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Abstract: This paper develops a damping strategy for the vibration reduction of a mistuned bladed
disk (blisk) by depositing hard coating on its blades, and systematically investigates the vibration
characteristics of the hard-coated mistuned (HCM) blisk. By using an improved fixed-interface
component modal synthesis method (fixed-ICMSM), a reduced-order model (ROM) of the HCM
blisk is established. Then, based on the proposed ROM, solutions of eigenvalue equations are carried
out to obtain the natural frequencies and mode shapes. Further, modal loss factors and a damping
matrix of the HCM blisk are achieved by taking advantage of the modal strain energy method and the
proportional damping model, respectively. Moreover, the frequency response function of the HCM
blisk, which can exhibit dynamic behaviors, was deduced. Finally, a mistuned blisk with a deposited
NiCoCrAlY + YSZ hard coating on both sides of the blades is chosen as a study case to conduct a
finite element analysis, and the results are compared with those obtained from the experimental test
in terms of natural frequencies and mode shapes. The variation of the natural frequencies, the modal
loss factors, and the frequency response function generated by the NiCoCrAlY + YSZ hard coating
are studied, and the influence of coating area on damping capacity is further discussed.

Keywords: mistuned blisk; hard coating; reduced-order modeling; vibration characteristics;
damping capacity

1. Introduction

Due to the superior improvement of aerodynamic performance and structural design along with
weight reduction, the application of bladed disks (blisks) is widely increasing in aero-engines. A blisk
is composed of a single-piece component in place of the conventional assembly of a disk and detached
blades. In fact, in contrast with bladed disk assemblies, the single-piece-made structures bring about
a significant problem in that the internal damping of the blisk decreases generally and enormously
without a dovetail attachment root and friction interfaces, which can dissipate the vibratory energy
straightforwardly [1]. As a result, blisks tend to be subject to high vibration levels and severe resonances
in the worst cases, which always give rise to a risk of high cycle fatigue and even failure. Thus,
in particular, the exploitation of additional damping technology is very necessary for the vibration
control of a blisk.

In its engineering applications, hard coating has been studied and employed widely by many
researchers to improve surface performance, such as the wear resistance (or anti-friction resistance)
generated by the increase of hardness [2–4], the increase of fatigue strength related to residual
stresses [5], high-temperature resistance [6], and anti-corrosion [7] with nicer stability. In recent
years, the damping effect of hard coating, generated by the internal particle friction of coating material
as illustrated in Figure 1 [8], was found and investigated gradually by many researchers [9–11],
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and has been used as the damping treatment for vibration control with considerable prospects.
By making use of the Lindstedt–Poincaré perturbation method, the vibration characteristics of a
hard coating-laminated plate, in which anisotropic hard coating was deposited on a single side of
isotropic metal, were investigated by Yang et al. [12], and compared with the results obtained by the
finite element method and experimental tests, respectively. By taking advantage of the semi-analytical
method based on polynomial fitting, the vibration response and resonant frequencies analysis of a
cantilever plate coated with a nonlinear MgO + Al2O3 hard coating were carried out accurately by
Sun et al. [13], and compared with an experiment and a linear calculation, respectively. Subsequently,
Sun et al. [14] conducted a free vibration analysis of a hard-coated cantilever cylindrical shell on the
basis of Love’s theory and the Rayleigh–Ritz method, and compared with an analytical calculation and
an experiment, respectively, with respect to natural frequencies. In 2016, Sun and Liu [15] studied the
modeling and vibration of a composite beam coated with a strain-dependent hard coating, and the
vibration responses at resonance frequencies of the cantilever beam were calculated and compared
with an experiment and a linear calculation, respectively. Moreover, Sun and Kari [16] developed an
increase-damping method by depositing coating on compressor blades, and found that hard coating
contributed to a decrease in the peak stress of the compressor blades, and therefore improved its life
time. Based on all of the above, a damping strategy for the vibration reduction of a mistuned blisk by
depositing hard coating on its blades is proposed, and then investigated systematically in this paper.
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Figure 1. Surface SEM image of (a) NiCoCrAlY powders; (b) agglomerated nano-YSZ powders [8].
(Copyright 2016 Elsevier).

In contrast with the lumped parameter model and the beam-plate model, which are usually
employed to study fundamental mechanisms, finite element models (FEMs) of blisks that include
millions of degrees of freedom (DOFs) are more and more extensively utilized for meeting the
requirement of higher accuracy in industry applications. In the ideal, tuned conditions, the structural
properties and material parameters of the sectors are assumed to be the same and identical, referred
to as cyclic symmetry. Thus, the vibration characteristics of the tuned blisk can be solved efficiently
by using a single piece of sector instead of the whole structure. However, small, random variations
between sectors (blades generally), referred to as mistuning, are in existence in reality inevitably
because of, among other things, the manufacturing tolerance, material deviation, and wear during
the working process. Due to the absence of cyclic symmetry resulting from mistuning, the vibration
characteristics of the mistuned blisk have to be analyzed by making full use of all sectors with a large
amount of calculation. Moreover, given the limited computing resources, it is very difficult to carry
out a finite element analysis (FEA) for the whole structure of the mistuned blisk directly.

