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Abstract

This research communication aims to present three mathematical methods for analyzing
inventory management in dynamic supply chains, starting from the basic definition in
differential equations for inventory levels, which relates with production and demand rates.
Initially, the study adopts a systemic perspective to examine the role of energy within a
production–inventory system. Subsequently, the analysis focuses on inventory dynamics
under parameters expressed in complex variables, with the aim of quantifying fluctuations
in a generic production system and demonstrating the influence of inventory variation rates
on system behavior. Finally, the investigation addresses the impact of variable capacity on
production system inventories, drawing on analogies with corresponding physical systems
to support the analysis.

Keywords: inventory management; energy; variable capacity; mathematical modeling;
dynamic supply chain

1. Introduction
Dynamic supply chains (DSCs) are a socioeconomic phenomenon that have generated

special interest from the perspective of mathematical modeling in general systems theory.
By definition, a dynamic supply chain is a dynamic system, described by inputs (raw mate-
rials) and outputs (finished products or services). In general, there are five flows around
a DSC: raw materials, cash, information, energy, and labor force. From the perspective
of decision-making, the stages typically presented are as follows: strategic, tactical, and
operational. During and after the COVID-19 pandemic, decision-making at the geopolitical
level has impacted supply chains due to issues of shortages in inventories.
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Supply chain inventory management is a critical driver of operational efficiency,
cost control, and competitive advantage in today’s global economy. The pursuit of
optimal inventory policies has long been a central theme in operations research and
management science [1–7]. Traditional approaches have largely relied on mathematical
programming [8–10], and stochastic modeling [11]. Yet, the rise of Industry 4.0—marked
by unprecedented data availability, increasing market volatility, and the need for real-
time resilience—has highlighted the limitations of these classical methods in coping with
modern supply chain dynamics [12–16].

Moreover, the impact of quantifying the level of inventories in the DSC presents three
scenarios for supply and demand: overproduction, equilibrium, and shortages. Overpro-
duction, in practical terms, occurs when the production–inventory system generates a
higher rate of production than the level of demand. Balance in the system occurs when the
production rate and demand are equal. Finally, scarcity is technically established when the
production rate is lower than the demand rate.

In high-volume supply chains, inventory management critically shapes economic
outcomes by reducing capital immobilization, storage costs, and obsolescence risks, while
avoiding shortages that disrupt operations. Given the large production scale, small ineffi-
ciencies generate significant financial impacts. Applying advanced tools such as predictive
analytics, dynamic safety stock, and real-time monitoring enables firms to optimize costs,
improve service levels, and strengthen resilience, ensuring sustainable profitability in
large-scale supply networks.

This research communication addresses the following assumptions:

1. We assume a high-volume production context, where large and continuous flows resolve
stochastic fluctuations. This makes deterministic models appropriate and highlights
their economic importance in achieving scale efficiencies and service continuity.

2. We present mathematical methods which quantify and analyze energy flows in high-
volume supply chains, linking inventory dynamics, production, and variations in capacity.

3. Complex-valued parameters in the inventory differential equation capture oscilla-
tions around equilibrium, allowing the model to represent cycles of overproduction
and shortage.

4. Modeling inventory levels, installed capacity, and production rates in high-volume
supply chains are crucial to balance supply and demand, minimize costs, and ensure
efficient continuous operations.

5. Classical physics analogies make high-volume supply chain dynamics intuitive by
linking inventories and flows to energy and oscillation concepts.

The remainder of this paper is organized as follows. Section 2 details the methodology
employed for the literature review. Section 3 presents energy-based inventory management
mathematical models. Section 4 provides a critical analysis of dynamic inventory manage-
ment for parameters involving complex variables. In Section 5, mathematical modeling is
performed for inventories subject to capacity analysis. In Section 6, a brief discussion of the
results is provided. Finally, Section 7 concludes the paper by summarizing the key insights
and outlining promising avenues for future research.

2. Literature Review
2.1. Mathematical Modeling for Inventory Modeling

This analysis is essential for tracing the trajectory from deterministic and stochastic
operations research models to the contemporary era of algorithmic and AI-driven decision-
support systems. The primary objectives of this review are to:
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1. Systematically classify the broad spectrum of modeling paradigms that have emerged
and evolved.

