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Abstract: The present study offers mathematical calculations of the roll-coating procedure lubricated
with an upper-convected Maxwell fluid. An incompressible isothermal viscoelastic fluid was considered,
with both the roll and the porous web having uniform velocities. By using the lubrication approximation
theory, the desired equations of motion for the fluid applied to the porous web were modelled and
analyzed. The suction rate on the web and the injection rate at the roll surface were proportionately
anticipated. Results for the velocity profile and pressure gradient were received analytically. Fluid
parameters of industrial significance (i.e., detachment point, pressure, sheet/roll separating force,
power contribution, and coating thickness) were also calculated numerically. A substantial and
monotonic increase was witnessed in these quantities with the increase of flow parameters.

Keywords: upper-convected Maxwell flow; roll coating analysis; lubrication approximation theory;
numerical procedures; porous web

1. Introduction

In the said procedure, a fine uniform liquid layer was deposited onto a substrate. The fluids
used for this purpose generally have non-Newtonian properties. The latter phenomenon earned a
healthy reputation during the past few decades owing to its vast application. Thin, uniform liquid
coatings are produced on surfaces in many industrial processes. This process includes paper coating,
beatification and protection of fabrics or metal with coating materials, photographic films, coated
products, and magnetic recording. Such operations depend on a large variety of equipment. Among
these, roll coaters are common in use. Applied mathematicians, numerical analysts, and modelers
must usually undergo serious difficulties when developing appropriate algorithms for calculating
such flows; this is due to complex and higher-order leading flow equations of non-Newtonian fluids,
as compared to Navier–Stokes equations. Many leading equations of non-Newtonian fluids have
been proposed in the literature for such complicated flows. Some valuable research in this direction is
mentioned in [1,2]. The use of pseudo-plastic fluids, these being non-Newtonian, is very common.
The study of pseudo-plastic fluids has gained significance because of its maximum uses in the
industry. Emulsion-coated sheets, such as photographic films or solutions and melts of high molecular
weight polymers and polymer sheets extrusion, are some common examples of such types of flows.
Some attention has been given to the model of upper-convected fluid model, which displays behavior
consistent with pseudo-plastic fluids.
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For a better understanding the process, many theoretic studies have been undertaken by scientists.
Taylor and Zettlemoyer [3], employing the lubrication theory, studied the flow behavior of ink in a
printing press process. Results of pressure distribution and force were derived by them. The flow
of water between two rolls was deliberated upon by Hintermaier and White [4], who employed the
lubrication theory and tested the results, which were consistent with their experimental outcomes.
Greener and Middleman [5] further attempted to establish the theory of the forward roll coating flow
of Newtonian fluids, performing the traditional lubrication approximations along with some simple
physical concepts. A model of Greener and Middleman, where two rollers of equal or non-equalize
rotate at equal or non-equal speeds and thereby develop a model which was applicable to a general
case, was studied and improved by Benkreira et al. [6]. The findings of their model were consistent
with experimental data. Lubrication approximation theory was performed by Souzanna Sofou and
Evan Mitsoulis [7] for provision of numerical outcomes in roll coating development over a continuous
flat web, by using Herschel–Bulkley model of viscoplasticity, which reduces to the Bingham, power-law,
and Newtonian models with suitable modifications.

