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Abstract: Due to its potential for cutting down energy consumption, sharing transport costs, and
reducing negative impacts on the environment, ridesharing has been adopted as a viable model
by many cities all over the world to achieve sustainability goals. Although there have been many
studies on ridesharing systems, most of these studies have focused on the optimization of perfor-
mance directly linked to saving energy consumption costs or travel distance. The methods used
to divide the cost savings among the ridesharing participants have been less explored. In practice,
proportional methods are commonly used to allocate cost savings in ridesharing systems. However,
the effectiveness of proportional methods has not been well studied. The goal of this paper is to
study and compare three proportional cost savings allocation methods to provide a guideline for
choosing an effective method based on an analysis of the properties and performance in terms of the
number of acceptable rides and the number of ridesharing participants. The properties were verified
by experimental results. This study showed that how cost savings are divided among ridesharing
participants has a significant influence on participants’ willingness to adopt the ridesharing transport
mode. The properties and experimental results provide a rule and principle that can be used by policy
makers and service providers to move towards their sustainability goals by promoting ridesharing
through adopting the right proportional cost savings allocation method in ridesharing systems.

Keywords: ridesharing; transport; cost savings; cost allocation; sustainability; sustainable
development goals

1. Introduction

Global warming is mainly due to excessive emissions of greenhouse gases (GHG).
GHG emissions are closely related to energy consumption. The share of energy consump-
tion in the transport sector has increased steadily from 8.6% in 1973 to 25% in 2022 [1,2].
In particular, the total energy consumption in the U.S. for transporting people and goods
was about 28% in 2021 [3]. The circular economy [4] is an economic paradigm that aims
to minimize energy consumption/pollution/waste, extend product lifecycles, and pro-
mote the sharing of resources to achieve the Sustainable Development Goals. The sharing
economy, which is built on the sharing of resources to improve underutilized resources, is
an important pillar that can contribute to the circular economy. The sharing economy [5]
has attracted the attention of practitioners and researchers from relevant sectors and com-
munities due to its potential benefits to improve efficiency and sustainability based on
the sharing of resources. It sparks new research problems under the sharing paradigm.
For example, Xu et al. presented a multi-objective optimization model for task–resource
allocation in a multi-stage resource leveling problem in a sharing logistics network [6].
The objectives considered in [6] include total cost, total duration, resource efficiency, and
stability for traditional resource providers. The results showed that the improved algorithm
proposed in this paper can effectively solve the problem.
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In the transport sector, the idle time of cars is over 90%. Only 1.5 seats are occupied for
typical cars with five seats [7]. Therefore, cars are a significantly underutilized resource. To
reduce its environmental footprint, the transport sector will need to improve its utilization
of resources. Innovative shared mobility models such as ridesharing, ride-hailing and
carsharing can help improve resource utilization in the transport sector to achieve the goal
of the circular economy through sharing. Due to a lack of a broadly accepted definition
of the term “shared mobility” in the academic literature, Castellanos et al. proposed a
taxonomy for shared mobility to capture the interactions between digital technology and
transport as well as the sharing economy concept [8]. Cost savings provide a strong
incentive for the shared mobility mode. Therefore, the optimization of performance metrics
relevant to cost savings in shared mobility systems has been extensively studied in the
literature [9].

In the sharing economy, ridesharing [10], ride-hailing [11], and carsharing [12] are
three types of emerging transport modes facilitated through advances in online platforms.
Ridesharing allows multiple riders to get to their destinations on-demand by sharing a
single vehicle that makes multiple stops to pick up and drop off riders. That is, the driver of
the ridesharing vehicle shares a ride with the riders. In ride-hailing, a rider hires a personal
driver to take him/her to the designated destination. In ride-hailing, the transportation
vehicle is not shared with any other riders, nor does it make several stops on the way to
the destination of the rider. Carsharing allows people to exclusively use a car temporarily
based on payment for usage of the car. Carsharing makes it possible for people to use a car
without owning it. This paper focuses on ridesharing.

Due to the potential benefits to cut down energy consumption, share transport costs,
and reduce the negative impact on the environment, ridesharing has been adopted as
a viable model by many cities and organizations all over the world to mitigate GHG
emissions and achieve sustainability goals. Ridesharing has been adopted by companies
such as Uber, Lyft, and Didi as well as universities [13,14]. For this reason, ridesharing
has attracted the attention of researchers and has sparked new challenges as well as many
interesting and important research subjects in the relevant communities over the last two
decades. These ridesharing research challenges and subjects were discussed in the review
papers by Furuhata et al. [15] and Agatz et al. [16]. Interesting questions such as (1) what
factors make it more likely for ridesharing to occur in a place? (2) what factors make
people use ridesharing services? [17], (3) what are the determinants of ridesharing? [18],
(4) how can people’s preferences relevant to ridesharing be measured? [19], (5) how are
travelers’ ridesharing decisions affected by social networks? [20], (6) how can cost savings
be maximized [21] or travel distance in ridesharing systems reduced? [22], (7) how can
monetary incentive be maximized? [23] and (8) how can the enjoyability of people on a
shared ride be improved? [24]. The incorporation of social preferences into ridesharing
decisions was studied by Saisubramanian et al. in [25] and the consideration of trust in the
ridesharing system was studied by Hsieh in [26]. A study on sharing rides with friends
was available in the work [27] by Bistaffa et al. A review of user behaviors/characteristics
as well as social-economic impacts of the shared transport mode was available in the
paper [28] by Sun et al. Recent developments in studies on ridesharing can be found in the
paper [29] by Hyland and Mahmassani.

Although cities may benefit from ridesharing, stakeholders such as drivers and riders
may adopt the ridesharing transport mode for a variety of reasons. People used to drive
their own cars may not accept ridesharing due to inconvenience, detours, and the extra time
needed to share with other riders. Riders used to commute with public transport may not
accept ridesharing if the benefits do not outweigh the disadvantages such as unreliability
and safety. For these reasons, studies on how to provide incentive and eliminate ridesharing
barriers is an important issue.

The report by Hansen & Sener indicated that ridesharing is more likely to be consid-
ered by lower incomes public transit users [30]. Hence, time and cost are two important
factors for users to determine whether to choose the ridesharing mode. The study of
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Waerden et al. [31] also indicated that the two determining factors for users to accept
ridesharing are cost and time. Incentives for users to adopt ridesharing can be classified
into financial incentives, social incentives, and accessibility incentives. Accessibility in-
centives refer to the improvement in convenience due to the flexibility of ridesharing in
comparison with public transport in terms of time and space. Social incentives refer to
enjoyability and trust in ridesharing. Financial incentives refer to the monetary incentives
offered by ridesharing. These issues have been studied in the literature. Among these three
types of incentives, financial incentives are essential as cost reduction is a common feature
expected by the users. Without providing financial incentives, ridesharing would not be
attractive. Financial incentives are due to the reduction in transport costs or cost savings
due to ridesharing. For the given cost savings, an important issue is to properly divide
savings in cost among the ridesharing participants.

In the literature, many methods were proposed to allocate cost or cost savings in
different applications [32]. Proportional methods [33], nucleolus [34] and the Shapley
value [35] were three well-known methods for allocating cost/savings among players. Both
the nucleolus and Shapley value methods suffer from complexity issues [36,37]. The study
of Levinger et al. [38] shows that there is no polynomial time algorithm for computing
the Shapley value in ridesharing problems. The nucleolus approach was also applied
by Lu and Quadrifoglio in allocating cost/savings among ridesharing participants [39].
However, it is very difficult to compute the nucleolus for the n-player game as the size of
the characteristic function grows exponentially and the difficulty to compute the nucleolus
grows with O(2n).

Proportional methods are one of the most widely used approaches in practice to
allocate cost/savings in ridesharing systems [40–43] due to its simplicity and computational
efficiency. For example, a pricing method based on the proportional method was proposed
by Cipolina-Kun et al. in [40] for a ridesharing system considering meeting points. In the
work by Wang et al. [41], a proportional method was proposed to divide the cost savings
of sharing systems equally between the driver and the rider on the ride. In the paper by
Agatz et al. [42], the cost savings are allocated to the driver and the rider proportionally to
their respective travel distance. In the study [43] by Hsieh et al., a method to allocate cost
savings among the ridesharing information provider, ridesharing passengers, and drivers
was defined. The amount allocated to each passenger and each driver was proportional to
their original travel costs when they travel alone.

In the previous study by Hsieh [44], it was shown that the ways to divide the cost
savings among the ridesharing participants had significant influence on the participants’
willingness to adopt the ridesharing transport mode. In [44], Hsieh unveiled several
properties indicating that the ways to divide cost savings among participants will influence
the number of acceptable rides in ridesharing systems. The properties studied in [44] by
Hsieh were based on the assumption that the minimal expected rewarding rate for drivers
and that of passengers are the same. Based on this assumption, a comparative study of three
schemes proposed in [41–43] to divide cost savings among participants was done by Hsieh
through analysis in [44]. However, drivers and passengers may have different minimal
expected rewarding rates in the real world. It is important to consider the situation that the
minimal expected rewarding rate for drivers and that of passengers may be different in
analysis of the properties. A study on the situation in which there is an assumption that the
minimal expected rewarding rate for drivers may be different from that of passengers is
still lacking. Motivated by the deficiency in the existing studies, this study aims to explore
relevant properties of schemes to divide savings of cost among participants under the
assumption that the minimal expected rewarding rate for drivers and that of passengers
may not be the same.