In answer to this unavoidable issue, some kinds of model reduction technologies for the mistuned
blisk have been proposed and improved upon by scholars. The first generation of finite element
reduced-order models (FE ROMs) were established by using the component modal synthesis (CMS)
method. Then, a novel FE ROM was developed by Yang and Griffin [17] in 2001 by using the
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relationship between the tuned and mistuned modes, called the subset of nominal modes (SNM)
method. Subsequently, a simplified SNM method based on a single family of modes, called the
fundamental mistuning model (FMM) method, was presented by Feiner and Griffin [18] in 2002.
Lim et al. [19] proposed a component mode mistuning (CMM) method, in which the ROM of a
mistuned blisk was generated by making use of both tuned system modes and blade component modes.
CMS methods with systemic theory is a very effective and efficient way to solve vibration characteristics
problems for large and complex mechanical structures. Its fundamental philosophy is breaking up the
whole into parts and then gathering the parts into a whole. In general, depending on the boundary
conditions, it consists of the fixed interface component modal synthesis method (fixed-ICMSM)
proposed by Hurty in the 1960s [20,21], the free interface component modal synthesis method
(free-ICMSM) proposed by Benfield and Hruda [22] in 1971, and the hybrid interface component
modal synthesis method (hybrid-ICMSM) proposed by MacNeal [23] in 1971. For increasing the
computational accuracy, the fixed-ICMSM method was further improved by Suarez [24] without
taking orthonormal modes into account, but the improved method was no longer suitable for the large
and complicated model. In 2014, Bai et al. [25] established a double ROM for mistuned blisks by using
an improved hybrid-ICMSM with lower accuracy. In this paper, based on the dynamic stiffness on the
component interface, an improved, common CMS method considering higher order modal truncations
is proposed for the vibration analysis of HCM blisks.

The work described in this paper highlights reduced-order modeling and a vibration
characteristics analysis for HCM blisks. Firstly, for establishing the rational ROM of the HCM blisk used
in the vibration analysis, an improved component modal synthesis method (ICMSM) based on dynamic
stiffness on component interface is developed by making use of a series of expansions and double
coordinating conditions, including geometrical compatibility and force equilibrium. Then, on the basis
of the proposed ROM, natural frequencies, mode shapes, and the modal loss factors of the HCM blisk
are achieved by the eigenvalue equations and the modal strain energy (MSE) method. Moreover, the
frequency response function of the HCM blisk is deduced by using the proportional damping model
to obtain a damping matrix. Finally, a mistuned blisk with deposited NiCoCrAlY + YSZ hard coating
on both sides of the blades is selected as a study case to carry out a numerical calculation, and the
results are compared with those obtained from an experimental test by both natural frequencies and
mode shapes. The variation trends of the vibration characteristics of the mistuned blisk generated by a
NiCoCrAlY + YSZ hard coating are studied in terms of natural frequencies, modal loss factors, and a
frequency response function, and the specific influence of coating area on the modal loss factors and
the frequency response function of the mistuned blisk are further discussed.

2. Theoretical Analysis of the HCM Blisk

2.1. Reduced-Order Modeling of the HCM Blisk Using ICMSM

The solid model and FEM of the mistuned blisk and the HCM blisk are shown in Figure 2.
The blades with red color and the rest with gray color are the mistuned and tuned structures,
respectively. Moreover, hard coating damping, represented by the blue color, is deposited on both
sides of all of the blades of the mistuned blisk. An ROM of the HCM blisk, regarded as a large and
complex structure, is very essential and crucial to be constructed for the purpose of decreasing the
amount of calculation without significantly altering computational accuracy.



Coatings 2017, 7, 103 4 of 18

Coatings 2017, 7, 103    4 of 18 

 

complex structure, is very essential and crucial to be constructed for the purpose of decreasing the 

amount of calculation without significantly altering computational accuracy. 

(a) mistuned blisk (b) HCM blisk
hard coating

mistuned 
structure

tuned 
structure

(c) HCM blisk of FEM  

Figure  2.  Solid model  of  (a)  the mistuned  blisk,  (b)  the  hard  coated mistuned  (HCM)  blisk  and   

(c) FEM of the hard coated mistuned (HCM) blisk. 

The basic procedure for reduced‐order modeling of the HCM blisk based on the fundamental 

principle of the proposed ICMSM is illustrated in Figure 3. The specific equations of the ICMSM are 

derived  and  organized  as  follows:  (a)  derivation  of  the  equation  of  dynamic  stiffness  on  the 

component  interface, (b) Taylor expansion of the equation of dynamic stiffness on the component 

interface, (c) modal synthesis of the HCM blisk based on the double coordinating conditions, and (d) 

elimination of the high derivative of the interface displacement equation. 

