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Abstract: Computational modeling of air filtration is possible by replicating nonwoven nanofibrous
meltblown or electrospun filter media with digital representative geometry. This article presents a
methodology to create and modify randomly generated fiber geometry intended as a digital twin
replica of fibrous filtration media. Digital twin replicas of meltblown and electrospun filter media
are created using Python scripting and Ansys SpaceClaim. The effect of fiber stiffness, represented
by a fiber relaxation slope, is analyzed in relation to resulting filter solid volume fraction and
thickness. Contemporary air filtration media may also be effectively modeled analytically and tested
experimentally in order to yield valuable information on critical characteristics, such as overall
resistance to airflow and particle capture efficiency. An application of the Single Fiber Efficiency
model is incorporated in this work to illustrate the estimation of performance for the generated
media with an analytical model. The resulting digital twin fibrous geometry compares well with
SEM imagery of fibrous filter materials. This article concludes by suggesting adaptation of the
methodology to replicate digital twins of other nonwoven fiber mesh applications for computational
modeling, such as fiber reinforced additive manufacturing and composite materials.

Keywords: single fiber efficiency; analytical filtration model; digital twin geometry; fiber geometry
modeling; nonwoven nanofibrous filter media; solid volume fraction

1. Introduction

Our health and livelihood depend heavily upon clean breathable air, as illustrated
most recently by the COVID-19 pandemic. The effort to combat the airborne spread of
COVID-19 through technologies such as personal protective filter masks and HVAC filters
emphasizes the importance of continued research in air filtration media [1]. The U.S.
Department of Energy (DOE) has long known the importance of filter media research [2,3].
The DOE installs High Efficiency Particulate Air (HEPA) filters as the final line of defense
in the containment of hazardous airborne particles of High Level Waste (HLW) storage
tanks [4–7]. Continuous improvement of filter materials regarding characteristics such as
the resistance to airflow and particle capture efficiency is important for personal protection
from COVID-19 as well as high capacity HEPA filters. For example, a protective mask that
has a low resistance to airflow and a high particle capture efficiency would function better,
as more air would flow through the mask in the event of an imperfect seal, or breathing
could be more comfortable for the individual, while also providing the highest possibility
for capturing particles transporting COVID-19. Furthermore, as our understanding of
the mechanics of filtration and particle capture increases, it becomes possible to engineer
filtration mediums for specific purposes. This tailored approach would have the benefit of
providing high performing filtration media in one instance, which may perform poorly in
another instead of a generalized medium that performs only adequately in all situations.

Contemporary HEPA filters are manufactured with meltblown polypropylene or glass
fibers into a mesh of non-woven, randomly aligned, small-diameter fibers [8]. Overall
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filtration efficiency and flow resistance are key aspects of a filter. Successful analytical
models correlate filtration efficiency (EF) and air flow resistance (∆P) to filter thickness (t),
solidity (αf), fiber radius and diameter (rf and df), volumetric air flow rate (Q), filter face
area (A), and air viscosity (η). It is understood that the diameter of fibers not only impacts
the collection efficiency of airborne particles, but also the resistance to airflow of the filtra-
tion media as well. These concepts are illustrated in Equations (1)–(3) below and further
explored in the Single Fiber Efficiency (SFE) model presented in the Appendix A [9,10].
Equation (1) is the end result of the SFE model. It should be noted that for the same number
and length of fibers within a given volume, an increasing fiber diameter will have the effect
of increasing the solidity of the media. However, the fiber diameter and solidity are not
expressly dependent on each other in terms of filtration modelling, and thus are typically
considered as independent characteristics and variables of the filtration medium. Thus,
it may be observed from Equation (2) that flow resistance will increase with increasing
solidity and decrease with increasing fiber diameter. Furthermore, a decrease in the fiber
diameter results in an increase in overall collection efficiency.

EF = 1− exp
(
−EΣαf

4
πdf

t
)

(1)

4∆PArf
2

ηQt
= 64αf

1.5
(

1 + 56αf
3
)

(2)

FOM =
− ln(1− EF)

∆P
(3)

The ability of a filter to maximize filtration efficiency while minimizing flow resistance
is described by the filter “quality,” measured by a parameter known as filter Figure of Merit
(FOM). The FOM is a ratio of filtration efficiency per unit thickness divided by pressure
drop per unit thickness, and is calculated as the negative of the natural log of penetration
divided by the change in pressure across a filter, given in Equation (3) [10]. A higher FOM
value represents a higher ratio of filtration efficiency to flow resistance. The reader is
referred to the work of Brown and Hinds for a more in-depth discussion of the SFE model
and a thorough overview of the mechanics and dynamics of air filtration [10,11]. Analytical
and empirical models of air filtration media are important tools in predicting filtration
efficiency, flow resistance, and filter service life [12–15]. However analytical models are
not a perfect representation of reality and often struggle in their ability to describe the
stochastic nature of filtration [16]. Analytical models use structured geometry to represent
fibrous media, such as an ordered array of fibers oriented parallel to each other and
perpendicular to the airflow. An example of this is the Kuwabara cell model [17], described
in the Appendix A. However, the creation of air filter media through a melt blowing or
electrospinning process results in random deviations from an ideal, homogenous structure
which yields non-uniform and tortuous airflow channels. Analytical models typically use
ordered fiber geometry as a foundation, and then often account for the inhomogeneity of
the fibrous materials through empirical correlation factors and variables such as an effective
fiber diameter, inhomogeneity factor, or effective fiber length [18,19]. It is important to note
the differences that accounting for the inhomogeneity in the filtration media has in regard
to the performance of the filtration media. Figure 1 illustrates this concept by plotting the
pressure drops of generic media modelled using the Kuwabara and Happel cell models,
Davies’ empirical model, and the model presented by Spielman and Goren [9,17,20,21]. It is
noteworthy that the Kuwabara and Happel models use ordered arrays of cylinders that are
perpendicular to the flow, while the Spielman-Goren model presents four cases for fibers
aligned in different orientations to the flow, allowing for different fiber geometries. Figure 1
illustrates an in-plane random fiber orientation and completely random fiber orientation
with respect to the airflow, representing case 1 and case 4 for the Spielman-Goren model,
respectively. However, it still cannot be asserted that the Spielman-Goren cases utilize fiber
geometry that is entirely consistent with realistic media, although it may be asserted that
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the randomness incorporated into it is reminiscent. Davies’ empirical model is not bound
by the selection of fiber geometry due to the nature of the experiments and selection of
different and common filtration mediums over a range of solidities. However, empirical
models suffer from the restrictive nature of using correlations and may only be applied to
situations under the exact same circumstances as their corresponding experiments.

Figure 1. Pressure drop versus solid fraction for different analytical and empirical models.

