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Highlights
What are the main findings?

e Thermal vibration of FGM plate—cylindrical shells with four constituent layers is computed
e Nonlinear TSDT was used to obtain the GDQ results

What are the implications of the main finding?

e Advanced varied shear correction, environmental temperature, and FGM power law
are considered

Abstract: This study is based on typical thermal studies on thick, functionally graded
material (FGM)-coupled plates and circular shells. Numerical studies have been previously
published by researchers on the linear first-order shear deformation theory (FSDT) model
for thin-thickness and two-layer materials. The present relationship was further studied
by the author on the nonlinear third-order shear deformation theory (TSDT) model for
thick-thickness and four-layer FGMs. The material properties of FGM layers deal with the
effect of temperature. The novelty of this study is in its further consideration of four layers
of FGMs and the non-dimensional shear coefficient. The stiffness and stiffness integrals
of the four layers are studied. The material properties in the power law expression of
the functions of the four layers are assumed for the first time. Under the conditions of a
time sinusoidal, varied thermal loads and simply supported conditions for four layers are
studied. Parametric case studies involving temperature, the standard power law form of
the index, and the nonlinear term of the displacement theory and shear coefficient for the
dynamic stresses and displacements are obtained and presented.

Keywords: four layers; coupled plates and circular shells; TSDT; stiffness; shear coefficient

1. Introduction

Many numerical frequency studies involving coupled plates and circular shells have
been published. Li et al. (2023) [1] used a dynamic stiffness (DS) numerical approach to
present free-vibration studies of coupled structures in cylindrical shells and plates. The
natural frequency solutions were presented by using the thin-plate Kirchoff theory. Sun
and Xiao (2023) [2] performed a modal numerical analysis and presented free-vibration
studies of elastic coupled structures in cylindrical shell-plate structures. The natural
frequency solutions were presented with the first-order shear deformation theory (FSDT) for
displacements. Chen et al. (2022) [3] used the Rayleigh—Ritz energy approach and presented
vibration studies in coupled structures for cylindrical shell-plate functionally graded
material (FGM). The natural frequency solutions and transient displacement responses
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were presented by using FSDT. Zhang et al. (2022) [4] applied the Rayleigh—Ritz energy
approach and presented free no-external-load vibration for coupled cylindrical shell-plate
structures. Natural frequency was also presented by using FSDT. Zhao et al. (2022) [5]
used Lagrange’s energy approach and presented the structural vibration of cylindrical
shell-plate structures in a spinning motion. The natural frequencies were presented by
using Kirchhoff and Donnell theory. Zhao et al. (2012) [6] used the receptance function
method to present the coupled structural vibration in cylindrical shell-plate structures. The
vibration in acceleration vs. frequency of the numerical solutions was presented. Wang et al.
(2004) [7] used the receptance function method to also present the dynamic of cylindrical
shells and plates. Messina and Soldatos (1999) [8] used the Ritz energy approach and
presented vibration in coupled structures of cylindrical shells and plates. The numerical
solutions were presented by using the Love theory.

The relationship between the published work and present work is listed as follows.
The numerical studies were published by researchers on the linear FSDT model for thin-
thickness and two-layer materials. The present relationship will be studied further by
the author with a nonlinear third-order shear deformation theory (TSDT) model for thick-
thickness and four-layer FGMs. Hong (2023) [9] studied the vibration in generalized
differential quadrature (GDQ) results for FGM plates with the TSDT of displacements and
the basic shear coefficient. Hong (2022) [10] studied the vibration of GDQ results in FGM-
coupled circular shells—plates with TSDT on the advanced shear factor. Babaee and Jelovica
(2021) [11] presented the FSDT and GDQ for the FGM plate under sudden cooling. The
numerical transient results were presented. It is new and innovative to further study the
vibration of the GDQ results for the FGM-coupled plates and circular shells with four layers.
Novel studies of dominated parameter effects focus on four layers. This is an important
study on the properties, e.g., Poisson’s ratios and Young’s modulus, in the four layers
applied to calculate values of stiffness and integrals of stiffness. It is also an interesting
study about the properties of the four layers used to calculate the non-dimensional shear
coefficient. The vibration of stresses and displacements of coupled plates and circular shells
with four layers are studied and presented.