FEM of mistuned blisk deposited hard-coating damping

FEM of sector 1 FEM of sector N FEM of sector 2 ……

FEM of 
blade 1

FEM of 
disk 1

Solid model of mistuned blisk deposited hard-coating damping

FEM of 
blade 2

FEM of 
disk 2

…… ……
FEM of 
blade N

FEM of 
disk N

ROM of 
blade 1

ROM of 
disk 1

ROM of 
blade 2

ROM of 
disk 2

…… ……
ROM of 
blade N

ROM of 
disk N

ROM of sector 1 ROM of sector N ROM of sector 2 ……

ROM of mistuned blisk deposited hard-coating damping  

Figure 3. Fundamental principle of the improved component modal synthesis method (ICMSM) for 

the HCM blisk. ROM, reduced‐order model. 

The equation of motion of the HCM blisk without considering damping can be expressed as 

cs cs cs cs cs M X K X F   (1) 

where Kcs and Mcs refer to the stiffness and mass matrices of the HCM blisk, respectively, and Xcs and 

Fcs represent the column vector of the displacement and exciting force of the HCM blisk, respectively. 

Then, the stiffness and mass matrices and the displacement vector of the components can be written, 

respectively, as Kr, Mr and Xr: 

Figure 2. Solid model of (a) the mistuned blisk, (b) the hard coated mistuned (HCM) blisk and (c) FEM
of the hard coated mistuned (HCM) blisk.

The basic procedure for reduced-order modeling of the HCM blisk based on the fundamental
principle of the proposed ICMSM is illustrated in Figure 3. The specific equations of the ICMSM
are derived and organized as follows: (a) derivation of the equation of dynamic stiffness on the
component interface, (b) Taylor expansion of the equation of dynamic stiffness on the component
interface, (c) modal synthesis of the HCM blisk based on the double coordinating conditions, and
(d) elimination of the high derivative of the interface displacement equation.
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The equation of motion of the HCM blisk without considering damping can be expressed as

Mcs
..
Xcs + KcsXcs = Fcs (1)

where Kcs and Mcs refer to the stiffness and mass matrices of the HCM blisk, respectively, and Xcs and
Fcs represent the column vector of the displacement and exciting force of the HCM blisk, respectively.
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Then, the stiffness and mass matrices and the displacement vector of the components can be written,
respectively, as Kr, Mr and Xr:

Kr =

[
Kr

ii Kr
ij

Kr
ji Kr

jj

]
, Mr =

[
Mr

ii Mr
ij

Mr
ji Mr

jj

]
, Xr =

{
Xr

i
Xr

j

}
(2)

where, r = b or d, and b, d are the hard-coated blades and disk, and i and j refer to the internal and
external DOF, respectively. In order to express the equations conveniently and succinctly, Kr, Mr and
Xr are simplified as K, M, X, respectively, in the following derived equations. For any one of the
selected components of the HCM blisk, the equation of motion without considering damping can be
expressed as

M
..
X + KX = f (3)

Or, the equation of motion can be rewritten as{[
Kii Kij
Kji Kjj

]
− λ

[
Mii Mij
Mji Mjj

]}{
Xi
Xj

}
=

{
0i
f j

}
(4)

where f and λ refer to the interface force and eigenvalues of the component, respectively. In the case of
a fixed interface (Xj = 0), the vector of internal displacement Xi can be given as below:

Xi =
P

∑
p=1

xp
i ϕ

p
i (5)

(Kii − λMii)ϕi = 0 (6)

where P and xp represent the mode index and corresponding mode coordinate, respectively. In
addition, the natural frequencies Λii and mode shapes φii of the component can be obtained from
Equations (5) and (6) as

Λii = Diag[λ1, · · · , λk, λk+1, · · · , λn] = Diag[Λkk, Λhh] (7)

Φii = [ϕ1, · · · ,ϕk,ϕk+1, · · · ,ϕn] = [Φik, Φih] (8)

Supposing I as the identity matrix, Equations (7) and (8) (or natural frequencies and mode shapes)
are satisfied with the particular condition of orthogonal-normalization, as

Φii
T MiiΦii = Iii (9)

Φii
TKiiΦii = Λii (10)

Substituting Equations (9) and (10) into Equation (6), Equation (11) can be obtained as below:

Kii − λMii = Φii
−T(Λii − λIii)Φii

−1 = Φii
−T∆(λ)Φii

−1 (11)

By using the inverse matrix of Equation (11), the dynamic flexibility equation of the internal DOF
can be achieved as

Dii
−1(λ) = (Kii − λMii)

−1 = Φii∆ii
−1(λ)Φii

T (12)

From the first line of Equation (4), the relationship between the internal and external displacement
can be obtained as

Xi = −(Kii − λMii)
−1(Kij − λMij

)
Xj (13)
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Then, from the second line of Equation (4), the relationship between the interface force and
displacement is deduced as

f j(λ) = D∗
jj(λ)Xj (14)

where D∗
jj(λ) refers to the dynamic stiffness on the component interface, and

D∗
jj(λ) =

(
Kjj − λMjj

)
−
(
Kji − λMji

)
(Kii − λMii)

−1(Kij − λMij
)

(15)

On the basis of Equation (12), Equation (15) can be expressed by making use of the main modes
on the fixed interface, as

