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Abstract: The aim of the current study is to present an analytical and numerical treatment of
a two-dimensional peristaltic channel along with the coating of laminar layers of nanoparticles
with non-Newtonian (Williamson) base liquid. In addition to this, convective heat transfer and
magnetic field effects also take into consideration. The geometry is considered as an asymmetric
two dimensional channel experiencing sinusoidal waves propagating across the walls. The walls are
supposed to have heat convection at the upper wall and the lower wall is having no temperature
gradient. The problem is manufactured under the theory of lubrication approach. The mathematical
models are evolved by using appropriate transformations. The obtained nonlinear differential
equations are solved analytically. Graphical features are presented to find the influence of emerging
physical parameters on the stream function, velocity of the nanofluid, heat transfer, nanoparticles
concentration, pressure gradient, and pressure increase. It is found that the velocity decreases in
the lower part while increasing in the upper side of the channel in the presence of nanoparticles.
The temperature is becoming large with increasing amount of nanoparticles and heat convection at
the boundaries. It is also observed that nanoparticle concentration is getting higher with Brownian
motion parameter, but fluid becomes less thermal against thermophoresis parameter. The streamlines
phenomenon clearly reflects the asymmetry of the channel. The characteristics of viscous fluid can be
recovered by switching the Weissenbureg number (We) to zero.

Keywords: nanofluid; Williamson model; peristaltic pumping; convective boundary conditions;
asymmetric channel; analytic solutions

1. Introduction

Nanofluids attract current predilection because of its heat conduction attributes. Changing the
flow geometry, boundary conditions, or thermal conductivity of liquids can improve convective heat
transfer. Over the years, researchers have tried to increase the thermal conductivity of liquids. For this
purpose, with the idea of Maxwell [1] solid metal particles are introduced into the base liquid. The large
micro-sized particles are used to make suspensions because the conductivity of solids is greater than
that of liquids, but these particles tend to produce greater resistance to the flow of base fluid. Modern
nanotechnology tends to take a new direction in this field. In 1995, Choi [2] proposed a liquid with
nano-sized particles suspended in a base liquid to eliminate the disadvantages of micro-sized particles.
These liquids have efficient convective heat transfer compared to pure liquids. Recently, the idea of
nanofluid in peristalsis has been studied by some researchers [3-10].

Peristalsis is characterized as the extension and the arrival of a substance into a liquid that
improves the formative waves that broaden the length of the conduit, blending and shipping the liquid
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toward the wave spread. It is a mechanism that is available in numerous organs of the human body.
In some specific instruments—for example heart-lung machines, implantation gadgets, and other
pumping apparatus—such types of processes are utilized. It is of specific significance in many species
and especially in human body that the transportation of many tissues of the body under various
conditions, for example, the sucking of blood by leaches, the heap from the kidneys to the bladder
through filtration, transport of the spermatozoa to the male genital tract, the development of the bosom
in the Fallopian tubes, vasomotion of little veins, just as the blending and transport of gastrointestinal
entry material.

The use of heat is of particular importance in the field due to its wide scope in engineering and
biomechanics. In addition, the common relationship of heat stress and peristalsis can be observed
during the oxygenation process with the patient. The assessment of magnetic resonance in biological
tissues has aroused great interest among researchers regarding physical problems such as blood.

The assessment of heat transfer is related to the conditions of convection used in processes such
as thermal conductivity, mechanical properties, chemical reactions, and so on. Aziz [11] presented
a similarity solution to incorporate the convective walls conditions for thermal boundary layer on
a smooth plate. In another article, Makinde and Aziz [12] developed the MHD mixed model on a
flat surface in a concise way in terms of compatibility. Makinde [13] also discussed the flow of the
MHD component with the temperature and the mechanical evaluation of a plate on a flat surface with
extended conditions. Merkin and Pop [14] considered the analysis of heat transfer by dynamically
simulating the flow of a uniform current on a flat surface with a horizontal displacement. According to
them, the heat flux near the main edge is dominated by the surface heat flux.