2. Formulation

Four layers in FGM-coupled plates—circular shells, in which 6; is the left-side intersec-
tion angle and 6, is the right-side intersection angle, are shown in Figure 1 with thicknesses
hy, hy, h3, and hy, respectively, denoting inner layer 1, layer 2, and layer 3 and outer layer 4.
The symbols a and L, respectively, denote the length of the plates and shells, and b denotes
the width of the plates. The layer material properties P; on the FGMs are with a power
function of working temperature T in the environment and are used by Hong (2023) [9].
The displacement components u, v, and w in terms of time f and ¢; in terms of TSDT are
assumed and applied by Lee et al. (2004) [12]. The stresses in terms of the Cartesian axes
(x,y,z) of the plates, also in terms of the cylindrical axes (x,0,z) of circular shells under
temperature difference AT for the layer, are assumed and applied by Hong (2022) [10]. The
AT expression is assumed in the linear function of thickness direction axis z and in the
nonlinear sinusoidal functions of ¢ and is contained in the heat equation as follows:

AT = & T,sin(ZX)sin(7Y)sin (), for the plates .

B 7% T, sin (5% )sin(7t6)sin (t),for the cylindrical shells @

where T is the thermal load temperature, v is the external heat frequency, * denotes the
total thickness of the coupled plates and circular shells, and R denotes the middle-surface
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radius of the shells. The assumption of AT as a linear function and sine function along the
thickness were chosen as the typical example in the numerical calculation.

i
a
FGMs layer 4 — = < X
FGM:s layer 3 |08 ‘e, e
FGMs layer2 |~ h ”
FGM:s layer 1 *h b |
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Figure 1. Four layers of FGM-coupled plate and circular shell for (a) thick FGM-coupled plates and
circular shells with four layers and (b) Young’s modulus in four layers.

External thermal loads (N, ﬁ, P) in the coordinates (x, y, z) of the four-layer plates
and in the (x, 6, z) for the four-layer circular shells are assumed and applied, respectively.
The equations (N, ﬁ, P) are expressed in the integrals of FGM stiffness Qss jor thermal
expansion coefficients, and AT with respect to (1,z,23)dz. Also, the Q;s js and Qp j+ integrals
are assumed as follows:

h*
25 2.3 .4 .6
(Ais]‘s,Bl's]‘s,Dl‘sjs,El's]'s,Fl's]‘s,Hl‘s]'s) = _% Qisjs (1,2,2 ,2°,2°,2 )dZ (2)

n*

v J—
(Ai*j*rBi*j*/Di*j*IEi*]'*lFi*j*lHi*j*) = / . kan’*]‘* (1,2,22,23,24,Z5>d2 (3)
v

where subscripts %, j* = 1, 2, and i*,j* = 4, 5 are used. k, denotes the non-dimensional
shear factor, and the nonlinear coefficient k, definition is expressed and listed in Appendix A.
The k, derivation process is overly complex in using the total strain energy principle, and
the explanation of the physical meaning for key parameters is listed as follows. The shear
stresses in the thickness direction of thick plates and shells cannot be negligible, so the k,
value can be used to make an extra-effective main contribution on the shear stresses due
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to the parameters in the thick-thickness layers, e.g., c1, Ry, E1, E3, E3, E4, T, and number
of layers.

2.1. Stiffness Qjsjs and Qys j-

The stiffness values Q;s js and Qj+ j- for the four layers, with the same thickness equal to
(h*/4) of the circular shells are used, and the z/R term is contained. But it can be neglected
and used in the thick-thickness plates. vfg, = (v1 + vo + v3 + v4) /4 is assumed for the
Poisson’s ratios of the FGM-coupled plates and circular shells, where vy, 15, v3, and vy
denote Poisson’s ratios in layers 1, 2, 3, and 4, respectively. E fom is Young’s modulus of the
FGM-coupled plates and circular shells in the standard power law form of index R, and
newly assumed in Figure 1 as follows:

Efgmz for0 <z <h*/2
Efem = § (Efgmy + Efgm,)/2forz =0 4)
Efomy for—"/2 <z <0

where Efgm1 = (Ez — El)gl (Z) + El, Efgmz = (E4 — E3)g1 (Z) + E3, and &1 (Z) = (ZJ];*h/é[L)R”.
Eq, Ey, E3, and E; denote Young’s modulus in layers 1, 2, 3, and 4, respectively.