D∗
jj(λ) =

(
Kjj − λMjj

)
− KjiΦii∆ii

−1(λ)Φii
TKij + λKjiΦii∆ii

−1(λ)Φii
T Mij+

λMjiΦii∆ii
−1(λ)Φii

TKij − λ2MjiΦii∆ii
−1(λ)Φii

T Mij
(16)

Moreover, it is well known that

∆ii
−1(λ)∆ii(λ) = Iii = ∆ii

−1(λ)(Λii − λIii) (17)

Then, some formulations can be obtained respectively from Equation (17), as

λ∆ii
−1(λ) = −Iii + ∆ii

−1(λ)Λii (18)

λ2∆ii
−1(λ) = −λIii − Λii + Λii∆ii

−1(λ)Λii (19)

Substituting Equation (18) and Equation (19) into Equation (16), D∗
jj(λ) can be rewritten as follows:

D∗
jj(λ) = Kjj − KjiΦiiΦii

T Mij − MjiΦiiΦii
TKij + MjiΦiiΛiiΦii

T Mij−
λ
(

Mjj − MjiΦiiΦii
T Mij

)
−
(
KjiΦii − MjiΦiiΛii

)
∆ii

−1(λ)
(

Φii
TKij − ΛiiΦii

T Mij

) (20)

By making use of Equation (7) and the orthogonal modes, Equation (20) can be expressed finally,
as follows:

D∗
jj(λ) = Kjj − KjiΦiiΦii

T Mij − MjiΦiiΦii
TKij+

MjiΦiiΛiiΦii
T Mij − λ

(
Mjj − MjiΦiiΦii

T Mij

)
−(

Kji − Mji Mii
−1Kii

)(
Φik∆kk

−1(λ)Φik
T
)(

Kij − Kii Mii
−1Mij

)
−(

Kji − Mji Mii
−1Kii

)(
Φih∆hh

−1(λ)Φih
T
)(

Kij − Kii Mii
−1Mij

) (21)

On the condition that λ < λk+1, the variable ∆hh
−1(λ) can be expanded by using the Taylor

expansion, as

∆hh
−1(λ) =

∞

∑
q=0

λqΛhh
−(q+1) = Λhh

−1 + λΛhh
−2 +

∞

∑
q=2

λqΛhh
−(q+1), q ≥ 0 (22)

What is more, the natural frequencies and mode shapes of the component satisfy the
following equations:

KiiΦik = MiiΦikΛkk (23)

Kii
−1 = ΦikΛkk

−1Φik
T + ΦihΛhh

−1Φih
T (24)

Kii
−1MiiKii

−1 = ΦikΛkk
−2Φik

T + ΦihΛhh
−2Φih

T (25)

Mii
−1
(

MiiKii
−1
)q

= ΦikΛkk
−qΦik

T + ΦihΛhh
−qΦih

T (26)
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Substituting Equations (22) and (23—26) into Equation (21), the equation about D∗
jj(λ) is rewritten

again, as

D∗
jj(λ) = κjj − λµjj − λ2µjk∆kk(λ)µkj −

∞

∑
m=2

λqµjj
(q) (27)

where,
κjj = Kjj − KjiKii

−1Kij (28)

∆kk(λ) = Λkk − λIkk (29)

µjk =
(

Mji − KjiKii
−1Mii

−1
)

Φik (30)

µjj = Mjj − MjiKii
−1Kij + KjiKii

−1
(

MiiKii
−1Kij − Mij

)
(31)

µjj
(q) =

(
Mji − KjiKii

−1Mii

)(
Kii

−1 − ΦikΛkk
−2Φik

T
) (

MiiKii
−1
)q−2(

Mij − MiiKii
−1Kij

)
. (32)

Substituting Equation (27) into Equations (13) and (14), the equation about f j(λ) can be rewritten
as follows:

f j(λ) = −λµjk Hk +

[
κjj − λµjj −

∞

∑
q=2

λqµjj
(q)

]
Xj (33)

Hk= λ∆kk
−1(λ)µkjXj (34)

Additionally, the constraint equation of the component can be achieved as below

(Λkk − λIkk)Hk − λµkjXj = 0k (35)

Subsequently, the relationships between the interface force and the displacement of the disk and
hard-coated blades can be obtained from Equation (33), which are, respectively:

f b
j (λ) = −λµb

jk Hb
k +

[
κb

jj − λµb
jj −

∞

∑
q=2

λqµb
jj
(q)
]

Xb
j (36)

f d
j (λ) = −λµd

jk Hd
k +

[
κd

jj − λµd
jj −

∞

∑
q=2

λqµd
jj
(q)
]

Xd
j (37)

For realizing the modal synthesis of the HCM blisk accurately, the double coordinating conditions
of the interface displacement and force are introduced together, as below:

Xb
j = Xd

j (38)

f b
j + f d

j = 0 (39)

Then, the equilibrium and constraint equations of the HCM blisk are achieved, respectively, as