Given the aforementioned drawbacks regarding the analytical and empirical models,
an argument may be presented that computational modeling of air filtration media is
important to complement experimental and analytical efforts. The clear benefit of a compu-
tational model’s ability to account for the inhomogeneous nature of the filtration media
is implicitly illustrated in Figure 1, whereby the effects of the fibrous geometry is clear
on the predicted pressure drop. Thus, computational modelling presents an ideal toolset
to address the difficult nature of describing the performance of fibrous filtration media
and the dynamic nature of the filtration process. An example of this is that the stochastic
nature of filtration may be easily incorporated into computational simulations, as well
as other difficult concepts such as particle shadowing, where they may be accounted for
automatically [16]. However, a drawback that should be considered is that the results
from a computational simulation are not in analytical form and do not benefit from those
inherent advantages. Regardless, advances in high performance computing have made
Computational Fluid Dynamics (CFD) a viable tool for air filtration research. Integral to
CFD modeling is the generation of digital “twin” geometry that closely replicates actual
filtration media. Simply stated, without a realistic model of the fibrous geometry, the results
from a CFD simulation should be questioned regarding their validity and accuracy. The
purpose of this paper is to present a methodology for constructing digital twin geometry
for nonwoven fibrous air filtration media, intended for use with computational modeling
tools such as CFD and Finite Element Method (FEM) software.

2. Literature Review: Virtual Three-Dimensional Geometric Models

Efforts to build realistic digital twin geometry has progressed significantly over
the past two decades. A summary list is provided in Table 1 for convenience. In 2005,
Faessel et al. presented a method of generating a three-dimensional model of curved fibers
to represent the random layout of cellulosic fibrous networks in low density wood-based
fiberboards [22]. The authors generated director lines and curvature points as objects in
Visual ToolKit (VTK) software and extruded a radius along the curve to form fibers, where
the objects were converted into mesh for FEM analysis. Wang et al. in 2006 and 2007
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developed a three-dimensional virtual model for depositing straight fibers horizontally
onto one another without allowing penetration [23,24]. Maze et al. in 2007 developed a
three-dimensional model of compressed fiberwebs with bending fibers that prevented inter-
fiber penetrations throughout the media, using square cross-sections to represent spun
bonded media [25]. Subsequent work by the same authors enabled bending by splitting the
straight fibers at intersections and angling downward on both sides of the intersection [26].
Hosseini and Tafreshi developed a C++ computer program in 2009 to generate and stack
fiber mesh layers to form a three dimensional filter media model [27]. Their model allowed
interpenetration of fibers with an assertion that the flow resistance and filtration efficiency
are not affected by the interpenetrations as long as the exact porosity is accurately calcu-
lated. Fotovati et al. in 2009 developed a method using a FORTRAN code to construct a
three dimensional model of fibers with specific in-plane orientation [28]. Fotovati’s paper
arranged straight unbroken fibers of identical diameter with in-plane alignments of 15◦,
30◦, and 45◦ with through-plane alignment of 0◦, for the purpose of studying the effect
of fiber alignment on filtration efficiency. In 2013, Saleh et al. developed a method of
producing three-dimensional geometry of disordered fibrous structures to study the effects
of dendrite formation within nonwoven air filtration media [13]. Saleh’s model generated
random two-dimensional in-plane fiber orientations and subsequently stacked the planes
to form the three-dimensional geometry similar to the previously cited work of Hosseini
and Tafreshi. In 2016, Karakoc et al. modeled composite structure fiber networks as planar
projections and intersections of rectangular cross-section shaped fibers [29]. Finally, in 2019
Yousefi and Tafreshi made use of Python scripting and C++ programming to replicate
electrospun fiber materials using Kelvin-Voight method of representing fibers as a series
of springs and dampers [30,31]. The current effort presented in this work is intended to
complement these accomplishments by offering a simple methodology to produce digital
fibrous geometry.

Table 1. Significant efforts constructing three-dimensional digital twin air filter geometry.

Author Year Description

Faessel et al [22] 2005 3-D model generated with Aphelion software
and Visual ToolKit

Wang et al [24] 2007 3-D model with straight cylinders

Maze et al [25] 2007 3-D model using stacked layers of square cross
sectional fibers

Tafreshi et al [32] 2009 3-D model generated as Boolean voxel based
geometry using GeoDict software

Fotovati et al [28] 2010 3-D model generated with FORTRAN code

Hoseinni and Tafreshi [27] 2010 3-D model generated with C++ code using
randomness algorithm

Gervais et al [33] 2012 Bi-modal fibrous media generated as voxel based
geometry using GeoDict

Saleh et al [13] 2013 3-D model generated with C++ code using
randomness algorithm

Mead-Hunter et al [34] 2013 3-D model generated using a custom
Blender script

Grothaus et al [35] 2014 3-D surrogate air-lay process with stochastic
differential equations

Karakoc et al [29] 2017 Stochastic straight fibers trimmed to fit the
domain, coded in Mathematica

Abishek et al [36] 2017 Generation of straight and curved fibers from
line segments in Blender

Yousefi and Tafreshi [30] 2020
Physics-based modeling technique to simulate

electrospun fibrous media with embedded
spacer particles
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3. Materials and Methods: Scripting a Three-Dimensional Digital Twin

Computational modeling of filter media begins with geometry. SpaceClaim, a funda-
mental module of Ansys Workbench, was used to generate the solid model. Cylindrical
fibers can be created in SpaceClaim by specifying coordinates for the fiber start point, end
point, and a point on the fiber surface perpendicular to the end point. While the graphical
user interface is convenient to visualize geometry, SpaceClaim also has the ability to utilize
a scripting feature capable of importing a text file list of coordinates for the construction
of fibers. As illustrated by Figure 2, the data describing a mat of randomized fibers can
be generated with a simple Python script and subsequently output as text file for use
in SpaceClaim.

Figure 2. Methodology for random fiber generation and filter geometry construction.

A simple method for constructing three-dimensional filter geometry starts with a
two-dimensional model to represent a square cut from the filter paper. Fiber endpoints are
designated within the square with x and y coordinates. To achieve a random orientation
for fibers originating and terminating at the edge of the square, a random number is drawn
between 0 and 4 and traced clockwise around the perimeter of the square as shown in
Figure 3b. The fiber starting point is designated at the x and y coordinates at that particular
point on the perimeter. The fiber end point is designated in a similar method however
to avoid fibers that start and end on the same edge of the square, a random number is
drawn between 0 and 3 and added to the next vertex clockwise along the perimeter. The
two-dimensional square is developed into three-dimensional media by randomizing the z
coordinates of the fiber starting and ending points within a designated media thickness. The
diameter of each individual fiber is a random number driven by a user-defined distribution,
such as a normal or log-normal distribution. Individual fiber volumes are calculated by the
length and diameter of the fiber within the defined volume representing the total volume
of the geometry model. Comparing the fiber volume to the total volume formed by the
square and designated model thickness provides fiber solidity. This process is looped to
add fibers until the desired solidity is achieved.

Figure 3. Fiber nonwoven mesh generation. (a) SEM image of meltblown glass fiber HEPA filter.
(b) Random selection of fiber endpoints along perimeter. (c) Resulting digital twin replica.

Figure 3a shows a Scanning Electron Microscope (SEM) image of a generic meltblown
glass HEPA filter media sample. Re-stating the purpose of this work more directly, with
regard to the given SEM image, the goal for generating a realistic fiber geometry model
of filter media would be to replicate this SEM image as closely as possible with a digital
twin. From an inspection of Figure 3a, it may be seen that the glass fibers have broken ends
and a bimodal distribution of fiber diameter sizes, consisting of a few very large fibers
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and many smaller fibers. By adjusting the input parameters of the Python script, digital
geometry can be generated that closely resembles the SEM image. The digital geometry
in Figure 3c was produced with similar dimensions as the SEM image, with side length
100 µm, thickness of 20 µm, 50% of the fibers are terminating inside the volume, 75% of
the fibers have diameters between 200 and 600 nm while 25% of the fibers have diameters
between 2.0 and 3.5 µm.

