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Abstract: We study quantum interference effects on Josephson current in T-shaped double quantum
dots (TDQDs) with one of them (the central dot) is sandwiched between the left and right topolog-
ical superconductor nanowires hosting Majorana bound states (MBSs). We find that the current’s
magnitude is suppressed by the inter-dot coupling that induces the quantum interference effect,
with unchanged jump in the current at particular phase difference between the two nanowires from
which the Josephson effect arises. The current remains as a sinusoidal function with respective to the
phase difference in the presence of quantum interference effect, but with significant reduction. The
central broad peak in the curve of the Josephson current versus the QDs’ levels are split in different
ways depending on the configurations of the latter. We also find that the impacts of the non-z-axial
direction magnetic field, bending angle between the two nanowires and the direct hybridization
amplitude between the MBSs on the current all depend on the arrangement of the QDs’ energy levels.

Keywords: Josephson current; quantum dots; Majorana nanowires; quantum interference

1. Introduction

In recent years, extensive investigations were devoted to the Josephson current flowing
through hybridized structures composing of quantum dots (QDs) sandwiched between
superconductors (S-QDs-S) [1-4]. In such kind of Josephson junction, Andreev reflection
processes take place at the interfaces between the QDs and the superconductors character-
ized by converting an electron (a hole) into a hole (an electron) [4,5]. The electron and hole
on the QDs are then coherently coupled to each other and form the Andreev bound states
which are entangled time-reversed electron-hole Kramers pairs [4-6]. They have quantized
energy levels positioned near the Fermi level in-between the energy-gap of the supercon-
ductors, and carry Josephson current (supercurrent) if the phases of the two supercoductors
are different from each other [4]. The Josephson effect is attractive in designing various
phase-coherent electronic devices, such as Josephson field-effect transistors [7,8]. Josephson
diode [9]. Josephson sensors for detecting ultra-weak magnetic fields or electromagnetic
radiation, and ultrafast digital quantum circuits [10]. This effect is also fascinating in
manipulation of phase-dependent heat currents [11], including thermal rectifiers [12,13],
heat engines [14], thermometers [15], and thermal transistors [16], and so on.

Since the electron-hole pairs are neutral in charge, researchers then have been naturally
trying to prepare and manipulate Majorana bound states (MBSs) in superconductors during
the last two decades [17]. This is mainly because that the MBSs are solid state quasiparticles
of Majorana fermions. They are of their own antiparticles and zero in charge and energy,
which are similar to the electron-hole pairs in superconductors. Due to these exotic proper-
ties, the MBSs have been one of the focuses of recent experimental and theoretical efforts in
condensed matter physics [18-20]. Many applications of the MBSs were proposed, such as
in fault-tolerant quantum computation [18], spintronics [21], and thermoelectricity [22-24].
Fu and Kane [25] theoretically predicted in 2008 that the MBSs can be realized in a kind
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of topological superconductor nanowire with strong Rashaba spin-orbit interaction in
proximity with an s-wave superconductor under a strong Zeeman field. Many subsequent
investigations have proved that nonlocal MBSs can been realized in various Josephson junc-
tions [26-30]. The currently mainstream technique for detecting the MBSs is by transport
measurements with the help of a tunneling contact [19]. The MBSs induce resonant Andreev
reflection which arises an zero-bias abnormal peak in the electronic differential conductance.
This phenomenon has been experimentally demonstrated on Majorana nanowires having
strong spin-orbit interaction. Another kind of effective detection scheme for the MBSs
is by using Josephson junctions composing of two topological superconductors, each of
which hosts a pair of Majorana modes at its opposite ends [26-30]. The MBSs on the two
nanowires interact with each other and form a single Andreev bound state whose energy is
related to the phase difference between the two superconductors, and carries supercurrent
from one superconductor to the other. Correspondingly, there was much work devoted
to Josephson current through a QD sandwiched between semiconductor nanowires in
proximity-contact with s-wave superconductors to induce the MBSs at their ends (Majorana
nanowires) [31-33]. They found some extraordinary results generated by the MBSs that
are quite different from those in similar system of QD connected to trivial phase supercon-
ductors. For example, large Josephson current survives when the energy level of the QD is
tuned away from the Fermi energy, and oscillates with the superconductor phase difference
with a fixed abrupt jump of current whenever the phase difference is +7 [32].