− λµ̃jkH̃k +

[
κ̃jj − λµ̃jj −

∞

∑
q=2

λqµ̃
(q)
jj

]
X̃j = 0j (40)

∆kk(λ)H̃k − λµ̃kjX̃j = 0j (41)

Further, by making use of Equations (40) and (41) together, Equation (42) can be deduced as{[
κ̃jj 0jk
0kj Λ̃kk

]
− λ
[
µ̃jj µ̃jk
µ̃T

jk Ikk

]
−

∞

∑
q=2

λq

[
µ̃
(q)
jj 0jk

0kj 0kk

]}{
X̃j
H̃k

}
=

{
0j
0k

}
(42)
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where,
κ̃jj = κb

jj + κ
d
jj (43)

µ̃jj = µb
jj + µ

d
jj (44)

µ̃jk =
[
µb

jk µd
jk

]
(45)

µ̃
(q)
jj = µb

jj
(q)

+ µd
jj
(q)

, q ≥ 2 (46)

H̃k =
[

Hb
k Hd

k

]T
(47)

Λ̃kk = Diag
[

Λb
kk Λd

kk

]
(48)

In particular, the first row of Equation (42) can be expanded and then expressed as follows:

κ̃jj − λ
(
µ̃jj − µ̃jkµ̃

T
jk

)
−

∞

∑
q=2

λqµ̃
(q)
jj − µ̃jkΛ̃kkH̃k = 0 (49)

Multiplying Equation (49) by λn(1 ≤ n ≤ m), Equation (50) can be obtained based on the
mathematical induction[

n+1

∑
p=1

λqµ̃jkΛ̃
n−q+1
kk µ̃T

jk+λ
nκ̃jj − λn+1µ̃jj −

∞

∑
q=n+2

λqµ̃
(n−q)
jj

]
X̃j = µ̃jkΛ̃

n+1
kk H̃k. (50)

In Equation (50), λq(q > m), which is related to the high derivative, is eliminated, then
Equation (51) is achieved, as

X̃h = A−1BH̃k (51)

where,

A =



κ̃jj + µ̃jkΛ̃kkµ̃
T
jk µ̃jkµ̃

T
jk − µ̃jj −µ̃(2)jj · · · −µ̃(m−1)

jj

µ̃jkΛ̃
2
kkµ̃

T
jk κ̃jj + µ̃jkΛ̃kkµ̃

T
jk µ̃jkµ̃

T
jk − µ̃jj · · · −µ̃(m−2)

jj

µ̃jkΛ̃
3
kkµ̃

T
jk µ̃jkΛ̃

2
kkµ̃

T
jk κ̃jj + µ̃jkΛ̃kkµ̃

T
jk · · · −µ̃(m−3)

jj
...

...
...

. . .
...

µ̃jkΛ̃
m
kkµ̃

T
jk µ̃jkΛ̃

(m−1)
kk µ̃T

jk µ̃jkΛ̃
(m−2)
kk µ̃T

jk · · · κ̃jj + µ̃jkΛ̃kkµ̃
T
jk


(52)

B =
[
µ̃jkΛ̃

2
kk µ̃jkΛ̃

3
kk µ̃jkΛ̃

4
kk · · · µ̃jkΛ̃

m+1
kk

]T
(53)

X̃h =
[

X̃h1 X̃h2 X̃h3 · · · X̃hm

]T
= λ

[
X̃j X̃h1 X̃h2 · · · X̃h(m−1)

]T
(54)

By making full use of Equation (51), Equation (49) can be derived again and then rewritten
as follows: (

κ̃jj − λµ̃jj

)
X̃j − λ

(
µ̃jkH̃k + µ̃jhH̃h

)
= 0j (55)

µ̃jh =
[
µ̃
(2)
jj µ̃

(3)
jj · · · µ̃

(m)
jj 0jj

]
(56)

By taking advantage of Equations (41), (54), and (55), (56) Equation (57) can be computed
as follows: 

 κ̃jj 0jk 0jh
0kj Λ̃kk 0hk
0hj 0kh κ̃hh

− λ

 µ̃jj µ̃jk µ̃jh
µ̃T

jk Ikk 0kh

µ̃T
jh 0hk µ̃hh





X̃j
H̃k
X̃h

 =


0j
0k
0h

 (57)
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where,

κ̃hh =



µ̃
(2)
jj µ̃

(3)
jj · · · µ̃

(m)
jj 0jj

µ̃
(3)
jj µ̃

(4)
jj · · · 0jj 0jj

...
... . . . ...

...

µ̃
(m)
jj 0jj · · · 0jj 0jj

0jj 0jj · · · 0jj 0jj


m×m

(58)

µ̃hh =



µ̃
(3)
jj µ̃

(4)
jj · · · µ̃

(m)
jj 0jj 0jj

µ̃
(4)
jj . . . . . . . . . . . .

0jj
... . . . . . . . . . . . . ...

µ̃
(m)
jj . . . . . . . . . . . .

