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Abstract: With the increasing traffic volume and years of usage during the operation process, a bridge
structure will experience aging and damage to different degrees, leading to the decline in bridge
reliability and seriously affecting its operation safety. In this study, the bridge was abstracted into
a beam structure for damage identification. Next, the influence of damage on the bridge structure
was explored from the angles of its inherent frequency and displacement mode, respectively. Our
results showed that whether the structure was damaged could be accurately judged by its inherent
frequency, but the specific damage could not be further judged. Through the structural displacement
curve, the rough range of structural damage could be judged; however, the damage could not be
accurately positioned. The damage position could be accurately identified to some extent by taking
the derivatives from the difference value of the structural displacement curve. The above conclusions
were verified based on a double-span beam. We found that the above conclusions still held true for
the double-span beam, thus proving their universality.

Keywords: bridge structure; mode; frequency; displacement curve

1. Introduction

Presently, about one-fourth of bridges and buildings in China are affected by hidden
structural dangers to a certain degree. It is critical to study the effective means of structural
flaw detection to repair these damages. The methods resorting to dynamic characteristics
are the current research hotspot. Frequency is the number of times of completing periodical
changes within unit time, and the inherent frequency will be reduced owing to the increas-
ing structural damages [1]. Besides, the damages can also be identified by paying attention
to the frequency change.

Pandey et al. [2] found that the natural frequency of a bridge is related to the structural
mode and shape. Given the structural damage, its stiffness will decline while the structural
damping ratio increases.

Hearn and Testa found through a study that after the maximum structural frequency
change is normalized, the ratio of changes at any two stages is a damage position function,
verified through a model experiment. They further found that a certain law exists between
the structural damage and dynamic structural characteristics, but the frequency change is
uncorrelated with the evolution of structural damage [3].

Ramanjaneyulu et al. [4] studied the damage identification method based on the
structural frequency and vibration mode as well as the effects of changes in different
parameters such as frequency, vibration mode, mode curvature and strain energy on the
damage identification, positioning and quantification.
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Weng built the models of 2040 m T-beam bridges and box girder bridges via finite
element software Midas Civil and explored the relationship between the structural natural
vibration frequency and the number of spans of a beam bridge [5].

Hu studied the change in the inherent frequency of a simply supported beam bridge
using the fingerprint identification method; established three structural damage fingerprint
maps based on the frequency change rate, its quadratic sum and regularized frequency
change rate, respectively; conducted a model test; and finally validated the sensitivity of
the three fingerprint maps [6].

Wu derived the influences of changes in the structural stiffness and mass on the
dynamic characteristics, established a damage identification model based on the mass
change according to the variable quantity of inherent structural frequency and verified the
feasibility of two methods: additional mass method and a variable quantity of inherent
frequency [7-13].

Su conducted the quantitative derivation of structural damage degree based on the
displacement curvature and stiffness and proposed different treatment methods for various
damages, such as total damage at measuring point and crack damage [14].

Jia constructed a corresponding damage detection system according to the change laws
of five parameters related to the damage degree, such as curvature mode value, curvature
mode difference and curvature mode ratio [15].

Wei put forward a comprehensive damage identification method based on the inherent
frequency and curvature mode and conducted a related study [16].

Lian took the mode curvature as the identification signal, analyzed it using the wavelet
transform theory and discovered that the modal curvature difference could overcome the
problem of the modal curvature method that fails to identify mild damages [17].

Taking a multiple simply supported beam bridge as the study object, Zhao set the
working conditions with one and multiple damages and verified the damage identification
accuracy of modal curvature [18-21].

Consequently, the structural damage was simulated in this study mainly by creating
directed damages in the structure, mainly studying the change laws of inherent frequency,
displacement mode and curvature mode before and after beam structure damage. Further-
more, the nondestructive detection method for structural damage was explored through
the change laws of dynamic structural characteristics.