One noted flaw of the result shown in Figure 3c is that the fibers are allowed to
interpenetrate since there is no control of the fiber orientation in comparison with previously
inserted fibers inside the volume. This creates complexities for meshing software and may
not result in a realistic portrayal of real filter material. A solution to this problem is to
account for previous fibers already placed within the volume by evaluating intersection
points with a newly generated fiber and breaking the new fiber into segments. These new
fiber segments are adjusted to new coordinates in order to lay on top of previous fiber
geometry. This method is depicted in Figure 4 below. A new random fiber is designated
with x and y coordinates for the endpoints as shown in Figure 4a. The fiber can be thought
of as dropping into the page. The algorithm evaluates the list of previous fiber segments
and determines coordinates of potential intersecting points as shown in Figure 4b. In the
illustrated example there are eight potential intersecting points represented by letters a
through h. Now rotating the box to view the same new fiber dropping into the box from
top to bottom of the page (by rotating the z axis in Figure 4c to where the y axis was in
Figure 4b), potential intersecting points are evaluated based upon their height and distance
along the fiber. A maximum fiber slope, designated as the relaxation slope, is specified to
enable fiber flexibility to conform to the necessary shape indicative of realistic materials.
This is illustrated below in Figure 4c,d. Starting from the highest potential intersecting
point (point c in the example shown), the maximum relaxation slope is traced in both
directions along the fiber. Potential intersecting points occurring below the maximum slope
line are eliminated. In this illustration, points a, f, g, and h are retained while points b, d,
and e are eliminated. The algorithm then evaluates the next highest potential intersecting
point (point g in this illustration) and repeats the process. As depicted in Figure 4d, point
f which was earlier retained is now eliminated as it falls below the maximum slope line
from point g. The algorithm continues for all intersecting points and results in a final list
(points a, c, g, and h in this illustration). The finalized lines form the profile of the new
fiber broken into segments. Segment break points are calculated at the intersections as
shown in Figure 4e. In this illustration, the fiber is broken into eight segments with segment
endpoints specified at the points where the segments touch.

The height (z coordinate) is determined for each segment end point by adding the
radii of the new fiber segment and the previous fiber segment responsible for the spatial
adjustment. Additional spacing between fibers can be added by increasing the z coordinates
for the new fiber segment end points. Figure 5 illustrates the process of closing the newly
segmented fiber sections with a spherical joint between each new segment, resulting in a
continuous, solid fiber.

By eliminating fiber interpenetrations, the digital twin nonwoven fibrous geometry is
much easier to mesh since the meshing software is able to take advantage of straight fiber
segments with cylindrical joints as shown in Figure 6 below.



Fibers 2021, 9, 84 7 of 27

Figure 4. Process for breaking a new fiber into segments to conform to previous geometry. (a) New random fiber specified
starting and ending points. (b) Potential intersection points are evaluated below the fiber. (c) Height of potential intersecting
points are evaluated against maximum slope. (d) Potential intersecting points eliminated that fall below the maximum
slope line. (e) Fiber segment profile is constructed from the remaining maximum slope lines. (f) New fiber segment starting
and ending points are finalized.

Figure 5. Spherical joints at the fiber segment connections. (a) New fiber segment resting on previous
fiber. (b) Spherical joint at segment endpoint. (c) Continuation from joint. (d) Completed fiber with
highlighted joint. (e) Completion of meshing.
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Figure 6. Non-intersecting fibers meshed with Ansys Mechanical.

4. Results: Filter Solidity, Face Coverage, Thickness, and Flow Resistance

The solidity, thickness, and face coverage are parameters that indicate a quantity of
fibers in a filter medium. Thickness is a one-dimensional measurement. Face coverage
is a two-dimensional measurement of the fiber profile normal to the direction of air flow,
comparing the cross sectional coverage of the fibers with the cross sectional area of the box.
The solidity is a three-dimensional concept, defined as the ratio of the total volume occupied
by fibers to the total volume of the media. Figure 7 shows an example of nonwoven
fibrous air filter media created with the digital twin geometry script, constructed into solid
geometry with SpaceClaim, and meshed with Ansys Mechanical. The available input
parameters used to adjust the digital twin geometry to match SEM images include face
coverage, relaxation slope, distribution of fiber radius, and percentage of fibers that are
broken inside the box. The resulting digital twin geometry can be meshed and then input
into CFD software for analysis.

Figure 7. Non-intersecting air filter media geometry. (a) SEM image of electrospun filter media.
(b) Top view as created with SpaceClaim. (c) Filter media meshed by Ansys Mechanical.

The algorithm illustrated in Figure 4 eliminates the problem of fiber interpenetrations
illustrated in Figure 3. It is worth noting that the face coverage, media thickness, or flow
resistance can be used as design criterion while solidity becomes a dependent parameter.
The algorithm can continually add fibers on top of the filter until the desired face coverage
is achieved, while filter thickness and solidity become dependent on the face coverage.
Fiber flexibility is a significant factor in this method to determine the thickness and solidity,
which can be adjusted with the maximum relaxation slope specified in the model. Figure 8
shows a profile view of a model built to a specified face coverage of 1.0, given various
relaxation slope allowance from straight fibers with 0% slope to bent fibers with 25% slope.
The solidity of these models varies from about 1.80% to 12.0% while the thickness varies
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from about 132 nm to 17 nm. This illustrates the effect of relaxation slope on the overall
filter thickness and solidity.

Figure 8. Profile view of fiber geometry with varied maximum slope. (a) Straight fibers (0% slope).
(b) 5% Slope. (c) 10% Slope. (d) 15% Slope. (e) 20% Slope. (f) 25% Slope.

Figure 9 shows the relationship between the specified fiber relaxation slope and
resulting filter thickness and solidity for a given face coverage area. This analysis was
performed on a 100 µm x 100 µm area with mean fiber diameter of 700 nm and a face
coverage of 2.0. It is worth noting here that since the generation of geometry is completely
random, the characteristics of the generated media, such as solidity, will be unique by
definition for every generated sample, even with identical inputs. This is illustrated in
Figure 9 by use of the error bars, which depict a confidence level of 95% and were reduced
from the output of the script. If the filter solidity, filter thickness, and fiber diameters of a
specific piece of fibrous medium are known, the digital twin geometry can be iteratively
tuned to match its parameters by adjusting the relaxation slope or adding fiber spacing
between fibers.

Figure 9. Filter solidity vs. maximum slope of segments. The data represents mean values of samples
drawn at each fiber relaxation slope. Error bars represent a 95% confidence level.