2. Map key technological trends and evaluate their impact on enhancing model capabili-
ties and practical applicability.

3. Critically examine persistent limitations, methodological trade-offs, and unresolved
research questions within the current body of knowledge.

4. Propose a forward-looking research agenda to address existing barriers and leverage
future technological disruptions.

This represents a state-of-the-art evolution in mathematical modeling for inventory
management and presents that a clear paradigm shift is underway, moving away from
analytically tractable yet often restrictive mathematical models toward computationally
intensive, data-driven frameworks [17–20]. This transformation is driven by advances
in artificial intelligence (AI), metaheuristics, and simulation-based optimization, which
collectively address the limitations of traditional models in terms of scalability, realism
of assumptions, and adaptability under uncertainty [21–25]. Foundational contributions
in areas such as Vendor-managed inventory (VMI) policy optimization [26] and multi-
echelon systems [27] have been progressively expanded and, in some instances, replaced by
techniques including deep reinforcement learning for risk-sensitive multi-echelon control,
Bayesian optimization for unpredictable demand, and robust model predictive control for
systems characterized by significant uncertain decay factors [28].

Despite the rapid proliferation of innovative methodologies, the academic literature
still lacks a comprehensive and systematic synthesis that captures the full scope and
trajectory of this evolution. Existing reviews tend to be narrowly focused, emphasizing
specific methodologies such as simulation-optimization [29] or constrained to particular
contexts, such as closed-loop [30] or cluster supply chains [31], or outdated, failing to
reflect the transformative advancements of the past decade [32]. This has left a significant
gap in understanding the convergence of traditional operations research with cutting-
edge data science, the practical applicability of hybrid models, and the emerging research
challenges that arise at this intersection. In addition, specialized frameworks have emerged
to tackle niche challenges, such as integrating project management with material supply in
project-driven environments [33].

2.2. Physics-Based Approaches for Dynamic Supply Chains

Nowadays, research on supply chains has addressed new theoretical approaches inspired
by the physics of dynamic systems and advanced modeling methodologies. These approaches
have emerged as robust alternatives for analyzing phenomena such as robustness, stability,
resilience, and adaptability in high-uncertainty contexts [34–38]. Other authors have proposed
hybrid approaches that combine simulation and optimization for the management of logistics
networks. The studies in refs. [39–43] highlight that the use of models inspired by physical
equations not only contributes to theoretical understanding but also allows for a more realistic
representation of emergent phenomena and the impacts of external disruptions on system
operations. In this regard, systems physics provides tools to quantify a system’s capacity
to return to its equilibrium state after disturbances, which is essential in contexts of global
uncertainty. Another widely discussed aspect is the structural stability of supply chains. In
terms of stability analysis, ref. [44] has shown that being inspired by analogies with physical
systems allows for predicting the behavior of supply chains under different configurations,
assessing the robustness of implemented solutions, and designing preventive strategies against
potential disruptions. Table 1 presents several research works in terms of resilience, robustness
and energy (key performance indicators, KPI).
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Table 1. Physics-based approaches in supply chains with KPI.

Reference Paper Contribution KPI

Faugère and Cerabona
(2019), [45]

Introduces
physics-inspired method to

assess and enhance SC
resilience.

Energy-SC

Patel and Desai
(2019), [46]

Analyzes supply chain
resilience, treating

disruptions as forces to
assess and improve system

robustness.

Resilient-SC

Lauras
(2019), [47]

This article applies a
physics-based approach to

supply chains, using
concepts like equilibrium
and damping to analyze
and enhance resilience.

Resilient-SC

Nguyen and Lee
(2019), [48]

Introduces physics-based
network models to

quantify supply chain
robustness.

Robustness-SC

Chen and Wang
(2018), [49]

This paper uses
energy-based analogies to

model supply chain
robustness, showing
disruptions effects.

Energy-SC

In Section 3, an energy-based inventory management mathematical analysis is con-
ducted from the use of the ordinary differential equation which describes the rate of change
of inventory level with respect to production rate and demand rate, in a generic production
inventory system.

3. Energy-Based Inventory Management
Estimating the energy of production–inventory systems offers a rigorous metric for

capturing system dynamics, informing control policies, and enhancing both operational
efficiency and sustainability within dynamic supply chains. Within production–inventory
systems, the notion of energy can be conceptualized as a quantitative indicator of dynamic
activity, capturing fluctuations in inventory levels, production rates, and material flows
across the supply chain. This perspective provides a unifying framework to analyze system
behavior and assess the efficiency of resource utilization, thereby offering valuable insights
for both theoretical modeling and practical decision-making.

