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Abstract: In this study, an analytical model was developed for the local bond degradation
behavior between a near-surface mounted (NSM) fiber-reinforced polymer (FRP) and
concrete under fatigue loading. A trilinear local bond stress–slip relationship was adopted
to characterize the fundamental bond behavior at the FRP-epoxy-concrete interface at
different stages of elastic, softening and debonding. A series of post-fatigue direct pull-out
tests (DPTs) of NSM FRP-bonded concrete blocks was conducted to provide the local bond
degradation laws for the analytical model. The bond region was discretized into finite
elements to include the effect of bond degradation to different extents, and a closed-form
solution was derived by virtue of appropriate boundary conditions in each fatigue cycle.
The model is capable of predicting the FRP strain distribution, local bond stress distribution
and relative slip development at a targeted number of fatigue cycles. The reliability of
the analytical model was confirmed by experimental data, and its sensitivity to various
parameters such as local bond strength, the residual bond strength ratio and Young’s
modulus of FRP reinforcement was also assessed in this study.

Keywords: polymer matrix composites (PMCs); fatigue; fiber/matrix bond; analytical
modeling; near-surface mounted (NSM)

1. Introduction
The near-surface mounted (NSM) technique using fiber-reinforced polymer (FRP)

composites has been a promising approach to increase the load-carrying capacity of the
existing concrete structures, which are substandard according to the current specifications.
Its major advantages include but are not limited to the following: (1) faster installation due
to the reduced work of surface preparation; (2) being less prone to debonding failure, which
leads to a more efficient use of FRP material; and (3) better resistance to environmental
corrosion and less visual impact [1,2]. Up to date, extensive research has been conducted
focusing on either the bond performance of NSM FRP-adhesive-concrete joints [3–7] or the
structural response of strengthened beams, columns, slabs or walls, etc., which is subject to
various load cases [8–12].

For NSM-strengthened concrete bridges, cyclic fatigue plays an important role in
the structure’s service life due to the moving vehicle loads that cause microcracks at the
interface between FRPs and epoxy adhesive. This damage progressively accumulates
and can finally lead to a failure [13–15]. Quattlebaum et al. [16] conducted a three-point
bending test for FRP retrofitted beams under both monotonic and fatigue loading. The NSM
technique was shown to significantly increase the flexural strength of the beam, which also
outperformed the one using externally bonded reinforcement (EBR) under fatigue without
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any debonding. Similar conclusions were also obtained by other independent experimental
studies aiming at examining the efficiency of NSM FRPs to extend the service life of beams
under fatigue [17–19]. Badawi and Soudki [20] proposed a fatigue prediction model for
NSM FRP retrofitted concrete beams based on a strain life approach, assuming the fatigue
failure occurred only by the fracture of steel reinforcement. Wahab et al. [21] investigated
the influence on the bond fatigue behavior of concrete beams due to the presence of internal
steel reinforcement and the surface treatment of NSM CFRP rods. It was found that the
bond failure mechanism for beams was not significantly affected by these parameters
although beams strengthened by sand-blasted rods showed better fatigue performance
than those using spirally wound rods. Oudah and El-Hacha [22] explored the contribution
by a prestressed NSM CFRP strip to the performance of the beam under fatigue loading.
Their test results indicated that the debonding resistance at the epoxy–concrete interface
was enhanced by the increased prestress level.

Although these studies widely focused on the fatigue behavior of NSM FRP-
strengthened concrete beams, fewer research studies have been reported on the essential
bond performance and degradation of NSM FRP in concrete under fatigue loading. Chen
and Cheng [23] conducted a series of direct pull-out tests (DPTs) for NSM FRP-adhesive-
concrete joints and proposed a local bond degradation law for both CFRP rod and strip
specimens. Al-Saadi and Al-Mahaidi [24] investigated the effect due to NSM CFRP strip
dimensions, surface treatment, and the fatigue load range on the fatigue life of concrete
specimens. They also proposed a series of load range versus fatigue life equations based on
regression analyses. Another systematic study conducted more recently on fatigue included
parameters of FRP cross-sectional shapes, surface treatment, and epoxy adhesive types [25].
Although some general bond models have been attempted for a laminated FRP-to-concrete
interface [26,27], Chen and Cheng [28] proposed the only analytical fatigue model based
on the cohesive zone to predict the fatigue bond behavior of NSM FRP-to-concrete bonded
joints. The drawback of this mode is that it was based on a conservative bilinear local
bond stress vs. slip relationship, which neglects the mechanical friction between the two
debonding layers when the local debonding occurs at the interfaces. It also underestimated
the local bond strength of bond regions that were still within the elastic stage during fatigue
cycles, which was not in accordance with the recorded test data.

To overcome this drawback, this paper proposes an improved analytical model that is
based on a more representative trilinear local bond stress vs. slip relationship considering
the post-debonding behavior and the concept of the finite element method (FEM). A
series of post-fatigue direct pull-out tests (DPTs) of NSM FRP-bonded concrete blocks
was conducted to obtain the local bond degradation laws as well as the residual bond
strength within the debonding region of NSM FRP-to-concrete bonded joints. The proposed
analytical model is capable of simulating the progression of damaged bond regions and
the development of the local bond stress distribution under fatigue loading. Experimental
results from direct pull-out tests subject to targeted fatigue cycles were used to verify
the reliability of the proposed model, which was followed by a parametric study on the
key parameters.

2. Modeling of Bond Degradation Under Fatigue
2.1. Assumptions

The general configuration of a single shear direct pull-out test for the NSM FRP-to-
concrete bonded joint is illustrated in Figure 1, where a typical local bond stress distribution
including three different bond regions is presented as well. The bond length L is categorized
by three different regions: the elastic region (0 ≤ x ≤ L–Ld–Ls), the softening region
(L–Ld–Ls ≤ x ≤ L–Ld) and the debonding region (L–Ld ≤ x ≤ L), where x measures the
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distance from the free end of the joint; Ls is the softening length; and Ld is the debonding
length. Next, apply a one-dimensional mesh to partition the bond length L into the
designated number of segments, n3. n1 is the total number of segments within the elastic
region. (n2–n1) represents the total number of segments within the softening region, and
(n3–n2) is the total number of segments within the debonding region [Figure 2a]. The
number of elements of different regions is intended for controlling the accuracy of the
analysis. As a result, the length for each element is not identical for different regions and
will further be updated upon each fatigue cycle.
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The following important assumptions are introduced to insure the validity of the
analytical model:

1. Both the FRP reinforcement and concrete are homogenous and linear elastic. The
linear elastic assumption for concrete is based on the experimental observations of
this type of joint specimens under DPTs where no significant damage was found in
concrete subjected to fatigue cycles up to failure [23,25];