In addition to face coverage area, the overall filter thickness can be used as design
criteria by utilizing a while loop to continually add fibers on top of the previous layers
until the desired thickness is achieved. A simple method is to measure filter thickness by
the height of the tallest fiber endpoint.
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5. Discussion: Analytical Modeling of Digital Twin Filter Geometry Performance

The SFE model is a well-known analytical tool that has been traditionally prevalent in
literature which may be used to estimate the total filtration efficiency of filter media based
on a calculated particle capture efficiency of a single, isolated fiber positioned perpendicular
to the direction of flow [8,27,28]. Yousefi and Tafreshi in 2020 demonstrated the use of
the SFE model to predict the filtration efficiency, flow resistance, and FOM of digital twin
electrospun filter media embedded with spacer particles [30]. Using their method as a
guide, the SFE model can be applied to predict the filtration efficiency, flow resistance, and
FOM for our digital twin filter. The SFE model may be easily incorporated into the script
to automatically generate geometry that yields desired analytical results, such as total filter
efficiency and air flow resistance. Key filter material input factors include solidity, thickness,
and fiber diameter. Key aerosol factors include particle diameter and particle density, while
key airflow factors include air velocity, density, temperature, and viscosity. The SFE model
is useful for describing the collection efficiency based on a uniform fiber diameter and
for a single particle size. However, the SFE model introduces inherent error since both
aerosols and fibers typically follow a statistical distribution, i.e., normal or log-normal. This
limitation can be addressed by describing the situation with representative variables, such
as a mean fiber diameter or mean particle diameter. Conversely it is also possible to select a
representative fiber diameter and analyze the filtration media over a range of particle sizes.
This is a particularly useful analysis and allows for the evaluation of the Most Penetrating
Particle Size (MPPS). The MPPS is simply the particle size that the filter is least efficient
at collecting under a specified set of circumstances. It is worth noting that this value is
dynamic and will change with changing values such as the air flow velocity and mean
fiber diameter. The flow resistance is measured as the air pressure differential between
the upstream and downstream air flows relative to the filter media, which depends on the
drag induced by the fibers in the media as well as any particles collected onto those fibers.
The efficiency and flow resistance then determine the filter’s FOM.

5.1. Example Digital Media Generation

Figure 10 shows an example nonwoven air filter media digital twin with dimensions of
100 µm× 100 perpendicular to the direction of flow. All fibers span the box with four-sided
symmetry. The relaxation slope was set to 15% with a constant fiber radius of 1.4 µm,
for a face coverage area of 4.0 with no additional spacing between fibers. This design
resulted in the production of 337 fibers with 3204 segments, a solidity of 9.48%, and a
thickness of 47.0 µm. With a specified airflow face velocity of 2.5 cm/s, the analytical model
predicted flow resistance of 21.2 Pa. The total filter efficiency graphs show a minimum
efficiency of 41.9% for aerosol particles with diameter of 215.4 nm, resulting in a FOM
rating of 0.01972 Pa−1. However, for 300 nm diameter particles, the filter media achieves
an efficiency of 45.0% with a FOM rating of 0.0212 Pa−1.

For clean filtration media, the flow resistance is dependent on the airflow parameters
and independent of the aerosol characteristics, although it is worth noting that the charac-
teristics of the aerosol will determine how the flow resistance changes as the particles are
captured. Therefore, the flow resistance for clean filter media, measured as the pressure
differential between the upstream and downstream airflows relative to the filter media,
can be analytically predicted without yet knowing filter efficiency or aerosol characteristics.
Similar to fiber face coverage and filter thickness, the flow resistance can be used as a de-
sign parameter for generation of digital filter geometry by setting a while loop to continue
adding fibers on top of the filter until the specified maximum pressure drop is achieved.
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Figure 10. Analytical modeling of digital twin. (a) Top view of face area perpendicular to flow. (b) Side view showing filter
thickness. (c) Geometry loaded into enclosure for CFD modeling. (d) Total filter efficiency shown by SFE model components.
(e) Resulting Figure of Merit.

5.2. Maximum HEPA Flow Resistance

By definition, HEPA filters are required to maintain 99.97% filtration efficiency for
300 nm diameter particles with a maximum flow resistance of 320 Pa at ambient conditions
with air velocity of 2.5 cm/s [37]. For illustrative purposes, using the HEPA specified
maximum flow resistance as the driving criteria, a digital twin geometry sample was
created. Figure 11 shows the digital twin sample, which has square side dimensions of
20 µm, fiber diameters of 500 nm, a fiber relaxation slope of 15%, and an airflow velocity
of 2.5 cm/s at standard conditions. The digital twin geometry algorithm to generate an
original geometry, calculate the resulting predicted flow resistance, and iterate the process
until the predicted flow resistance reached 320 Pa. The resulting filter slice had 884 fibers
with 5494 segments, thickness of 68.5 µm, a face coverage of 19.3, and a solidity of 11.17%.
The minimum filtration efficiency was 99.97% for the most penetrating particle size of
153.5 nm with a FOM rating of 0.00312 Pa−1. Thus, according to the SFE model and Davies’
pressure drop model, a piece of filtration media with the same characteristics and structure



Fibers 2021, 9, 84 12 of 27

as the digital twin geometry would meet HEPA standards with a filtration efficiency of
99.999% occurring at particle size of 300 nm.

Figure 11. Digital twin HEPA filter built to 320 Pa flow resistance. (a) Top view of face area perpendicular to flow. (b) Side
view showing filter thickness.

5.3. Minimum HEPA Filtration Efficiency

A second iteration was performed with a while loop to iterate the process until the total
filter efficiency achieved 99.97% in accordance with HEPA standards. The resulting filter
slice, again with fiber diameters of 500 nm, had 575 fibers with 3791 segments, thickness
of 42.3 µm, a face coverage of 12.76, and a solidity of 11.98%. This achieved a 99.97%
efficiency at particle size of 300 nm with a flow resistance of 223 Pa and resulting FOM
of 0.00448 Pa−1. Filtration media with the same characteristics and structure would meet
HEPA standards. The resultant digital replica for this iteration with its corresponding total
filtration efficiency graph is shown in Figure 12.

Figure 12. Digital twin HEPA filter built to 99.97% efficiency. (a) Geometry loaded into enclosure for CFD modeling.
(b) Total filter efficiency shown by SFE model components.

5.4. Fiber Diameter Sensitivity Analysis

A sensitivity analysis was performed by varying the fiber diameter of the digital
twin geometry, ranging from 400 nm to 1.6 µm while using a relaxation slope of 15%
until achieving a face coverage of 4.0. The error bars were calculated similarly to those in
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Figure 9, with a confidence level of 95%. It is interesting to note that for a particle size of
300 nm, the total filtration efficiency increased from 75.8% to 99.6% by reducing the fiber
diameter from 1.6 µm to 400 nm. The solidity changed from 12.24% to 8.88% over this same
range of diameter sizes. This illustrates that filtration media with different characteristics,
such as fiber diameter or solidity, will perform differently regarding differently sized
particles. The sensitivity analysis for total filter efficiency and solidity based on fiber
diameter size is depicted in Figure 13.

Figure 13. Sensitivity analysis for total filter efficiency and filter solidity. The data represents mean
values of samples drawn at each diameter size. Error bars represent a 95% confidence level.