After knowing the significance of the above discussed phenomena, authors are keen to develop
a series solution of peristaltic flow of nanofluid with Williamson fluid model as a base liquid with
convective boundary conditions travelling through asymmetric channel. At least we know that this
study has not been yet explored in the literature. This study will be a good base for the engineers
to utilize the results in procedures like thermal energy storage, gas turbines, nuclear workshops, etc.
The problem is modeled under the induction of lubrication approach. The series solutions of stream
function, temperature distribution, and nanoparticle concentration are achieved by using a well-known
converging method the homotopy perturbation method. The important features are analyzed more
specifically by sketching graphs to estimate the impact of pertinent constant physical factors.

2. Mathematical Modeling

The incompressible Williamson model is chosen as a base fluid for nanofluid in between an
asymmetric channel experiencing heat convection at the peristaltic type surfaces. The width of the
channel is taken as (d11 + d12). Flow is initiated due to the propagation of curved waves travelling
with uniform speed c towards the flow. The exchange of heat is recognized by imposing temperatures
Ty and T at the lower and upper areas, correspondingly. To discuss nano particle phenomenon,
we have taken the nanoparticle concentration Cy and on the lower side and upper one, accordingly
(see Figure 1).
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Figure 1. Geometry of the channel.

The magnetic field By is exerted orthogonally. The wall surfaces are taken as
Y =H; =dy1+an COS[Q.T[/\X’] @)

Y = Hy = —dqyp — byy cos[2nAX’ + @], where X' = X —ct )

In upper defined equations, 417 and by; represent the wave amplitudes, A gives the wavelength,
t suggests the time, X depicts the wave’s direction, and Y is placed normally to X. The range of
phase variance @ alters as 0 < ¢ < 7. If ¢ = 0, we meant that a symmetric dimensional channel is
having waves located out of the phase and ¢ = 7, suggest the waves within the phase. Moreover
a11, b11, d11, d12 and @ overcome the following relation

a% + b%l + 2a11b11 cos @ < (d11 + d12)2 3)

The mathematical models of the considered problem given as

V.V=0 @)
o~ - _ - ~
p[—t+V VV]:—VP+V-S+pfgaf(T—T0)+pfgaf(C—C0)+]><B ©)
T 5T =V . kvT+5.-V0 Ds(VC - VT) + 2L (vT.vT 6
(pe)| 5 + V- VT| = V-KVT +8-VV + (pc),(Ds(VC - VT) + 21 (VT-VT) ©
aC . = ~ VT
E+V~VC—V~[DBVC+DTT—O] @)

where g is the gravitational body force and a represents the volumetric volume distension nanofluid’s
coefficient. In above relations, (pc); denotes the fluid’s heat capacity, (pc), accounts for effective

nanoparticles heat capacity, ] = o(V x B) reveals the current density, B = (0, By) notifies the external
magnetic field, and S is placed for the Cauchy stress tensor for Williamson fluid and is determined as

© = (oo (o + ) (1-T3) )7 ®)
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where y comprises the subsequent value

Y= !%Zzyiﬂ.’ji:\/%} ©)
i

Here ITis the strain tensor. The velocity profile for the given problem is considered as V = (U’, V).
Introducing a wavy frame we introduce the following transformations

x=X,y=Y,u=U-c, o=V, p(x) :ﬁ(X, t) (10)

We suggest the following dimensionless parameters to be used in the above expressions

T=ME Y=l U=t T=F 0= d=17= y:j’, hn:%, ha = 52,
app = %, Br = EcPr, b = %, Re = PCZUI @_ a:lpu’zg T1 To Ec= %(5—2_%), a1
Pr=05 5= Wwe=L o= 50, cr:%ﬁ““), GC:%}{Q—C@,
N, = TDB(il_CO)’ N; = TDTE%H—TO)IM _ ﬁBodn,We _ dFTcl

where M, We, Br, Pr, Ny, N;, G;, and G, represent the Hartman number, Weissenberg number, Brinkman
number, Prandtl number, Brownian motion parameter, thermophoresis parameter, local temperature
Grashof number, and local nanoparticle Grashof number, accordingly. After incorporating the above
structured parameters and applying the conditions of large wavelength along with small Reynolds
number in a wavy frame coordinates we have the final form of Equations (4)-(7)