2. The axial stress is uniformly distributed along the cross-section of the FRP reinforce-
ment and the concrete block;

3. The epoxy adhesive is homogeneous, linear elastic and constant in dimensions along
the bond length, and it transfers load from the FRP reinforcement to the surrounding
concrete as a media. Thus, the thickness of epoxy adhesive is neglected;

4. The bending or twisting effect is neglected in the analysis; i.e., the bond region is
subject to pure tension;

5. The NSM bonded joint usually has a weak bond at the interface between the FRP
and epoxy adhesive as observed in several experiments [23], particularly for FRP
reinforcements without solid surface treatments, and, therefore, it is considered the
failure plane;

6. The local bond stress of each bond finite element within the elastic region follows the
trilinear local bond slip–stress model as presented in Figure 3 with no degradation.
However, for those bond finite elements within the softening region under the current
fatigue cycle, of which the relative slip δ between the FRP reinforcement and concrete
block increases beyond δ1, their local bond strength τf and the residual bond strength
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τr will degrade during the following fatigue cycles in accordance with empirical
equations. Details will be elaborated in a later section.
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Figure 2. Illustration of the analytical model for the NSM FRP-to-concrete bonded joint under fatigue
cycles: (a) local bond stress distribution and the bond finite element under the 1st fatigue cycle;
(b) local bond stress distribution and the bond finite element under the 2nd fatigue cycle;
and (c) local bond stress distribution and the bond finite element at the Nth fatigue cycle.
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2.2. Bond Evolvement Under Fatigue Loading

The concept of adopting the FEM to simulate the local bond degradation under fatigue
cycles is illustrated in Figure 2. At the first cycle of fatigue load, three bond regions (elastic,
softening and debonding) are developed to balance the maximum applied fatigue load
(Pmax). It should be noted that the local bond stress distribution depends on the magnitude
of Pmax. Based on the assumptions previously defined, if Pmax is too low to develop the
softening region on the bond line, no degradation will even occur, ending up with an
infinite fatigue life. Herein, a sufficiently large magnitude of Pmax is assumed to create the
representative three-region local bond distribution for a conceptual illustration. Under the
applied Pmax, a total number of finite elements (n3) is created in conjunction with (n3 + 1)
nodes, detonated by x0, x1, x2, . . ., xn3, among which xn1 is the boundary between the elastic
and softening region, and xn2 is the boundary between the softening and debonding region.
During the next fatigue cycle, damages start for elements from both the softening and
debonding regions during the unloading and loading processes, and their local bond stress
will slightly drop accordingly, as shown by the dashed line in Figure 2b. To compensate for
the loss of local bond stress within these degraded regions and to resist the same Pmax, the
elastic region is further developed with a larger relative slip and a higher local bond stress.
As a result, one more softening element will be generated to the right of xn1 because its
relative slip δ increases and becomes larger than δ1. Meanwhile, the peak local bond stress
distribution (τf,static) will move towards the left. Similarly, another debonding element will
be generated to the right of xn2 because its relative slip δ grows and becomes larger than
δf. This same procedure repeats during the next fatigue cycle, while the peak local bond
stress keeps migrating towards the free end until it reaches the critical situation where
the residual bond capacity is unable to resist Pmax, leading to the final fatigue failure of
the bond [Figure 2c]. The advantage of applying the FEM here is that each bond element
can be simulated independently while following the same degradation law of the NSM
FRP-to-concrete bonded joint under fatigue loading.

2.3. Degradation of Local Bond Strength

The local bond stress–slip relationship plays a critical role in the full-range bond
behavior of NSM bonded joint under applied loads. A considerable number of studies have
already been conducted to obtain this fundamental relationship, and various models have
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been proposed, including both linear [27–31] and nonlinear [32,33] categories. Among these
models, the bilinear model has been widely adopted to predict the local bond behavior
and the load-carrying capacity of NSM bonded joints [23,27,31]. However, an independent
experimental study conducted by the author’s group [34] confirmed the advantage of
adopting a trilinear model because it is more representative of the test results. To this end,
the trilinear model (as illustrated in Figure 3) is adopted in this study to predict the local
bond behavior under fatigue cycles, as presented in the following equation set:

τ(δ) =


δ
δ1

τf
i(N) f or 0 ≤ δ ≤ δ1 (a)

δ f −δ

δ f −δ1

[
τf

i(N) − τr
i(N)

]
+ τr

i(N) f or δ1 < δ ≤ δ f (b)

τr
i(N) f or δ > δ f (c)

(1)

where τf
i(N) = local bond strength for the ith finite element at the Nth fatigue cycle;

τr
i(N) = residual local bond strength for the ith finite element at the Nth fatigue cy-

cle; δ1 = relative slip corresponding to the local bond strength; and δf = relative slip
at debonding.

On the other hand, several experimental studies [23,25] have verified the gradual
degradation of the local bond strength during fatigue cycles as a result of accumulated
interfacial damage between the FRP and epoxy adhesive. In addition to the typical static
and fatigue direct pull-out tests of the NSM FRP-to-concrete bonded joint, an extra series of
fatigue tests using the same test setup [25,34] was conducted in this research to measure
the post-fatigue local bond strength (τf) of specimens after 10, 100, 1000, and 10,000 fatigue
cycles, respectively. The test setup involved positioning the concrete specimens vertically
and pulling the embedded NSM reinforcement encased in steel tubes that were clamped
in the steel jaw on the hydraulic head of the actuator with a built-in load cell. These
post-fatigue bond strengths of the selected test specimens [34] are entered in Tables 1 and 2
(last two columns) for CFRP rod and strip specimens, respectively, in conjunction with their
static counterparts and fatigue life sets. The fatigue life sets were tested either to fatigue
failure or a threshold fatigue cycle, e.g., one million cycles or two million cycles, due to the
practical time constraints of the experiment. The specimens of the latter ones were then
statically loaded up to failure in a direct pull-out test setup to measure their remaining bond
capacities, e.g., the specimen set R-SCSW-A1-1060-F-N. According to the test results in
Tables 1 and 2, the post-fatigue local bond strength τf shows a declining tendency for both
CFRP rod and strip specimens. The average bond strength τavg is defined as the pull-out
force Pf divided by the bond surface area of the NSM FRP reinforcement (i.e., the bond
length multiplied by the perimeter of the cross-section of the NSM FRP reinforcement).
This average bond strength τavg is relatively stable under all fatigue cycle cases. Note
that the average bond strength τavg adopted in this paper aims at comparing the global
bond performance of tested specimens under the same calculation basis, regardless of the
actual failure mode. For example, the failure mode of specimen set R-SCSW-A1-N was
primarily concrete and epoxy breakage, but interfacial debonding between the FRP rod and
the epoxy adhesive was also observed for most of its fatigue counterparts. On the other
hand, specimens using strips were mostly failed by interfacial debonding between the FRP
strip and the epoxy adhesive [25,34].