A fresh rolling contact solver was provided by Wang et al. [8] using a semi-analytical technique for
analyzing three-dimensional stable rolling connections. They included creep effects and showed that
the new solver includes both normal and tangential contact problems for the trancing of pressure and
shear; comparing with current analytical and numerical alternatives demonstrates the precision and
effectiveness of the method. Zahid et al. [9] discussed the roll-coating procedure of an incompressible
viscoelastic fluid, with the roll and the substrate having uniform velocities. A lubrication approximation
theory was used to simplify the conservation equations. A regular perturbation technique was then
applied to obtain solutions of velocity profile, pressure gradient, flow rate per unit width, and shear
stress at the roll surface. Recently, LAT lubrication approximation theory) was used by Zahid et al. [10] to
provide numerical results of a material of second grade. Engineering quantities such as coating thickness,
split location, pressure distribution, stresses, strengths, roll power input, and adiabatic temperature
rise were obtained between the coating roll and the coated web. Sun et al. estimated the coating system
between ether molecules and iron (Fe) nanoparticles [11]. Most recently, a three-dimensional transient
finite element model was created by Li et al. [12] to study the evolution of the temperature domain
during laser cladding of AlSiTiNi coatings on a 304 stainless steel substratum. In this model, the melting
and solidification process as well as the geometric morphology of the laser cladding coatings were
simulated using a planar Gauss heat source and a temperature selection judgment mechanism.

To the best of our knowledge, no contribution is available for the mathematical formulation of
the coating process over a porous web with constitutive equations of upper-convected Maxwell fluid
flow. The aim of this article was to develop the flow process of the coating over the porous web of a
convected Maxwell fluid as well as to investigate the influence of fluid physical properties during this
procedure. The article develops as follows: the following sections focus on conservation equations
followed by modelling, the subsequent part covers the analytic expressions of the flow parameters,
and finally, findings and discussion along with deductions are presented.

2. Mathematical Formulation

For depositing liquid onto a moving substrate, a laminar, steady flow of an incompressible
isothermal upper convected Maxwell fluid is under consideration. The roll with radius R is rotating
counter-clockwise with an angular velocity U = Rω. The plane and the roll are moving linearly with
the same velocity, with H0 as the separation at the nip. During the procedure, the suction velocity v0

is assumed to remain constant. Moreover, the x-axis is taken along flow motion, whereas y-axis is
assumed to be transversal to the flow direction, as depicted by Figure 1. The symmetry of the model is
pursued for the analysis. The motion of the upper-convected Maxwell fluid model is discussed using
the following equations:

∇V = 0 (1)
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ρ
DV
Dt

= −∇p +∇τ (2)

where V, ρ, D
Dt (.) = ∂

∂ (.) + V∇(.) and p are velocity, density, the material derivative, and pressure,
respectively. τ represents the extra stress tensor for the upper-convected Maxwell fluid model, which
is given by

τ = µ
∂u
∂y

(3)
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The length of the curved channel being established by the roll and the plane is too large when
comparing with the separation at the nip, that is, H0 << R, thus causing the flow two dimensional.
The velocity field is assumed as

V = [u(y), v0, 0] (4)

Because of Equation (4), Equations (1) and (2) in components form become:

∂u
∂x

+
∂v
∂y

= 0 (5)

ρ

u∂u
∂x

+ v
∂u
∂y

+ β

u2 ∂
2u

∂x2 + v2 ∂
2u

∂y2 + 2uv
∂2u
∂x∂y

 = −∂p
∂x

+ µ

∂2u

∂x2 +
∂2u

∂y2

 (6)

ρ

u∂v
∂x

+ v
∂v
∂y

+ β

u2 ∂
2v

∂x2 + v2 ∂
2v

∂y2 + 2uv
∂2v
∂x∂y

 = −∂p
∂y

+ µ

∂2v

∂x2 +
∂2v

∂y2

 (7)

where β and v0 represents viscoelastic parameter and suction velocity, respectively.
Based on the lubrication theory we get

ρv0
∂u
∂y

+ ρβ

v0
2 ∂

2u

∂y2

 = −∂p
∂x

+ µ
∂2u

∂y2 (8)

v0
∂u
∂y

+ β

v0
2 ∂

2u

∂y2

 = −1
ρ

∂p
∂x

+ ν
∂2u

∂y2 (9)

where ν = µ
ρ .