6. Conclusions

This article presents a simple method for constructing digital twins for nonwoven
fibrous air filtration media using a Python script and geometry software package. Input
parameters are easily adjusted to tune the resulting digital twin geometry into realistic
replicas of electrospun or meltblown nonwoven fibrous filter media. This article also
demonstrates the usefulness of the SFE analytical model along with a pressure drop model
to predict the filtration efficiency and flow resistance of a digital twin filter, and how it
may be applied with the presented algorithm to generate a geometry to yield desired
predicted characteristics. To illustrate this concept, a HEPA quality digital twin filter slice
was created and analyzed. A visual comparison between an SEM image of electrospun
media and a generated digital twin shows good agreement regarding a similarity in their
fiber geometries. Furthermore, the ability to use the SFE model along with the script
used to generate the digital twins was shown to be useful in estimating the performance
of the generated geometry, or useful in generating geometry with a specific estimated
performance in mind. Recommended future efforts include the refinement of this digital
twin geometry creation algorithm and CFD analysis of air filtration media with the goal
of matching experimental, analytical, and computational models of air filtration. This
method of nonwoven fiber mesh digital twin creation may also be extended to other
computational models requiring semi-random fiber placement, to include mechanical
and thermal evaluation of fiber reinforced composite materials produced by additive
manufacturing [38]. Given this, the primary advantage of this geometry generation method
may be stated to be the simplicity and ease of adjusting parameters to achieve realistic
random, semi-random, and aligned fiber orientations.
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Appendix A

Appendix A.1 Analytical Modeling of Air Filtration

Classical modeling of fibrous air filter media consists of two-dimensional analytical
representations of aerosol flow around fibers. The Single Fiber Efficiency model is a
well-known analytical tool present in literature and relatively simple to implement that
predicts the total filtration efficiency of filter media based on the particle capture efficiency
of a single, isolated fiber positioned perpendicular to the direction of flow [10,18,39].
As illustrated by Figure A1, SFE models consider the number of particles approaching the
fiber geometrically incident to the fiber’s cross section. Classical SFE models estimate the
percentage of approaching particles that are captured by the fiber.

Figure A1. Geometrically incident particles approaching a fiber cross section.

Appendix A.2 Kuwabara Cell Model

Prior to 1959 the single fiber model assumed each fiber acted independently within
an infinitely sized flowfield. Two authors in 1959, Kuwabara and Happel, separately
improved the single fiber model to account for the effects of neighboring fibers [17,20].
Kuwabara developed a cell model to represent cylinders and their surrounding space as
cells as shown in Figure A2.

Airstreams flow around nanometer diameter fibers differently than expected by the no-
slip boundary condition and cannot rely on the assumption of a continuum. As the radius of
the fiber approaches the mean free path of air molecules, the no-slip boundary condition no
longer accurately portrays air-fiber dynamics. The fiber surface allows a slipping condition
for air molecules, which must be taken into account during computational fluid dynamics
modeling attempts. The solid volume fraction αf of a filtration media is the fraction of the
volume of fiber and deposited particles to the total volume of the filter media. This is also
known as packing density and is the complement of the media’s porosity. The dynamics of
aerosol particles must be understood in order to apply a filtration model. It is worth noting
that filters are primarily designed for laminar airflow which is indicated by a relatively low
Reynolds number of less than 2000 [40].

The Kuwabara cell model uses the stream function as a biharmonic equation in polar
coordinates. Particles are assumed to travel precisely along the flow streamlines, and any
particle following a streamline that is within one particle radius to the filter fiber will



Fibers 2021, 9, 84 15 of 27

touch the fiber and become intercepted and deposited onto the fiber. Kuwabara’s model
calculated filtration efficiency by relating the solid volume fraction and ratio of the radii
for the particle and fiber. The model assumes the flow velocity is slow enough to neglect
the inertial terms of the Navier-Stokes equation when the representative Reynolds number
(Re) is 0.05 or less. The representative Reynolds number is shown in Equation (A1).

Re =
ρgdfU

η
(A1)

The Kuwabara cell model assumes that the radial and tangential velocities vanish at
the fiber surface, the vorticity at the cell boundary cancels with the vorticity of the adjacent
fiber cell, and the radial velocity along the cell boundary is a function of cos(θ) [41].

Figure A2. Kuwabara cell model for single fiber efficiency; (a) Kuwabara single fiber with boundary
conditions; (b) Kuwabara flow field arrangement of fiber cross sections.

Table A1. Kuwabara cell model.

Symbol and Description Calculations and
Boundary Conditions

ψ Stream function ∇4ψ = 0
∇2 Vector Laplacian ∇2 = δ2

δr2 +
1
r

δ
δθ + 1

r2
δ2

δθ2

αf Solid Volume Fraction
b Distance to boundary b = rf√

αf

ν Mean velocity inside cell ν = U0
(1−αf)

ur Radial velocity ur(b) = u0 cos θ
ur(rf) = 0

uθ Tangential velocity uθ(rf) = 0

ω Vorticity ω = −∇2ψ
ω(b) = 0

The Kuwabara hydrodynamic factor shown in Equation (A2) is a dimensionless
number derived entirely from the filter solidity and is significant for the prediction of the
interception component of the SFE model.

Ku = −1
2

ln αf −
3
4
+ αf −

αf
2

4
(A2)

The solution to the Kuwabara model in cylindrical polar coordinates is shown as
Equation (A3) [41].

ψ =
νr

2Ku

(
2 ln

r
rf
− 1 + αf + r2

f

(
1− αf

2

)
− αf

2
r2

r2
f

)
sin θ (A3)
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On the cell boundary where r = b in Figure A2, the stream function has the solution
shown in Equation (A4).

ψ = νb sin θ = νy (A4)

The Kuwabara cell model enables the calculation of streamflow around a single fiber,
while accounting for the effects of its neighboring fibers, with geometrically incident
particles that are assumed to follow the streamflow paths. This is the basic foundation of
the SFE model, which analyzes particle motion in relation to flow streamlines around a
fiber cross section and predicts the percentage of particles captured by the fiber compared
to all particles approaching the fiber on geometrically incident streamlines as shown in
Figure A3.

Figure A3. Single fiber flow field stream lines.

Appendix A.3 Particle Deposition Mechanics

In order to understand and apply the SFE model and other filtration models, the
dynamics of aerosol particles must be understood. Lee and Liu, along with other authors,
refined and expanded the SFE model to account for multiple particle deposition mechanics
to include interception, inertial impaction, Brownian diffusion, gravitational settling, and
electrostatic forces [18,42,43]. Particles that contact a fiber by these deposition mechanics
are usually assumed to attach and remain affixed to the fiber through Van der Waals force.
Figure A4 shows as an example three particles captured by interception, diffusion, and
inertial impaction, as well as two particles that escaped capture by the fiber. The particles
that escaped capture are known as penetrants.

Figure A4. Particle deposition mechanics.

Appendix A.4 Single Fiber Penetration and Efficiency

Single fiber penetration, designated as the variable PΣ, is the percentage of geomet-
rically incident particles that approached the fiber incident to the fiber cross section but
escaped past the fiber and avoided collection. The single fiber efficiency, EΣ, is the comple-
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ment of PΣ and is defined as the percentage of incident particles approaching the fiber that
become captured, given in Equation (A5).