In this study, the combinatorial double auction model proposed by Hsieh et al. [43] was
extended for ridesharing systems and its properties were analyzed using the assumption
that the minimal expected rewarding rate for drivers and that of passengers may not be
the same. The performance indices of the number of acceptable rides and the number of



Systems 2023, 11, 187 4 of 32

ridesharing participants accepting the rides were compared by analyzing several properties
of three proportional methods with the assumption that the minimal expected rewarding
rate for drivers and for passengers may not be the same. The properties were verified by
experimental results.

One of the contributions of this paper is to provide conditions for choosing an effective
allocation method in ridesharing systems. The conditions were identified without assuming
that the minimal expected rewarding rate for drivers and that of passengers would be the
same. Therefore, this paper is different from the work [44] by Hsieh. Another contribution
of this paper is to compare the number of ridesharing participants accepting ridesharing
in addition to the number of acceptable rides based on an analysis of the properties. The
third contribution of this paper is to provide results of experiments for verification of
the properties analyzed in this paper. The properties and experimental results provide
a rule and principle that can be used by policy makers and service providers to move
towards their sustainability goals by promoting ridesharing through an adoption of the
right proportional cost savings allocation method in ridesharing systems.

The rest of this paper is organized as follows. In Section 2, the ridesharing decision
model and three proportional methods to allocate cost savings due to reduction in energy
consumption in ridesharing systems will be reviewed. Several properties that characterize
the performance of the three proportional methods to allocate savings of cost will be
presented in Section 3. These properties will be verified through experiments and the
results will be presented in Section 4. The results of the experiments will be summarized
and discussed in Section 5. This paper will be concluded in Section 6.

2. Proportional Methods to Divide Cost Savings among Ridesharing Participants

In this section, the cost savings optimization problem in ridesharing systems will be de-
scribed and three proportional methods for cost savings allocation will be reviewed. Several
interesting properties of the three proportional methods will be analyzed in Section 3.

Before reviewing the three proportional methods for cost savings allocation, the
ridesharing problem formulation is introduced first. Table 1 shows the symbols/variables/
parameters used in the problem formulation.

Table 1. Notations of symbols, variables, and parameters.

Variable Meaning
p a passenger, p ∈ {1, 2, 3, . . . , P} and P is the number of passengers
d a driver, d ∈ {1, 2, 3, . . . , D} and D is the number of drivers
k the index of a location, k ∈ {1, 2, . . . , P}
Jd total bids submitted by driver d ∈ {1, 2, . . . , D}

j A bid of a driver, j ∈ {1, 2, . . . , Jd} and Jd is the number of bids submitted by
driver d ∈ {1, 2, . . . , D} driver d‘s j-th bid

BIDdj

BIDdj = (q1
dj1, q1

dj2, q1
dj3, . . . , q1

djP, q2
dj1, q2

dj2, q2
dj3, . . . , q2

djP, odj, cdj), where

q1
djk: seats allocated to pick-up location of passenger k,

q2
djk: seats released at drop-off location of passenger k,odj

odj: original cost of the driver without ridesharing
cdj: the transport cost of driver d’s j-th bid.

BIDp

passenger p’s bid BIDp = (s1
p1, s1

p2, s1
p3, . . . , s1

pP, s2
p1, s2

p2, s2
p3 . . . , s2

pP, fp), where

s1
pk: seats requested for pick-up location of passenger k,

s2
pk: seats released at drop-off location of passenger k,

fp: passenger p’s original cost without ridesharing.

xdj
driver d’s decision variable; if xdj = 1, the j− th bid of driver d is a winning bid
and the j− th bid of driver d is not a winning bid otherwise (xdj = 0)

yp
passenger p’s decision variable; if yp = 1, passenger p’s bid is a winning bid and
passenger p’s bid is not a winning bid otherwise (yp = 0)
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Table 1. Cont.

Variable Meaning
α ridesharing information provider’s share value

βP
p passenger p’s share value

βD
d driver d’s share value

Γdj the set of passengers on the ride of driver d’s j–th bid

F(x, y)

the cost savings function

F(x, y) =

(
P
∑

p=1
yp

(
fp

))
+

(
D
∑

d=1

Jd

∑
j=1

xdjodj

)
–

(
D
∑

d=1

Jd

∑
j=1

xdjcdj

)

Fdj(x, y)

the cost savings function of driver d’s j–th bid

Fdj(x, y) =

[(
∑

p∈Γdj

yp fp

)
+ xdjodj −

(
xdjcdj

)]

The ridesharing problem is used to determine the set of drivers and passengers that
optimize the performance, such as transport cost savings, while meeting the requirements
of the drivers and the passengers. In this paper, it is assumed that the combinatorial double
auction based ridesharing problem formulation proposed in [43] is used. This problem
can be modeled as a combinatorial double auction problem in which drivers play the
role of sellers and passengers play the role of buyers. In this decision model, a driver
d ∈ {1, 2, . . . , D} can submit Jd bids, denoted by BIDdj, j ∈ {1, 2, . . . , Jd}. A passenger
p ∈ {1, 2, 3, . . . , P} can submit one bid, denoted by BIDp. Please refer to Table 1 for the
details of BIDdj and BIDp. The decision variables of this problem include the driver
d’s decision variable xdj and passenger p’s decision variable yp, where d ∈ {1, 2, . . . , D},
j ∈ {1, 2, . . . , Jd} and p ∈ {1, 2, 3, . . . , P}.

As this study focuses on the allocation of cost savings due to the reduction in energy
consumption in ridesharing systems, the objective function F(x, y) to be maximized in
the combinatorial double auction based ridesharing problem is defined in Equation (1),

where
P
∑

p=1
yp

(
fp

)
is the original cost of passengers (without ridesharing),

D
∑

d=1

Jd
∑

j=1
xdjodj is

the original cost of drivers (without ridesharing) and
D
∑

d=1

Jd
∑

j=1
xdjcdj is the original cost of

drivers with ridesharing. The combinatorial double auction based ridesharing problem is
formulated as an integer programming problem in Equation (1) through Equation (6). This
is a typical constrained optimization problem with constraints (2) and (3) as the demand
and supply constraints, constraint (4) as the cost savings constraint, and constraint (5) as
the drivers’ single winning bid constraint. The optimization problem is to determine the
values of decision variables xdj and yp of drivers and passengers.

max
x,y

F(x, y) =

(
P

∑
p=1

yp fp

)
+

(
D

∑
d=1

Jd

∑
j=1

xdjodj

)
−
(

D

∑
d=1

Jd

∑
j=1

xdjcdj

)
(1)

s.t.

D

∑
d=1

Jd

∑
j=1

xdjq1
djk = yps1

pk ∀p ∈ {1, 2, . . . , P} ∀k ∈ {1, 2, . . . , P} (2)

D

∑
d=1

Jd

∑
j=1

xdjq2
djk = yps2

pk ∀p ∈ {1, 2, . . . , P} ∀k ∈ {1, 2, . . . , P} (3)
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P

∑
p=1

yp fp +
D

∑
d=1

Jd

∑
j=1

xdjodj ≥
D

∑
d=1

Jd

∑
j=1

xdjcdj (4)

Jd

∑
j=1

xdj ≤ 1 ∀d ∈ {1, . . . , D} (5)

xdj ∈ {0, 1} ∀d ∈ {1, . . . , D} ∀j ∈ {1, . . . , Jd}
yp ∈ {0, 1} ∀p ∈ {1, 2, . . . , P}

(6)

Many solution algorithms (e.g., the ten algorithms proposed in [21,26] by Hsieh and
the algorithm developed in [43] by Hsieh et al.) have been developed to solve the problem
to maximize cost savings due to energy/fuel consumption. The allocation of cost savings in
the ridesharing system is to allocate the cost savings among the stakeholders in ridesharing
systems. In typical ridesharing systems, passengers, drivers, and the ridesharing infor-
mation provider are the stakeholders. A method to allocate cost savings is defined by
assigning the share values βP

p , βD
p and α to passengers, drivers, and the ridesharing infor-

mation provider, respectively, where
P
∑

p=1
βP

p +
D
∑

d=1
βD

d + α = 1. Share values are determined

by the ridesharing system operators.
In ridesharing systems, passengers and drivers have expectations for a minimal

rewarding rate due to properly allocated cost savings. Therefore, a method used to allocate
cost savings will influence the acceptance of ridesharing. In the literature, three proportional
methods, the Fifty-Fifty (FF) Method, proposed by Wang et al. in [41], the Local Proportional
(LP) Method, proposed by Agatz et al. in [42] and the Global Proportional (GP) Method,
proposed by Hsieh in [43], were defined to allocate the cost savings among the stakeholders
in ridesharing systems. The Fifty-Fifty Method assumes that there is one driver and
one passenger in a ride and divides the cost savings equally between the driver and the
passenger in each matched ride. The way to divide the cost savings between the driver
and the passenger on a ride in the Local Proportional Method is proportional to the travel
distance of the driver and the passenger. The Global Proportional Method divides the cost
savings among the ridesharing participants based on the ratio of an individual participant’s
bid price to the overall price of the matched bids. These three methods are defined in
Table 2. For the Fifty-Fifty Method, the share values for the stakeholders are defined in
Equations (7)–(9). For the Local Proportional Method, the share values for the stakeholders
are defined in Equations (10)–(14). The share values for the stakeholders of the Global
Proportional Method are defined in Equations (15)–(17).