After rearranging Equation (9), we get

∂u
∂y

+ βv0
∂2u

∂y2 = −
1
ρv0

∂p
∂x

+
ν
v0

∂2u

∂y2 (10)
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Equation (10) represents the final equation of motion under porous substrate geometry in
dimensional form. For non-dimensional expressions, introduce variables defined by

x =
x

√
2RH0

, y =
y

H0
, u =

u
U

, p =
H0p
µU

√
H0

2R
, Re =

v0H0

ν
(11)

with the help of Equation (11), Equation (10) becomes:

∂2u
∂y2 −G

∂u
∂y

= S
∂p
∂x

(12)

where G = Re
1−B , S = 1

1−B , B =
βv0

2

ν .
The corresponding dimensionless boundary conditions are ∂u

∂y = 0 at y = 0

u = 1 at y = h(x)
(13)

where h = 1 + x2

2 . Equations (11) and (12) are the final dimensionless modelled equations under the
considered physical model.

To evaluate separation point xs which is unknown, there needs to be two more boundary conditions.
At the axis of symmetry, the separation point becomes stagnation point:

u = 0, x = xs, y = 0 (14)

The concluding boundary condition representing a force or pressure balance at the separation point xs

associates the pressure P to the pressure related with surface tension γ

p =
−γ

r
at x = xs or p =

−H0

r

(
NCa2

)−1
at x = xs (15)

The parameter NCa2 = µU
γ

(
H
H0

) 1
2 is a modified capillary number.

The free surface being semicircular, as indicative of Figure 2, leads to a good assumption

2r + 2H = 2H0h(xs),
or

r
H0

= hs − λ,

 (16)
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We know that h = 1 + 1
2 x2; from this we define

hs = h(xs) = 1 +
1
2

xs
2 (17)

and
λ =

H
H0

(18)

where λ is a non-dimensional coating thickness, which is the key parameter we pursue to calculate
through the model.

3. Solution of the Problem

The result of Equation (12) with boundary conditions (Equation (13)) yields

u(y) =
e−GH dp

dx S + eGy dp
dx S + G

(
G +

dp
dx S(h− y)

)
G2 (19)

dp
dx , being part of the above equation, is still unknown and can be evaluated through introduction of the
non-dimensional volumetric flow rate as

Q = λ =

h∫
0

udy (20)

Insert Equation (19) into Equation (20), and subsequent integration yields:

dp
dx

=
2G3(λ− h)

S(G2h2 − 2GheGh + 2eGh − 2)
(21)

Since h(x) is an algebraic function, one may integrate Equation (21) to get the pressure profile p(x)

p(x) =

x∫
−∞

2G3(λ− h)
S(G2h2 − 2GheGh + 2eGh − 2)

dx (22)

By using Equation (15), the expression for λ is obtained, which becomes

p(xs) = −
1

(hs − λ)NCa2

=

xs∫
−∞

2G3(λ− h)
S(G2h2 − 2GheGh + 2eGh − 2)

dx (23)

Separation point xs is still unknown. For this, substituting Equation (21) into Equation (19),
and using boundary conditions (Equation (14)), we get

λ =
1
4

G2xs
4 + 4G2xs

2 + 4Gxs
2 + 4G2 + 8G− 8e

1
2 G(xs

2+2) + 8

G
(
Gxs2 + 2G− 2e

1
2 (xs2+2) + 2

) (24)

It is evident from Figure 2 that the film splits uniformly, therefore the separation point is (xs, 0).
Velocity and pressure tend to vanish at this position. The assumption can be agreed to, as both the
roll and the sheet move with the equal velocity. From this explicit relation, the dimensionless coating
thickness λ can be evaluated.

By using Equation (24) into Equation (23), one can use the trapezoidal rule to approximate the
complex integral, by fixing B = 10, Re = 10, and NCa2 = 1.



Coatings 2019, 9, 458 6 of 14

4. Operating Variables

Having calculated the velocity, pressure gradient, and pressure distribution, the remaining desired
quantities can now be easily obtained. The operating parameters used for industrial purposes are
evaluated as shown below.