In general, the differential equation which describes the inventory dynamics, from [50],
with respect to production rate S(t) and demand rate d(t) is presented as follows:

dI
dt

= S(t)− d(t) (1)

By squaring both terms of Equation (1), we have:(
İ
)2

= (S(t)− d(t))2 (2)
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Arranging the terms of Equation (2):(
İ
)2

= (S(t))2 + (d(t))2 − 2S(t)d(t) (3)

which equals to: (
İ
)2

2
=

(S(t))2

2
+

(d(t))2

2
− S(t)d(t) (4)

Considering the equilibrium case where S(t) = d(t), Equation (4) becomes:(
İ
)2

= (S(t))2 − (d(t))2 (5)

Equation (5) presents the form of:

2L = T − V (6)

By making GL the general Lagrangian:

GL = T − V (7)

In general, T = (S(t))2 which represents the kinetic energy of the production–
inventory system and V = (d(t))2, representing the potential energy of the production–
inventory system.

In the case of overproduction where S(t)− d(t) > 0, Equation (3) holds. In the case of
scarcity, S(t)− d(t) < 0, we have:(

İ
)2

= (S(t))2 + (d(t))2 + 2S(t)d(t) (8)

By adding Equations (3) and (8), for overproduction and scarcity we have:(
İ
)2

= (S(t))2 + (d(t))2 (9)

In physical terms, Equation (9) represents the total energy of the production–
inventory system.

In general, for the conservative system, the power and energy of the system are related
by the following relation, which is a definition from classical physics:

dE
dt

≤ P(t) (10)

In general, the power of the production–inventory system is:

P(t) = 2
(
Ṡ + ḋ

)
(11)

In the next section, a proper mathematical model is presented considering complex
variables in the parameters which leads to dissipation of energy in the inventory level of
the system.

4. Mathematical Modeling of Inventories in Complex Variables
This section explores the mathematical modeling of production–inventory systems

with complex variables in the parameters in order to consider the oscillations of the system.
Expressing Equation (1) in the form:

dI
dt

= kI + S(t)− d(t). (12)
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Equation (12) can be adapted with complex number i =
√
−1, into the form:

i
dI
dt

= kI + i(S(t)− d(t)) (13)

In Equation (13), the part that integrates the dissipation in the inventory level cor-
responds to the variable that establishes the general inventory system oscillation, the
corresponding mathematics is performed such that the value of the complex number i
appears. Thereby, considering that S(t)− d(t) does not produce oscillations in the system,
only the dissipation term −ikI does.

By this means, after some algebra, a general expression for production–inventory
systems under oscillations is:

dI
dt

= −ikI + S(t)− d(t). (14)

Case 1. Under equilibrium S(t) = d(t) (Refer to Appendix A)
Equation (14) becomes:

dI
dt

= −ikI (15)

Solving Equation (15) by separable variables:

dI
I

= −ikdt (16)

By integrating Equation (16), and after some algebra:

I(t) = Ce−ikt (17)

where C is an integration constant.
In order to add a damping approach to Equation (17), the following approach is ad-

dressed in Appendix A, where Id(t) = I0e−λt(Cos(kt) + iSen(kt)). When time evolution for
inventory levels tends to zero, Id(t) = I0 and when time t → ∞ , the inventory level is zero.

By taking the imaginary part of the inventory level in Equation (17), we have:

Im(I) = CSen(kt) (18)

Therefore, the energy dissipation of the system is:

E1 = C2Sen2(kt) (19)

Case 2. Integrant factor (general form)
In the general form, Equation (12) can be solved by integrant factor approach as an

ordinary differential equation, such as:

dI
dt

+ ikI = S(t)− d(t) (20)

The integrant factor (IF) from Equation (20) is:

IF = e
∫

ikdt = eikt (21)

From which multiplying both sides of Equation (20) by IF:

d
dt

[
eikt I

]
= eikt[S(t)− d(t)] (22)
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By integrating with respect to time:

I(t) = e−ikt
∫

eikt[S(t)− d(t)]dt (23)