2. Theoretical Derivation

The structural vibration equation could be expressed as a differential equation in the
form of an n-order matrix as in Equation (1):

M + Cit + Ku = f(x) 1)

where M is an n x n-order mass stiffness matrix, # denotes an n x 1-order acceleration
array, u is an n x l-order velocity array, u stands for an n x 1-order displacement array, K
is a stiffness matrix with the n x n-order structure and C is an n x n-order damping matrix.

The damping, which had a minor influence on the structural vibration, could be
neglected in terms of the structural natural vibration frequency, so the structure was under
a free vibration state. However, f(x) was zero when the structure was not subjected to any
external force. Hence, the equation could be rewritten as Equation (2):

MU +Ku=0 )

Suppose that u = @e/“!, where ¢ is the amplitude array of free vibration, and thus the
above frequency domain Equation (2) could be written as Equation (3):

K¢ = w*Mg @)
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Therefore, the solving of vibration mode and frequency was transformed into the solv-
ing of eigenvalue. w [2] was set as the eigenvalue A; and ¢; as the i(th)-order displacement
modal vector, so Equation (3) could be expressed alternatively as Equation (4):

Ko; = AiMg; 4)

In case of any damage, the structural stiffness will be changed, and so will its stiffness
matrix and the corresponding A; and ¢;, as in Equation (5):

8K i — 5AiMyi = —(K — A;M)6,, )

where 6K, 5); and ¢, represent the variable quantity of structural stiffness matrix, eigen-
value and eigenvector, respectively. The two sides of Equation (5) are simultaneously
multiplied by w], and Equation (6) can be acquired by combining Equation (4):

oA = wldKw; (6)
6K < 01in the case of any structural damage, so dA; < 0. dw; < 0 because A = w?.
Therefore, it could be seen that the structural natural vibration frequency was changed
owing to the structural damage. Meanwhile, we found from Equation (6) that when the
damage occurred at the same position, the variable quantity of structural natural vibration
frequency was enlarged with the increase in the damage degree.
The mode at the corresponding position was changed under the structural damage,
while no noticeable change occurred at the position without any damage.
The change of displacement mode before and after the structural damage could be
expressed as follows:
S=ls—¢| 7)

where s is the displacement mode under the undamaged circumstance and s’ represents
the displacement mode after the structural damage.

When the structural damage took place, S in Equation (7) increased with the dam-
age degree.

3. Experimental Verification
3.1. Experimental Scheme

This study chose a simply supported beam for the experimental simulation. Poly-
methyl methacrylate (PMMA) was selected as the structural material at a density of
about 1.15-1.19 g/cm [3], conveniently processed and transformed in the laboratory
environment. In this experiment, the models selected were simply supported beam
(1500 mm x 200 mm x 12 mm) and double-span beam (3200 mm x 200 mm X 12 mm), as
shown in Figure 1.

Experimental beam

12T 1 Su rt
Hinge suppor/%'

1500

1500
Figure 1. Schematic diagram of experimental beam models.
The working conditions were designed in this experiment using the directed damage

assignment method. By reference to many studies, the following three damage conditions
were designed (Table 1).
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Table 1. Damage conditions.

- - Number of Whether

Condition No. Span Number Damage Degree Damage Position Damages Stiffened
Condition 1 Single span No damage NO 0 NO
Condition 2 Single span Single-point 25% damage 1/2 L position 1 NO
Condition 3 Single span Single-point 25% damage 1/4 L position 1 NO
Condition 4 Single span Single-point 25% damage  1/2 and 1/4 positions 2 NO

The working conditions are displayed in Figure 2.

Condition 2

j_j: | | |

100} 700 1004 700 1100
1700

(a)
Condition 3

F

100 325 fo0, 1075 00,

1700

(b)
Condition 4 (double-damage)

700

(©)

Figure 2. (a) Schematic diagram of midspan damage condition; (b) schematic diagram of damage
condition at 1/4 position; (c) schematic diagram of one-span double-damage condition.

To simulate the practical situation in engineering, the models were stiffened. Here,
1400 x 4 x 12 rectangular ribs of the same material were used, and the stiffening forms are
as shown in Figure 3.