To quantify the local bond degradation, logarithmic functions with a base of 10 are
adopted to correlate the normalized local bond strength τf(N) (with respect to the static
local bond strength τf,static) to the fatigue cycle N for both cases [Figures 4a and 5a]. Based
on the regression analysis of these test data, Equations (2) and (4) below are obtained and
proposed for the empirical degradation laws for the local bond strength of CFRP rod and
strip cases, with a R2 value of 0.9595 and 0.9507, respectively. It should be noted that
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the very last data point on the plot in Figure 4a was actually the average bond strength
τavg obtained from the post-fatigue direct pull-out test of the rod specimens due to the
damaged strain gauges at large fatigue cycles. The same applies to Figure 5a for the strip
specimens, where the last data point was obtained from the strain gauge readings in the
last few cycles before fatigue failure for the strip specimens because the post-fatigue tests
were not applicable for these specimens.

Table 1. Test results of CFRP rod specimens for local bond degradation.

ID a Fatigue
Life

Static or Post-Fatigue
Pull-Out Force Pf (kN)

Average Bond Strength
τavg (MPa)

Static or Post-Fatigue
Local Bond Strength τf
(MPa)

Value Average Value Average Value Average

R-SCSW-A1-N-1 – b 64.81
78.54

8.69
10.53

15.76
17.30R-SCSW-A1-N-2 – 90.39 12.11 17.43

R-SCSW-A1-N-3 – 80.42 10.78 18.70
R-SCSW-A1-1060-1E1-N-1 – 84.15

83.07
11.28

11.13
16.85

17.16R-SCSW-A1-1060-1E1-N-2 – 81.56 10.93 17.37
R-SCSW-A1-1060-1E1-N-3 – 83.50 11.19 17.27
R-SCSW-A1-1060-1E2-N-1 – 106.60

93.28
14.29

12.50
16.03

14.93R-SCSW-A1-1060-1E2-N-2 – 90.09 12.07 8.52
R-SCSW-A1-1060-1E2-N-3 – 83.15 11.14 20.22
R-SCSW-A1-1060-1E3-N-1 – 78.69

86.68
10.55

11.62
14.37

14.06R-SCSW-A1-1060-1E3-N-2 – 94.78 12.70 9.76
R-SCSW-A1-1060-1E3-N-3 – 86.58 11.60 18.05
R-SCSW-A1-1060-1E4-N-1 – 91.93

94.17
12.32

12.62
8.78

12.41R-SCSW-A1-1060-1E4-N-2 – 91.65 12.28 15.99
R-SCSW-A1-1060-1E4-N-3 – 98.93 13.26 12.47
R-SCSW-A1-1060-F-N-1 c 2,000,000 80.42

82.26
10.78

11.02
– d

–R-SCSW-A1-1060-F-N-2 1,000,000 83.17 11.15 –
R-SCSW-A1-1060-F-N-3 1,000,000 83.19 11.15 –

a CFRP rod specimen (R) with a sand-coated and spirally wound (SCSW) surface, adhesive type A1 (Pak CF),
normal weight concrete (N), additionally undergoing a cyclic load range of 10–60% of the corresponding static
capacity (1060) and being tested up to a specific number of fatigue cycles (1E1, 1E2, 1E3, 1E4) or failure (F) for
fatigue specimens; b not applicable because the specimen was not tested up to fatigue failure; and c the first attempt
to obtain the real fatigue life of the specimen. Since no obvious deterioration was observed up to two million
cycles, the upper limit was then changed to one million cycles for the rest of the specimens; d Not applicable due
to damaged strain gauges.

τf (N)

τf ,static
= −0.0629 log10(N) + 1 for CFRP rod specimens (2)

τr(N)

τr,static
= −0.1449 log10(N) + 1 for CFRP rod specimens (3)

τf (N)

τf ,static
= −0.1226 log10(N) + 1 for CFRP strip specimens (4)

τr(N)

τr,static
= −(N − 1)/969084 + 1 for CFRP strip specimens (5)

Due to the fact that two of the strain gauges within the debonding region were dam-
aged during various fatigue cycles, the residual bond strength was not directly measurable
from the test data. The analytical degradation laws, represented by Equations (3) and (5)
for the rod and strip cases, respectively, were thus proposed through a trial-and-error
method based on the principle that the characteristics of the observed local bond stress
development can be reasonably captured by the proposed analytical model (to be discussed
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next). For the normalized residual bond strength τr(N)/τr,static, a logarithmic function is
also used for the CFRP rod specimens [Figure 4b], and a linear function is adopted for the
CFRP strip specimens [Figure 5b].

Table 2. Test results of CFRP strip specimens for local bond degradation.

ID a Fatigue
Life

Static or Post-Fatigue
Pull-Out Force Pf (kN)

Average Bond Strength
τavg (MPa)

Static or Post-Fatigue
Local Bond Strength τf
(MPa)

Value Average Value Average Value Average

S-RO-A1-N-1 – b 51.62
54.39

5.04
5.31

10.31
10.42S-RO-A1-N-2 – 62.92 6.14 10.88

S-RO-A1-N-3 – 48.62 4.74 10.07
S-RO-A1-1060-1E1-N-1 – 43.47

62.20
4.24

6.07
6.31

8.26S-RO-A1-1060-1E1-N-2 – 65.44 6.38 8.55
S-RO-A1-1060-1E1-N-3 – 77.69 7.58 9.93
S-RO-A1-1060-1E2-N-1 – 62.85

55.38
6.13

5.40
7.57

7.24S-RO-A1-1060-1E2-N-2 – 40.23 3.93 5.16
S-RO-A1-1060-1E2-N-3 – 63.05 6.15 8.99
S-RO-A1-1060-1E3-N-1 – 61.62

57.38
6.01

5.60
6.88

6.54S-RO-A1-1060-1E3-N-2 c –
S-RO-A1-1060-1E3-N-3 – 53.13 5.18 6.20
S-RO-A1-1060-1E4-N-1 – 48.08

56.39
4.69

5.50
5.61

5.98S-RO-A1-1060-1E4-N-2 – 50.95 4.97 5.04
S-RO-A1-1060-1E4-N-3 – 70.15 6.84 7.30
S-RO-A1-1060-F-N-1 d – e

–
–

–
–

–S-RO-A1-1060-F-N-2 850,340 – – –
S-RO-A1-1060-F-N-3 1,087,829 – – –

a CFRP strip specimen (S) with a roughened (RO) surface, adhesive type A1 (Pak CF), normal weight concrete (N),
additionally undergoing a cyclic load range of 10–60% of the corresponding static capacity (1060) and being tested
up to a specific number of fatigue cycles (1E1, 1E2, 1E3, 1E4) or failure (F) for fatigue specimens; b not applicable
because the specimen was not tested up to fatigue failure; c not included because it failed in a different mechanism
with both the concrete and epoxy damaged, which results in an unexpected high pull-out force; d not included
since the specimen failed prematurely by delamination of the CFRP top surface; and e not applicable due to
damaged strain gauges.