4.1. Separating Force

The roll separating force F is given as

F =

xs∫
−∞

p(x)dx (25)

where F = FH0
µURW , F is the dimensional roll separating force per unit width W.

4.2. Power Input

The power transferred to the fluid by roll is calculated by integral following, by setting y = H0, as

pw =

xs∫
−∞

τ(x, 1)dx (26)

Here, pw =
pw

µWU and τxy =
τxyH0
µU are the non-dimensional power and stress tensors, given by

τxy =
∂u
∂y

(27)

4.3. Adiabatic Temperature

The temperature of the fluid is raised due to the power input by an amount which at most, is
given by an adiabatic temperature rise (∆T)ave

(∆T)ave =
pw

QρCp
(28)

where ρ and Cp is the melting density and heat capacity, respectively, at constant pressure.

5. Results and Discussion

This article analyzes the forward coating process over a porous web for an incompressible
isothermal upper-convected Maxwell fluid. The flow equations were simplified by applying lubrication
approximation theory. The numerical outcomes of the exiting coating thickness, the separation point
xs, the separation force, and the power input are highlighted in Table 1, which is generated through a
variation of B. The maximum coating thickness of up to four decimal places is observed which can
be as high as 1.5590. Beyond this point by increasing the value of B, the coating thickness up to four
decimal places remains the same. The highest separation point is detected at B = 10 which is 2.0630.
It is observed that coating thickness increases by increasing B. Physically, it is quite evident that by
increasing the viscoelastic parameter, the fluid becomes more viscous. The minimum thickness of
coating was observed at B = 1.1, which is 1.1728. It was observed that by setting B→ 0, no significant
change in coating thickness is found, whereas by setting B→∞, it is examined that λ→ 1.3, as found
in the literature by Greener [5] in 1979. It is worth mentioning that with the variation in B, one can
really control the coating thickness. Similarly, Tables 2 and 3 are generated for various values of Re
and NCa2 , respectively. It is quite interesting that by increasing the Reynold’s number the coating
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thickness, both the separation point and separating force decrease as expected. However, with the
increase of Reynolds number, the power transferred to fluid by roll also increases. This means that by
increasing Reynolds number, the fluid penetration increases, which physically causes a reduction in
the engineering quantities. As seen in Table 2, an increase in coating thickness and detachment point
is experienced by increasing modified capillary number. Since the capillary number NCa2 represents
the relative effect of the viscous drag force versus the surface tension forces acting across an interface
between a liquid and a gas, increasing capillary number viscous forces dominates over interfacial forces;
this effect can be seen in Table 3, as by increasing the capillary number separation point, the coating
thickness increases as well.

Table 1. Influence of Maxwell parameter on separation point, coating thickness, separating force,
and power input by fixing Re = 10, NCa2 = 1.

B xs λ F Pw

1.1 1.8000 1.3050 7.8107 −0.2335
2 1.8425 1.3437 10.3295 −0.3614
3 1.8883 1.3864 13.8451 −0.5327
4 1.9254 1.4218 17.7476 −0.7010
5 1.9567 1.4522 22.0537 −0.8803
6 1.9838 1.4789 26.7183 −0.9980
7 2.0075 1.5025 31.6752 −1.1240
8 2.0282 1.5234 36.8622 −1.2360
9 2.0466 1.5421 42.2522 −1.3367
10 2.0630 1.5590 47.8226 −1.4263

Table 2. Effect of Reynolds Number on separation point, coating thickness, separating force and power
input fixing B = 10, NCa2 = 1.

Re xs λ F Pw

2 2.2351 1.2027 5.1937 −0.0433
4 2.1744 1.1553 0.8853 0.1910
6 2.1282 1.1203 −2.9233 0.3726
8 2.0919 1.0933 −6.3312 0.4912
10 2.0630 1.0721 −9.4709 0.5914
15 1.9999 1.0271 −17.6440 0.7867
20 1.9774 1.0114 −23.5755 0.8553
30 1.9362 0.9831 −37.1632 0.9527
50 1.8952 0.9556 −65.0365 1.0213
90 1.8612 0.9332 −122.8755 1.0673

Table 3. Effect of modified capillary number on separation point, coating thickness by fixing Re = 1
and B = 7.