Experimental beam

2L ] Support
Hinge suppor
. 1500
£
20(;[:
T
40
50" " 1400 50

Figure 3. Schematic diagram of models under stiffening conditions.

Therefore, four stiffening conditions were obtained, as listed in Table 2.
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Table 2. Summary of stiffened condition.

. - Number of Whether

Condition No. Span Number Damage Degree Damage Position Damages Stiffened
Condition 5 Single span No damage NO 0 YES
Condition 6 Single span Single-point 25% damage 1/2 L position 1 YES
Condition 7 Single span Single-point 25% damage 1/4 L position 1 YES
Condition 8 Single span Single-point 25% damage  1/2 and 1/4 positions 2 YES

The working conditions are shown in Figure 4.

Condition 5
12-| ‘ ir:
1500 '
(a)
12:@ - =
1100 |
700 N 700
1500
(b)
12— il O \#5..
. [100 |
325 7 1075
1500
(0)
12— |@|| - - \#
|100 | [100 |
325 7 T 275 T 7 700
1500

Figure 4. (a) Schematic diagram of stiffened and nondamaged condition; (b) schematic diagram of
stiffened and midspan damage condition; (c) schematic diagram of stiffened and damage condition
(1/4 position); (d) schematic diagram of stiffened and one-span double-damage condition.

The sensor system used in the experiment was composed of INV3018CT 24-bit high-
precision data acquisition instrument (Figure 5), computer, force hammer, sensor, double-
sided adhesive tape, test piece and two-way crystal interface cable.

The layout of experimental measuring points and excitation points is displayed below.
The experimental beam was divided into 15 equal parts, the sensor was fixed at points 5
and 7 (Figure 6), the excitation points were numbered 1-16, the excitation was conducted
at each excitation point three times and the average of three results was taken.
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Figure 5. INV3018CT 24-bit high-precision data acquisition instrument, force hammer and sensor.
(a) Instrument host; (b) Stress hammer; (¢) Sensor.

[ I

1 20 3 4 5 6 7 8 910 1112/ 13/ 14 15/ 16

Figure 6. Layout plan of measuring points.

Coinv Dasp V11 software matching with the experimental instrument was used for
the data processing. The model graph and animated graph of vibration mode could be
automatically generated in the software, as shown in Figures 7 and 8.

Wb
TN
13 ge- 16
T
. 0 a!\ I:\\u \_M-’\”
1 zjgr'ﬂs: bl ”\_uir__,su-
R
3 — RN N
1 sz_ug .W“ 4\\“;. b a
o g
" N
b

Figure 8. Animated graph of vibration mode.

3.2. Experimental Data and Analysis
3.2.1. Damage Identification Analysis Based on the Inherent Frequency

As one of the dynamic structural characteristics, the inherent frequency can reflect
the structural damage condition to some extent. Therefore, the inherent frequencies under
different damage conditions obtained through the experiment were compared with those
under undamaged conditions. Next, the loss rate of inherent frequency under each vibration
mode was calculated by taking the nondamaged and stiffened condition and nondamaged
and unstiffened condition (Condition 5 and Condition 1) as the criteria. The comparison
results are listed in Tables 3 and 4.
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Table 3. Frequency loss rates under different damage conditions.

Order of Condition 1 Condition 2 Condition 3 Condition 4
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 6.4435 6.376 1.05 6.325 1.84 6.212 3.59
2 19.043 18.176 4.55 18.837 1.08 18.031 5.31
3 40.746 39.826 2.26 39.328 3.48 39.548 2.94
4 69.659 68.301 1.95 68.841 1.17 68.965 1.00
5 111.789 110.365 1.27 111.425 0.33 110.348 1.29
Table 4. Frequency loss rates under different stiffening conditions.
Order of Condition 5 Condition 6 Condition 7 Condition 8
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 13.948 13.917 0.22 13.833 0.82 13.803 1.04
2 48.057 46.684 2.86 47.751 0.64 48.363 3.52
3 103.68 102.13 1.49 103.30 0.37 103.29 423
4 170.74 167.56 1.86 167.44 1.93 164.45 3.68
5 216.65 215.76 0.41 216.36 0.13 215.78 1.79