Table 2. Three methods to divide savings of cost among the ridesharing participants.

Scheme Stakeholder Share Value

Fifty-Fifty (FF)
Method

information provider α (7)

passenger βP
p =

yp(1−α)Fdj(x,y)
2F(x,y) (8)

driver
βD

d =

Jd
∑

j=1
xdj(1−α)Fdj(x,y)

2F(x,y)
(9)
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Table 2. Cont.

Scheme Stakeholder Share Value

Local Proportional
(LP) Method

information provider α (10)

passenger

βP
p =

σP
p yp(1−α)Fdj(x,y)

F(x,y) (11)

where,

σP
p =

fp ∑
p∈Γdj

yp fp

+xdjcdj

 (12)

driver

βD
d =

Jd
∑

j=1
xdjσ

D
d (1−α)Fdj(x,y)

F(x,y)
(13)

where,
σD

d =
cdj ∑

p∈Γdj

yp fp

+xdjcdj

 (14)

Global Proportional
(GP) Method

information provider α (15)

passenger
βP

p =
(1−α)yp fp[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]
(16)

driver βD
d =

Jd
∑

j=1
(1−α)xdjcdj[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] (17)

In this paper, it is assumed that drivers and passengers have expectations for a reward-
ing rate due to cost savings and their expectations for rewarding rates are described by the
minimal expected rewarding rates. The minimal expected rewarding rate for drivers and
the minimal expected rewarding rate for passengers are defined as follows.

Definition1. Minimal Expected Rewarding Rates.
The minimal expected rewarding rates are the minimal expectations for drivers and

passengers to accept ridesharing. The minimal expected rewarding rate for drivers is
denoted by rD and the minimal expected rewarding rate for passengers is denoted by rP.
The minimal expected rewarding rates can be determined by an online questionnaire.
Based on the definition above, ridesharing will be acceptable to drivers and passengers
only when their minimal expected rewarding rates can be satisfied.
A ride will be acceptable for a driver only if the rewarding rate is greater than or equal to
the minimal expected rewarding rate rD of drivers. A ride will be acceptable for a passenger
only if the rewarding rate is greater than or equal to the minimal expected rewarding rate
rP of passengers. Therefore, an acceptable ride is defined as follows.

Definition 2. Acceptable Ride.
A ride is said to be an acceptable ride if the rewarding rate for the driver on the ride is greater
than or equal to the minimal expected rewarding rate rD and the rewarding rate for the
passenger on the ride is greater than or equal to the minimal expected rewarding rate rP.

Based on the above definition, the three methods will be analyzed in the next section.
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3. Comparison with Proportional Allocation Methods

In this section, the proportional allocation methods in the literature will be compared.
The performance indices for comparing different methods include total passengers on the
acceptable rides, total participants on the acceptable rides, and total acceptable rides. Four
properties will be presented to compare the performance of the three proportional methods
defined in Section 2. These four properties will be presented through analysis taken one by
one in this section.

Property 1 characterizes the condition under which the performance of the Global Propor-
tional Method is either as good as or better than that of the Local Proportional Method.

Lemma 1. The rewarding rate of shared rides under the Global Proportional Method is greater than
or equal to the lowest rewarding rate of the shared rides under the Local Proportional Method.

Proof of Lemma 1. Please refer to Appendix A. �

Property 1. Let the minimal expected rewarding rate for all winning drivers be rD and the minimal
expected rewarding rate for all winning passengers be rP. If the rewarding rate under the Global
Proportional Method is greater than max(rD, rP), the number of acceptable rides, the number of
passengers on the acceptable rides, and the number of participants on the acceptable rides under the
Global Proportional Method are greater than or equal to those under the Local Proportional Method.

Proof of Property 1. Let (x, y) be a solution obtained by solving the ridesharing problem. In
the Global Proportional Method, the rewarding rate for passenger p is

βP
p =

(1−α)yp fp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for passenger p is

βP
p

fp
= (1−α)yp F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . In the Global Proportional Method, the rewarding rate for

driver d is βD
d =

(1−α)xdjcdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for driver d is

βD
d

cdj
=

(1−α)xdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . Therefore, the rewarding rate for each passenger p and

each driver d is the same. If the rewarding rate under the Global Proportional Method

is greater than max(rD, rP), then (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ max(rD, rP) ≥ rP, and

(1−α)xdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ max(rD, rP) ≥ rD.

In this case, the number of acceptable rides under the Global Proportional Method

is

(
D
∑

d=1

Jd
∑

j=1
xdj

)
. The number of passengers on the acceptable rides under the Global

Proportional Method is

(
P
∑

p=1
yp

)
. The number of ridesharing participants on the acceptable

rides under the Global Proportional Method is

(
D
∑

d=1

Jd
∑

j=1
xdj

)
+

(
P
∑

p=1
yp

)
.

The set of drivers accepting ridesharing under the Global Proportional Method is
defined in Equation (18):
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<GP_D =

d

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)yp F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (18)

The set of passengers accepting ridesharing under the Global Proportional Method is
defined in Equation (19):

<GP_P =

p

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)yp F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (19)

If the Local Proportional Method is used, the rewarding rate for passenger p is

σP
p Fdj(x, y), where σP

p =
yp fp(1−α) ∑

p∈Γdj
yp fp

+xdjcdj

 . The rewarding rate for passenger p is

σP
p Fdj(x,y)

fp
=

yp(1−α)Fdj(x,y) ∑
p∈Γdj

yp fp

+xdjcdj

 . If the Local Proportional Method is used, the reward-

ing rate for driver d is σD
d Fdj(x, y), where σD

d =
xdjcdj(1−α) ∑

p∈Γdj
yp fp

+xdjcdj

 .

The rewarding rate for driver d is
σD

d Fdj(x,y)
cdj

=
xdj(1−α)Fdj(x,y) ∑
p∈Γdj

yp fp

+xdjcdj

 .

For driver d to transport the set of passengers in Γdj, the following conditions must be

satisfied:
xdj(1−α)Fdj(x,y) ∑
p∈Γdj

yp fp

+xdjcdj

 ≥ rD and
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rP∀p ∈ Γdj.

The set of drivers accepting ridesharing under the Local Proportional Method is
defined in Equation (20).

<LP_D =


d

∣∣∣∣∣∣∣∣∣∣∣∣
xdj = 1,

xdj(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≥ rD∀d, j, yp = 1,
yp(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≥ rP∀p ∈ Γdj


(20)

According to Lemma 1, the rewarding rate under the Global Proportional Method is
greater than or equal to the lowest rewarding rate under the Local Proportional Method.
So <LP_D ⊆ <GP_D.

That is, the number of acceptable shared rides under the Local Proportional Method is∣∣∣∣∣ ∑
d∈<LP_D

Jd
∑

j=1
xdj

∣∣∣∣∣ ≤ ∑
d∈<GP_D

Jd
∑

j=1
xdj.
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The set of passengers accepting ridesharing under the Local Proportional Method is
defined in Equation (21).

<LP_P =


p

∣∣∣∣∣∣∣∣∣∣∣∣
xdj = 1,

xdj(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≥ rD∀d, j, yp = 1,
yp(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≥ rP∀p ∈ Γdj


(21)

According to Lemma 1, the rewarding rate under the Global Proportional Method is
greater than or equal to the lowest rewarding rate under the Local Proportional Method.
So <LP_P ⊆ <GP_P.

That is, the number of passengers on the acceptable shared rides under the Local
Proportional Method is ∑

p∈<LP_P

yp ≤ ∑
p∈<GP_P

yp.

In addition, the number of participants on the acceptable rides under the Local Pro-

portional Method is ∑
d∈<LP_D

Jd
∑

j=1
xdj + ∑

p∈<LP_P

yp ≤ ∑
d∈<GP_D

Jd
∑

j=1
xdj + ∑

p∈<GP_P

yp.

This completes the proof. �

Property 2 characterizes the condition under which the performance of the Local Propor-
tional Method is either as good as or outperforms that of the Global Proportional Method.

Property 2. Let the minimal expected rewarding rate for all winning drivers be rD and the minimal
expected rewarding rate for all winning passengers be rP. If the rewarding rate under the Global
Proportional Method is less than max(rD, rP), the number of acceptable rides, the number of
passengers on the acceptable rides and the number of participants on the acceptable rides under the
Local Proportional Method are greater than or equal to those under the Global Proportional Method.

Proof of Property 2. Please refer to Appendix B. �

Property 3 characterizes the conditions under which the performance of the Global
Proportional Method is either as good as or better than that of the Fifty-Fifty Method.

Property 3. Let the minimal expected rewarding rate for all winning drivers be rD and the minimal
expected rewarding rate for all winning passengers be rP. If the rewarding rate under the Global
Proportional Method is greater than max(rD, rP), the number of acceptable rides, the number of
passengers on the acceptable rides, and the number of participants on the acceptable rides under the
Global Proportional Method are greater than or equal to those under the Fifty-Fifty Method.