1 

 

 

1 

 

 

Figure 4. Local bond degradation law for CFRP rod specimens: (a) local bond strength; and (b)
residual bond strength.
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Figure 5. Local bond degradation law for CFRP strip specimens: (a) local bond strength; and (b)
residual bond strength.

2.4. Governing Equation and General Solutions

Although the bond line is discretized into finite elements, the fundamental interactions
within the NSM FRP-adhesive-concrete joint remain the same as the ones introduced in
the analytical model [27]. Thus, the governing equation for the ith finite element can be
represented by the following general differential equation regardless of the bond region to
which it belongs:

d2δ

dx2 − λ2τi(δ) = 0 f or xi−1 ≤ x ≤ xi (6)

where

λ =

√√√√Lp

(
1

A f E f
+

1
AcEc

)
(7)

in which Af = cross-sectional area of the NSM FRP reinforcement; Ef = Young’s modulus of
the NSM FRP reinforcement; Ac = cross-sectional area of the concrete block; Ec = Young’s
modulus of the concrete block; Lp = perimeter of the failure plane; τi(δ) = local bond stress–
slip relationship for the ith finite element; and xi − 1, xi = start and end coordinate of the ith
element where x0 = 0 (free end of the bond line).

The theoretical solutions to this governing equation depend on the type of bond finite
elements, including elastic, softening and debonding as illustrated in Figure 2a. These
solutions are derived separately as follows:

(a) For elements within the elastic region (0 ≤ x ≤ L–Ld–Ls), the general solution
can be obtained by firstly substituting Equation (1a) into Equation (6), which yields the
following equation:

d2δ

dx2 −
(

λ1
i
)2

δ = 0 (8)

where

λ1
i =

√√√√τf
i

δ1
Lp

(
1

A f E f
+

1
AcEc

)
(9)

The relative slip δ can be further derived by solving this homogeneous linear second-
order ordinary differential equation (ODE) as given below:

δ = C1
i cosh

(
λ1

ix
)
+ C2

isinh
(

λ1
ix
)

(10)
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Then, the local bond stress τ and the FRP stress σf can be easily obtained as follows:

τ =
τf

i

δ1

[
C1

i cosh
(

λ1
ix
)
+ C2

isinh
(

λ1
ix
)]

(11)

σf =
Lpτf

i

A f δ1λ1
i

[
C1

isinh
(

λ1
ix
)
+ C2

i cosh
(

λ1
ix
)]

+ C3
i (12)

where C1
i, C2

i and C3
i = constants of the ith element that remain to be solved by

boundary conditions.
(b) For elements within the softening region (L–Ld–Ls ≤ x ≤ L–Ld), the general equation

of relative slip δ can be derived similarly by solving the following nonhomogeneous ODE,
which is obtained by substituting Equation (1b) into Equation (6) as follows:

d2δ

dx2 +
(

λ2
i
)2

δ =
δ f τf

i−δ1τr
i

δ f − δ1
λ2 (13)

where

λ2
i =

√√√√τf
i−τri

δ f − δ1
Lp

(
1

A f E f
+

1
AcEc

)
(14)

The explicit solution to Equation (13) is hence derived as follows:

δ = C1
i cos

[
λ2

i(x − L + Ld + Ls)
]
+ C2

i sin
[
λ2

i(x − L + Ld + Ls)
]
+

δ f τf
i−δ1τr

i

τf
i−τri (15)

Then, the local bond stress τ and the FRP stress σf can be obtained as follows:

τ = −
τf

i−τr
i

δ f − δ1

{
C1

i cos
[
λ2

i(x − L + Ld + Ls)
]
+ C2

i sin
[
λ2

i(x − L + Ld + Ls)
]}

(16)

σf = −
Lp

(
τf

i−τr
i
)

A f

(
δ f − δ1

)
λ2

i

{
C1

i sin
[
λ2

i(x − L + Ld + Ls)
]
− C2

i cos
[
λ2

i(x − L + Ld + Ls)
]}

+ C3
i (17)

(c) For elements within the debonding region (L–Ld ≤ x ≤ L), the same procedure is
applied by substituting Equation (1c) into Equation (6) yielding the following:

d2δ

dx2 = λ3
i (18)

where

λ3 = τr
iLp

(
1

A f E f
+

1
AcEc

)
(19)

Thus, the general solution of the relative slip δ, the local bond stress τ and the FRP
stress σf are obtained as follows:

δ = 0.5λ3
ix2 + C1

ix + C2
i (20)

τ = τr
i (21)

σf =
Lp

A f
τr

ix + C3
i (22)
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2.5. Boundary Conditions

For a total number of n finite elements on the bond line, 3n unknown constants
(C1

i, C2
i and C3

i, i = 1, 2, . . ., n) need to be determined to obtain the complete solutions
of the relative slip δ, the local bond stress τ and the FRP stress σf. In addition, both the
softening length Ls and the debonding length Ld are unknown under the applied fatigue
load Pmax, which add up the total unknown constants to (3n + 2). In terms of the internal
continuity among these finite elements, the relative slip δ, the first derivative of δ, and
the FRP stress σf are required to remain continuous at the node between two neighboring
elements. On the other hand, the external boundary conditions are required to be satisfied
at both the free and loaded end.