ﬁ—i_a_y =0 .
12
& _ 2 [ il M2¢+We(;7‘f)]+cre+ccgo (12)
or 5
32 &ZIP 2‘? 2 20 ‘9‘P
99 90 20\ %0 o 24
Pr|N N|Z 2 4 Brl[==%) +We 14
r[ "y ay t(9y)}+9y2+ r(ayZ) " (91/2) B (9
&Z(P N; %0
-4 tZ2 1
o2 Ny o (15)

where 1 is stream function satisfying the relations u = d6/dy and v = —6d¢ / dx, The no-slip boundary
conditions for velocity u and nanoparticles fraction ¢ and convective boundaries are taken into
consideration for temperature 6 which have the following dimensionless form in the wave frame [15]

0
¢:§ _;‘l; -1, aty:hllf lub:_g/ %:_1/ aty:hlzl

d
g_e B;0 = Bl-aty:hnandG:Oaty:hlz) (16)
=1 aty=hy;, and @ =0aty=hyy,

where h11 = 1+ ajpcosx and hjp = —d —bcos(x + ¢). Also Bi = hydq1/K is the Biot number, /15 stands
for the coefficient of convective thermal transport. The mean flow rate in dimensionless format is
elaborated as

Q=F+1+d (17)
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3. Solution of the Problem

The above obtained Equations (12)—(15) display the nonlinear ordinary differential equations
in which ¢, 6, and ¢ are mutually dependent. Such types of problems cannot be handled by
exact techniques. Therefore, we chose a more appropriate solution procedure, the homotopy
perturbation method (HPM) [16,17] to solve the current highly complicated boundary value problems.
The deformation equations for 1, 6, and ¢ can be constructed as

(1=q)La(p = o) + ' %[32—;5 w ] +GC3(5 =0, (18)
(1-9)L2(0 - 00) + ' Nbgi ‘;q; +N, (‘;i) + ‘;; + Br(&—;f) + We(f—yf)sl =0, (19)
(1-4")L2(¢ = @o) + q’[gz—y(f + ZZ:]—,;%?] =0 (20)

where £; and £, are linear operators which are picked as £
£1 = ;—;4 and £, = ;—;2 (21)

and g, Oy, and (a) are the initial approximations which must satisfy the boundary conditions as well
as differential operator. The initial approximations for ¢, 8, and ¢ are elected as

IL\O _ (hu—hlz—Zy) (—2(h11—h12)2(h11—y) (I’llz—y)) + F(h%l—4h11h12+h%2+2(h112+h12) y—2y2) (22)
2(h11—h12) 2(h11~h12)

~ Bihio — By

0= ————— 23

0 1 - B;h11 + Bl (23)
— —h12 + y

_ 24

PO = T i, (24)

Applying perturbation on small embedding parameters F € [0, 1], we suggest the following
series solutions

Y =vo+q' Y1+ (25)
6 =60+ 761 +q%... (26)
P =go+qp1+7%p2... 27)

After substituting the above series solutions in Equations (18)-(20), we get the two systems for ¢,
0, and ¢.

e  Zeroth Order System

51[% —1#0] =0,
J d
E[}O:g/aiyo:_llaty:hl/lljoz_g/aiyo:_lraty:hfb

EZ[GO B 50] =0 (29)
60(”11) - Bieo(hl) =-Bjaty = h; and 6y = 0 at y= hy

(28)



Coatings 2019, 9, 816
£2po - o] =0,
po=1, aty=hjand pg =0aty = hy,

e  First Order System

y?

U1 =0, % =0, aty=hyand =0, 22 =0, aty =",

2 2
£2(01) + Ny |52 ‘990]+Nt(‘?;) + 2% +Br [("ayﬁo) + we( 52 ] 0, }

61(1’11) —Bl'@l(h]) =0aty = hiand 61 = Oaty = hy

£1[¢]+ay |:(9 Yo +W( IP) lel}Ojl""GraGO _’_Gca(PO =0,

0% N; 920
Ez((pl) (9;20 + N; ayo =0,
01 =0, aty="hy, 1 =0aty=hy,

e  Zeroth Order Solutions

By solving zeroth order systems by built-in technique in mathematical software, we obtain

o = l,; _ (h11+h12-2y) (=2(h1=h12) (h11-y) h12—y)+
0 0 2(h11~h12)
F(h%l—4h11h12+h%2+2(h11+h12) y)—2y