2.2. Stiffness Integrals for Ajsjs, ..., Hisjs and Ajjs, . .., His js

The simple FGM stiffness values Q;s j» and Qj- j+ are used to express the integrals
in Al‘s]'s, BiSjSI Di5j5/ El's]‘s, Fl's]'s, Hl's]‘s and Ai*j*/ Bi*j*/ Di*j*/ Ei*]'*/ Fi*j*/ Hl*]* . For example, the
A11, ..., Fi1,and Hyy, ..., Hy of the four layers with the same thickness in coupled plates
and circular shells are given as follows:

1
A11 = A22 = ﬁARnEu (5)
1-— Vfgm
1
= = BRnE12 6
Bin =Byp = 1— Vron? n (6)
1
Dy = Dy, = DRnE12 7)
1-— Vfgm
1
E11 = Eyp = ERnE12 8
11 277 —Vfgm2 n (8)
1
Fi1 = Fpp = ———FRnEI12 9
=t = s n )
Hy = Hy = %HRnElz (10)
1-— Vfgm
Ag = ke ruE12 (11)
2 (1 + Vfgm)
Dy = ke prepn2 (12)
2 (1 + Vfgm)
ke
E44 = ————_ERnE12 (13)
2(1+ Vfgm)
ky
Hy = ——H6RnE12 14
SN G ISP R (14)

in which ARnE12, BRnE12, DRnE12, ERnE12, FRnE12, HRnE12, and H6RnE12 can be
expressed in functions of Eq, E, E3, Ey4, W', and R, e.g.,
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(Ez_El) (h*)Rn"l‘l (h*)Rn-‘rl (E4—E3) (Sh*)Rle (h*)Rn-‘rl
ARnEl = |———= ([ — — 4 2/ — (= / (R, +1
h*
+(Ei+E3) (%)
The material properties of FGM layers are dealing with the effect of working tempera-
ture T, e.g., Young’s modulus E;, Ep, E3, and E4 of the four-layer FGM can be represented

in the individual layer property P; expression in power functions of T and listed as follows:

(15)

P, =Py (P1T '+ 14 PT+ P,T? + P3T°) (16)

in which P_y, Py, P;, P, and P; are the temperature coefficients of the individual FGM
layers. It can be used on Young’s modulus for layer 1, P; = Ey; for layer 2, P; = Ep; for layer
3, P; = E3; and for layer 4, P; = E4. It is also used on Poisson’s ratios for layer 1, P; = vy; for
layer 2, P; = vy; for layer 3, P; = v3; and for layer 4, P; = v4. When each property value E;,
E;, E3, E4 in the individual layer are obtained under the T value, then they were used to
calculate the values of four-layer Young’s modulus Eg,.

The long division technique can be applied in the integration of the rational func-
tion, and the first five terms can be used in the quotient polynomials; then, all denom-
inator terms of (R, &+ number) can be neglected in the approximately calculation. The
Aer Ber D12, Eer Fu, H12,A55, B55, D55, E55, F55, and H55 expressions of the four same thick-
ness layers in the FGM cylindrical shells are given in Appendix B. Thus, the GDQ method
can be used and written in the Lahey-Fujitsu Fortran software (v7.1). Then, the ther-
mal vibrations presented by Hong (2023) [9] can be applied for the advanced numerical
GDQ calculation.

3. Numerical Results

The FGM study on materials for layer 1 is SUS304, layer 2 is Si3Ny, layer 3 is SUS304,
and layer 4 is Si3Ny. These four layers are applied in GDQ vibration simulations under
the effects of AT, ky, c1 = 4/(3h*2) and with values h* =1.2mm, hy = hy = h3 = hy = 0.3 mm,
and L/R = 1. To clearly explain the role of TSDT and shear coefficients in the thermal
vibration mechanisms, they are listed in the vector expression of the typical time sinusoidal
example of the four-sided simply supported boundaries for the TSDT displacements mode
and can be expressed as follows:

u= [uo +zd — clz3 ((p + %Z::)]sin(wmnt)

in which u = [u,v,w]', wp = [ug, v, w]', & = [Px, Py, 0]' for the plate, & = [¢px, Py, 0]"
for the shell, 9x = [dx, dy, dz]' for the plate, and dx = [dx, Rd0, dz]' for the shell, where
u and v are the tangential displacements. 1 and vy are the tangential displacements in
the in-surface coordinate direction, w is the transverse displacement in the out-of-surface
coordinate z axis-direction of the middle-plane of plate-shells. ¢ and ¥, are shear rotations
for the plates. ¢y and ¢y are shear rotations for the shells. R is the middle-surface radius of
the shells. wy,;, is the natural frequency with respect to mode shapes m and # in subscripts.
The superscript t is operating the transpose in the bold-form vector.