EΣ = 1− PΣ = (cin − cout)/cin (A5)

As suggested by the symbol, EΣ is a combination of the component efficiencies for each
deposition mechanic: Interception Efficiency (ER), Diffusion Efficiency (ED), Interception
of Diffusing Particles Efficiency (EDR), Inertial Impaction Efficiency (EI), Gravitational
Efficiency (EG), and Electrostatic Efficiency (EE). For typical air filter conditions with
laminar air flow over a fiber and typical dust particle density while neglecting electrostatic
effects, the size of the aerosol particle indicates the predominant capture mechanism as
shown in Table A2 [10]. It is worth noting that many alternative analytical model versions
for the deposition mechanics and flow resistance exist. The SFE model presented in this
paper is based primarily on the SFE model presented by Hinds [10].

Table A2. Particle capture mechanisms based on particle size.

Mechanism Particle
Size

Particle
Diameter (µm) Explanation

ED Diffusion Very Small 0 < dp< 100 Particles stray from flowlines by Brownian
diffusion and collide with fibers

ER Interception Medium 100 < dp< 200 Particles follow flowlines and collide with fibers
within one radius of flowline

EI Inertial Impaction Large dp > 300 Particles stray from flowlines by inertia and
collide with fibers

EG Gravitational Very Large dp > 500 Particles stray from flowlines by force of gravity

A.5. Interception Efficiency ER

Interception is a key mechanism for the collection of particles smaller than 0.2 µm
which generally follow along laminar airflow streamlines through the filter media. As
illustrated in Figure A5 particles following streamlines within one particle radius from the
fiber surface contact the fiber and are assumed to stick to it.

Figure A5. Interception deposition mechanism.

In polar coordinates, the stream flow lines come nearest the fiber surface at θ = π
2

where the flow stream lines are parallel to the overall direction of flow. For a given fiber
with radius rf and a given particle size with radius rp, the particle will collide with the
fiber if the sum of the particle and fiber radii is greater than the distance from the center
of the fiber to the stream flow line at θ = π

2 . The interception efficiency for a single fiber
when considering only the particles geometrically incident to the fiber is therefore shown
by Equation (A6).

ER =
2y
2rf

=
ψ

νrf
(A6)

Defining R as the ratio of particle diameter to fiber diameter as shown in Equation (A7),
the Interception Efficiency (ER) can be written from the stream flow model as shown in
Equation (A8) [44].

R =
dp

df
(A7)
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ER =
1 + R
2Ku

(
2 ln(1 + R)− 1 + αf +

(
1

1 + R

)2(
1− αf

2

)
− αf

2
(1 + R)2

)
(A8)

However, there have been several efforts to simplify Equation (A8) for ER. One of the
most widely used approximations is shown in Equation (A9) [44].

ER =
(1− αf)R2

(Ku)(1 + R)
(A9)

Up to this point, this model does not account for slip boundary conditions for very
small fibers, which are generally smaller than 2 µm in diameter. A useful non-dimensional
number commonly used to address slip is the Knudsen number, defined as the ratio of
molecular mean free path length of a gas to a characteristic length, such as the diameter
or radius of a particle or fiber. The Knudsen number for a fiber is the mean free path
of air, λ, divided by the fiber radius as shown in Equation (A10) (although this form is
based upon the fiber diameter). The mean free path of air is approximately 65 nm at
standard conditions.

Kn =
2λ

df
(A10)

The smaller the fiber diameter, the larger the Knudsen number, which is an indicator
of the boundary slip condition of an airstream along a fiber surface. Air flow around a fiber
falls into one of four categories depending on the Knudsen number as shown in Table A3.

Table A3. Particle capture mechanisms based on particle size.

Kn Category Fiber Diameter df

Kn < 0.01 Continuum (Non-Slip) df > 220(λ) df > 13 µm
0.01 < Kn < 0.25 Slip Flow 8(λ) < df < 200(λ) 520 nm < df < 13 µm
0.25 < Kn < 10 Transient 0.2(λ) < df < 8(λ) 13 nm < df < 520 nm

10.0 < Kn Free Molecule Range df < 0.2(λ) df < 13 nm

Most nanofiber filters are in the range of slip flow and transient flow categories, with
fiber diameters ranging from 13 nm to 13 µm and Knudsen numbers ranging from 0.01
and 10.00. HEPA filters are mostly in the transient flow category with fiber diameters
less than 500 nm. Larger values of Kn indicate that particles traveling along air flow
streamlines are less likely to be influenced and collected by the fibers, resulting in higher
penetration and lower pressure drop. It is worth noting that Brownian diffusion (discussed
in Appendix A.6) becomes the primary SFE component for particles with large Knudsen
numbers, as the aerosol particles have diameter sizes in the range of the mean free path of
air molecules.

A simple modification of the Kuwabara hydrodynamic factor to account for slip condi-
tions on the fiber boundary is applied by adding the Knudsen number to the hydrodynamic
factor in Equation (A9). The resulting SFE component for interception efficiency is shown
in Equation (A11).

ER =
(1− αf)R2(

Ku + 2λ
df

)
(1 + R)

(A11)

A.6. Inertial Impaction Efficiency EI

Inertial impaction plays the primary role in the collection of particles generally larger
than 0.3 µm, and can be neglected for very small particles with low momentum. Momentum
and the particle stopping distance are key parameters of inertial impaction. A visual
representation of inertial impaction is depicted in Figure A6.
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Figure A6. Inertial impaction deposition mechanism.

The Reynolds number earlier described in Appendix A.1 in relation to the fiber and
air flow is now considered in relation to the aerosol particle. The Reynolds number is the
ratio of inertial force to frictional viscous force as the particle flows through air, which
is important for impaction deposition mechanics. The motion of a particle with a low
Reynolds number is governed by frictional force, which will cause it to generally follow air
flow stream lines. On the other hand, the motion of a particle with high Reynolds number
is governed by inertial force which will create a tendency to veer outside of a streamline
when the streamline changes in its direction. For high Reynolds number between 1000
and 200,000, Newton’s resistance law enables the calculation of the drag force using an
empirical coefficient of drag, density, diameter, and velocity of an object. The transition
range is for Reynolds number between 1 and 1000. Most aerosols flow with low Reynolds
number, less than unity, where viscous forces are greater than inertial forces. Stokes Law
becomes important for inertial impaction in the region of Stokes flow, where a significant
amount of air filtration takes place. By dismissing inertial forces as negligible and assuming
incompressible flow, the Navier-Stokes equations simplify, eliminating higher order terms
and yielding solvable linear equations. The force of drag experienced by a particle is shown
in Equation (A12).

Fd = 3πηνtdp (A12)

The terminal velocity νt can be calculated by equating the drag force of a particle to
the force exerted on the same particle, such as the force from gravity. Thus, the particle
mobility B, illustrated in Equation (A13), is the ratio of the terminal velocity of a particle
to the steady force producing that velocity. It is convenient to consider this variable as
a relative guide for the particle attaining a steady motion. For example, a large particle
mobility could be indicative that a particle will not need to be acted on by a large force to
achieve its terminal velocity or that its terminal velocity is high for a given force, whereas a
small particle mobility indicates the opposite.

B =
νt

F
(A13)

Understanding the concept of particle mobility, the relaxation time τ may be defined
as the time required for a particle to adjust to a new velocity for a newly applied force. This
is illustrated in Equation (A14), and may be calculated by utilizing the terminal velocity
divided by acceleration, or the mass of the particle multiplied by the particle mobility.
A particle reaches 63% of its terminal velocity after its relaxation time, and 95% of its
terminal velocity after three times its relaxation time.