2(hy1-h1p)*

_~  Bim-Bjy
O =00 =7 — Bily + Bihy
g0 = o= 2ty
O =

e  First Order Solutions

The first order system has acquired the following general solutions
= -1 _ , _ 6 _ _ _ 2 3
¢1 = 6( By g) )[1/4G ( 1+ B; (h11 hlz) 6(F+h11 h12)( h11 M +2h11
h1oM? = 21113, M? + h},M? + 48We(F + hyy — h1p) + Bj(h11 — h12)(Gy(h11 — h2) >+
6(F + h11 — hlz) ( h4 M2 + 2]’13 h12M2 + +h4112M2 + 48W€(F + hyp — hlz))))y4—|—
(14 Bji(hn - h12)4(F + hll —h12) M2y + L1y + yLia + ¥PLas + yLaa

6, = 1 1/2B;(h11 = h12)®((=1 + Bi(h11 — h12)) N,

U (1B ) (i) [1/2B;(Fm 212) (=1 +Bi( 211 12)) 2b+
Bi(hll - hlZ) Nt)Pr + 3631’(—1 + Bi(l’l]l - ]’llz)) (F + h11 - h]z) (h11 - ]’112) (h‘;’l—
312, (h1p — 2We) + 32%111(}@2 + 2FW32) — hpa(h2, - 6We + 6h1,We)) ) y? — 24Br
(=14 Bj(h11 = h12))“(F 4 h11 = h12)~(h11 + h1p) B3, = 3h3, (k1 — 3We) + 3h1n
(2, + 3FWe)(~h1p (2, — 9FWe + 91 We))y® + 12Br(—1+ Bi(h1 — h1p))2(F+
Iy = h1p)2 (1) = 313, (h1p — 6We) + 3l (12, + 6FWe) — o (113, — 18FWe + 18

3
2 We))y*)] = 22Br(=1 + B;(hy1 - h1a) (F+ hyy = h12)?) Wey® + Lis + yLie

6 of 14

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)
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1= (—1+Bi(h11—h121))2(hu—hlz)gNhNt[l/SBi(h“ —112)®((-1+ Bi(hy1 — h12)) Np+
By(11 = Iz) Ni)Pr +36Br(=1+ Bi(In1 = 2))2(F + Iy = Ina)? (han = hua)? (1
=312 (In2 — 2We + 3hy (2, + 2FWe) — hup(h2, — 6FWe + 6h1, We))) Y2 — 24Br(~1
+Bi(h11 — o) )2 (F + huy = h12)* (g + hia) h3, —3h3,(hip — 3We) + hn(hi + 3FW€) (39)
(~ha(13, — 9FWe) + 9haWe) Y3 + 12G (=1 + Bj(hyy — hip)*(F + Iy — o)
(13, = 312, (1 — 6We) + 312, (1o — 6We) + 3hy1 (W2, + 6FWe) — hyp(h2, — 18FWe))

3
y4] = (2Br(=1+ Bi(hn1 —112))*(F + by = h12)?) Wey® + Liz + yLag

The final solutions according to the concept of HPM are given by using g — 1 in Equations (2)-(27).

Y=vYo+i¢+... (40)
0=00+01+... (41)
p=@o+p1+... (42)

where constants L;j, i = 1, j = 1 — 8 can be found by routine calculation. The complete solutions of
Y, 0, and ¢ can be obtained by supposed solutions. The solution for pressure gradient dp/dx can be
found by simply substituting the values in Equation (12). The mathematical formula for the pressure
increase function Ap can been visualized in next equation that has been solved numerically by built-in
technique numerical integration on Mathematica.