When ¢; = 0 was used, the nonlinear term and z> of the TSDT displacement expression
for the thick-thickness material transformed into the linear term and z of the FSDT mode
for the thin-thickness material. The non-dimensional shear coefficient k, expressed in
Appendix A also includes the nonlinear effect of ¢; for the thick-thickness material; thus,
the advanced and varied values of k, can be calculated. The calculation of k, can be
obtained when the values of c1, Ry, E1, Ey, E3, E4, and T and the number of layers are



Fibers 2025, 13, 32

6 of 16

given. Also, the values of k, are nonlinear compared to the c¢; value. When ¢; = 0 used,
the nonlinear k, became a linear term. The impact of external thermal loads with time
sinusoidal AT on stress and displacement is typically theoretical supported by the vector
expression and can be expressed as follows:

o =Q(e— aAT)

in which o = [0y, 0y, 00y, 04z, sz]t for the plates, 0 = [0y, 0, 0y, 0pz, sz]t for the
shells, & = [ex, &y, xy, syz,sxz}t for the plates, € = [ex, €9, €xg, €02, sxz]t for the shells,
o= [ay, iy, dyy, O, 0]t for the plates, & = iy, g, Ay, 0, O]t for the shells, and

Qu Qi Q0 0
Q2 Q2 Q60 0
Q= 1Qi Qx Q0 0

0 0 004 Qs
0 0 0Qs5 Qs

where 0y and o0y are the normal stresses in the plates, 0y and 0y are the normal stresses
in the shells, 0y, 0z, and 0y, are the shear stresses in the plates, 0y, 0y, and 0y, are the
shear stresses in the shells. ¢y, ¢y, and &4y are in-plane strains in the plates, ey, €9, and
€xg are in-plane strains in the shells, ¢,, and ¢, are shear strains that cannot be neg-
ligible for the thick plates, €y, and ey, are shear strains that cannot be negligible for
the thick shells, as demonstrated using strain—displacement correlations for displace-
ment derivatives with respect to coordinates. ay and &, are the coefficients of thermal
expansion for the plates, oy and ag are the coefficients of thermal expansion for the
shells, ay, is the coefficient of thermal shear for the plates, and a,y is the coefficient
of thermal shear for the shells. QZ-]- with subscripts i, j = 1,2,4,5, and 6 are the stiffness

a) a) E m a) E m
values of the FGMs, e.g., Q11 = Qyp = 1—1{%’ Qu = 2(14{% are used for the plates,

ra) N _ 1/fgml-:fgm ra e Y Efgm
Qp = 0Qy = 3) (v Qs5 = Qg = 3078) (5vgm) are used for the shells, and

Q16 = Q6 = Qu5 = 0. When the values of time sinusoidal displacements are obtained,
then the stress values can be calculated under the time sinusoidal AT. The distribution of
the four-layer FGMs, e.g., Poisson’s ratio vgy, and Young’s modulus E,,,, influences the
dynamic behavior of the coupled plates and cylindrical shells seen from the stiffness value
of éij in (18) and stiffness integrals A11, ..., Hi1, . . ., Haa with respect to Vigm, ky, E1, Ep, E3,
Ey4, h*, Ry, of the plates can be seen in (5)—(15) and Ajy, ..., Hg, . .., Hss5 with respect to Vigm,
ka, E1, E, E3, E4, R, h*, R;, of the shells can be seen in (A10)—(A16). When the values of
Vigm, ky,and E fgm are obtained, then the displacement and stress dynamic response values
can be calculated under the time sinusoidal AT.

3.1. Dynamic Convergence

The w(a/2, b/2) (mm) in the convergence state at t = 6 s for 6; = 307, 457, and 60°,
respectively, in the vibration of ¢1 = 0.925925/mm? and non-dimensional k, with external
heat flux for four layers, L/h* =5, T = 100 K and T, =100 K are presented in Table 1. The
error is 7.184 x 1073 obtained for the w(a/2, b/ 2) under 6; = 30" and R, = 2. Also, the
compared w(a/2,b/2) vs. N=Mon 0 = 30°, R, = 2 case for four layers and two layers
are presented in Figure 2. The steady amplitude of w(a/2, b/2) for four layers is larger
than that for two layers. The discrepancies in two cases of two layers and four layers
came from the effect of stiffness terms, e.g., éisjs, Ql-*]-*, A11,...,Fjpand Hyq, ..., Hy. The
converged grid number N x M =13 x 13 was used in the following simulations. The values
of non-dimensional k, obtained and used for four layers and two layers are presented in
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Table 2. Non-dimensional k, values are found in varied differences between four layers
and two layers, respectively.