The internal boundary conditions are presented as follows, where the three equations
in each category represent the internal continuity of the relative slip δ, the first derivative
of δ, and the FRP stress σf, respectively:

(a) For interior nodes of the elastic region (0 < x < L–Ld–Ls),

C1
i cosh

(
λ1

ixi

)
+ C2

isinh
(

λ1
ixi

)
= C1

i+1 cosh
(

λ1
i+1xi

)
+ C2

i+1sinh
(

λ1
i+1xi

)
(23)

C1
iλ1

isinh
(

λ1
ixi

)
+ C2

iλ1
i cosh

(
λ1

ixi

)
= C1

i+1λ1
i+1 sin

(
λ1

i+1xi

)
+ C2

i+1λ1
i+1 cosh

(
λ1

i+1xi

)
(24)

Lpτf
i

A f δ1λ1
i

[
C1

isinh
(
λ1

ixi
)
+ C2

i cosh
(
λ1

ixi
)]

+ C3
i

=
Lpτf

i+1

A f δ1λ1
i+1

[
C1

i+1sinh
(
λ1

i+1xi
)
+ C2

i+1 cosh
(
λ1

i+1xi
)]

+ C3
i+1

(25)

(b) For nodes between the elastic and the softening region (x = L–Ld–Ls),

C1
n1 cosh[λ1

n1(L − Ld − Ls)] + C2
n1sinh[λ1

n1(L − Ld − Ls)]

= C1
n1+1+

δ f τf
n1+1−δ1τr

n1+1

τf
n1+1−τr

n1+1

(26)

C1
n1 λ1

n1 sinh[λ1
n1(L − Ld − Ls)] + C2

n1 λ1
n1 cosh[λ1

n1(L − Ld − Ls)] = C2
n1+1λ2

n1+1
(27)

Lpτf
n1

A f δ1λ1
n1 {C1

n1sinh[λ1
n1(L − Ld − Ls)] + C2

n1 cosh[λ1
n1(L − Ld − Ls)]}+ C3

n1

=
Lp(τf

n1+1−τr
n1+1)

A f (δ f −δ1)λ2
n1+1 C2

n1+1+C3
n1+1

(28)

(c) For interior nodes of the softening region (L–Ld–Ls < x < L–Ld),

C1
i cos

[
λ2

i(xi − L + Ld + Ls)
]
+ C2

i sin
[
λ2

i(xi − L + Ld + Ls)
]
+

δ f τf
i−δ1τr

i

τf
i−τr i

= C1
i+1 cos

[
λ2

i+1(xi − L + Ld + Ls)
]
+ C2

i+1 sin
[
λ2

i+1(xi − L + Ld + Ls)
]
+

δ f τf
i+1−δ1τr

i+1

τf
i+1−τr i+1

(29)

−C1
iλ2

i sin
[
λ2

i(xi − L + Ld + Ls)
]
+ C2

iλ2
i cos

[
λ2

i(xi − L + Ld + Ls)
]

= −C1
i+1λ2

i+1 sin
[
λ2

i+1(xi − L + Ld + Ls)
]
+ C2

i+1λ2
i+1 cos

[
λ2

i+1(xi − L + Ld + Ls)
] (30)

− Lp(τf
i−τr i)

A f (δ f −δ1)λ2
i

{
C1

i sin
[
λ2

i(xi − L + Ld + Ls)
]
− C2

i cos
[
λ2

i(xi − L + Ld + Ls)
]}

+ C3
i

= − Lp(τf
i+1−τr i+1)

A f (δ f −δ1)λ2
i+1

{
C1

i+1 sin
[
λ2

i+1(xi − L + Ld + Ls)
]
− C2

i+1 cos
[
λ2

i+1(xi − L + Ld + Ls)
]}

+ C3
i+1

(31)
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(d) For nodes between the softening and the debonding region (x = L–Ld) at the Nth
fatigue cycle,

C1
n2+N−1 cos

(
λ2

n2+N−1Ls
)
+ C2

n2+N−1 sin
(
λ2

n2+N−1Ls
)
+

δ f τf
n2+N−1−δ1τr

n2+N−1

τf
n2+N−1−τr

n2+N−1

= 0.5λ3
n2+N(L − Ld)

2 + C1
n2+N(L − Ld) + C2

n2+N
(32)

−C1
n2+N−1λ2

n2+N−1 sin
(
λ2

n2+N−1Ls
)
+ C2

n2+N−1λ2
n2+N−1 cos

(
λ2

n2+N−1Ls
)

= λ3
n2+N(L − Ld) + C1

n2+N
(33)

− Lp(τf
n2+N−1−τr

n2+N−1)
A f (δ f −δ1)λ2

n2+N−1

[
C1

n2+N−1 sin
(
λ2

n2+N−1Ls
)
− C2

n2+N−1 cos
(
λ2

n2+N−1Ls
)]

+ C3
n2+N−1

=
Lp
A f

τr
n2+N(L − Ld) + C3

n2+N
(34)

(e) For interior nodes of the debonding region (L–Ld < x < L),

0.5λ3
ixi

2+C1
ixi + C2

i = 0.5λ3
i+1xi

2+C1
i+1xi + C2

i+1 (35)

λ3
ixi + C1

i = λ3
i+1xi + C1

i+1 (36)

Lp

A f
τr

ixi + C3
i =

Lp

A f
τr

i+1xi + C3
i+1 (37)

The external boundary conditions to be satisfied at both the free and loaded end are
presented as follows:

(a) The FRP stress σf = 0 when x = 0:

Lpτf
1

A f δ1λ1
1 C2

1+C3
i = 0 (38)

(b) The concrete stress σc = 0 when x = 0, which leads to dδ/dx = 0 at the free end:

C2
1λ1

1 = 0 (39)

(c) The relative slip δ = δ1 when x = L–Ld–Ls:

C1
n1 cosh[λ1

n1(L − Ld − Ls)] + C2
n1sinh[λ1

n1(L − Ld − Ls)] = δ1 (40)

(d) The relative slip δ = δf when x = L–Ld at the Nth fatigue cycle:

C1
n2+N−1 cos

(
λ2

n2+N−1Ls

)
+ C2

n2+N−1 sin
(

λ2
n2+N−1Ls

)
+

δ f τf
n2+N−1−δ1τr

n2+N−1

τf
n2+N−1−τrn2+N−1 = δ f (41)

(e) The FRP stress σf = Pmax/Af when x = L at the Nth fatigue cycle:

Lp

A f
τr

n3+2(N−1)L + C3
n3+2(N−1) =

Pmax

A f
(42)

The total number of the internal boundary conditions described in Equations (23)–(37) is
(3n − 3), providing that n finite elements are partitioned within the bond length. In addition,
by adding the five external boundary conditions presented in Equations (38)–(42), the total
number of independent equations becomes (3n + 2), which equals the number of the unknown
constants. However, both the softening length Ls and the debonding length Ld are implicit
parameters since all other unknown constants, C1

i, C2
i and C3

i (i = 1, 2, . . ., n), are explicitly
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solvable via linear algebra on the premise that both Ls and Ld are determined in advance.
Therefore, an iteration process in conjunction with a calculation algorithm is necessary to
reach converged solutions to the finite element problem.