If more than one QDs are inserted between the superconductors, they provide multiple
electron transport channels. In such kind of structures, interesting quantum interference
effect takes place and exerts profound impacts on the Josephson current [34]. In the present
manuscript, we study the supercurrent through a structure composed of T-shaped double
QDs (TDQDs) and the left and right Majorana nanowires forming a Josephson junction,
which is shown in Figure 1. We find that the quantum interference effect arising from
inter-dot coupling does not change the current’s jumps at £, and induces either peak or
dip in the supercurrent depending on the arrangement of the QDs’ levels. The amplitude
of the Josephson current can be fully adjusted with the help of bending angle between the
two Majorana nanowires, in-plane magnetic fields, or the direct hybridization strength
between the MBSs at the ends of each Majorana nanowires. In the applications for designing
superconducting devices, it is crucial to control the current amplitude or density flowing
between different junctions [35]. Especially, there is much interesting in the subject of
fabricating coatings of superconductor thin films deposited on metallic or semiconductor
buffer layers in recent years [36,37]. When the buffer layers between the superconductors
become thin enough to exhibit quantized energy levels, it resembles the QD in our system.
Therefore, our presented results may by useful in adjusting current strength in the newly
developed research area of coated-superconductors [35-38].
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Figure 1. (Color online) Schematic plot of the studied system composed of T-shaped double quantum
dots sandwiched between two nanowires hosting Majorana bound states on their ends. The coupling
strengths between the central dot and the left/right Majorana bound states are denoted by A} /.
Due to the substrate superconductors of the nanowires, different phase factors arise in A /z. Here
we consider symmetrical phase difference A¢ and define A ;g = Age*'89/2 The central and the
side-coupled dots are tunnel-coupled to each other with strength of ¢., and individually have discrete
energy levels of €1 and ;.

2. Model and Method

The total Hamiltonian of the system under investigation can be divided into three
parts H = Hgps + Hy + Hr [32-34], in which Hgps represents the TDQDs and coupling
between them,

Hops = Y, eidjydip + Bx(djdyy + He) + . Y (d},doy + Hoc), (1)

i=1,2;0 o

where d:-ra (djs) is the creation (annihilation) operator of electrons having discrete energy
level ¢; and spin state 0. The quantity f. in Equation (1) is the coupling amplitude between
the two QDs, and By is the strength of the magnetic field applied along x direction. The
Hamiltonian Hy; accounts for the left and right Majorana nanowires,

Hy =1 Y OMava1Ya2s (2)
«=L,R

in which dy 1. /r is the hybridization amplitude between the MBSs formed at opposite ends
of the left/right nanowires. The operators for the MBSs satisfy the following commutation
relation 7,; = ’ylj(j =1,2) and {74i, Ya'j} = Oa,dij- The Hamiltonian Hr = },—; g Hyy is
for the tunneling coupling between the central QD and the left/right Majorana nanowires,
with [32,33].

Hpp = (Ardyy — Afdiy)via, (3a)
. 0 9 L 0. 6.,
Hyj g = i[Ar(cos Ed” + sin Edu) — Ax(cos Ed” + sin Edu)]'sz, (3b)

in which A /g is the hybridization amplitude between the central QD and the left/right
Majorana nanowires prepared on top the substrate s-wave superconductors. A phase factor
emerges at the hybridization amplitude as A ;g = Agexp(i¢y/r/2). Assuming symmet-
rical left/right substrate superconductors, we define ¢; ;g = £A¢/2 and the difference
between them generates the Josephson current. The quantity 6 is the mutual orientation
angle between the two nanowires possibly not aligned along the same orientation. For the
convenience of calculations, we convert the MBSs to regular fermion representation with
the help of the following unitary transformation [33,39]: f; /r = (v1/r1 +ivL/R2)/ V2 and
fHr = (resr — ivL/r2) / V2.