Table 1. Convergence in FGM-coupled plate and circular shell for four layers.

. GDQ Grids w (a/2,b/2) (mm) att=6s
L/h 01
N xM Rn=1 Rn=2 Rn=3
7 %7 0.029018 0.170753 0.177768
5 . 9%9 0.079825 0.253681 —0.208156
30 11 x 11 0.034491 0.247196 ~0.184317
13 x 13 0.041132 0.245420 —0.209937
7% 7 0.011518 0.313653 0.071740
. 9%9 0.055920 0.332697 0.050863
45 11 x 11 ~0.001323 0.375168 ~0.093123
13 x 13 0.049634 0.387151 ~0.148491
60° 7% 7 0.006889 0.081579 —0.054453
9%9 0.072284 0.320733 0.186224
11 x 11 0.162171 0.470269 —0.065824
13 x 13 0.057590 0.976272 —0.079881
wa/2,b/2)
0.300
0250 |
0.200 F
0.150 —a— four constituent layers
0.100 F
—— tw ituent laver
0050 F two constituent layers
0.000 & - * °
-0.050 1 1 I N=M

7 9 11 13

Figure 2. Compared w(a/2, b/2) (mm) vs. N = M for two and four layers.

Table 2. Non-dimensional k, vs. ¢!, T, and R, for #* = 1.2 mm.

ka
2
Number of Layers c1 (1/mm?) T (K) R, =1 R, =2 R,

4 100 —0.343867 —0.207462 —0.123929
0.925925 600 —0.353743 —0.222928 —0.134674
1000 —0.219714 —0.137416 —0.078338
100 —0.619957 —0.366153 —0.214343
0 600 —0.646208 —0.398133 —0.233597
1000 —-0.370177 —0.231584 —0.132588

2 100 —0.922719 9.852628 1.273259

0.925925 600 —3.535402 1.560071 0.855717
1000 —0.252506 —0.532898 —1.614390

0 100 1.273499 1.317037 1.278385

600 1.20086 1.232039 1.199164

1000 1.516531 1.61682 1.563072




Fibers 2025, 13, 32

8 of 16

3.2. Responses for w(a/2, b/2) and Stress oy

Figure 3 shows time responses for w(a/2, b/2) and oy (GP,) in the coupled plates and
circular shells with four layers, L/h* =5, c; = 0.925925/ mm?, R, =1,T=600K, T; =100K,
and t = 0.1 s-3.0 s. The response values of w(a/2, b/2) versus t under 6] = 30°, 45 and
60°, respectively, are shown. The maximum value of w(a/2, b/2) is 14.420517 mm found at
t =0.1sunder 6; = 30". The w(a/2, b/2) values have converging tendencies that converged
to 0.163256 mm under 6; = 30", converged to 0.064898 mm under 6; = 45 , and converged
to 0.140482 mm under 6; = 60°. The time responses of ¢y on the center of inner surface are
shown. The maximum value of oy is 2.441 x 10~ GP,, which occurs at ¢ = 3.0 s under the
01 =45 case. The values of o, demonstrate small oscillation during the period t = 0.5-0.6 s,
then converge to 2.4418 x 10! GP, for 6; =45’ slightly increasing to 1.0726 x 10~1 GP, for
61 =30" and demonstrating small oscillation during the period ¢ = 1.1-1.2 s, then decreasing
t0 8.5184 x 102 GP, for the 0, = 60" case. There are small peaks in the responses of w(a/2,
b/2) and oy for the angle 8; = 60" due to a greater width effect of plates.

wa/2,b/2)

14.0
12.0
10.0
8.0
6.0
4.0
2.0
0.0
-2.0 L . i 5

(a)

(b)
Figure 3. w(a/2,b/2) and oy vs. t for L/h* = 5: (a) w(a/2, b/2) (mm) vs. t (s); (b) ox (GP,) versus f (s).

