Vi = u(ze — z0) + heli(st) + bBi(st). (A3)

In the case of purchasing emission allowances, the optimal cost is V; = p(z; — zg) +
hili(st) + bBy(st); therefore, z; > Ci, p(z+ — zo) should be as small as possible to further
optimize the cost. Since zj is a predetermined exogenous variable, the smaller z; promotes
the more optimal cost, i.e., the optimal value of z; is C;.

(2) ifzy < zp,
o Cy>zy>z4

Vi = —V(ZQ — Zt) -+ htlt(st) -+ bgt(st) + 7T(Ct — Zt); (A4)
b zog > Ct > Zt,

Vi = —I/(ZO — Zt) + htIt(St) + bgt(st) + 7T(Ct - Zt); (A5)
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° z0 >zt > C
Vi = —1/(20 — Zt) + htlt(st) + bEt(st),‘ (A6)

In the case of selling emission allowances, the optimal cost is V; = —v(zg — z¢) +
hili(st) + bBt(st); therefore, z¢ > Ct, —v(zg — z¢) should be as small as possible to further
optimize the cost, Similarly, the optimal value of z; is C;.

In summary, whether purchasing or selling emission allowances, to ensure the cost
function is minimized, the prerequisite is z; = C;.

Appendix B

The solution sequence for the optimal solution is as follows: z; — V; — s .

If z; > zp, in Equation (12) [—(z; — z0)] " = 0, substituting z; = C; into Equation (12)
yields: V; = u(Ct — zg) + htl¢(st) + bBt(st), where is an expression with respect to the
decision variable s;. Therefore, the optimal solution is obtained by solving the gradient
equation. However, solving it in MATLAB R2022a shows that there is no explicit solution.
We provide an explanation for one case, while the other case follows similarly.

Appendix C

Since demand is Poisson and we approximate the inter-arrival times of units at stage-2
to follow an exponential distribution, we assume stage-2 as the M/M/1 queue, given r
jobs in the system. Therefore, at any given observation moment, we obtain the probability
pa(k;j) of type k; products as:

pa(k;) = (1 —p1)p7- (A7)

To reduce the complexity of the calculations, we assume D" — oo; therefore:

Dgxk-p (k) = (A8)
k=0 P 1=
(1) ifzg > zo,
Vi =plza— %zng hala(sa) + bBa(sa)
= u((c1+c2) kjjgo kipa(k;) +c18q +cala(sa) — za0) + hala(sa) + bBa(sa)
= (1 +e2)g flpl + 184 + ca |4 — (plgl_pﬁid)) — Z40)+ (A9)
e e v
(2) ifzy <z,
Vi = —v(z l;mid) + hgly(sq) + bBy(sa)
=0((c1 +c2) ké kipa(kj) 4 c184 + cali(sa) — Za0) + hala(sq) 4+ bBa(sy)
=v((c1+¢2) 1 flpl + 154+ 4|84 — (pl(ll__pplid))] —z40)+ (A10)

s54+1
P2 P1
TIY) (AT
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Appendix D
If z; > zg, let
o
vy [ m ety vesve s ()] <20+
q - hyls —(M) +b( £2 +Pid+1 /954 =0 (Al])
d | °d T—p1 i =

Theorem 5 can be obtained by solving it in MATLAB R2022a.
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