Proof of Property 3. Let (x, y) be a solution to the ridesharing problem. In the Global Pro-
portional Method, the rewarding rate for passenger p is

βP
p F(x, y) =

(1−α)yp fp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for passenger p is

βP
p F(x,y)

fp
= (1−α)yp F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . In the Global Proportional Method, the rewarding

rate for driver d is βD
d F(x, y) =

(1−α)xdjcdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for driver d
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is βD
d F(x,y)

cdj
=

(1−α)xdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . Therefore, the rewarding rates for each passenger

p and each driver d are the same.

The set of drivers accepting ridesharing under the Global Proportional Method is
defined in Equation (22)

<GP_D =

d

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j, yp = 1
(1− α)ypF(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (22)

The set of passengers accepting ridesharing under the Global Proportional Method is
defined in Equation (23)

<GP_P =

p

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)yp F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (23)

If the rewarding rate under the Global Proportional Method is greater than max(rD, rP),

then (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ max(rD, rP) ≥ rP and
(1−α)xdj F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥
max(rD, rP) ≥ rD. In this case, the number of acceptable rides under the Global Pro-

portional Method is

(
D
∑

d=1

Jd
∑

j=1
xdj

)
.

That is, ∑
d∈<GP_D

Jd
∑

j=1
xdj =

D
∑

d=1

Jd
∑

j=1
xdj.

The number of passengers on the acceptable rides under the Global Proportional

Method is

(
P
∑

p=1
yp

)
. That is, ∑

p∈<GP_P

yp =

(
P
∑

p=1
yp

)
.

The number of ridesharing participants on the acceptable rides under the Global

Proportional Method is

(
D
∑

d=1

Jd
∑

j=1
xdj

)
+

(
P
∑

p=1
yp

)
.

If the Fifty-Fifty Method is used, the rewarding rate for passenger p is σP
p (1− α)Fdj(x, y)

with σP
p = 1

2 . The rewarding rate for passenger p is
(1−α)Fdj(x,y)

2 fp
.

If the Fifty-Fifty Method is used, the rewarding rate for driver d is
(1−α)Fdj(x,y)

2 . The

rewarding rate for driver d is
(1−α)Fdj(x,y)

2cdj
.

For driver d to transport the set of passengers in Γdj, the following conditions must be

satisfied:
(1−α)Fdj(x,y)

2cdj
≥ rD and

(1−α)Fdj(x,y)
2 fp

≥ rP∀p ∈ Γdj.
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The set of drivers accepting ridesharing under the Fifty-Fifty Method is defined in
Equation (24)

<FF_D =

{
d

∣∣∣∣∣xdj = 1,
(1− α)Fdj(x, y)

2cdj
≥ rD∀d, j, yp = 1,

(1− α)Fdj(x, y)
2 fp

≥ rP∀p ∈ Γdj

}
(24)

The number of acceptable rides under the Fifty-Fifty Method is

∑
d∈<FF_D

Jd
∑

j=1
xdj ≤ ∑

d∈<GP_D

Jd
∑

j=1
xdj =

D
∑

d=1

Jd
∑

j=1
xdj.

The set of passengers accepting ridesharing under the Fifty-Fifty Method is defined in
Equation (25)

<FF_P =

{
p

∣∣∣∣∣xdj = 1,
(1− α)Fdj(x, y)

2cdj
≥ rd∀d, j, yp = 1,

(1− α)Fdj(x, y)
2 fp

≥ rp∀p ∈ Γdj

}
(25)

The number of passengers on the acceptable rides under the Fifty-Fifty Method is

∑
p∈<FF_P

yp ≤ ∑
p∈<GP_P

yp =
P
∑

p=1
yp. The number of participants on the acceptable rides

under the Fifty-Fifty Method is ∑
d∈<FF_D

Jd
∑

j=1
xdj + ∑

p∈<FF_P

yp ≤ ∑
d∈<GP_D

Jd
∑

j=1
xdj + ∑

p∈<GP_P

yp =

D
∑

d=1

Jd
∑

j=1
xdj +

P
∑

p=1
yp. This completes the proof. �

Property 4 characterizes the condition under which the performance of the Fifty-Fifty
Method is either as good as or outperforms the Global Proportional Method.

Property 4. Let the minimal expected rewarding rate for all winning drivers be rD and the
minimal expected rewarding rate for all winning passengers be rP. If the rewarding rate is less than
max(rD, rP) under the Global Proportional Method, the number of acceptable rides, the number of
passengers on the acceptable rides, and the number of participants on the acceptable rides under the
Fifty-Fifty Method are greater than or equal to those under the Global Proportional Method.

Proof of Property 4. Please refer to Appendix C. �

4. Results

To verify the theory developed in the previous section, eight cases were used to conduct
experiments. All test data can be downloaded from the following link: https://drive.google.
com/drive/folders/1HUP5nyN32fKHbBh3oHrrS8YL0BSf4cOX?usp=share_link (accessed
on 2 February 2023).

Two series of experiments were performed based on the eight cases. The first series
of experiments was based on the lower share value for the information provider and a
lower minimal expected rewarding rate for drivers. The second series of experiments
was based on the higher share value for the information provider and a higher minimal
expected rewarding rate for drivers. The results obtained by applying different schemes for
allocating cost savings were summarized as follows. The results listed in Tables 3–10 were
used to verify Property 1 and Property 3. The results shown in Tables 11–18 were used to
verify Property 2 and Property 4.

https://drive.google.com/drive/folders/1HUP5nyN32fKHbBh3oHrrS8YL0BSf4cOX?usp=share_link
https://drive.google.com/drive/folders/1HUP5nyN32fKHbBh3oHrrS8YL0BSf4cOX?usp=share_link
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In Table 3, the minimal expected rewarding rate for drivers is rD = 0.11 and the minimal
expected rewarding rate for passengers is rP = 0.1. For this test case, max(rD, rP) = 0.11.
The rewarding rate under the Global Proportional Method is greater than 0.11 according
to Table 3. As shown in Table 3, the number of acceptable shared rides under the Global
Proportional Method is 1, which is equal to that under the Local Proportional Method.
The number of participants on acceptable rides under the Global Proportional Method
is 2, which is equal to that under the Local Proportional Method. This is consistent with
Property 1. As shown in Table 1, the number of acceptable shared rides under the Global
Proportional Method is 1, which is greater than that under the Fifty-Fifty Method. The
number of participants on acceptable rides under the Global Proportional Method is 2,
which is greater than that under the Fifty-Fifty Method. This is consistent with Property 3.

Table 3. Number of drivers and passengers accepted in Case 1 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 1 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.114 1 0.114 1 0.069 0
P1 0.114 1 0.114 1 0.34 0

Total rides 1 1 0

Participants
on acceptable

rides
2 2 0

For Table 4, the situation is similar to Table 1 except that rD = 0.11 and rP = 0.1. As
shown in Table 4, the number of acceptable shared rides under the Global Proportional
Method is 3, which is equal to that under the Local Proportional Method. The number
of participants on acceptable rides under the Global Proportional Method is 6, which is
equal to that under the Local Proportional Method. This is consistent with Property 1. As
shown in Table 4, the number of acceptable shared rides under the Global Proportional
Method is greater than that under the Fifty-Fifty Method. The number of participants on
acceptable rides under the Global Proportional Method is 6, which is greater than that
under the Fifty-Fifty Method. This is consistent with Property 3.

Table 4. Number of drivers and passengers accepted in Case 2 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 2 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.21 1 0.119 1 0.068 0
P1 0.21 1 0.119 1 0.475 0

Ride 2 D2 0.21 1 0.218 1 0.142 1
P2 0.21 1 0.218 1 0.475 1

Ride 3 D3 0.21 1 0.277 1 0.196 1
P3 0.21 1 0.277 1 0.475 1

Total rides 3 3 2

Participants
on acceptable

rides
6 6 4

The results in Tables 5 and 6 indicate that the Global Proportional Method outperforms
the Local Proportional Method and the Fifty-Fifty Method in terms of the number of acceptable
shared rides and the number of participants on acceptable rides as the rewarding rate under
the Global Proportional Method is greater than max(rD, rP) = max(0.11, 0.1) = 0.11. This
shows that Property 1 and Property 3 hold.
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Table 5. Number of drivers and passengers accepted in Case 3 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 3 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.166 1 0.189 1 0.121 1
P1 0.166 1 0.189 1 0.438 1

Ride 2
D2 0.166 1 0.098 0 0.06 0
P2 0.166 1 0.098 0 0.258 0

Ride 3
D3 0.166 1 0.193 1 0.121 1
P3 0.166 1 0.193 1 0.475 1

Total rides 3 2 2

Participants
on acceptable

rides
6 4 4

Table 6. Number of drivers and passengers accepted in Case 4 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 4 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.209 1 0.232 1 0.154 1
P1 0.209 1 0.232 1 0.475 1

Ride 2 D2 0.209 1 0.054 0 0.034 0
P2 0.209 1 0.054 0 0.132 0

Ride 3 D3 0.209 1 0.353 1 0.28 1
P3 0.209 1 0.353 1 0.475 1

Total rides 3 2 2
Participants

on acceptable
rides

6 4 4

The results in Tables 7–9 indicate that the performance of the Global Proportional
Method is as good as the Local Proportional Method as the rewarding rate under the Global
Proportional Method is greater than max(rD, rP) = max(0.11, 0.1) = 0.11. In addition,
both the Global Proportional Method and the Local Proportional Method outperform the
Fifty-Fifty Method. This is consistent with Property 1 and Property 3.