3.3. Responses of w(a/2, b/2) and oy Versus T

Figure 4 displays response values for w(a/2, b/2) vs. T under 100 K, 600 K, and 1000 K
with R,, for 1,2, and 3 at t = 0.1 s for ¢ = 0.925925/mm? and for ¢; = 0/mm?, respectively,
in coupled plates and circular shells with four layers, L/h* =5, T1 = 100 K under 6; = 30"
Responses of w(a/2, b/2) compared to T under c; = 0.925925/mm? and R, = 1 case are
shown, and the maximum of w(a/2, b/2) is 14.420517 mm found under T = 600 K. Values
in w(a/2, b/2) increased from 100 K to 600 K then decreased from 600 K to 1000 K. The
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w(a/2,b/2) amplitude in R, = 1 under 6, = 30° can withstand higher T = 1000 K. Responses
of w(a/2, b/2) compared to T for ¢; = 0.925925/mm? and R, = 2 case are shown, and
the maximum of w(a/2, b/2) is 22.746904 mm found under T = 600 K. Values in w(a/2,
b/2) increased from 100 K to 600 K, then decreased from 600 K to 1000 K. The w(a/2, b/2)
amplitude in R, = 2 under 6; = 30" can withstand higher T = 1000 K. Responses of w(a/2,
b/2) verse T for c1 = 0.925925/mm? and R,, = 3 case are shown, and the maximum of w(a/2,
b/?2) is 16.266580 mm found under 600 K. Values in w(a/2, b/2) increased from 100 K to
600 K, then decreased from 600 K to 1000 K. The w(a/2, b/2) amplitude in R, = 3 under
c1 = 0.925925/mm? and 6; = 30" success for higher T = 1000 K. All w(a/2, b/2) amplitudes
under ¢; = 0/mm? are in constant small values.

wa/2,b/2)
16
14 r
12
10 F
g
6 -8 ¢,= 0.925925/mm?
.l | —— ¢,=0.0/mm?
2 |
0 F o + -
> : - - T

0 250 500 750 1000

_s - : : , T

0 250 500 750 1000
(b)

wa/2,b/2)

18

16

14}

12

0}

& T —a— ¢,=0.925925/mm?

2 : ——¢,;=0.0/mm?

2 L

0 F » *

3 - - : ' T

0 250 500 750 1000
(c)
Figure 4. w(a/2, b/2) (mm) versus T (K) for (a) R, = 1; (b) Ry, =2; (c) R, =3.



Fibers 2025, 13, 32

10 of 16

Figure 5 shows the oy values on the center of the outer surface vs. T for R, (1, 2 and 3)
att=0.1s for c; = 0.925925/mm? and for c; = 0/mm?, respectively, in coupled plates and
circular shells with four layers, L/h* =5, T; = 100 K under 6; = 30" case. The curves of oy
vs. T under R,, = 1 case are shown, the absolute maximum value of o, is 1.2357 x 103 GP,
occurs at T = 1000 K under ¢; = 0/mm?. Values in ¢, increased from 100 K to 1000 K
for ¢; = 0.925925/mm? and ¢; = 0/mm?. The stress oy of R, = 1 under 6; =30  cannot
succeed on T = 1000 K. The curves of oy vs. T under R, = 2 case are shown, and the
absolute maximum value of oy is 2.1249 x 10~3 GP,, which occurs at T = 1000 K under
c1 = 0.925925/mm?. Values in oy increased from 100 K to 1000 K for ¢; = 0.925925/mm?
and c; = 0/mm?, respectively. The oy values of R,, = 2 under #; = 30" cannot succeed on
T =1000 K. The curves of oy vs. T under R,, = 3 case are shown, and the absolute maximum
value of 0y is —1.6276 x 1073 GP,, which occurs at T = 1000 K under ¢; = 0.925925/mm?.
Values in o, decreased from 100 K to 600 K and increased from 600 K to 1000 K under
c1 = 0.925925/mm?. The o, values of R, = 3 under ¢; = 0.925925/mm? and 6; = 30" cannot
succeed on T = 1000 K. Values in ¢, increased from 100 K to 600 K and decreased from
600 K to 1000 K under ¢; = 0/mm?. The o, values of R,, = 3 under ¢; = 0/mm? and 6; = 30
can succeed on T = 1000 K.

ag.
0.0004
0.0002 |
0.0000
-0.0002
-0.0004 |
-0.0006 |
-0.0008
-0.0010 | ’\
-0.0012
-0.0014 . . : s T
0 250 500 750 1000

(a)

—&— ¢, = 0.925925/mm?