To calculate the system’s energy diagram and the Green’s function related to the
Josephson current in matrix form, we introduce the generalized Nambu representation
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as [32] 1/)* = (d“lLT, dh, diy, diq, d;T’ d;y dyy, dZT,fZ,fL,fI‘;,fR). The transformed Hamiltonian

H= %l,bJrHi,b is then written as a 12 x 12 matrix:

Hpn te  Hapr Har

t! Hp 0 0 )
Hygo 0 Hy o 0

Hg a1 0 0  Hgr

where the block-diagonal sub-matrixes are Hy; = 07 ® (g0 + Bx0y) tc = tc07,Hya = Sp140%,
with the symbol ® denoting the inner product of two matrixes, and oy, o, the Pauli matrixes.
The sub-matrixes for the hybridization between the central dot and the Majorana nanowires
satisfy H, 1 = FI‘}LL . and their explicit forms are,

- ﬁ[ -Af 0 0 A
H == L Ly 5a
P <A 000 A ©2)
0 s 0 * qim O * 0
Hpg = V2 AR CcOs je AR s1-n§€ AR 31.n§9 AR cosje . (5b)
’ 2 —ARcosy —Agsing —Apsing —Apcosy

The dc Josephson current arisen from phase difference between the left and right
substrate superconductors A¢ is calculated from the nonequilibrium Green’s function
technique as [32,40],

=7 / deReTr[o (£9G2, — £7Gly ) f(e), ©)

where the 4 x 4 matrix &, = 0; ® 1pxp. The quantity £/ = ZI/? — ¥/ represents
the difference between the self-energies contributed from the left and right Majorana
nanowires, with /% = Hyp o g/ “H, #1. The retarded/advanced Green’s function of the
a-th Majorana nanowires free from coupling to the QDs is g,f/ ® = [¢e— Hy +i07]~L. The
retarded /advanced Green'’s function of the central QD in the expression of the dc Josephson
current is given by G;{“ = [elgyq — Hyy — ttHpt — (ZYL/“ + Z%/“)]_l. In Equation (6),
f(e) =1/[1+4 exp(e/kgT)] is the equilibrium Dirac-Fermi distribution function, with kg
the Boltzmann constant and T the system’s equilibrium temperature which is set to be zero
in numerical calculations.

3. Numerical Results

In the following numerical investigations, we fix the value of Ay = 1 as the energy unit
and set dp1 1 = dp R = dp. We focus our attention on impacts of the quantum interference
effects on the dc Josephson current mainly under three different cases: identical dots’ levels
€1 = €y; varying &1 with fixed e;; and varying €, with certain value of ¢;. We emphasize
that the dots’ levels can be fully adjusted via gate voltages in experiments. We fist present
the Josephson current varying with respective to the phase difference A¢ for identical dots’
levels 1 = €3 = 0 in Figure 2a and &1 = &, = A in Figure 2d with different values of
the inter-dot coupling strength t.. When the central dot is disconnected from the other
dot (t, = 0), the current in Figure 2a has a triangle line-shape in the regimes of both
0 < Ap < mand w < Ap < 27t. It shows a discontinuous jump at A¢ = 7. This result is in
consistent with that in refs. [32,34]. Turing on the coupling between the two dots (¢, # 0),
the Josephson current exhibits a sinusoidal function form with respective to A¢ [32-34], and
the jump from positive to negative value at A¢p = 7 remains unchanged. These two main
features of the Josephson current are robust against the value of inter-dot coupling in a large
regime (0 < t. < Ag as in the figure). Meanwhile, the magnitude of the Josephson current
is obviously weakened with increasing t., which is similar to the results in the structure of
the TDQDs sandwiched between two superconductor leads [34]. To explain the properties
of the Josephson current, we show the energy diagram of the system calculated from the
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Hamiltonian in Equation (4). Figure 2b for the case of t, = 0 shows the obvious zero-energy
crossing points when the phase difference is Ap = 7, where the current | ~ 9E* /9A¢
is zero and changes its sign. The quantity E* in the above expression are the Andreev
bound states which are paired with energy of opposite signs. Note that in the case of f, = 0,
the properties of the Josephson current in Figure 2a and the associated Andreev bound
states in Figure 2b are consistent with those in ref. [32], but is quite different from that in
ref. [34] in which the dot is coupled to superconductor leads. In the presence of interdot
coupling t. = 0.5A¢ in Figure 2c, we find that two new states emerge at ¢ = £f, which is
also very different from that in ref. [34]. Correspondingly, the current’s magnitude in Figure
2a is suppressed due to the gap between the Andreev bound states induced by interaction
between the two dots.
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Figure 2. (Color online) Josephson current in (a,d) and the associated in-gap energy diagram in
(b,c,ef) versus the phase difference between the left and right Majorana nanowires for different
values of inter-dot coupling strength ¢, and QDs’ levels. Other parameters are § = 0, é); = 0, and
By = 0.