Assuming S(t)− d(t) = A, where A is a constant, and solving for Equation (23):

I(t) = − i
k

A + Be−ikt (24)

where B is an integration constant. The imaginary part of Equation (24) is:

Im(I) = BSen(kt)− 1
k

A (25)

Therefore, the energy dissipation of the production–inventory system, for Equation (25),
is:

E2 =

(
BSen(kt)− 1

k
A
)2

(26)

5. Mathematical Modeling of Inventories for Dynamic Capacity
5.1. The Direct and Indirect Effects for Inventories

An indirect effect, in physics, occurs when a physical magnitude is calculated from
other magnitudes that are measured directly, applying a known relationship. In production–
inventory systems, it is possible to relate the variation in inventory, production, and capacity
levels via the following inequalities (refer to Figure 1 and Table 2).

Figure 1. Production–inventory systems’ direct and indirect effect.

Table 2. Indirect and direct effects for inventories.

Variable Description Units Approach

∆Q Production level variation High volume
∆C Capacity level variation High volume
∆I Inventory level variation Median-high volume

WIP Work in progress Median volume

Inequality 1.
∆I
Î

+
∆Q
Q̂

− ∆C
Ĉ

≤ 0 (27)

Inequality 2.
∆I∆C ≥ (EOQ)2 (28)
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Inequality 3.
∆Q∆C ≥ (EPQ)2 (29)

In general, EOQ corresponds to the economic order quantity and is used when prod-
ucts are bought for an external supplier. On the other hand, EPQ refers to economic
production quantity and is used when the company manufactures its own products. (For
an explanation on EOQ and EPQ, refer to Appendices B and C, respectively).

Inequality 4. (Direct effects)

∆Q∆I ≥ (WIP)2 (30)

Numerical approach,
To probe the inequalities in (27)–(29), lets follow the optimization problem via La-

grange multipliers of the form:

minJ = ∆I2+∆Q2 + ∆C2

s.t.
∆I + ∆Q − ∆C = 0
−∆I∆C+α = 0
−∆Q∆C + β = 0

(31)

where
Î = Q̂ = Ĉ = 1, α = (EOQ)2and β = (EPQ)2.

Applying the method of Lagrange multipliers for the optimization problem (31) with
equalities constraints.

Constructing the Lagrangian:

L = ∆I2 + ∆Q2 + ∆C2 − λ1(∆I + ∆Q − ∆C)− λ2(−∆I∆C + α)λ3(−∆Q∆C + β)
∂L

∂∆I = 2∆I − λ1 + λ2∆C = 0
∂L

∂∆Q = 2∆Q − λ1 − λ3∆C = 0
∂L

∂∆C = 2∆C + λ1 + λ2∆I − λ3∆Q = 0
∂L
∂λ1

= −∆I − ∆Q + ∆C = 0
∂L
∂λ2

= ∆I∆C − α = 0
∂L
∂λ3

= ∆Q∆C − β = 0

(32)

By solving the system of equalities, for α = 10, 000 and β = 20, 000, the optimal
solution for the system is:

△I∗ =
100√

3
∼= 57 units △Q∗ =

200√
3
= 57 units △C∗ = 100

√
3 = 173 units

5.2. Dynamic Capacity ODE Approach

Mathematical modeling is essential for analyzing, designing, and optimizing production–
inventory systems, especially in settings characterized by dynamic capacity and complex
supply chain structures. In this context, dynamic capacity denotes the capability of production
and storage resources to adapt output levels and inventory management over time in response
to variations in demand, resource availability, or operational constraints.

A dynamic capacity ordinary differential equation is present as an analogy from
variable mass systems in classical mechanics with the form:

m
dv
dt

= vrel
dm
dt

+ Fext (33)
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Equation (33) represents the equation of motion for a variable mass system where
m = Mass of the system
Fext = External force for the system
Vrel = Relative velocity
dm
dt = Rate of change of mass
dv
dt = System acceleration
In order to present an approximation via proper analogies from Equation (33) with

high-volume production systems, subject to dynamic capacity, we present:

C
d2Q
dt2 =

˙
Q

dC
dt

+
WIP
CT

Dr(t) (34)

Applying Little’s law, Equation (34) becomes Q̇ = Th, where, in a compact form:

C
d2Q
dt2 = Th

(
dC
dt

+ Ḋr(t)
)