—— ¢;= 0.0/mm?

0.0025 r —8— ¢;=0.925925/mm?
0.0020 F
0.0015 }
0.0010 F
0.0005 F
0.0000 F
—-0.0005 F
—-0.0010 F

~0.0015 | T,

—-0.0020 d L . ' T
0 250 500 750 1000

(b)

—— ¢,= 0.0/mm?

Figure 5. Cont.
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0.0010

—&—c,= 0.925925/mm?

0.0005

0.0000 F

—0.0005 |

—0.0010 F

—-0.0015 |

-0.0020 1 L L i T
0 250 500 750 1000

(c)
Figure 5. 0y (GP,) versus T (K) for (a) R, = 1; (b) R, =2; (¢) R, = 3.

3.4. Transient Responses of w (a/2, b/2) and oy

Transient data in w(a/2, b/2) and oy responses on the center of outer surface for
t =0.001 s—0.025 s are presented in Figure 6 for coupled plates and circular shells with four
layers, L/h* =5 under 6; = 30°, 45°, and 60°, respectively, c;= 0.925925/ mm?, natural
frequency w1 = 0.008380/s, ¥ = 15.707963 /s, non-dimensional k, = —0.353743, T = 600 K,
T, =100K, and R, = 1. The comparisons of transient response w(a/2, b/2) under 6; = 30°,
45°,and 60 are shown. Transient responses of w(a/2, b/2) presented greater oscillation
and decrease for §; = 60" case. The comparisons of transient response oy under cases in
0, = 30°, 45°,and 60" are shown. Transient responses of oy first oscillated then decreased
under the ; = 60" case.

The compared w(a/2, b/2) responses in transient data under 6; = 300, 450, and 600,
respectively, for two and four layers are shown in Figure 7. Transient w(a/2, b/2) data for
four layers are greater than that for two layers under the §; = 30" case. The compared
transient responses of ¢, under cases in ) = 30°, 45, and 60°, respectively, for two and
four layers are shown in Figure 8. The transient values of oy for four layers are smaller than
that for two layers under 6; = 60° case.

/7 h/2 .
0 Wa/2,b/2) 8, =30

40 F +91 = 45‘

30 } ——6, =60
20
10 |

o }

—10 }

~20 F

_30 1 L 1 L J f
0.000 0.005 0.010 0.015 0.020 0.025

(@)

Figure 6. Cont.
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o °
0.0010 " —— 6, =30

-0, =45
0.0005 | °
—— 6, = 60

0.0000 |
—0.0005 F
-0.0010 F

—0.0015 |

—0.0020 L L L . i i
0.000 0.005 0.010 0.015 0.020 0.025

(b)

Figure 6. Transient responses with v = 15.707963/s for (a) w(a/2, b/2) (mm) vs. t (s); (b) ox (GP,)
vs. t (s).

wa/2,b/2)
400 ,
—a— four constituent layers

30.0 |
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20.0
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0.0

-10.0 }

-20.0 .l

-30.0 : ' : : 't
0.000 0.005 0.010 0.015 0.020 0.025

(a)

wa/2,b/2)
—i— four constituent lavers

—+— two constituent lavers

U_U I | I I | f
0.000 0.005 0010 0015 0020 0.025

(b)

Figure 7. Cont.
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w(a/2,b/2)

150.0 —a— four constituent layers

1000 —e— two constituent layers
50.0 F
00 }F
-500 F
-100.0 }F

-150.0 |

—200.0 L L . 1 It
0.000 0.005 0.010 0.015 0.020 0.025

(©

Figure 7. Compared transient w(a/2, b/2) (mm) for two and four layers under (a) 6; = 30°;
(b) 6; =45;(c) 6; = 60".

0.0005 qx —&— four constituent layers
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Figure 8. Cont.
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0.020 )
—a— four constituent lavers

0.015 | —e— two constituent layers
0.010
0.005

0.000

-0.005 |

-0.010 L . . 1 It
0.000 0.005 0.010 0.015 0.020 0.025

(©

Figure 8. Compared transient oy (GP,) for two and four layers under (a) ) = 30°; (b) 6; = 45;
(c) 61 =60°.