1

_ (%
Ap = f(a) dx (43)

0

4. Results and Discussion

This portion comprises of graphical results and discussion of obtained results for velocity,
temperature, nanoparticles, pressure gradient, and stream functions. The numerical data of the
pressure rise function Ap is also sketched against the domain of flow rate and found the effects of
physical parameters separately. Figures 2 and 3 are sketched for the velocity profile with varying
the values of (G,) and (G,), respectively in corresponding order. From Figure 2, it is clearly visible
that velocity is decreasing in lower part and increasing in upper part of the channel and enhances
its maximum peak at the center under the effect of G,. One can see the similar behavior by taking
increasing values of G, but here the difference is that the velocity is not varying much under the effect
of G, in Figure 3. Figures 4-6 contain correspondingly the alteration of temperature profile 6 with the
variability of Biot number (B;), Brinkman number (Br), and the Prandtl number (Pr). From Figure 4,
one can notice that the temperature profile is stretched vertically with the increase in magnitudes
of B;. It depicts that heat convection at the boundaries enhances the temperature of the Williamson
nanofluid. It is also notable here that the temperature is maximum at lower wall and minimum at
the lower surface and there is much variation in temperature level at upper region as compared to
lower side. Figure 5 reflects the observation that temperature is an increasing function of Br and the
temperature gradients are prominent at the lower portions as equated with the upper ones, but the
extent of heat is similar at both the surfaces as was observed for B;. It can be received from Figure 6
that temperature profile is increasing in linear fashion for numerically increasing magnitudes of Pr but
the change in heat is calculated more significantly in the central parts of the enclosure which is the
totally different result than we have achieved in Figures 4 and 5. Figures 7 and 8 are presented to see
the behavior of nanoparticles volume fraction ¢ with increasing magnitudes of (N;) and (N¢). Figure 7
shows that ¢ is getting higher when someone increases N,,. It is also explicit here that nanoparticles
are dispersed in the region between the lower and upper surfaces. On the other hand, Figure 8 revels
different story, the increase in N; decreases the nanoparticles concentration. Figure 9 is plotted for
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pressure gradient dp/dx for Ny,. It is seen that dp/dx is increasing as we increase N, and gets maximum
height at the center of the domain, i.e., x = 0.5. From Figure 10, we can see that pressure gradient is
varying quite opposite manner for the parameter N;. It can also be noticed from Figures 9 and 10 that
pressure gradient gets positive values only in the central part and remains negative at the corners.
Figures 11 and 12 are displaced to see the effects of parameters M and We on pressure rise Ap. Here
the whole area is broken into three zones, namely Region I-III. The Region I is recognized by the
portion where Q > 0, Ap > 0. Region II is named the place where Q > 0 and Ap < 0 while Region III
is composed of the part Q, Ap < 0. Figure 11 shows that Ap curves are increasing in Region I and II
while decreasing in Region III with the variation of M. Also, the free pumping exists at Q ~ 1.5. In
Figure 12, it is observed that in Region I and II, Ap is increasing and in Region III, it is decreasing. Also,
the peristaltic pumping occurs in Regions I and II between the interval (-1.7, 0.5). The streamlines are
drawn in Figures 13-15 for the parameters G., We, and M, respectively. From Figure 13, it is clear that
the number of boluses is increasing, but size of the trapped bolus is decreasing in lower part of the
channel, while in upper portion, the situation is totally reflected in opposite ways. Figure 14 gives the
streamlines variation under the different values of We. It is attained here that, in the lower part, the
number of boluses is increasing but size is changing randomly. The stream function for M has been
sketched in Figure 15 and it is noted in both the lower and upper parts, the size of bolus in increasing
while number is decreasing. It is also admitted by Figures 13-15 that trapped boluses are displaced
towards left from upper to lower side due to asymmetric dimensions of the channel which can be
made symmetric by imposing ¢ = 0.

Figure 2. Modification of velocity profile against G, forx =1, F=2,a2=02,b=01,d =15, ¢ =
1.5, G. =03, We=0.01, M= 0.1, B; =0.5.
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Figure 3. Modification of velocity profile against G, forx =1, F=2,2=02,b=01,d =15, ¢ =
1.5, G, =01, We=10.01, M=0.1, B; =0.5.

Figure 4. Modification of temperature profile against B; for,n =2, x = 0.1, F=5,2=02,b=0.1, d =
0.51, ¢ =0.01, W=0.01, M=0.1, G, =09, G, =4, Gc =03, N, =0.5, Pr =04, N =0.2.