For the straight left and right Majorana nanowires (6 = 0) in the absence of the mag-
netic field (By = 0), the analytical expressions of the Green’s function can be obtained as,

-1

o A
e_ —2M  —2iMsin -
2 , 7)

G = A
! 2iMsiny  ef —2M
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where M = A3/(e2 — 02,4+ i0"),and e = et ey — t2/(e ey +i07) +i0T. The Josephson
current then is reduced to,

) e [0 Re(M?
J = —4sinAg] /_m |G(21|2)de, @®)

from which it is clear that the sinusoidal relationship between the Josephson current and
the phase difference A¢ is unchanged by the values of fc or the dots’ levels ¢;(5). As is
shown in Figure 2d, the magnitude of the Josephson current only changes by a little amount
with varying t. for the non-zero dots’ levels, which is similar to the results in ref. [32]. The
reason is that the crossing points of the Andreev bound states always survive in Figure 2e,f.
Importantly, Figure 2d indicates that the Josephson current is quite strong even when
the dots’ levels are apart from the Fermi level u = 0, a result that is different from the
structure if the central QD being sandwiched between the left and right normal (trivial)
superconductors. This indicates that a nontrivial phase of the Majorana nanowires is
induced by the superconductor-proximity effect, from which the Josephson current arises.

Since the sinusoidal line-shape of the Josephson current varying with the phase
difference survives regardless of the value of phase difference, in the following numerical
calculations we fix A¢ = 71/2 and study the influences of some other quantities, including
the bending angle 0 between the two nanowires, magnetic field By and direct Majorana
hybridization amplitude 6y, on the properties of the Josephson current. In Figure 3 we
display the current under the condition of identical QDs’ levels £; = ¢,. Figure 3a shows
that the broad peak in ] centered at ¢(;) = 0 is lowered and split into two, whose positions
are individually at €45y = =£f,. This happens at relatively small value of the inter-dot
coupling, t, < Ap/2. With even increasing t., the peaks in the current are emerged into a
dip at &y (3) = 0. The reason is that the gap opened by the inter-dot coupling f. becomes too
wide to be overcome and then the current is obviously suppressed. Figure 3b displays the
impacts of the bending angle 6 on the Josephson current for fixed value of t, = Ag/2. For
the straight Majorana nanowire-QDs-Majorana nanowire set-up (6 = 0), the MBSs at the
ends of the Majorana nanowirez couple only to one certain spin state (for example spin-up
electrons) in the QDs due to the helical property of the MBSs. The Josephson current
exhibits the double-peak configuration around the Fermi level ¢;;) = 0 as indicated by
the solid line in Figure 3b. This result is quite different from those in ref. [32] where only
one QD is sandwiched between the Majorana nanowires. For 6 # 0, i.e., the two Majorana
nanowires are not straight with respective to the QDs, now the MBSs will interact to both
spin-up and spin-down electrons on the QDs, and is anticipated to modulate the behavior
of the Josephson current, which is significantly suppressed in the whole QDs’ levels regime.
Meanwhile, the double-peak configuration is mainly retained with increasing 6, but their
positions and height are all changed. When the two Majorana nanowires are rotated to the
same side of the central QD and in parallel to each other (6 = ), the Josephson current
is completed blockaded | = 0 because now the MBSs in the two nanowires are totally
decoupled [41]. This result is also in consistent with that in ref. [32]. Figure 3c shows
the influences of the direct hybridization between the MBSs on the Josephson current. It
indicates that MBS-MBS interaction induces another pair of peaks in | even for a very small
value, for example the dashed line in Figure 3¢ in which é3; = 0.1A¢. For sufficiently large
value of ) the two peaks induced by ¢, are broadened, but those from the inter-MBSs
coupling clearly show them at €;(5) = %6, see the dash-dot-dot green line for 6y = Ag.
Our result indicates that the direct overlap between the MBSs plays similar roles as those in
the structure when a QD is coupled to normal metal leads and side-coupled to MBSs [39].