4. Conclusions

The GDQ results of w(a/2, b/2) and oy are presented in the advanced vibration of FGM-
coupled plates and circular shells with four same-thickness layers by mainly considering
the non-dimensional shear correction and ¢; term of TSDT. The values of w(a/2, b/2)
in R, =1, 2, and 3 under ¢; = 0.925925/mm? and 6; = 30" att = 0.1 s can succeed on
T =1000 K. All amplitudes w(a/2, b/2) under c¢; =0/ mm? are in constant small values. The
oy of R, =3 under ¢; = 0/mm? and 6; = 30" at ¢ = 0.1 s can withstand higher T = 1000 K.
The different values of non-dimensional k, are found in four layers and in two layers,
respectively. The expressions for the non-dimensional k, and stiffness integrals in four
layers are in more complicated forms than that in two layers. The steady amplitude of w(a/2,
b/2) for four layers is larger than that for two layers. Also, transient data of w(a/2, b/2) for
four layers are larger than that for two layers under the §; = 30" case. Experimental details
regarding hardware equipment, device, researchers, and time needed for experimental
verification should be presented in future works if possible. Future research directions or
possible applications should focus on the fields of relative structure and supersonic flow
research. Moreover, additional applications of the research could be in engines in missiles
and aircraft.
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Appendix A

The non-dimensional k, is expressed for four same-thickness layers of FGMs with the

c1 term as follows:
1 FGMZSV

ke = 15 FomzIv

(Al)
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where FGMZSV = (FGMZS —c;FGMZSN)? is entirely in the function of h'6,
FGMZIV = FGMZI — 2c;FGMZIV1 + ¢;2FGMZIV?2 is entirely in the function of h'o,
in which "
T
FGMZS = /_ " Epgn?dz (A2)
2
w
FGMZSN = [ | Egguzidz (A3)
-7
e
FGMZIV = / ' (FGMZ — 0 FGMZN)?dz (Ad)
-7
and

FGMZ — ((iz/‘zflg) [ ((z+ T)R"H _ (‘f*)mz)/ (Ry+2) — (hz) ((z+ ’Z)R”H - (‘f*)R"+1)/ (Ry +1)]

2 (h*/2)Rs Ry+2 4 4

—<h*)R"H)/ (Ro+1)] + 222

+El(zz_ h;2> N (E4E3)[(2+T>Rn+2_ (}Z)Rﬁz)_ (E) ((z+;l>«)R,,+1 (A5)

4

= () () mee () (-5 ()

(*/2)F
(5 ()T () e (B ()
o Rt c " E E (z+ T)R,,H_ (}Z>R,,+4 (A6)

_3<%*) (<Z+}Z)Rn+3 B (}Z)Rﬁ?))/ (Rn+3)+3(}i)2 ((Z+}Z>R,,+2_ (114*>R,,+2)/ ®,
+2) - ('14)3 ((z+ T)R"H - (’Z)R”H)/ (Ro+1)] + 224

FGMZI = FGMZI1 + FGMZI2 +. . .+ FGMZI10 (A7)
FGMZIV1 = FGMZIV11 + FGMZIV12 +.. .+ FGMZIV119 (A8)
FGMZIV2 = FGMZIV21 + FGMZIV?22 +.. .+ FGMZIV210 (A9)

in which FGMZI1, FGMZI2, ..., FGMZI10; FGMZIV11, FGMZIV12, ..., FGMZIV119; FG-
MZIV21, FGMZIV22, ..., FGMZIV210 can be expressed in the functions of Eq, Ey, E3, E4, W,
and R,,.

Appendix B

The stiffness integral parameters A12, B12, D12, E12, F12, H12,A55, Bss, Dss, Ess, Fss, and
Hss of four same-thickness layers in the FGM cylindrical shells are expressed as follows:

v
A = Ay = %AERM (A10)
gm
1%
By = By = %BERM (A11)

— Vsgm
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1%
Dy = Dy = —28" _DERM (A12)
L =viem
Vigm
Eiy = En = —3" _EERM (A13)
L= vsem
Vigm
Fip = By = —" _FERM (A14)
1 Vfgm
1%
Hyy = Hy = — 38" _HERMS (A15)
1-— Vfgmz
Hss = Hgg = kio‘HERMS (A16)
2(1+ vygm)

in which AERM, BERM, DERM, EERM, FERM, HERM6 and HERMS5 are in functions
El/ EZ/ E3/ E4/ R/ h*/ and Ri’l'
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