The results in Table 10 indicate that the Global Proportional Method outperforms the
Local Proportional Method and the Fifty-Fifty Method in terms of the number of acceptable
shared rides and the number of participants on acceptable rides as the rewarding rate under
the Global Proportional Method is greater than max(rD, rP) = max(0.11, 0.1) = 0.11. This
is consistent with Property 1 and Property 3.

Table 7. Number of drivers and passengers accepted in Case 5 for α = 0.05, rD = 0.12 and rP = 0.1.

Case 5 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.207 1 0.265 1 0.184 1
P1 0.207 1 0.265 1 0.475 1

Ride 2
D2 0.207 1 0.138 1 0.081 0
P2 0.207 1 0.138 1 0.475 0

Ride 3
D3 0.207 1 0.223 1 0.145 1
P3 0.207 1 0.223 1 0.475 1

Total rides 3 3 2

Participants
on acceptable

rides
6 6 4
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Table 8. Number of drivers and passengers accepted in Case 6 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 6 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.2 1 0.192 1 0.123 1
P1 0.2 1 0.192 1 0.434 1

Ride 2 D2 0.2 1 0.12 1 0.069 0
P2 0.2 1 0.12 1 0.471 0

Ride 3 D3 0.2 1 0.253 1 0.172 1
P3 0.2 1 0.253 1 0.475 1

Ride 4 D4 0.2 1 0.254 1 0.174 1
P4 0.2 1 0.254 1 0.475 1

Total rides 4 4 3
Participants

on acceptable
rides

8 8 6

Table 9. Number of drivers and passengers accepted in Case 7 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 7 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.234 1 0.241 1 0.172 1
P1 0.234 1 0.241 1 0.401 1

Ride 2
D2 0.234 1 0.238 1 0.159 1
P2 0.234 1 0.238 1 0.475 1

Ride 3
D3 0.234 1 0.144 1 0.085 0
P3 0.234 1 0.144 1 0.475 0

Ride 4
D4 0.234 1 0.153 1 0.091 0
P4 0.234 1 0.153 1 0.475 0

Ride 5
D5 0.234 1 0.331 1 0.254 1
P5 0.234 1 0.331 1 0.475 1

Total rides 5 5 3

Participants
on acceptable

rides
10 10 6

Table 10. Number of drivers and passengers accepted in Case 8 for α = 0.05, rD = 0.11 and rP = 0.1.

Case 8 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.181 1 0.222 1 0.155 1
P1 0.181 1 0.222 1 0.389 1

Ride 2 D2 0.181 1 0.223 1 0.146 1
P2 0.181 1 0.223 1 0.475 1

Ride 3 D3 0.181 1 0.275 1 0.194 1
P3 0.181 1 0.275 1 0.475 1

Ride 4 D4 0.181 1 0.21 1 0.135 1
P4 0.181 1 0.21 1 0.475 1

Ride 5 D5 0.181 1 0.145 1 0.085 0
P5 0.181 1 0.145 1 0.475 0

Ride 6 D6 0.181 1 0.029 0 0.019 0
P6 0.181 1 0.029 0 0.062 0

Ride 7 D7 0.181 1 0.2 1 0.127 1
P7 0.181 1 0.2 1 0.475 1

Total rides 7 6 5
Participants

on acceptable
rides

14 12 10
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Figure 1 shows the results of the total acceptable rides of Tables 3–10 in bar charts
for the three schemes. It is obvious that the numbers of acceptable rides under the Global
Proportional Method are greater than or equal to those under the Local Proportional
Method. Therefore, Property 1 and Property 3 hold.
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Figure 1. Verification of Property 1 and Property 3 for total acceptable rides of Case 1 through Case 8
under α = 0.05.

Figure 2 shows the results of the total ridesharing participants of Tables 3–10 in bar
charts for the three schemes. It is obvious that the numbers of ridesharing participants
under the Global Proportional Method are greater than or equal to those under the Local
Proportional Method. Therefore, Property 1 and Property 3 hold.
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Figure 2. Verification of Property 1 and Property 3 for total ridesharing participants of three schemes
for Case 1 through Case 8 under α = 0.05.

For the results shown in Table 11, the minimal expected rewarding rate for drivers is
increased to rD = 0.2 and the minimal expected rewarding rate for passengers is rP = 0.1, as the
rewarding rate under the Global Proportional Method is less than max(rD, rP) = max(0.2, 0.1)
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= 0.2, the number of acceptable routes under the Local Proportional Method (0) is greater
than or equal to that under the Global Proportional Method (0). That is, Property 2 holds.
Furthermore, the number of acceptable routes under the Fifty-Fifty Method (0) is greater than
or equal to that under the Global Proportional Method (0). Therefore, Property 4 holds.

Table 11. Number of drivers and passengers accepted in Case 1 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 1 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.096 0 0.096 0 0.058 0
P1 0.096 0 0.096 0 0.286 0

Total rides 0 0 0

Participants
on acceptable

rides
0 0 0

The results in Table 12 are used to illustrate a situation where the Local Proportional
Method outperforms the Global Proportional Method in the case that the rewarding rate for
the Global Proportional Method is less than max(rD, rP) = max(0.2, 0.1) = 0.2. This situation
follows from the condition of Property 2. The results in Table 12 also illustrate a situation
where the Fifty-Fifty Method outperforms the Global Proportional Method as the rewarding
rate for the Global Proportional Method is less than max(rD, rP) = max(0.2, 0.1) = 0.2. This
situation also follows from the condition of Property 4.

Table 12. Number of drivers and passengers accepted in Case 2 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 2 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.176 0 0.1 0 0.057 0
P1 0.176 0 0.1 0 0.4 0

Ride 2 D2 0.176 0 0.184 0 0.119 0
P2 0.176 0 0.184 0 0.4 0

Ride 3 D3 0.176 0 0.234 1 0.165 0
P3 0.176 0 0.234 1 0.4 0

Total rides 0 1 0
Participants

on acceptable
rides

0 2 0

Similar situations also occur in Tables 13–18. In all the cases in Tables 13–18, the rewarding
rate under the Global Proportional Method is less than max(rD, rP) for each case.

Table 13. Number of drivers and passengers accepted in Case 3 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 3 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.14 0 0.159 0 0.102 0
P1 0.14 0 0.159 0 0.369 0

Ride 2
D2 0.14 0 0.082 0 0.051 0
P2 0.14 0 0.082 0 0.217 0

Ride 3
D3 0.14 0 0.163 0 0.102 0
P3 0.14 0 0.163 0 0.4 0

Total rides 0 0 0

Participants
on acceptable

rides
0 0 0
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Table 14. Number of drivers and passengers accepted in Case 4 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 4 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.176 0 0.196 0 0.13 0
P1 0.176 0 0.196 0 0.4 0

Ride 2 D2 0.176 0 0.045 0 0.029 0
P2 0.176 0 0.045 0 0.111 0

Ride 3 D3 0.176 0 0.297 1 0.236 1
P3 0.176 0 0.297 1 0.4 1

Total rides 0 1 1
Participants

on acceptable
rides

0 2 2

Table 15. Number of drivers and passengers accepted in Case 5 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 5 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.174 0 0.224 1 0.155 0
P1 0.174 0 0.224 1 0.4 0

Ride 2
D2 0.174 0 0.116 0 0.068 0
P2 0.174 0 0.116 0 0.4 0

Ride 3
D3 0.174 0 0.187 0 0.122 0
P3 0.174 0 0.187 0 0.4 0

Total rides 0 1 0

Participants
on acceptable

rides
0 2 0

Table 16. Number of drivers and passengers accepted in Case 6 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 6 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.168 0 0.161 0 0.103 0
P1 0.168 0 0.161 0 0.365 0

Ride 2 D2 0.168 0 0.101 0 0.058 0
P2 0.168 0 0.101 0 0.397 0

Ride 3 D3 0.168 0 0.213 1 0.145 0
P3 0.168 0 0.213 1 0.4 0

Ride 4 D4 0.168 0 0.214 1 0.146 0
P4 0.168 0 0.214 1 0.4 0

Total rides 0 2 0
Participants

on acceptable
rides

0 4 0
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Table 17. Number of drivers and passengers accepted in Case 7 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 7 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1
D1 0.197 0 0.203 1 0.145 0
P1 0.197 0 0.203 1 0.337 0

Ride 2
D2 0.197 0 0.201 1 0.134 0
P2 0.197 0 0.201 1 0.4 0

Ride 3
D3 0.197 0 0.121 0 0.071 0
P3 0.197 0 0.121 0 0.4 0

Ride 4
D4 0.197 0 0.129 0 0.077 0
P4 0.197 0 0.129 0 0.4 0

Ride 5
D5 0.197 0 0.279 1 0.214 1
P5 0.197 0 0.279 1 0.4 1

Total rides 0 3 1

Participants
on acceptable

rides
0 6 2

Table 18. Number of drivers and passengers accepted in Case 8 for α = 0.2, rD = 0.2 and rP = 0.1.