2.6. Algorithm Framework

The strategy of solving this one-dimensional FEM problem with a changing number
of elements, which depends on the number of fatigue cycles, has been streamlined into the
following steps with a flow chart illustrated in Figure 6:

1. A slip tolerance Tslip and a force tolerance Tforce are preset to control the convergency of the
iteration algorithm. The bond failure limit Lf controls the extent of the bond development
towards failure. As expected, a smaller tolerance leads to higher accuracy at the expense
of a longer calculating time;

2. Assuming the maximum applied load Pmax is large enough to develop at least the softening
stage of the NSM FRP-to-concrete bonded joint, i.e., δ > δ1 at the loaded end, two scenarios
are considered: (a) debonding already exists; or (b) debonding does not occur at the first
fatigue cycle. These two scenarios can be easily determined by the analytical bond model
under the static loading case since no degradation accumulates at the first fatigue cycle.
Similarly, both Ls

1 and Ld
1 can be determined beforehand at the beginning of the iteration;

3. For both scenarios, the local bond properties of each element, i.e., τf
i and τr

i, will be
updated cycle by cycle as per the degradation law described by Equations (2)–(5). It is
also important to note that the newly developed elements generated in each cycle, as
illustrated in Figure 2b, will have less degradation than those softening or debonding
elements that already existed before the current cycle. In principle, both the local bond
strength τf

i and the residual bond strength τr
i of a specific element depend solely on the

number of fatigue cycles that this particular element experiences rather than the current
number of fatigue cycles;

4. Starting from the second fatigue cycle, an iterative process is required to solve the implicit
parameters Ls

k and Ld
k for scenario (a) and Ls

k for scenario (b) under the current kth fatigue
cycle. As shown in Figure 6, the force (traction) boundary condition [Equation (42)] and
the displacement boundary condition [Equation (41)] are applied to obtain Ls

k and Ld
k,

respectively. The speed and accuracy of this iterative process depend mainly on the
magnitude of the preset tolerances and the algorithm adopted to update Ls

k and Ld
k in

the iteration. For example, the method of bisection is implemented in this study for its
simplicity and good accuracy. For scenario (b), if the displacement boundary condition
δ > δf at the loaded end is reached before the target number of fatigue cycles N, which
means the softening stage should be developed, it will be automatically switched to
scenario (a) and continues for the next cycle; and

5. The algorithm will provide the FEM solutions, including the relative slip δ, the local bond
stress δ and the FRP stress σf, etc., along with the bond line at the target number of fatigue
cycles N if the NSM FRP joint still survives. Otherwise, the debonding failure and the
fatigue life will be obtained whilst the softening length Ls develops all the way to the free
end, yet the joint is still unable to balance the applied Pmax.
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3. Predictions Using Proposed Model
A Matlab 9.10 subroutine was programmed to create the analytical model based

on the trilinear local bond stress–slip relationship and degradation law as previously
described. The static bond parameters adopted for the analytical model are summarized
in Table 3. Experimental variables such as material properties, the geometric detailing of
the NSM FRP-to-concrete bonded joint and the maximum fatigue load Pmax were obtained
from an earlier study [25] as the input parameters of the model, along with the target
number of fatigue cycles N and the tolerances of convergency. Analytical predictions
of the FRP strain distribution and the local bond stress distribution are illustrated in
Figures 7–10, along with the test results for comparisons, for both FRP rod and strip
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specimens. Among these plots, comparisons were made at 10, 100, 1000, 10,000 and 100,000
fatigue cycles to present the overall performance of the model during various fatigue cycles.
Short abbreviations of specimen designation were used to improve the readability of the
plots. For example, R-1E2 represents specimens labeled with R-SCSW-A1-1060-1E2-N (as
SCSW-A1-1060 remains constant), and S-F represents specimens S-RO-A1-1060-F-N (as
RO-A1-1060 remains constant).

Table 3. Key parameters of the trilinear local bond stress–slip relationship under the static
loading case [34].

Parameter
NSM FRP-to-Concrete Bonded Joint

CFRP Rod Specimens CFRP Strip Specimens

τf,static (MPa) 17.30 10.42
τr,static (MPa) 7.18 3.37

δ1 (mm) 0.08 0.05
δf (mm) 0.45 0.21

Based on the comparisons in these figures, the proposed model generally captures
the entire local bond degradation behavior under the fatigue load. As the number of
fatigue cycles N increases from 10 [Figures 7a and 9a] to 100,000 [Figures 7e and 9e],
the FRP materials from regions near the loaded end progress a higher utilization, which
is featured by a flatter distribution of the FRP strain near the loaded end, as shown in
both Figures 7 and 9 for rod and strip specimens, respectively. This phenomenon is
consistent with the gradual migration of the peak local bond stress towards the free end
(away from the loaded end) due to accumulated bond damage within the debonding and
softening regions, as seen in Figures 8 and 10 for rod and strip specimens, respectively. It
should be noted that the fluctuation of fatigue test results is typically inevitable, leading to
certain degrees of scattering. This is mainly due to the difficulty of strain measurements
on the embedded NSM FRP (particularly FRP reinforcements with round cross-section
and a spirally wound surface) and the sustained friction between the strain gauges and
the surrounding epoxy adhesive during fatigue cycles, leading to the early malfunction of
strain gauges installed closer to the loaded end. Regardless, the proposed model primarily
aims at capturing the bond development behavior of the NSM FRP-to-concrete bonded
joint under fatigue cycles as observed in the experiments due to the local bond degradation.

Moreover, the relative slip at the loaded end for representative specimen sets is
compared in Figure 11. These selected specimen sets (i.e., R-SCSW-A1-1060-F-N and
S-RO-A1-1060-F-N) experienced more fatigue cycles than others and hence had better-
represented records of the relative slip. Using the semi-logarithmic scale, the model
undoubtedly captures the overall trend of the slip increment throughout the fatigue life,
with a typical three-stage development: (1) the initial relative slip obtained under the
first fatigue cycle; (2) a steady increase in relative slip with the number of fatigue cycle
increases; and (3) a rapid climbing of relative slip as approaching to failure. This three-stage
development has also been observed in many other relevant studies [15,24]. However,
the proposed analytical model does not always predict the same fatigue life as obtained
from the experiment (e.g., Figure 11). This could be due to the fact that regions near the
free end usually have a higher local bond strength [5,23,34], exhibiting more resistance to
degradation [25], but the analytical model hypothesizes a uniform local bond stress–slip
relationship along the bond line under the static load and a constant degradation law for
all elements along the bond line during the fatigue cycles. This creates certain degrees of
deviation of the analytical predictions using the proposed model from the experimentally
obtained results.
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Figure 7. Comparison between test results and analytical model predictions for FRP strain distribution
of CFRP rod specimens: (a) N = 10; (b) N = 100; (c) N = 1000; (d) N = 10,000; and (e) N = 100,000.
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Figure 9. Comparison between test results and analytical model predictions for FRP strain distribution
of CFRP strip specimens: (a) N = 10; (b) N = 100; (c) N = 1000; (d) N = 10,000; and (e) N = 100,000.