(35)

Assuming the following ODE for capacity dynamics:

dC
dt

= C0 − C (36)

Considering the following approximation for Equation (36): dC
dt

∼= ∆C, where C0

represents the maximum capacity level in the system.
Then the following relation for capacity variation is: ∆C = C0 − C, which gives the

following ordinary differential equation:

d2Q
dt2 =

Th
C0 − ∆C

(
∆C + Ḋr(t)

)
(37)

In the following, two cases for demand rate are considered to solve Equation (37):
Case 1. Dr(t) = k1 − k2t
By substituting demand rate into Equation (37), with k1 > 0 and k2 > 0:

d2Q
dt2 =

Th
C0 − ∆C

( ˙∆C + k1 − k2t
)

(38)

Completing the first integration with respect time:

dQ
dt

=
Th

C0 − ∆C

(
(∆C + k1)t −

k2

2
t2
)
+ W1 (39)

By developing the second integration with respect time:

Q(t) =
Th

C0 − ∆C

((
∆C + k1

2

)
ṫ2 − k2

6
t3
)
+ W1t + W2 (40)

where W1 and W2 are constants.
Case 2. Cyclic demand rate with Dr(t) = sin2(k3t)
By applying the trigonometric identity, sin2(k3t) = 1−cos(2k3t)

2 , with k3 > 0
and substituting:

d2Q
dt2 =

Th
C0 − ∆C

((
∆C +

1
2

)
− 1

2
cos(2k3t)

)
(41)
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By a similar procedure as in Case 1, the production level for cyclic demand rate is:

Q(t) =
Th

2(C0 − ∆C)

(
∆C +

1
2

)
t2 +

(
Th

8k2
3(C0 − ∆C)

)
cos(2k3t) + W3t + W4 (42)

where W3 and W4 are constants.

6. Results
6.1. Numerical Example

By presenting a numerical example of the effectiveness of the proposal to minimize
the energy of a production system as presented in Section 3, a two-link supply chain is
presented below, for high-volume production, similar to [51].

For high-volume production, the dynamic optimization problem is given by:

minS2
1 + d2

1 + S2
2 + d2

2
s.t.

dI1
dt = S1 − d1 :
dI2
dt = S2 − d2

(43)

Considering that the supply chain is high-volume, the optimization problem can be
presented as a quadratic optimization problem as follows:

minS2
1 + d2

1 + S2
2 + d2

2
s.t.

S1 − d1 = ∆I1

S2 − d2 = ∆I2

(44)

The quadratic optimization problem (44) is solved by Lagrange multipliers. The
summarized results from four scenarios are presented in Table 3.

Table 3. Results from the quadratic optimization problem for two echelon HVSC.

Inventory Level Tier 1 Tier 2 Min E

∆1 = 5000
∆2 = 5000 (S1, d1) =

(
2500,
−2500

)
(S2, d2) =

(
2500.
−2500

)
25,000,000

∆1 = 10, 000
∆2 = 10, 000 (S1, d1) =

(
5000.
−5000

)
(S2, d2) =

(
5000.
−5000

)
100,000,000

∆1 = 20, 000
∆2 = 10, 000 (S1, d1) =

(
10, 000.
−10, 000

)
(S2, d2) =

(
5000.
−5000

)
250,000,000

∆1 = 30, 000
∆2 = 90, 000 (S1, d1) =

(
15, 000.
−15, 000

)
(S2, d2) =

(
45, 000.
−45, 000

)
4,500,000,000

6.2. Discussion

This research addressed dynamic supply chains for high-volume systems which are
socioeconomic systems that have attracted significant attention in mathematical modeling
within general systems theory. They are dynamic in nature, characterized by inputs such as
raw materials and outputs including finished products or services. This article presented
classical physics concepts to offer solutions for various operational scenarios in high-volume
supply chains, using overproduction, shortage, and equilibrium as reference points while
recognizing that real-world fluctuations continually affect the balance between supply
and demand.
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In general, in supply chain theory, for high-volume systems the key performance
indicators (KPIs) are stability, economies of scale, and throughput performance rather than
flexibility. HVSC are designed to handle large quantities of goods flowing with throughput
rates. This kind of supply chains is characterized by industries with predictable and steady
demand, where products are standardized and efficiency is the mandatory approach. Oth-
erwise, a low-volume supply chain is a supply network that encompasses the flow of goods
produced in low quantities, where KPIs are flexibility, customization, and responsiveness.
In comparison with HVSC, low-volume supply chains present responsiveness, adaptability,
and reliability under uncertainty in demand.