NCa2 xs λ

1 2.2474 1.2303
2 2.2563 1.2376
3 2.2592 1.2400
4 2.2607 1.2412
5 2.2615 1.2418
6 2.2619 1.2422
7 2.2625 1.2427
8 2.2629 1.2430
9 2.2631 1.2432

10 2.2633 1.2433
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The outcomes for the non-dimensional velocity profiles are shown in Figures 3–12. The velocity
profile is highlighted at various positions of the roll coating process through variation of B and Re.
Figure 3 shows the variation in the velocities curves at the nip region, whereas Figures 4 and 5 are
sketched at x = 0.25 and 0.75, respectively, for the increasing values of B. It can be examined that
velocity distribution increases by increasing the value of B. This is due to the porous web, otherwise it
can have an opposite behavior, because by increasing the value of B, the viscosity of the fluid increases
and it becomes more viscous, which can cause reduction in suction of the porous web. Figures 6 and 7
are sketched near the separation point, and here again, the velocity increases by increasing the value
of viscoelastic parameter. From Figures 3–7, the maximum velocity is observed at the centerline at
y = 0, then it starts decreasing and the minimum value of the velocity is 1, as the velocity of the roller.
Furthermore, from Figure 3, the maximum velocity on the center line at the nip place is 1.9 and it
starts to decrease when one moves towards the separation point; it eventually becomes zero at the
separation point. Similarly, in Figures 8–12, the effect of Reynolds number has been sketched. Figure 8
is drawn at the nip region, whereas Figures 9–12 are respectively drawn at x = 0.25, 0.5, 0.75, and 1.
It was portrayed from these graphs that by raising the amount of the Reynold’s number, the velocity
reduces: by raising the amount of Re, the porosity of the web rises, which furthers slow down the
motion of the fluid the x-direction.
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Figures 13 and 14 show the dimensionless pressure gradient distribution for different values of
Reynold’s number and viscoelastic parameter, respectively. Here, by increasing Reynold’s number
and the viscoelastic parameter, we are lead to higher values for the maximum pressure, while
Figures 15 and 16 show the corresponding dimensionless pressure distribution. One can see that
the curves for the pressure get steeper near the minimum gap both for Reynolds numbers as well
as for viscoelastic parameter. By increasing the viscoelastic parameter, the material becomes more
viscoelastic, the deformations in the flow domain become smaller, and the material behaves more
solid-like; it thus requires higher pressures and a larger domain to flow and deform. In the case
of porous web pressure, distribution increases as the viscoelastic parameter increases, although an
opposite behavior is observed by increasing the Reynolds number.

Coatings 2019, 9, x FOR PEER REVIEW 12 of 14 

 

 
Figure 13. Axial distribution of the pressure gradient by fixing B = 10. 

 
Figure 14. Axial distribution of the pressure gradient by fixing Re = 10. 

 
Figure 15. Axial distribution of dimensional pressure fixing Re = 10. 

Figure 13. Axial distribution of the pressure gradient by fixing B = 10.



Coatings 2019, 9, 458 12 of 14

Coatings 2019, 9, x FOR PEER REVIEW 12 of 14 

 

 
Figure 13. Axial distribution of the pressure gradient by fixing B = 10. 

 
Figure 14. Axial distribution of the pressure gradient by fixing Re = 10. 

 
Figure 15. Axial distribution of dimensional pressure fixing Re = 10. 

Figure 14. Axial distribution of the pressure gradient by fixing Re = 10.

Coatings 2019, 9, x FOR PEER REVIEW 12 of 14 

 

 
Figure 13. Axial distribution of the pressure gradient by fixing B = 10. 