Figure 5. Modification of temperature profile against Br forn =2, x =01, F=5,a=02,b=0.1,d =
01, ¢ =01, We=10.01, Gc. =09, G, =1, B; =10, N, =05, Pr=04, N; =0.2.
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Figure 6. Modification of temperature profile against Prforn =2, x =01, F=5,a=02,b=0.1,d =

051, ¢ =01, We=0.01, Gc. =09, G, =1, B; =5, N, =05, Gc =0.01, N; =0.2.

Figure 7. Modification of nanoparticles concentration against N, forn =2, x =0.1, F=5,a =02, b =

0.1, d =051, ¢ =0.01, We =0.01, Gc =09, G, =4, B, =05, Pr=04, Gc =0.1, Ny =0.2.

f—

Figure 8. Modification of nanoparticles concentration against N; for, n =2, x = 0.1, F = 2, a =
02,b=01,d=051, ¢ =001, We=0.01,,G. =09, G, =4, B; =05, Pr=04, Gc =01, Ny =0.2.
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Figure 9. Modification of pressure gradient against N, forn =2, y=0.1, F=10,2=02,b=0.1, d =
0.51, ¢ =0.01, We=0.1, G =09, G, =4, B;, =05 Pr=04, G. =01, M=15, N; =0.2.

Figure 10. Modification of pressure gradient against Ny for,n =2, y = 0.1, F=10,2a=02,b=0.1,d =
0.51, ¢ =0.01, We=0.1,,G, =09, G, =4, B =0.09, Pr=04, Gc =03, M=15, N, =0.1.

e M-10 —
AR M=1.2 -----
. ot M=14 -
_ M=1.6

2,

q

Figure 11. Modification of pressure rise against M for,n =2, y =01, F=10,2=02, b =03, d =
0.5, ¢ =001, M=13, Gc =03, G- =0.1, B; =03, Pr=04, G, =03, N, =03, N; =0.
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We=0.0] ——
We=0.07 ------ ]
We=0.13 -

R We=0.19 ----- 1

0

Figure 12. Modification of pressure rise against We for,n = 0.1, y =0.1,a=0.2, b =03, d =05, ¢ =
001, M=13,G,=03,G,=0.1,B; =03, Pr=04, G. =03, N, =03, Ny =0.2.

Figure 13. Modification of streamlines for G, = {0.1,0.5,0.9} whenn =0.1, y=0.1, F=5,a =03, b =
02,d=01,¢=001, M=01 We=0.1, G, =4, B; =0.09, Pr=04, Br =09, N, =05, Ny =0.2.

Figure 14. Modification of streamlines for We = {0.1,0.2,0.3} whenn = 0.1, y =0.1, 2 = 0.2, b =
03,d=05, ¢=001, M=01, B =0.09, Pr=04, Gc =09, G, =4, N, =0.5, Ny =0.2.
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Figure 15. Modification of streamlines for M = {0.1,0.9,1.7} whenn =2, F=5,4=0.3, b =02, d =
1, ¢ =001, We=0.1, G- =4, Gc=0.1, B; =0.09, Pr=04, Gc =09, N, =05, N; =0.2.

5. Conclusions

In this article, the authors have discovered the mathematical treatment of the peristaltic flow of

Williamson nanofluid coated with the walls of an asymmetric heated channel. The flow has been
studied analytically and graphically through variation of some pertinent parameters. From the above
discussion, the main findings are given below:

@
2
®)
4)
)
(6)

7)

®)

The velocity of nanofluid is decreasing in the lower part while increasing in the upper side with
local temperature Grashof number and local nanoparticle Grashof number.

The temperature is becoming large with an increase in Biot number, Brinkman number, and
Prandtl number.

The nano particle concentration is getting higher when we increase Brownian motion parameter,
but diminishes with thermophoresis parameter.

The pressure gradient is increasing with Brownian motion parameter, but lessening for
thermophoresis parameter.

The peristaltic pumping fasten up with Hartman number and Weissenberg number.

In the upper portion, the size of the trapped bolus is decreasing, but increasing in lower portion
when we increase local nanoparticle Grashof numbers and Weissenberg numbers, but it varies in
a random manner with Hartman numbers.

It is important to notice that boluses are trapped by their position in lower and upper corners of
the channel due to its asymmetric structure. We can recover the results of symmetric channel by
neglecting the phase difference.

The study of viscous nanofluid can be approached by neglecting Weissenburg number.
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