0jj

0jj . . . . . . . . . . . .
0jj

0jj 0jj · · · 0jj 0jj 0jj


m×m

(59)

Moreover, Equation (60) can be obtained from the expansion of Equation (51), and given by
X̃j
H̃k
X̃h

 =

 Ijj 0jk
0kj Ikk
0hj A−1B

{ X̃j
H̃k

}
= T

{
X̃j
H̃k

}
(60)

Substituting Equation (60) into Equation (57) and pre-multiplying that by TT , Equation (60) can
be achieved, as

(κ− λµ)
{

X̃j
H̃k

}
=

{
0j
0k

}
(61)

Where κ and µ are the reduced stiffness and mass matrices of the HCM blisk, respectively, and

κ =

[
κ̃jj 0jk

0kj Λ̃kk +
(

A−1B
)T
κ̃hh A−1B

]
(62)

µ =

 µ̃jj µ̃jk + µ̃jh A−1B(
µ̃jk + µ̃jh A−1B

)T
Ikk +

(
A−1B

)T
µ̃hh A−1B

 (63)

2.2. Solution for the Vibration Characteristics of the HCM Blisk

The natural frequencies and mode shapes of the HCM blisk, ωr and ϕr, can be calculated by
making use of the reduced stiffness and mass matrices to obtain the eigenvalue equation, that is(

κ−ω2µ
)
ϕ = 0 (64)

In general, the modal loss factors are the key characteristics of the vibrating structure, which can
exhibit a damping capacity. For composite structures, an energy-based method is currently becoming
more widely used by researchers for the purpose of estimating the modal loss factors of interest;
examples are Johnson and Kienholz in 1982 [26], Zheng et al. in 2006 [27], Sinha in 2009 [28], and
Curà et al. in 2012 [29]. In this paper, the modal loss factor of the HCM blisk, ηr, can be achieved by
taking advantage of the modal strain energy method (MSEM), that is given as follows:

ηr =
ηc × MSEhc,r + ηb × MSEbd,r

MSEhc,r + MSEbd,r
(65)
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What is more, because the value of ηc is far less than the value of ηb, ηr can also be expressed as

ηr =
MSEbd,r

MSEhc,r + MSEbd,r
× ηb (66)

where ηb and ηc refer to the material loss factor of the mistuned blisk and hard coating, respectively,
and MSEbd,r and MSEhc,r refer to the modal strain energy of the mistuned blisk and hard coating,
respectively.

As is known, it is very difficult to calculate and measure the damping matrix of a vibrating
structure, especially for the HCM blisk, which is a treated as a complex and composite structure
generally. Because of the nicer stability of hard coating under severe conditions, the HCM blisk can
be thought of as a special homologous liner system. Thus, the proportional damping model [30],
which features a concise implementation and simplified calculations, can reasonably be applied to the
HCM blisk for the purpose of capturing its damping behavior. Supposing α and β as the proportional
constants, the damping matrix of the HCM blisk, D, can be achieved as

D = αµ+ βκ (67)

α+ βωr
2 = ηrωr (68)

Finally, the frequency response function of the HCM blisk, H(ω), which demonstrates the dynamic
behavior of the HCM blisk, can be computed as follows:

H(ω) =
m

∑
r=1

ϕrϕr
T

ωr2 −ω2 + iωDr
(69)

where ϕr is the regularized mode vectors of the r-th mode.

3. Numerical Results of the Case Study

3.1. Description of the HCM Blisk and Experimental Test

A mistuned blisk made of aluminum and devices including an exciting hammer, a specific fixture,
a B&K-4517 acceleration transducer, a LMS16 front-end data acquisition controller (FEDAC, LMS,
Rouwen, Belgium), and a mobile workstation that had installed on it the LMS Test. lab, is shown
in Figure 4. A NiCoCrAlY + YSZ hard coating is deposited on both sides of all of the blades of the
mistuned blisk by atmospheric plasma spraying (APS) technology with coating thickness h = 0.2 mm,
as shown in Figure 5.
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The nominal geometric and mechanical parameters associated with the mistuned blisk and the
NiCoCrAlY + YSZ hard coating are given in Tables 1 and 2, respectively. The Young’s modulus
and the material loss factor of the NiCoCrAlY + YSZ hard coating are obtained from a dynamic
thermo-mechanical analysis (DMA) and the inverse method at room temperature, respectively [31].

Table 1. Geometrical parameters of the mistuned blisk and hard coating.

Disk Hard-Coated Blades

Inner radius of hub 50 mm Height of blade 50 mm
Outer radius of hub 80 mm Width of blade 25 mm

Thickness of hub 19 mm Thickness of blade 3 mm
Inner radius of rim 182 mm Number of blade 18
Outer radius of rim 200 mm Coating thickness 0.2 mm

Thickness of rim 20 mm Coating area 100%
Thickness of sternum 7 mm Coating location Both sides

Table 2. Mechanical parameters of the mistuned blisk and hard coating.