 
Figure 14. Axial distribution of the pressure gradient by fixing Re = 10. 

 
Figure 15. Axial distribution of dimensional pressure fixing Re = 10. Figure 15. Axial distribution of dimensional pressure fixing Re = 10.Coatings 2019, 9, x FOR PEER REVIEW 13 of 14 

 

 
Figure 16. Axial distribution of dimensional pressure by fixing B = 10. 

6. Conclusions 

To derive the numerical results of the roll-coating procedure over a moving flat porous web 
being fed from an infinite reservoir, a mathematical model was developed. A lubrication 
approximation theory was applied to simplify the equations of motion of the steady upper-convected 
Maxwell fluid. The main deductions of the current study are as follows: 

• In the case of the upper-convected Maxwell fluid model, which is a class of viscoelastic material, 
a theoretical study was carried out, as most of the material in the coating industry is viscoelastic. 
Hence the theoretical results for these industries are presented in this study so that they can set 
their engineering quantities numerically according to the theoretical findings listed in Tables 1–3; 

• Coating thickness, separation region/separation point, roll separation force, power input, and 
pressure can be controlled through Reynolds number Re  and fluid parameterB ; 

• Separating point and coating thickness increases by increasing Capillary number;  
• Viscous force has a dominant role on coating thickness, separation force, and power input; 
• The outcomes of Middleman [5] are obtained when B → 0 and Re → 0; 
• The nip region demonstrates the highest velocity and pressure gradient. 

We conclude that film thickness increases as the viscoelastic number increases until a certain 
higher value; from this point, the tendency remains unchanged. The predictions obtained in this work 
in general agree with the available theoretical data. The results show that this theoretical prediction 
is accurate enough for most industrial applications. 

Author Contributions: Methodology, M. Zafar.; Supervision, MA. R.; Writing–original draft, B.A and M. Zafar.; 
Writing–review & editing, M. Z & MA. R; Results and Discussion, M. Zafar, M. Z and MA. Rana 

Funding: This research received no external funding. 

Acknowledgments: The authors are thankful to referees for their excellent review.   

Conflicts of Interest: The authors declare no conflict of interest. 

Nomenclature 

τ Extra stress tensor 
ρ Density 
B Viscoelastic parameter 
μ Viscosity 
v Kinematic viscosity 
Re Reynolds number 
γ Surface tension 
λ Coating thickness 

Figure 16. Axial distribution of dimensional pressure by fixing B = 10.

6. Conclusions

To derive the numerical results of the roll-coating procedure over a moving flat porous web being
fed from an infinite reservoir, a mathematical model was developed. A lubrication approximation
theory was applied to simplify the equations of motion of the steady upper-convected Maxwell fluid.
The main deductions of the current study are as follows:
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• In the case of the upper-convected Maxwell fluid model, which is a class of viscoelastic material,
a theoretical study was carried out, as most of the material in the coating industry is viscoelastic.
Hence the theoretical results for these industries are presented in this study so that they can set
their engineering quantities numerically according to the theoretical findings listed in Tables 1–3;

• Coating thickness, separation region/separation point, roll separation force, power input,
and pressure can be controlled through Reynolds number Re and fluid parameter B;

• Separating point and coating thickness increases by increasing Capillary number;
• Viscous force has a dominant role on coating thickness, separation force, and power input;
• The outcomes of Middleman [5] are obtained when B→ 0 and Re→ 0;
• The nip region demonstrates the highest velocity and pressure gradient.

We conclude that film thickness increases as the viscoelastic number increases until a certain
higher value; from this point, the tendency remains unchanged. The predictions obtained in this work
in general agree with the available theoretical data. The results show that this theoretical prediction is
accurate enough for most industrial applications.
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Nomenclature

τ Extra stress tensor
ρ Density
B Viscoelastic parameter
µ Viscosity
v Kinematic viscosity
Re Reynolds number
γ Surface tension
λ Coating thickness
NCa2 Modified capillary number
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