Case 8 Participant GP GP
Accepted LP LP

Accepted FF FF
Accepted

Ride 1 D1 0.152 0 0.187 0 0.131 0
P1 0.152 0 0.187 0 0.328 0

Ride 2 D2 0.152 0 0.188 0 0.123 0
P2 0.152 0 0.188 0 0.4 0

Ride 3 D3 0.152 0 0.232 1 0.163 0
P3 0.152 0 0.232 1 0.4 0

Ride 4 D4 0.152 0 0.177 0 0.114 0
P4 0.152 0 0.177 0 0.4 0

Ride 5 D5 0.152 0 0.122 0 0.072 0
P5 0.152 0 0.122 0 0.4 0

Ride 6 D6 0.152 0 0.025 0 0.016 0
P6 0.152 0 0.025 0 0.052 0

Ride 7 D7 0.152 0 0.169 0 0.107 0
P7 0.152 0 0.169 0 0.4 0

Total rides 0 1 0
Participants

on acceptable
rides

0 2 0

Figure 3 shows the results of the total acceptable rides of Tables 11–18 in bar charts for
the three schemes under α = 0.2. It is obvious that Property 2 and Property 4 hold. Figure 4
shows the results of the total ridesharing participants of Tables 11–18 in bar charts for the
three schemes under α = 0.2. It is obvious that Property 1 and Property 3 hold.
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Figure 4. Verification of Property 2 and Property 4 for total acceptable rides of three schemes under
α = 0.2.

Although the results above indicate that there is no “one-size-fits-all” cost savings
allocation method suitable for all circumstances, it can be observed that if greedy rideshar-
ing information providers and users have higher expectations of cost savings, the Local
Proportional Method is a better choice. If ridesharing information providers and users are
generous and have lower expectations of cost savings, the Global Proportional Method is a
good choice.

5. Discussion

Two series of experiments were performed based on eight cases to verify the prop-
erties characterized in this paper. The properties characterize conditions under which
one allocation method performs better or at least the same as another method. The first
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series of experiments was based on a lower share value for the information provider and
a lower minimal expected rewarding rate for drivers. The second series of experiments
were based on a higher share value for the information provider and a higher minimal
expected rewarding rate for the drivers. As all the properties were established based on the
assumption that the minimal expected rewarding rate for drivers and that of passengers
might not be equal, the minimal expected rewarding rate for drivers and that of passengers
were set to be different in the two series of experiments performed in this paper.

The results of the first series of experiments in Tables 3–10 were used to verify
Property 1 and Property 3, which characterized the conditions for the Global Proportional
Method to perform better or at least the same as the Local Proportional Method and the
Fifty-Fifty Method. The results of the first series of experiments indicate that the Global Pro-
portional Method performed better or at least the same as the Local Proportional Method
and the Fifty-Fifty Method in the case that the condition of the information provider share
value and a minimal expected rewarding rate are lower. In this case, the Global Proportional
Method should be used. The results of the second series of experiments in Tables 11–18
were used to verify Property 2 and Property 4, which characterize the conditions for the
Local Proportional Method and the Fifty-Fifty Method to perform better or at least the
same as the Global Proportional Method. The results of the second series of experiments
indicate that the Local Proportional Method and the Fifty-Fifty Method perform better
or at least the same as the Global Proportional Method in the case that the information
provider share value and the minimal expected rewarding rate are higher. In this case, the
Local Proportional Method should be used as the performance of the Fifty-Fifty Method
is inferior to that of the Local Proportional Method. In summary, the Global Proportional
Method either outperformed or was as good as the other two methods in the first series of
experiments but was inferior to or the same as the other two methods in the second series
of experiments.

The results indicated that each of the three methods is neither inferior in all cases nor
superior in all cases. Among the three methods, there is no one that either wins in all the
cases or loses in all the cases. In summary, the best choice depends on the share value for
the information provider as well as the minimal expected rewarding rates for drivers and
passengers. Determinants that influence acceptability of cost savings allocation methods in
ridesharing systems were not well studied in the literature. In this paper, we show that
the minimal expected rewarding rate for drivers, the minimal expected rewarding rate for
passengers, and the share value for the information provider are three determinants that
jointly influence acceptability of cost savings allocation methods in ridesharing systems.
How the three determinants influence performance can be characterized by four properties.
These new findings pave the way for choosing the right method to allocate cost savings
among the stakeholders in ridesharing systems.

6. Conclusions

Transport cost savings due to a reduction in energy consumption is one of the features
and benefits that attract drivers and riders to use the ridesharing model. However, the
methods to divide cost savings among ridesharing participants have a significant influence
on participants’ willingness to adopt the ridesharing transport mode. Improper allocation of
transport cost savings in ridesharing systems may disappoint the users as their expectations
of minimal rewarding rates are not satisfied. To make as many users as possible adopt
the ridesharing model, the comparison of different methods to allocate transport cost
savings in the ridesharing model is an interesting and important issue. In this paper,
the previous study on the comparison of three methods to divide cost savings among
the ridesharing participants was extended. The underlying assumption that the minimal
expected rewarding rate for drivers and that of passengers were equal in the previous study
has been relaxed in this paper. Based on this premise, several properties to compare the
performance of the three methods were characterized.
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In this paper, the influence of the three methods to allocate transport cost savings in
ridesharing systems under the premise that drivers’ expectations and passengers’ expec-
tations of minimal rewarding rate may be different has been studied. The performance
indices used for comparing the three methods to allocate transport cost savings include
total passengers on the acceptable rides, total participants on the acceptable rides, and total
acceptable rides. Four properties are presented to compare the performance of the three
proportional methods in terms of different performance indices. The results of experiments
presented in this paper are consistent with the four properties. The results indicate that
applying the proportional allocation methods may lead to different numbers of acceptable
rides and ridesharing participants for the same cost savings. The share of cost savings
allocated to the ridesharing information provider also has a significant influence on the
performance of the proportional allocation methods in terms of the numbers of acceptable
rides and ridesharing participants. The four properties presented in this paper are useful to
characterize the condition to choose a specific proportional method to allocate cost savings
to increase its acceptability to users.

This study indicates that there is no “one-size-fits-all” cost savings allocation method
suitable for all circumstances. One interesting finding is that, for greedy ridesharing in-
formation providers and users that have higher expectations of cost savings, the Local
Proportional Method is a better choice. Another interesting finding is that, for generous
ridesharing information providers and users that have lower expectations of cost sav-
ings, the Global Proportional Method is a good fit. This study is limited to deterministic
ridesharing problems in which the requirements of drivers and riders are deterministic.
One challenging research direction is to study stochastic ridesharing problems in which the
requirements of drivers and riders are specified by stochastic processes. The results of this
paper are based on the analysis of three proportional methods. Analysis of non-proportional
methods is a challenging problem. Another interesting future research direction is to design
and analyze other methods to divide and allocate cost savings in ridesharing systems. The
performance indicators used to compare different methods are all directly linked to the
number of users accepting the ridesharing systems. These performance indicators include
the number of acceptable rides, the number of passengers on the acceptable rides, and the
number of participants on the acceptable rides. Consideration of the other performance
indicators not included in this paper will be an interesting research issue. In this paper, it
is assumed that the minimal expected rewarding rates are given. The issue to determine
minimal expected rewarding rates is an interesting research direction.
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Data Availability Statement: Data available in a publicly accessible repository described in
the article.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A

Proof of Lemma 1. According to the definition of the Local Proportional Method, the share
value for a passenger is defined in Equations (5) and (6). The rewarding rate for a winning
passenger with yp = 1 is defined in Equation (A1)

βP
p F(x, y)

1
fp

=
σP

p yp(1− α)Fdj(x, y)
F(x, y)

F(x, y)
1
fp
=

fp ∑
p∈Γdj

yp fp

+ xdjcdj

 yp(1− α)Fdj(x, y)
1
fp
=

(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 (A1)
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According to the definition of the Local Proportional Method, the share value for a
driver is defined in Equations (7) and (8). As there is at most only one winning bid for a
driver, let j be the winning bid for driver d. That is,

xdj′ =

{
1 f or j′ = j
0 f or j′ ∈ {1, 2, . . . , j− 1, j + 1, . . . , Jd}

. The rewarding rate for a driver is de-

fined in Equation (A2)

βD
d F(x, y) 1

cdj

=

Jd
∑

j=1
xdjσ

D
d (1−α)Fdj(x,y)

F(x,y) F(x, y) 1
cdj
=

cdj ∑
p∈Γdj

yp fp

+xdjcdj

 xdj(1− α)Fdj(x, y) 1
cdj

=
(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj


(A2)

Hence the rewarding rate for the driver and the passengers on a shared ride is
the same.

To prove that the shared ride under the Global Proportional Method is greater than
or equal to the shared ride with the lowest rewarding rate under the Local Proportional
Method, it is sufficient to prove that the rewarding rate for the driver and the passengers on
the shared ride with minimal rewarding rate is less than or equal to that under the Global
Proportional Method.