τ = mB =
ρpd2

pCc

18η
(A14)

Building upon the relaxation time, the concept of a stopping distance may be intro-
duced as the distance a particle will travel with a given initial velocity ν0 until it stops. The
particle’s stopping distance S may be calculated if the particle is within the Stokes region
using Equation (A15).

S = τν0 (A15)
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Finally, curvilinear motion is characterized by the Stokes number, which may be
defined as the stopping distance divided by a characteristic dimension. The fiber diameter
is typically used in the analysis of fibrous filters as the characteristic dimension, shown in
Equation (A16).

Stk =
S
dc

=
τU0

df
(A16)

The Stokes number is an indication of a particle’s ability to change direction and follow
along air flow streamlines around a fiber, in the case of Equation (A16). For large Stokes
numbers much greater than unity, a particle has adequate inertia to continue in a relatively
straight line when the air molecules surrounding it turn, creating a high probability of
the particle veering outside the flow line and colliding with a nearby fiber, thus being
collected by the inertial impaction mechanism. For low Stokes numbers much less than
unity, a particle has insufficient inertia to veer outside flow lines while it moves along
with the air flow. In this manner the Stokes number is the measurement of a particle’s
persistence to stay along a flow streamline in comparison to the size of a fiber. The SFE for
Impaction (EI) is calculated using Stk, αf, and Ku as shown in Equation (A17):

EI =
(Stk)J

2(Ku)2 where J =
(

29.6− 28αf
0.62
)

R2 − 27.5R2.8 . (A17)

Appendix A.7 Diffusion Efficiency ED

Diffusion generally plays the role of the primary deposition mechanism for the filtra-
tion of particles smaller than 0.3 µm. Brownian diffusion is the seemingly random motion of
particles interacting with the collision energy of the transporting medium. In this, particles
tend to veer outside of flow streamlines with seemingly random and erratic movement,
thus colliding with and adhering to fibers. This is illustrated in Figure A7 below.

Figure A7. Brownian diffusion deposition mechanism.

However, since Brownian diffusion is known to be the result of many molecular
collisions with a particle, it cannot be applied directly to very small particles generally less
than 1 µm diameter, without being corrected. This is because as described above, Stokes
Law cannot account for the dynamics of very small particles capable of slipping between
the air molecules due to the particle’s very small size. To address this issue, Cunningham
developed a slip correction factor for Stokes Law based on the particle diameter and the
mean free path of air as shown in Equation (A18).

Cc = 1 +
2.52λ

dp
(A18)

For particles below 100 nm diameter, an alternative version of the slip correction factor
is necessary, and the resulting correction factor is shown in Equation (A19).

Cc = 1 +
λ

dp

(
2.34 + 1.05e−0.39dp/λ

)
(A19)
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As the viscosity of the air is a necessary variable in air filtration, it is worthwhile to
present a possible equation for its calculation, shown in Equation (A20), using the absolute
temperature T and yielding units of Pa·s.

η =
1.458E− 6·T1.5

T + 110.4
(A20)

The coefficient of diffusion D may now be calculated from the absolute temperature
in Kelvin, the Boltzmann constant k of 1.38 × 10−23 J/K, air viscosity η, particle diameter
dp and slip correction factor Cc as shown in Equation (A21) with units of m2/s.

D =
kTCc

3πηdp
(A21)

Finally, the Peclet number may be defined as a dimensionless ratio of the rate of
advection of a quantity to the rate of diffusion of the same quantity. This may be calculated,
as shown in Equation (A22), as the product of the velocity ν and fiber diameter df divided
by the particle diffusion coefficient.

Pe =
(v)(df)

D
(A22)

The single fiber efficiency based on the diffusion of particles may now be calculated
from using the Peclet number, as shown below in Equation (A23).

ED = 2Pe−2/3 (A23)

Appendix A.8 Diffusion-Interception Efficiency EDR

A common assumption when using the SFE model is that each of the different deposi-
tion mechanisms work independently of the others. Although a valid assumption in many
cases, it is not always realistic or applicable and thus sometimes an additional efficiency
term is added to account for the interaction between the different prevailing deposition
mechanisms. Equation (A24) illustrates the efficiency term accounting for the enhanced
collection of diffusing particles through the interception mechanism.

EDR =
1.24R2/3

(Ku·Pe)1/2 (A24)

Appendix A.9 Gravitational Settling Efficiency EG

Gravity plays a role in air filtration, forcing particles to either enter the airstream or
depart from the airstream. The dimensionless constant that governs gravitational settling
efficiency is shown in Equation (A25).

G =
VTS

U0
=

ρgd2
pCcg

18ηU0
(A25)

The efficiency gained or lost by gravitational settling depends on the direction of
airflow compared to the direction of gravitational force, given in Equation (A26). If the
airflow is in the same direction as gravity, EG = G(1 + R) which has a positive effect on
single fiber efficiency. However, if the airflow is in the opposite direction, gravity has a
negative effect on single fiber efficiency, as EG = −G(1 + R).

EG = ±G(1 + R) (A26)
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Appendix A.10 Total Filter Efficiency

The single fiber efficiencies based on individual deposition mechanisms described
above can be combined into the single fiber efficiency as shown in Equation (A27). As stated
previously, this method makes the assumption that each deposition mechanism acts inde-
pendently of the other deposition mechanisms, although additional terms are sometimes
added to address the interaction between them.

EΣ = 1− (1− ER)(1− ED)(1− EDR)(1− EI)(1− EG)(1− EE) (A27)

The total filter penetration PF may now be calculated for the filter media as a whole
using an exponential function with the single fiber efficiency, filter solidity, filter media
thickness, and fiber diameter variables as shown in Equation (A28). The total filtration
efficiency is then the complement of total filter penetration as shown in Equation (A29) [10].
It is worth specifically stating that these equations for total filter penetration and efficiency
are based on a singular particle size, which is factored into the single fiber efficiency EΣ.

PF = exp
(
−4αEΣt

πdf

)
. (A28)

EF = 1− PF = 1− exp
(
−4αEΣt

πdf

)
(A29)

A representation of component single fiber efficiencies and total filter efficiency is over
a range of particle diameters is shown in Figure A8.

Figure A8. Total filter efficiency by single fiber mechanisms.

The single fiber efficiency model shown here is dependent on known particle sizes to
calculate the MPPS and the total filter efficiency. However, Lee and Liu developed a set
of equations in 1980 to predict minimum single fiber efficiency and the most-penetrating
particle size based solely on the interception and diffusion deposition mechanisms, shown
in Equations A30 and A31 [43]. The minimum single fiber efficiency from Equation (A30)
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may be substituted into Equation (A29) above to calculate the total filter efficiency if the
analysis is conducted with regard to the MPPS.