We then study in Figure 4 the cases of different QDs’ levels. As is shown in Figure 4a,b,
the Josephson current as a function of &1 has a broad Lorentz peak centered at e = 0.
Such a character is robust against the value of inter-dot coupling ¢, in Figure 4a and ¢ in
Figure 4b. For a fixed e, = 0 in Figure 4a, the magnitude of ] is monotonously suppressed
by increasing t.. When the energy level of the side-coupled dot ¢; is shift away from the
Fermi level y = 0, Figure 4b shows that | is obviously enhanced. The above features of
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the current are in consistent with those in Figure 2 and can be explained by the associated
energy diagram. The current varying with respective to ¢ in Figure 4c,d is quite different
from that in Figure 4a,b. The most prominent change is that now the current develops
a pair of peaks in the presence of quantum interference effect (¢ # 0). Meanwhile, the
magnitude of the current is significantly suppressed by either t. or €;. It indicates that
the side-coupled dot mainly exerted its impacts around the Fermi level u = 0, due to
the zero-energy character of the MBSs. Interestingly, the positions of the double peaks
around the Fermi level are quite stable regardless of the change of ¢, in Figure 4c and ¢; in
Figure 4d, which may find use in detecting the existence of the MBSs. Here we emphasize
the above results are quite different from those in ref. [34], in which the Josephson current
exhibits Fano line-shape by varying the QDs’ levels. In Figure 4 of the present paper,
however, the Josephson current shows respectively a single- and double-peak configuration
by varying e; and ;. The difference between the present work and ref. [34] originates from
the difference between the leads coupled to the QD.

J (e/h)
»

——- t =30 /4

T tC=I/LD

J (elh)

J (efh)

I,

e

Figure 3. (Color online) Josephson current as a function of identical QDs’ levels £; = & for fixed A¢p = 77/2
and different values of . in (a), 8 in (b) and Jj, in (c). Other parameters are shown in the figures.

Figure 5 shows the behavior of the Josephson current varying as a function of ¢; in (a),
(b) and ¢ in (c) and (d) under different values of bending angle 6 and Majorana interaction
Oz, respectively. Similar to the case in Figure 3b, the magnitude of the current in Figure 5a
is monotonously suppressed by increasing . The broad peak in | when 6 = 0 evolves into
a dip when 6 > 71/4. The reason is that the MBSs at the ends of the Majorana nanowires
will interact to both spin-up and spin-down electrons on the QDs as 6 # 0, and then
their impacts are strengthened. Because of the zero-energy nature of the MBSs, the current
around &1 = 0 is more sensitive to the change of 0 and then a dip is induced. In experiments,
the MBSs prepared at opposite ends of a Majorana nanowire may interact to each other,
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whose strength depends on the length of the nanowire. The direct hybridization between
the MBSs splits the peaks in the linear conductance or density of states of a QD sandwiched
between two normal metal leads [35], but not the Josephson current in the present work. It
also exerts significant influences on some other transport quantities, such as the sign change
or abnormal enhancement of the thermopower that can be used for detecting the existence
of MBSs [22-24]. Figure 5b shows that the current is obviously reduced. We attribute this
change of the current to the fact that the zero-energy Majorana state is destroyed by the
MBS-MBS interaction. It indicates that to generate a larger Josephson current, one should
elongate the nanowire. The line-shape of the current varying as a function of ¢; is similar
to that in Figure 4c,d. When 6 = 0, the double peaks around ¢, = 0 in Figure 5c disappear
and the current develops a dip therein, accompanied by a strong reduction of the current.
With increasing dar the current is sunoressed with almost unchaneed peak configuration.