Let the j-th bid of driver d be the ride with the lowest rewarding rate under the Local
Proportional Method for the solution (x, y). Then Equations (A3)–(A5) hold:

yp(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≤
yp(1− α)Fdj(x, y)[(

∑
p∈Γdj

yp fp

)
+ xdjcdj

] ∀d ∈ {1, 2, . . . , D}\{d}∀j ∈ {1, 2, . . . , Jd}\{j} (A3)

yp(1− α)Fdj(x, y)

[(
∑

p∈Γdj

yp fp

)
+ xdjcdj

]
 ∑

p∈Γdj

yp fp

+ xdjcdj

 ≤ yp(1− α)Fdj(x, y)∀d ∈ {1, 2, . . . , D}\{d}∀j ∈ {1, 2, . . . , Jd}\
{

j
}

(A4)

D

∑
d=1

Jd

∑
j=1

yp(1− α)Fdj(x, y)

[(
∑

p∈Γdj

yp fp

)
+ xdjcdj

]
 ∑

p∈Γdj

yp fp

+ xdjcdj

 ≤
D

∑
d=1

Jd

∑
j=1

yp(1− α)Fdj(x, y) = yp(1− α)F(x, y) (A5)

Therefore, the following inequality Equation (A6) holds:

D

∑
d=1

Jd

∑
j=1

yp(1− α)Fdj(x, y)

[(
∑

p∈Γdj

yp fp

)
+ xdjcdj

]
 ∑

p∈Γdj

yp fp

+ xdjcdj

 ≤ yp(1− α)F(x, y) (A6)
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By dividing the terms on both sides of the above inequality, Equation (A7) holds:

1[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] D

∑
d=1

Jd

∑
j=1

yp(1− α)Fdj(x, y)

 ∑
p∈Γdj

yp fp

+ xdjcdj


 ∑

p∈Γdj

yp fp

+ xdjcdj

 ≤
yp(1− α)F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] (A7)

Note that the left-hand side of the inequality Equation (A7) above is equal to
Equation (A8):

1[(
P
∑

p=1
yp fp

)
+

(
D
∑
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Jd
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j=1
xdjcdj
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p∈Γdj

yp fp

)
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 ∑
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yp fp
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 (A8)

The term in Equation (A8) above is equal to Equation (A9):

1[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] yp(1− α)Fdj(x, y)

[(
P
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p=1
yp fp

)
+

(
D
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Jd
∑
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)]
 ∑
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yp fp

+ xdjcdj

 (A9)

Note that Equation (A9) can be reduced to Equation (A10):

yp(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 (A10)

By replacing the term on the left-hand side of the inequality Equation (A7) with the
term in Equation (A10), Equation (A11) holds as follows:

yp(1− α)Fdj(x, y) ∑
p∈Γdj

yp fp

+ xdjcdj

 ≤
yp(1− α)F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] (A11)

The right-hand side of Equation (A11) is the rewarding rate under the Global Propor-
tional Method and the left-hand side of Equation (A11) is the lowest rewarding rate of the
shared ride under the Local Proportional Method.

Therefore, the rewarding rate under the Global Proportional Method is greater than or
equal to the lowest rewarding rate of the shared ride under the Local Proportional Method. �
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Appendix B

Proof of Property 2 . First, (i), (ii) and (iii) below will be proved and then this property will
be proved based on (i), (ii), and (iii).

(i) First, it is shown that the highest rewarding rate for shared rides under the Local
Proportional Method is greater than that of the Global Proportional Method. Let the
winning bid j of driver d be the shared ride with the highest rewarding rate for shared
rides under the Local Proportional Method.

Then
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≤
yp(1−α)Fdj(x,y) ∑

p∈Γdj

yp fp

+xdjcdj

∀d ∈ {1, 2, . . . , D}∀j ∈ {1, 2, . . . , Jd}.

As

(
∑

p∈Γdj

yp fp

)
+ xdjcdj ≥ 0,

It follows that yp(1− α)Fdj(x, y) ≤
yp(1−α)Fdj(x,y)

 ∑
p∈Γdj

yp fp

+xdjcdj


 ∑

p∈Γdj

yp fp

+xdjcdj

 ∀d ∈ {1, 2, . . . , D}

∀j ∈ {1, 2, . . . , Jd}.

By summing up all the terms on the left-hand side and all the terms on the right-
hand side of the above inequality ∀d ∈ {1, 2, . . . , D}∀j ∈ {1, 2, . . . , Jd}, it follows that

D
∑

d=1

Jd
∑

j=1
yp(1− α)Fdj(x, y) ≤

D
∑

d=1

Jd
∑

j=1
{

yp(1−α)Fdj(x,y)

 ∑
p∈Γdj

yp fp

+xdjcdj


 ∑

p∈Γdj

yp fp

+xdjcdj

 }. By dividing the terms

on the left-hand side and all the terms on the right-hand side of the above inequality by[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]
,

It follows that

D
∑

d=1

Jd
∑

j=1
yp(1−α)Fdj(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]

≤
D
∑

d=1

Jd
∑

j=1
{

yp(1−α)Fdj(x,y)

 ∑
p∈Γdj

yp fp

+xdjcdj


 ∑

p∈Γdj

yp fp

+xdjcdj

[( P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]}.

As
D
∑

d=1

Jd
∑

j=1
yp(1 − α)Fdj(x, y) = yp(1 − α)F(x, y), it follows that

yp(1−α)F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≤ D
∑

d=1

Jd
∑

j=1
{

yp(1−α)Fdj(x,y)

 ∑
p∈Γdj

yp fp

+xdjcdj


 ∑

p∈Γdj

yp fp

+xdjcdj

[( P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]} The

term on the right-hand side of the above inequality can be reduced to
Equation (A12) as follows:
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D
∑

d=1

Jd
∑

j=1
{

yp(1−α)Fdj(x,y)

 ∑
p∈Γdj

yp fp

+xdjcdj


 ∑

p∈Γdj

yp fp

+xdjcdj

[( P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]} =
yp(1−α)Fdj(x,y)

D
∑

d=1

Jd
∑

j=1
{

 ∑
p∈Γdj

yp fp

+xdjcdj

 ∑
p∈Γdj

yp fp

+xdjcdj

[( P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]

=
yp(1−α)Fdj(x,y)

[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)]
 ∑

p∈Γdj

yp fp

+xdjcdj

[( P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] =
yp(1−α)Fdj(x,y) ∑

p∈Γdj

yp fp

+xdjcdj

(A12)

Hence yp(1−α)F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≤ yp(1−α)Fdj(x,y) ∑
p∈Γdj

yp fp

+xdjcdj

.

Therefore, the highest rewarding rate for shared rides under the Local Proportional
Method is greater than or equal to that under the Global Proportional Method.

(ii) If the Local Proportional Method is used, the rewarding rate for passenger p is

σP
p Fdj(x, y), where σP

p =
yp fp(1−α) ∑

p∈Γdj
yp fp

+xdjcdj

 . The rewarding rate for passenger p

is
σP

p Fdj(x,y)
fp

=
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 . If the Local Proportional Method is used, the

rewarding rate for driver d is σD
d Fdj(x, y), where σD

d =
xdjcdj(1−α) ∑

p∈Γdj
yp fp

+xdjcdj

 .

The rewarding rate for driver d is
σD

d Fdj(x,y)
cdj

=
xdj(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 .

For driver d to transport the set of passengers in Γdj, the following conditions must be

satisfied:
xdj(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rD and
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rP∀p ∈ Γdj.

The set of drivers accepting ridesharing under the Local Proportional Method is
defined in Equation (A13)

<LP_D =

d

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

xdj(1− α)Fdj(x, y)[(
∑

p∈Γdj

yp fp

)
+ xdjcdj

] ≥ rD∀d, j, yp = 1,
yp(1− α)Fdj(x, y)[(

∑
p∈Γdj

yp fp

)
+ xdjcdj

] ≥ rP∀p ∈ Γdj

 (A13)
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The set of passengers accepting ridesharing under the Local Proportional Method is
defined in Equation (A14)

<LP_P =

p

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

xdj(1− α)Fdj(x, y)[(
∑

p∈Γdj

yp fp

)
+ xdjcdj

] ≥ rD∀d, j, yp = 1,
yp(1− α)Fdj(x, y)[(

∑
p∈Γdj

yp fp

)
+ xdjcdj

] ≥ rP∀p ∈ Γdj

 (A14)

(iii) In the Global Proportional Method, the rewarding rate for passenger p is

βP
p F(x, y) =

(1−α)yp fp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for passenger p is

βP
p F(x,y)

fp
= (1−α)yp F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . In the Global Proportional Method, the reward-

ing rate for driver d is βD
d F(x, y) =

(1−α)xdjcdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate

for driver d is βD
d F(x,y)

cdj
=

(1−α)xdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . Therefore, the rewarding rate for

each passenger p and each driver d is the same.

The set of drivers accepting ridesharing under the Global Proportional Method is
defined in Equation (A15).

<GP_D =

d

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)yp F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (A15)

The set of passengers accepting ridesharing under the Global Proportional Method is
defined in Equation (A16).