Type Blisk Hard Coating

Material Aluminum NiCoCrAlY + YSZ
Young’s modulus (Gpa) 70 54.494
Mass density (Kg/m3) 2700 5600

Loss factor 0.0003 0.0212
Poisson’s ratio 0.33 0.3

3.2. Vibration Characteristics of the HCM Blisk and Verification

On basis of the proposed ROM, the vibration characteristics of the HCM blisk, including the
natural frequencies, mode shapes, modal loss factors and the frequency response function, are solved.
For the purpose of verifiying the validation of the proposed ROM, the results are compared with those
obtained from the full-order model (FOM) of the HCM blisk established in the commercial software
ANSYS 15.0 Rel. (ANSYS, San Francisco, CA, USA), which possesses approximately 4.23 million
SOLID185 elements and 13.85 million DOFs.

Moreover, in contrast with a FEA of the HCM blisk, the hammering method can be employed in
an experimental test to obtain the natural frequencies, mode shapes and modal loss factors (modal
damping ratio). In accordance with the peening point marked in the Geometry module of LMS
Test.lab (LMS, Rouwen, Belgium), the HCM blisk fixed on the specific fixture is peened by the exciting
hammer. By using three lightweight acceleration transducer B&K-4517s equispaced on the root of the
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hard-coated blade, the response single can be transmitted to the LMS16 FEDAC, which is responsible
for the data’s acquisition and analysis. The natural frequencies, modal loss factors, and the mode
shapes of the HCM blisk are extracted from the PolyMAX module of LMS Test.Lab.

The natural frequencies obtained from the ROM, the FOM, and the experimental test are listed
in Table 3. It can be seen that the results have similar consistency in general, i.e., 600–800 Hz and
1100–1400 Hz. Moreover, although the natural frequencies obtained from the ROM are different from
the others, the error between the ROM and the FOM, ER-F, or the test, ER-T, is not large; in fact, they
are 0.47%–1.89% and 2.40%–4.89%, respectively.

Table 3. Natural frequencies obtained from the ROM, full-order model (FOM), and the test (Hz).

Mode Order ROM FOM Test ER-F ER-T

1 646.20 651.12 662.09 0.76% 2.40%
2 654.62 663.21 672.68 1.29% 2.68%
3 667.92 674.75 688.59 1.01% 3.01%
4 677.77 687.54 712.07 1.42% 4.82%
5 709.28 700.88 735.37 −1.20% 3.55%
6 714.60 709.18 750.72 −0.76% 4.81%
7 724.93 717.14 753.22 −1.09% 3.76%
8 728.88 725.47 763.48 −0.47% 4.53%
9 730.90 739.42 766.64 1.15% 4.66%

10 731.65 745.49 769.29 1.86% 4.89%
11 1149.10 1169.57 1193.26 1.75% 3.70%
12 1237.70 1251.40 1286.64 1.10% 3.80%
13 1332.60 1357.76 1394.69 1.85% 4.45%

The model assurance criterion (MAC) [32] has been used to conduct a quantitative assessment
of the mode shapes. In this paper, the MAC of the mode shapes between the ROM and the FOM are
plotted in Figure 6. The crimson quadrates located on the counter-diagonal represent that the values
of the MAC are close to 1 approximately, and the rest that are painted by the white color indicate
generally that the values of the MAC are very small, even nearly equal to 0. It can be shown clearly
that the mode shapes obtained from the ROM and the FOM have a good correlation.
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Figure 6. The model assurance criterion (MAC) of the mode shapes obtained from the ROM and
the FOM.

What is more, the mode shapes when nodal diameter number nd = 1 and 2, obtained from the
ROM and experimental test, are shown in Figure 7. It can be found that the strong-coupled vibrations
dominated the mode types in both results. Moreover, the blue zones represent the location at which the



Coatings 2017, 7, 103 13 of 18

amplitudes are nearly zero, the yellow and red zones represent the location at which the amplitudes are
very large, and the green zones represent the location at which the vibration amplitudes fall in between.
It reveals clearly that the color distribution in the ROM and the test model is approximately similar.Coatings 2017, 7, 103    13 of 18 
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Figure 7. The comparison of mode shapes obtained from the ROM and the experimental test. (a) Mode
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4. The Discussion of the Specific Influence of Hard Coating

4.1. The Influence of Hard Coating on Vibration Characteristics

The natural frequencies of the mistuned blisk or HCM blisk obtained from the ROM and the
experimental test are listed in Table 4. The differences are calculated to investigate the specific influence
of hard coating on natural frequencies. It can be found that both of them decrease similarly with the
deposition of hard coating; however, the change rates of the natural frequencies are not evident. In fact,
the natural frequencies obtained from the proposed ROM vary within 2.97%, and those obtained from
the experimental test range from 3.54% to 5.89%. This means that the NiCoCrAlY + YSZ hard coating
has a slight effect on natural frequencies.

Table 4. Natural frequencies of mistuned blisk and HCM blisk (Hz).