Finally, we explicitly link these physical analogies with concrete KPIs commonly used
in high-volume supply chains. Kinetic energy is explained as an analogy for throughput,
capturing the combined effect of production rates. This connects directly with KPIs such
as throughput rate and order fulfillment cycle time. High kinetic energy corresponds
to rapid and consistent flows. Potential energy is described as the stored capacity in the
system, directly tied to inventory levels, safety stock, and capacity utilization. In managerial
terms, this reflects the “buffer” that allows the chain to absorb shocks. A high potential
energy indicates excessive inventory (high carrying costs), whereas too low a level increases
the risk of variability. Dissipation is reframed as inefficiencies and losses in the system,
which map directly to KPIs such as scrap/rework rates, lead time variability, and logistics
costs. Dissipation thus quantifies how much useful capacity and throughput are lost at
operational level.

7. Conclusions
This research paper addresses the mathematical modeling of production–inventory

systems, with particular emphasis on dynamic supply chains in high-volume. The analysis
focuses on the formulation of a differential equation that characterizes inventory variations
as a function of production and demand rates, thereby providing an analytical framework
for the study of system energy. Moreover, the modeling approach incorporates parameters
defined in the complex domain, which allows for the emergence of oscillatory behaviors
within the system. In this context, the dissipated energy is derived from the imaginary
component of the solution to the proposed differential equation, offering a novel perspective
on inventory management dynamics. Considering that inventories are the actives in the
company capital.

In addition, the study examines inventories through mathematical models that capture
variations in installed capacity. Indeed, this article incorporates concepts from classical
physics to provide diverse solutions to different situations in the operation of high-volume
supply chains. It takes as a reference the situations of overproduction, shortage, and
equilibrium, which in a real-life context will always present fluctuations in the attempt to
balance supply with demand.

Finally, future research will focus on extending these models to empirical settings by
calibrating them with real production–inventory data. Further work will also explore the
control of the proposed differential equations through advanced methodologies in optimal
and robust control theory.
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Th Throughput

Appendix A
This article applies classical physics concepts to address various operational scenarios

in high-volume supply chains, focusing on overproduction, shortage, and equilibrium,
while accounting for inevitable fluctuations as supply and demand seek balance.

For instance, the classical solution for Equation (1), in equilibrium is:

I(t) = I0e−kt (A1)

However, in general, the equilibrium condition is not a real case for high-volume
supply chains, as in this case in Equation (17):

I(t) = Ce−ikt (A2)

which, in general, has the complex form,

I(t) = I0Cos(kt) + iI0Sen(kt)

By taking the Re(I(t)) = I0Cos(kt),

IRMS =
I0√

2
(A3)

For a more realistic approach, a damping coefficient is added to Equation (A2) which
leads to the equation:

Id(t) = I0e−λt(Cos(kt) + iSen(kt))

where λ = WIP
CT , refers to throughput, which is the amount of material which is passing in

the system.

Appendix B
The economic order quantity (EOQ) model serves as a straightforward yet highly

effective approach to inventory optimization, enabling organizations to minimize waste, en-
hance cash flow, and ensure efficiency across production and supply chain processes.
It is extensively applied in operations research, logistics, and production planning,
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where it functions as a foundational framework for the development of more advanced
inventory models.

The canonical EOQ formula is:

EOQ =

√
2DS

H
(A4)

where
D = annual demand (units per year),
S = cost per order (ordering/setup cost),
H = annual holding cost per unit.

Appendix C
The economic production quantity (EPQ) model is extensively applied in manufactur-

ing systems, production planning, and inventory management as a means of determining
optimal batch sizes that reduce costs while guaranteeing a continuous flow of supply. Its rel-
evance is especially pronounced in industries characterized by high setup costs, including
the automotive, electronics, and process manufacturing sectors.

The EPQ formula is:

EPQ =

√
2DSP

H(P − d)
(A5)

where
D = annual demand (units per year),
S = cost per order (ordering/setup cost),
H = annual holding cost per unit,
P = production rate (units per year),
d = demand rate (units per year).
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