ÊΣ = 1.44

(1− α

Ku

)5
(√

λkT
η

)4(
1

U4
0 d10

f

)1/9

(A30)

d̂p = 0.885

[(
Ku

1− α

)(√
λkT
η

)(
d2

f
U0

)]2/9

(A31)

Appendix A.11 Air Flow Resistance

The flow resistance through a filter media, measured by pressure drop across the
media, is equally as important as the filtration efficiency when calculating the filter’s
overall FOM rating. The goal of filter design is to achieve low flow resistance with high
filtration efficiency. Pressure drop across a filter is directly proportional to the air viscosity,
air face velocity, filter thickness, and the filter’s solid volume fraction. Furthermore,
flow resistance is inversely proportional to the square of the fiber diameter as shown in
Equation (A32). Many authors have worked on creating realistic models through analytical,
numerical, and empirical means. Conveniently, many of these may be incorporated into
Equation (A32) through a dimensionless function of the solidity, f (αf). The work of a few
authors is included in Table A4.

∆P =
ηtU0

d2
f

f (αf) (A32)

Table A4. Flow resistance coefficients based on solidity for various authors.

Author f(αf)

Happel [23] − 32αf[
ln(αf)+

(1−αf)
2

(1+αf)
2

]
Kuwabara [23] − 4αf

[2 ln(αf)+3−4αf+αf
2]

Davies [10] 64αf
1.5(1 + 56αf

3)
Henry and Ariman [41] 2.446αf + 38.16αf

2 + 138.9αf
3

Rao and Faghri [39] 2.653αf + 39.34αf
2 + 144.5αf

3

Appendix A.12 Effective Fiber Diameter

It is worth noting here that the equations for calculating the pressure drop may be
manipulated in order to estimate the effective fiber diameter of the filtration media, if the
other variables in the equation are known. The effective fiber diameter may then be
calculated as:

dfe =

√
ηtU0 f (αf)

∆P
(A33)

Appendix A.13 Filter Figure of Merit (FOM)

Ultimately, the objective of air filtration is to maximize the collection efficiency for a
filter while minimizing the flow resistance. The quality of a filter may be thought of as a
comparison of the particle collection efficiency to flow resistance. The filter Figure of Merit
(FOM), also known as the Quality Factor (QF), is shown in Equation (A34) with units of
inverse Pascal.

FOM =
− ln(PF)

∆P
=
− ln(1− EF)

∆P
(A34)
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Table A5. List of terms, symbols, and units in the analytical model.

Term Description Unit of
Measurement

A Filter media cross sectional area m2

B Mobility s/kg
b Distance to boundary (Kuwabara model) m

Cc Cunningham slip correction factor dimensionless
cin Count of particles approaching fiber dimensionless
cout Count of particles escaping by fiber dimensionless
D Diffusion coefficient m2/s
dc Characteristic dimension m
df Fiber diameter m
dfe Effective fiber diameter m
dp Aerosol particle diameter m
d̂p Most penetrating particle size m
EΣ Combined single fiber efficiency of components dimensionless
ÊΣ Minimum SFE (Lee and Liu) dimensionless
ED SFE diffusion component dimensionless

EDR SFE for interception of diffusing particles dimensionless
EE SFE electrostatic component dimensionless
EF Total Filter Efficiency dimensionless
EG SFE gravity component dimensionless
EI SFE inertial impaction component dimensionless
ER SFE interception component dimensionless
Fd Force of drag on a particle N

FOM Figure of Merit, also Quality Factor Pa−1

G Gravitational coefficient for SFE component dimensionless
g Gravitational constant (9.81) m/s2

Kn Knudsen number dimensionless
Ku Kuwabara hydrodynamic factor dimensionless
k Boltzmann constant, 1.38 × 10−23 J/K J/K
m Mass of the particle kg
PΣ Single fiber penetration dimensionless
PF Total filter penetration dimensionless
Pe Peclet number dimensionless
Q Volumetric flow rate of air m3/s
R Ratio of particle-to-fiber diameter dimensionless
Re Reynolds number dimensionless
rf Fiber radius m
rp Particle radius m
S Particle stopping distance m

Stk Stokes number dimensionless
T Absolute Temperature K
t Thickness of the air filter media m

U0 Air velocity m/s
ur Radial velocity (Kuwabara model) m/s
uθ Tangential velocity (Kuwabara model) m/s
αf Solidity, solid volume fraction, packing density dimensionless
∆P Pressure differential, flow resistance Pa
η Air viscosity Pa·s
λ Mean free path of air, approximately 65 nm m
ν Mean air velocity inside cell (Kuwabara model) m/s
ν0 Initial velocity of a particle (mobility) m/s
νt Terminal velocity of a particle (mobility) m/s
ρg Air density kg/m3

ρp Density of the particle kg/m3

τ Relaxation time s
ψ Stream function (Kuwabara model) dimensionless
ω Vorticity (Kuwabara model) rotations/s
∇2 Vector Laplacian (Kuwabara model) dimensionless
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Table A6. Example calculations.

Term Description Value SI Units

A Filter cross sectional area 1.00 m2 1.00 m2

Q Volumetric flow rate of air 6.00 m3/min 1.00 × 10−1 m3/s
U0 Air velocity 10.0 cm/s 1.00 × 10−1 m/s
df Fiber diameter 2.0 µm 2.00 × 10−6 m
rf Fiber radius 1.0 µm 1.00 × 10−6 m
dp Particle diameter 300 nm 3.00 × 10−7 m
rp Particle radius 150 nm 1.50 × 10−7 m
R Particle-to-fiber ratio 15%
ρp Particle density 1.0 g/cm3 1.00 × 103 kg/m3

m Particle mass 14.14 ag 1.414 × 10−17 kg
λ Mean free path of air 65.3 nm 6.53 × 10−8 m
k Boltzmann constant 1.38 × 10−23 J/K 1.38 × 10−23 J/K
T Absolute Temperature 293 K 2.93 × 102 K
ρg Air density 1.2 kg/m3 1.2 kg/m3

g Gravitational constant 9.81 m/s2 9.81 m/s2

Efficiency Calculations
η Air viscosity 1.813 × 10−5 Pa·s 1.813 × 10−5 Pa·s

Re Reynolds number 0.01324
Ku Hydrodynamic factor 0.797
Kn Knudsen number 0.0653

Ratio λ/dp 0.218
ER SFE interception 0.0233
Cc Slip correction factor 1.547
D Diffusion coefficient 1.221 × 10−10 m2/s 1.221 × 10−10 m2/s
Pe Peclet number 1638.2
ED SFE diffusion 0.01439

EDR Diffusion interception 9.69 × 10−3

Fd Force of drag on particle 5.13 pN 5.13 × 10−12 N
B Mobility 3.02 × 1010 s/kg 3.02 × 1010 s/kg
τ Relaxation time 427 ns 4.27 × 10−7 s
S Particle stopping distance 42.7 nm 4.27 × 10−8 m

Stk Stokes number 0.02134
J factor 0.432

EI SFE inertial impaction 0.00725
νt Terminal velocity 4.19 µm/s 4.19 × 10−6 m/s
G Gravitational coefficient 4.19 × 10−5

EG SFE gravity component 2.02 × 10−9

EΣ Single fiber efficiency 5.46%
PΣ Single fiber penetration 94.54%
PF Total filter penetration 17.6%
EF Total filter efficiency 82.4%

Pressure Drop Calculation
Davies model f (αf) 0.7206

∆P Pressure differential 326.5 Pa 3.265 × 102 Pa
Figure of Merit Calculation

FOM Figure of Merit 0.00306 Pa−1 3.06 × 10−3 Pa−1
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