J (efh)

e fh szl}LO

Figure 4. (Color online) Josephson current varying with respective to ¢; in (a) for fixed &, and
different t., and in (b) for fixed f. = Ay/2 and different ¢,. Similar cases are shown in (c,d) for | — &5.

In experiments, a strong magnetic field is required to induce the MBSs at the ends of
the Majorana nanowires. It will unavoidably leak into the QDs and changes the transport
processes in a nonnegligible way. The magnetic field along the z axis induces the usual
Zeeman splitting of the QDs’ levels, whereas that along the x or y axis will make the MBSs
to hybridize with both spin-up and spin-down electrons on the QDs, which is similar to the
function of the mutual angle between the two Majorana nanowires. As a result of it, the
current’s magnitude in Figure 6 is reduced under both of the three different arrangements of
QDs’ levels. For the case of 1 = &, Figure 6a shows that the double-peak configuration of
the current is retained, with the emergence of a pair of dips. The peak in Josephson current
evolves into a broad valley with increasing By at ¢ = 0 in Figure 6b, which is in consistent
with the results in Figure 5a, and also in Ref. [32]. For a fixed ¢; = 0 and varying ¢, the
magnitude of the current in the regimes of |e3| > t. is significantly suppressed whereas
the peaks around ¢, = =+t. is well preserved. The changes of the Josephson current can
be attributed to the enhanced impacts of the MBSs when both of the two spin states of
electrons on the QDs are coupled to them via the magnetic field along the x axis. Finally,
we emphasize that there are surface traps in the nanowires whose impacts on the current
are neglected in the present study. This is mainly because that the surfaces may change the
energy states and the coupling strength between the nanowire and the QD, which should
not change the qualitative results due to the MBSs, as long as they survives against the traps.
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(@) e,=05,=0 ~ ——
L 1 {c)e=0,5 =0

0=0 - 0=n/2 ) £=00
- - --0=n/4 -~ 0=3n/4

J (e/h)

(b) e=0.0=0

J (e/h)

-~ -5,=0.1%, —~-5,=0.51,
o 8,=0,20,

6 4 2 0 2 4 6 6 4 20 2 4 6

811'?..0 52110

Figure 5. (Color online) Behaviors of the Josephson current as a function of ¢; in (a) for different
6 and in (b) for different Jy;. Similar cases of the current versus ¢, are given in (c,d). Except the

parameters shown in the figures, the value of A¢ is fixed at 77 /2.

J (efh)

J (e/h)

J (/)

Figure 6. (Color online) Effects of the junction bending on the Josephson current varying with

respective to €1 = €5 in (a), £1 in (b) for ¢, = 0, and ¢, in (c) for ¢y = 0. Other parameters are

Ap =7/2,t. = Ag/2and 6 = 5y = 0.
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4. Summary

In summary, we have studied the Josephson current through TDQDs connected to the
left and right Majorana nanowires. It is found that the jumps in the current at A¢ = £,
where A¢ is the phase difference between the two nanowires, survives in the presence of
quantum interference effects arisen from inter-dot coupling. The Josephson current around
the Fermi level, which is set to be zero, is sensitive to the quantum interference effect, as well
as parameters related to the MBSs, including the bending angle between the two Majorana
nanowires, the direct hybridization amplitude between the two modes of the MBSs, or the
magnetic fields applied on the Majorana nanowires. In addition, by adjusting the QDs’
energy levels, the osephson current around the Fermi level can be either suppressed or
enhanced. The present results provides an efficient way of manipulating the Josephson
current coherently by means of the quantum interference effect. Our results may be applied
in adjusting current amplitude or density in the rapidly developing coated-superconductor
technologies.
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