Fibers 2025, 13, 9 19 of 26

Fibers 2025, 13, x FOR PEER REVIEW 21 of 31 
 

(a) (b) 

(c) (d) 

 

(e)  

Figure 10. Comparison between test results and analytical model predictions for local bond stress 
distribution of CFRP strip specimens: (a) N = 10; (b) N = 100; (c) N = 1000; (d) N = 10,000; and (e) N = 
100,000. 

Based on the comparisons in these figures, the proposed model generally captures 
the entire local bond degradation behavior under the fatigue load. As the number of fa-
tigue cycles N increases from 10 [Figures 7a and 9a] to 100,000 [Figures 7e and 9e], the FRP 
materials from regions near the loaded end progress a higher utilization, which is featured 
by a flatter distribution of the FRP strain near the loaded end, as shown in both Figures 7 
and 9 for rod and strip specimens, respectively. This phenomenon is consistent with the 

Figure 10. Comparison between test results and analytical model predictions for local bond stress
distribution of CFRP strip specimens: (a) N = 10; (b) N = 100; (c) N = 1000; (d) N = 10,000;
and (e) N = 100,000.



Fibers 2025, 13, 9 20 of 26

Fibers 2025, 13, x FOR PEER REVIEW 22 of 31 
 

gradual migration of the peak local bond stress towards the free end (away from the 
loaded end) due to accumulated bond damage within the debonding and softening re-
gions, as seen in Figures 8 and 10 for rod and strip specimens, respectively. It should be 
noted that the fluctuation of fatigue test results is typically inevitable, leading to certain 
degrees of scattering. This is mainly due to the difficulty of strain measurements on the 
embedded NSM FRP (particularly FRP reinforcements with round cross-section and a spi-
rally wound surface) and the sustained friction between the strain gauges and the sur-
rounding epoxy adhesive during fatigue cycles, leading to the early malfunction of strain 
gauges installed closer to the loaded end. Regardless, the proposed model primarily aims 
at capturing the bond development behavior of the NSM FRP-to-concrete bonded joint 
under fatigue cycles as observed in the experiments due to the local bond degradation. 

Moreover, the relative slip at the loaded end for representative specimen sets is com-
pared in Figure 11. These selected specimen sets (i.e., R-SCSW-A1-1060-F-N and S-RO-
A1-1060-F-N) experienced more fatigue cycles than others and hence had better-repre-
sented records of the relative slip. Using the semi-logarithmic scale, the model undoubt-
edly captures the overall trend of the slip increment throughout the fatigue life, with a 
typical three-stage development: (1) the initial relative slip obtained under the first fatigue 
cycle; (2) a steady increase in relative slip with the number of fatigue cycle increases; and 
(3) a rapid climbing of relative slip as approaching to failure. This three-stage develop-
ment has also been observed in many other relevant studies [15,24]. However, the pro-
posed analytical model does not always predict the same fatigue life as obtained from the 
experiment (e.g., Figure 11). This could be due to the fact that regions near the free end 
usually have a higher local bond strength [5,23,34], exhibiting more resistance to degra-
dation [25], but the analytical model hypothesizes a uniform local bond stress–slip rela-
tionship along the bond line under the static load and a constant degradation law for all 
elements along the bond line during the fatigue cycles. This creates certain degrees of de-
viation of the analytical predictions using the proposed model from the experimentally 
obtained results. 

  
(a) (b) 

Figure 11. Comparison between test results and analytical model predictions for relative slip at the 
loaded end: (a) CFRP rod specimens; and (b) CFRP strip specimens. 

4. Parametric Study 
Using the proposed analytical model, three important parameters are investigated 

regarding their contribution to the local bond behavior under fatigue cycles: (1) local bond 
strength τf with a fixed residual bond strength ratio τr/τf; (2) residual bond strength ratio 
τr/τf; and (3) Young’s modulus of FRP reinforcement. The former two parameters are crit-
ical to the bond performance of NSM FRP-to-concrete bonded joints, while the last one 

Re
la

tiv
e 

sli
p 

at
 lo

ad
ed

 e
nd

 (m
m

)

Re
la

tiv
e 

sli
p 

at
 lo

ad
ed

 e
nd

 (m
m

)
Figure 11. Comparison between test results and analytical model predictions for relative slip at the
loaded end: (a) CFRP rod specimens; and (b) CFRP strip specimens.

4. Parametric Study
Using the proposed analytical model, three important parameters are investigated

regarding their contribution to the local bond behavior under fatigue cycles: (1) local bond
strength τf with a fixed residual bond strength ratio τr/τf; (2) residual bond strength ratio
τr/τf; and (3) Young’s modulus of FRP reinforcement. The former two parameters are
critical to the bond performance of NSM FRP-to-concrete bonded joints, while the last one
determines the axial stiffness of the FRP material. All other geometric information, material
properties and degradation laws for CFRP reinforcement remain constant. The Young’s
modulus of concrete is not a major concern here as previous research reported negligible
influence on the bond behavior under fatigue loading [28]. Effects due to other parame-
ters such as groove dimensions and reinforcement size require further understanding of
physical behavior via additional fatigue experimental data.

4.1. Local Bond Strength

The bond development of the NSM FRP is sensitive to the local bond strength during
fatigue cycles. A ±20% range of variation is selected herein based on the original local bond
strength of τf = 10.42 MPa with the same fatigue load range applied (i.e., 10–60% of the
static pull-out force Pmax = 32.6 kN). The original residual bond strength ratio τr/τf = 0.32
also remains constant for all cases selected herein. Figure 12 illustrates the local bond stress
distribution by using various local bond strength, which indicates a substantial difference
in the bond development under various fatigue cycles. Among all cases, the 120%τf case
shows the strongest resistance to fatigue degradation with no debonding region occurring
before 100,000 fatigue cycles. The length of the damaged bond region has a minimum
increase from 39.07 mm under 10 cycles to 84.44 mm under 100,000 cycles. In contrast, for
the 80%τf case, the debonding region occurs from the very beginning, and its damaged
bond region has a maximum increase from 88.55 mm under 10 cycles [Figure 12a] to
166.8 mm under 100,000 cycles [Figure 12e]. Thus, it can be concluded that NSM FRP-to-
concrete bonded joints can greatly benefit from a higher local bond strength where the
damaged zone is more localized to the loaded end with a slower bond development under
fatigue cycles.
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Figure 12. Influence of local bond strength on the bond behavior under fatigue cycles: (a) N = 10;
(b) N = 100; (c) N = 1000; (d) N = 10,000; and (e) N = 100,000.