<GP_P =

p

∣∣∣∣∣∣∣∣∣∣
yp = 1, xdj = 1,

(1− α)xdj F(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rD∀d, j,
(1− α)yp F(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] ≥ rP∀p ∈ Γdj

 (A16)

As the rewarding rate under the Global Proportional Method is less than max(rD, rP),

it follows that (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < max(rD, rP).

Case 1: If rD >= rP, max(rD, rP) = rD. In this case, (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < rD.

In this case, all winning drivers will not accept the rides. In this case,
<GP_D = <GP_P = Φ.
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Case 2: If rD < rP, max(rD, rP) = rP. In this case, (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < rP.

In this case, all winning passengers will not accept the rides. In this case,
<GP_D = <GP_P = Φ.

Based on Case 1 and Case 2, the number of acceptable rides under the Global

Proportional Method is ∑
d∈<GP_D

Jd
∑

j=1
xdj = 0. The number of passengers on the accept-

able rides under the Global Proportional Method is ∑
p∈<GP_P

yp = 0. The number of

ridesharing participants on the acceptable rides under the Global Proportional Method is

∑
d∈<GP_D

Jd
∑

j=1
xdj + ∑

p∈<GP_P

yp = 0. In short, the number of acceptable rides under the Global

Proportional Method is zero as either all winning drivers or all winning passengers will
not accept the rides.

According to (iii), <GP_D = <GP_P = Φ.

According to (ii), the set of drivers accepting ridesharing under the Local Proportional
Method is <LP_D =d

∣∣∣∣∣∣∣∣∣xdj = 1,
xdj(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rD∀d, j, yp = 1,
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rP∀p ∈ Γdj

 and the

set of passengers accepting ridesharing under Local Proportional Method is <LP_P =p

∣∣∣∣∣∣∣∣∣yp = 1, xdj = 1,
xdj(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rD∀d, j,
yp(1−α)Fdj(x,y) ∑

p∈Γdj
yp fp

+xdjcdj

 ≥ rP∀p ∈ Γdj

.

According to (i), the highest rewarding rate for shared rides under the Local Propor-
tional Method is greater than or equal to that under the Global Proportional Method.

Therefore, <GP_D ⊆ <LP_D and <GP_P ⊆ <LP_P.

The number of acceptable shared rides under the Local Proportional Method is

∑
d∈<LP_D

Jd
∑

j=1
xdj ≥ ∑

d∈<GP_D

Jd
∑

j=1
xdj.

The number of passengers on the acceptable shared rides under the Local Proportional
Method is ∑

p∈<LP_P

yp ≥ ∑
p∈<GP_P

yp.

Therefore, the number of participants on the acceptable rides under the Local Propor-

tional Method is ∑
d∈<LP_D

Jd
∑

j=1
xdj + ∑

p∈<LP_P

yp ≥ ∑
d∈<GP_D

Jd
∑

j=1
xdj + ∑

p∈<GP_P

yp.

This completes the proof. �
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Appendix C

Proof of Property 4 . First, (i), (ii), and (iii) below will be proved. Then this property will
be proved based on (i), (ii), and (iii).

Let (x, y) be a solution to the ridesharing problem.

(i) If the Fifty-Fifty Method is used, the rewarding rate for passenger p is
σP

p (1− α)Fdj(x, y) with σP
p = 1

2 .

The rewarding rate for passenger p is
(1−α)Fdj(x,y)

2 fp
.

If the Fifty-Fifty Method is used, the rewarding rate for driver d is
(1−α)Fdj(x,y)

2 .

The rewarding rate for driver d is
(1−α)Fdj(x,y)

2cdj
.

For driver d to transport the set of passengers in Γdj, the following conditions must

be satisfied:
(1−α)Fdj(x,y)

2cdj
≥ rD and

(1−α)Fdj(x,y)
2 fp

≥ rP∀p ∈ Γdj. The set of drivers accepting
ridesharing under the Fifty-Fifty Method is

<FF_D =
{

d
∣∣∣xdj = 1,

(1−α)Fdj(x,y)
2cdj

≥ rD∀d, j,
(1−α)Fdj(x,y)

2 fp
≥ rP∀p ∈ Γdj

}
. The number of

ridesharing drivers under the Fifty-Fifty Method is∣∣∣∣∣ ∑
d∈<FF_D

Jd
∑

j=1
xdj

∣∣∣∣∣ ≥ 0. The number of acceptable shared rides under the Fifty-Fifty Method

is

∣∣∣∣∣ ∑
d∈<FF_D

Jd
∑

j=1
xdj

∣∣∣∣∣ ≥ 0. The set of passengers accepting ridesharing under the Fifty-Fifty

Method is
<FF_P =

{
p
∣∣∣yp = 1, xdj = 1,

(1−α)Fdj(x,y)
2cdj

≥ rd∀d, j,
(1−α)Fdj(x,y)

2 fp
≥ rp∀p ∈ Γdj

}
. The num-

ber of passengers on the acceptable rides under the Fifty-Fifty Method is

∣∣∣∣∣ ∑
p∈<FF_P

yp

∣∣∣∣∣ ≥ 0.

The number of ridesharing participants on the acceptable rides under the Fifty-Fifty Method

is ∑
d∈<FF_D

Jd
∑

j=1
xdj + ∑

p∈<FF_P

yp ≥ 0.

(ii) In the Global Proportional Method, the rewarding rate for passenger p is

βP
p F(x, y) =

(1−α)yp fp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] .

The rewarding rate for passenger p is
βP

p F(x,y)
fp

= (1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] .

In the Global Proportional Method, the rewarding rate for driver d is

βD
d F(x, y) =

(1−α)xdjcdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] . The rewarding rate for driver d is

βD
d F(x,y)

cdj
=

(1−α)xdj F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] .

Therefore, the rewarding rate for each passenger p and each driver d is the same.

The set of drivers accepting ridesharing under the Global Proportional Method is
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<GP_D =

d

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdjF(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd

∑
j=1

xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)ypF(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd

∑
j=1

xdjcdj

)] ≥ rP∀p ∈ Γdj


The set of passengers accepting ridesharing under the Global Proportional Method is

<GP_P =

P

∣∣∣∣∣∣∣∣∣∣
xdj = 1,

(1− α)xdjF(x, y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd

∑
j=1

xdjcdj

)] ≥ rD∀d, j, yp = 1,
(1− α)ypF(x, y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd

∑
j=1

xdjcdj

)] ≥ rP∀p ∈ Γdj


As the rewarding rate under the Global Proportional Method is less than max(rD, rP),

(1−α)yp F(x,y)[(
P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < max(rD, rP). There are two cases.

Case 1: If rD >= rP, max(rD, rP) = rD. In this case, the following holds
(1−α)yp F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < rD.

In this case, all winning drivers will not accept the rides. In this case,
<GP_D = <GP_P = Φ.

Case 2: If rD < rP, max(rD, rP) = rP. In this case, the following holds.
(1−α)yp F(x,y)[(

P
∑

p=1
yp fp

)
+

(
D
∑

d=1

Jd
∑

j=1
xdjcdj

)] < rP.

In this case, all winning passengers will not accept the rides. In this case,
<GP_D = <GP_P = Φ.

Based on Case 1 and Case 2, the number of acceptable rides under the Global Propor-

tional Method is ∑
d∈<GP_D

Jd
∑

j=1
xdj = 0.

The number of passengers on the acceptable rides under the Global Proportional
Method is ∑

p∈<GP_P

yp = 0.

The number of ridesharing participants on the acceptable rides under the Global

Proportional Method is ∑
d∈<GP_D

Jd
∑

j=1
xdj + ∑

p∈<GP_P

yp = 0. In short, the number of acceptable

rides under the Global Proportional Method is zero as either all winning drivers or all
winning passengers will not accept the rides.

(iii) According to (i), the number of acceptable shared rides under the Fifty-Fifty Method

is ∑
d∈<FF_D

Jd
∑

j=1
xdj ≥ 0.

According to (ii), the number of acceptable rides under the Global Proportional Method
is zero.

Therefore, if the rewarding rate is less than max(rD, rP) under the Global Proportional
Method, the number of acceptable shared rides under the Fifty-Fifty Method is greater than
or equal to that under the Global Proportional Method.
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According to (i), the number of passengers on the acceptable rides under the Fifty-Fifty
Method is ∑

p∈<FF_P

yp ≥ 0.

According to (ii), the number of passengers on acceptable rides under the Global
Proportional Method is zero. Therefore, if the rewarding rate is less than max(rD, rP) under
the Global Proportional Method, the number of passengers on acceptable rides under the
Fifty-Fifty Method is greater than or equal to that under the Global Proportional Method.

According to (i), the number of ridesharing participants on the acceptable rides under

the Fifty-Fifty Method is ∑
d∈<FF_D

Jd
∑

j=1
xdj + ∑

p∈<FF_P

yp ≥ 0. According to (ii), the number of

passengers on acceptable rides under the Global Proportional Method is zero. Therefore,
if the rewarding rate is less than max(rD, rP) under the Global Proportional Scheme, the
number of ridesharing participants on acceptable rides under the Fifty-Fifty Scheme is
greater than or equal to that under the Global Proportional Method.

This completes the proof. �
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