Mode Order
ROM Test

Mistuned Blisk HCM Blisk Change Rate Mistuned Blisk HCM Blisk Change Rate

1 655.99 646.20 −1.52% 701.07 662.09 −5.89%
2 668.38 654.62 −2.10% 710.80 672.68 −5.67%
3 676.34 667.92 −1.26% 721.54 688.59 −4.79%
4 690.33 677.77 −1.85% 737.30 712.07 −3.54%
5 716.70 709.28 −1.05% 764.01 735.37 −3.89%
6 725.95 714.60 −1.59% 780.04 750.72 −3.91%
7 733.27 724.93 −1.15% 783.49 753.22 −4.02%
8 741.11 728.88 −1.68% 794.87 763.48 −4.11%
9 743.69 730.90 −1.75% 798.59 766.64 −4.17%

10 745.74 731.65 −1.93% 801.76 769.29 −4.22%
11 1162.90 1149.10 −1.20% 1242.86 1193.26 −4.16%
12 1272.40 1237.70 −2.80% 1352.50 1286.64 −5.12%
13 1372.20 1332.60 −2.97% 1469.73 1394.69 −5.38%
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Moreover, the modal loss factors of the mistuned blisk and HCM blisk obtained from the ROM
and the experimental test are shown in Figure 8. Due to the restrictions of existing damping theory
for vibrating structures and the external disturbance of the test conditions, modal loss factors are
generally captured within an inevitable tolerance, thus the modal loss factors obtained from the
ROM and the experimental test are different. However, the general variation trends are very similar.
In addition, unlike the natural frequencies, the modal loss factors do increase remarkably—more than
quadruple—which means a favorable damping effect of the NiCoCrAlY + YSZ hard coating on the
mistuned blisk.
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The frequency response functions of the mistuned blisk and the HCM blisk, ranging from 600
to 800 Hz (closely spaced modes), are shown in Figure 9. It can be found that the amplitudes of
the mistuned blisk apparently declined without a significant variation of response frequency, which
indicates that the NiCoCrAlY + YSZ hard coating does have an obvious vibration reduction on the
mistuned blisk. It is noteworthy that the decrease of amplitudes corresponds to the increase of modal
loss factors caused by the NiCoCrAlY + YSZ hard coating.
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4.2. The Influence of Coating Area on Damping Capacity

Variations of coating area are most likely to be realized in industrial applications, thus it is very
significant to investigate the influence of coating area on the vibration characteristics of the mistuned
blisk. Since damping capacity always plays a key role in the vibration reduction of the mistuned blisk,
it should be studied according to both modal loss factors and the frequency response function in this
paper. Mistuned blisks with different coating areas, classified as 0%, 25%, 50%, 75%, and 100%, are
shown in Figure 10. Specific blisk areas—a portion of the blade and the whole disk—are protected by
the high temperature masking tape, while the rest has a deposit of NiCoCrAlY + YSZ hard coating [33].
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The modal loss factors of the mistuned blisks with different coating areas are plotted in Figure 11.
The results reveal that the modal loss factors of a mistuned blisk become larger with the increase of
coating area generally. However, the increased variations of modal loss factors decreased gradually.
When the coating area A > 75%, the increased variations of modal loss factors are small, and the modal
loss factors of the mistuned blisk are not more particularly obvious. Therefore, a conclusion can be
made that the influence of the coating area on the damping capacity of a mistuned blisk is regular, and
a NiCoCrAlY + YSZ hard coating should be deposited from the blade tip to the blade root.
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Figure 11. Modal loss factors of mistuned blisks with different coating areas.

The frequency response functions of the mistuned blisks with different coating areas are shown in
Figure 12. It seems that the amplitudes of the mistuned blisks are suppressed generally at the resonant
frequency, which means the damping capacity of the mistuned blisks has increased. However, the
decreased gradient of the amplitudes become gradually become small. Moreover, it is worthy to note
that the variation trend of the amplitudes is similar to that of the modal loss factors.
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5. Conclusions

A damping strategy for the vibration reduction of a mistuned blisk by depositing hard coating on
its blades was proposed and investigated in this paper. Firstly, by using an improved fixed-ICMSM, an
effective ROM of a HCM blisk was established to decrease the amount of calculation while ensuring
computational accuracy. Then, the vibration characteristics of the HCM blisk were obtained from the
established ROM, such as the natural frequencies, mode shapes, modal loss factors and the frequency
response function. Furthermore, a mistuned blisk with a deposit of NiCoCrAlY + YSZ hard coating
on both sides of its blades was selected to be analyzed, and the results were compared with those
obtained from the FOM and the experimental test for verifying the validation of the proposed ROM.

Moreover, the influence of the NiCoCrAlY + YSZ hard coating on the mistuned blisk was
investigated in terms of natural frequencies, modal loss factors, and the frequency response function.
The results reveal that the NiCoCrAlY + YSZ hard coating can bring about an apparent damping effect
on the mistuned blisk with a slight variation of natural frequencies, and the resonant response of
mistuned blisk in the resonant areas can be suppressed remarkably.

Finally, the influence of coating area on the damping capacity of the mistuned blisk was studied
with emphasis on modal loss factors and frequency response functions. It seems that the damping
capacity increases generally with the increase of coating area, but the increased gradient decreases
gradually. Specifically, the variation trend of the amplitudes are similar to that of the modal loss factors.
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