4.2. Residual Bond Strength Ratio

The residual bond strength ratio τr/τf affects the post-softening behavior of the
bond development based on the trilinear local bond stress–slip model. By varying the
residual bond strength ratio τr/τf from 80, 90, 100, 110 to 120% of its original magnitude
(i.e., 0.32 for CFRP strip specimens) while all other parameters remain unchanged, the
local bond stress distribution throughout the fatigue cycles up to 100,000 of these cases is
presented in Figure 13. It can be seen that the difference in the local bond stress distribution
among these cases is exceedingly small under 10 fatigue cycles [Figure 13a] and increases
slightly under 100 fatigue cycles [Figure 13b]. However, after the debonding region occurs
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over 1000 fatigue cycles, the difference becomes more significant and continues to grow as
the number of fatigue cycles increases. At the end of 100,000 fatigue cycles, the 80% (τr/τf)
case has a damaged region of 131.6 mm, while the 120% (τr/τf) case has a smaller length of
104 mm [Figure 13e]. Therefore, the residual bond strength ratio τr/τf has little influence
on the local bond behavior at early fatigue cycles but affects more on the post-softening
behavior of the bonded joint after debonding.
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Figure 13. Influence of the residual bond strength ratio on the bond behavior under fatigue cycles:
(a) N = 10; (b) N = 100; (c) N = 1000; (d) N = 10,000; and (e) N = 100,000.

4.3. Young’s Modulus of FRP Reinforcement

In this study, the Young’s modulus Ef of FRP reinforcement is allowed to vary
80, 90, 100, 110 and 120% of the original value (i.e., 168.22 GPa). Figure 14 shows a relatively
stable effect caused by Ef throughout the fatigue cycles. For example, the distance between
the peak local bond stress of 80%Ef and 120%Ef cases is 23.45 mm [Figure 14a] at the end of
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10 fatigue cycles. It increases only slightly to 28.6 mm at the end of 100,000 fatigue cycles
[Figure 14e]. This observation is expected because, unlike the local bond strength τf and the
residual bond strength τr, which degrade under fatigue cycles, Ef is assumed to be constant
in the proposed model. Its influence on the bond performance is thus less dependent on
the number of fatigue cycles.
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5. Conclusions
This research proposed an analytical model based on a trilinear local bond stress–slip

relationship to simulate the local bond behavior of NSM FRP-to-concrete bonded joints
under fatigue cycles. Local bond degradation laws for both CFRP rod and strip specimens
were obtained from a series of post-fatigue direct pull-out tests and were used to provide
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the fundamental principle of the bond development under fatigue loading in the model.
The mechanism of the propagation of the damaged bond region and the migration of peak
local bond stress was described through an algorithm framework based on the Matlab
program in combination with the FEM approach. The analytical predictions were also
compared with the experimental results, followed by a set of parametric studies. The
following conclusions can be drawn based on the current study:

• The discretization of the bond line into finite elements provides the maximum flexi-
bility of managing the local bond properties at different stages of bond development.
The proposed analytical model has been proven to be efficient in predicting the overall
local bond degradation behavior under fatigue cycles as well as the FRP strain, local
bond stress, and relative slip as compared with the experimental data;

• In some cases, the proposed model underestimates the local bond performance near
the free end and predicts a lower fatigue cycle to failure. This is mainly due to the
adopted hypothesis on a uniform local bond stress–slip relationship and a constant
degradation law for all elements along the bond line during fatigue cycles; and

• Based on the parametric study, the local bond strength has the most significant effect
on the local bond development throughout the fatigue life of specimens. The resid-
ual bond strength ratio influences more on the post-softening behavior of the bond,
consequently causing more effect at higher numbers of fatigue cycles. In contrast, the
Young’s modulus of FRP reinforcement has a relatively stable influence on the local
bond behavior and is less sensitive to the number of fatigue cycles.
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Notation
The following symbols are used in this paper:
Ac cross-sectional area of concrete block (mm2);
Af cross-sectional area of NSM FRP reinforcement (mm2);
C1

i, C2
i and C3

i introduced constants of the ith element;
Ec Young’s modulus of concrete block (MPa);
Ef Young’s modulus of NSM FRP reinforcement (MPa);
i index of the finite element;
L bond length (mm);
Ld debonding length (mm);
Ld

1 debonding length at the 1st fatigue cycle (mm);
Ld

k debonding length at the kth fatigue cycle (mm);
Lf bond failure limit (mm);
Lp perimeter of the failure plane (mm);
Ls softening length (mm);
Ls

1 softening length at the 1st fatigue cycle (mm);
Ls

k softening length at the kth fatigue cycle (mm);
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n1, n2, n3 notation to indicate the number of elements in different bond regions;
N number of fatigue cycles;
Pf pull-out force of specimen in the experiment (kN);
Pmax magnitude of upper limit of the applied fatigue load range (N);
Tforce force tolerance (N);
Tslip slip tolerance (mm);
x distance from the free end (mm);
x0 free end of the bond line (mm);
xi−1, xi start and end coordinate of the ith element (mm);
xn1 boundary between elastic and softening bond region at the 1st fatigue

cycle (mm);
xn2 boundary between elastic and softening bond region at the 1st fatigue

cycle (mm);
xn3 loaded end of the bond line at the 1st fatigue cycle (mm);
δ relative slip between FRP reinforcement and concrete block (mm);
δ1 relative slip corresponding to the local bond strength (mm);
δf relative slip at debonding (mm);
λ, λ1

i, λ2
i introduced symbols to simplify the expression;

σf stress of NSM FRP reinforcement (MPa);
τavg average bond strength (MPa);
τf local bond strength between the FRP reinforcement and

concrete (MPa);
τf,static static local bond strength (MPa);
τf

i(N) local bond strength for the ith finite element at the Nth fatigue
cycle (MPa);

τi(δ) local bond stress–slip relationship for the ith finite element (MPa);
τr residual bond strength between the FRP reinforcement and

concrete (MPa);
τr,static static residual bond strength (MPa); and
τr

i(N) residual local bond strength for the ith finite element at the Nth fatigue
cycle (MPa).
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