The above tables show that the inherent structural frequency was reduced due to the
damage. By comparing the frequency loss rates under Conditions 2 and 3 with those under
Conditions 6 and 7, it could be known that the structural frequency was significantly more
changed by the midspan damage than by the damage at the 1/4 position. Meanwhile, the
frequencies of the second- and third-order vibration modes were changed significantly,
while the gap of the first order with the fourth and fifth orders became smaller and smaller.
Based on the above results, it could be obtained that the frequency loss brought by the
current damage condition was smaller and smaller with the order change of vibration
mode. By comparing the structural frequency loss rates under Conditions 1-4 with those
under Conditions 5-6, it could be seen that the stiffness of stiffened structure was enhanced,
so the frequency loss caused by the structural damage was reduced relative to that before
the stiffening.

3.2.2. Damage Identification Based on Displacement Mode

According to the previous section, we found that the inherent frequency only reflected
whether the structure was damaged but failed to determine the damage position, so
the structural displacement mode was exported in this section for the study. Like the
frequency study part, two groups were formed: stiffened and nonstiffened groups, and the
undamaged conditions within the two groups were compared. The displacement mode
under Condition 1 (single-span nondamaged) was compared with that under Condition 2
(midspan damage), as shown in Figure 9.

The comparison graphs of displacement modes under Condition 1 (single-span non-
damaged) and Condition 3 (damage at the 1/4 position), as shown in Figure 10.

The comparison results of displacement modes at different orders under Condition 1
(single-span nondamaged) and Condition 4 (single-span double-damage) are shown in
Figure 11.
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(a) Comparison of the first-order vibration modes under Conditions 1 and 2.
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(b) Comparison of the second-order vibration modes under Conditions 1 and 2.
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(c) Comparison of the third-order vibration modes under Conditions 1 and 2.
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(d) Comparison of the fourth-order vibration modes under Conditions 1 and 2.

Figure 9. Cont.
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(e) Comparison of the fifth-order vibration modes under Conditions 1 and 2.

Figure 9. Comparison of first five orders of vibration modes under Conditions 1 and 2.
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(a) Comparison of the first-order vibration modes under Conditions 1 and 3.
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(b) Comparison of the second-order vibration modes under Conditions 1 and 3.

Figure 10. Cont.
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(c) Comparison of the third-order vibration modes under Conditions 1 and 3.
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Condition 1

(d) Comparison of the fourth-order vibration modes under Conditions 1 and 3.
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0 500 1000 1500

Displacement mode (mm)
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(e) Comparison of the fifth-order vibration modes under Conditions 1 and 3.

Figure 10. Comparison of the first five orders of vibration modes under Conditions 1 and 3.
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(a) Comparison of the first-order vibration modes under Conditions 1 and 4.
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(b) Comparison of the second-order vibration modes under Conditions 1 and 4.
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(c) Comparison of the third-order vibration modes under Conditions 1 and 4.

Figure 11. Cont.
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(d) Comparison of the fourth-order vibration modes under Conditions 1 and 4.
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(e) Comparison of the fifth-order vibration modes under Conditions 1 and 4.

Figure 11. Comparison of the first five orders of vibration modes under Conditions 1 and 4.

The comparison results of displacement modes under Condition 5 (stiffened and
nondamaged) and Condition 6 (stiffened and midspan damage) are shown in Figure 12.
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(a) Comparison of the first-order vibration modes under Conditions 5 and 6.

Figure 12. Cont.
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(d) Comparison of the fourth-order vibration modes under Conditions 5 and 6.

Figure 12. Cont.
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Figure 12. Comparison of the first five orders of vibration modes under Conditions 5 and 6.

The displacement modes under Condition 5 (stiffened and nondamaged) and Condi-
tion 7 (stiffened and damaged at the 1/4 position) were compared, as shown in Figure 13.
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(a) Comparison of the first-order vibration modes under Conditions 5 and 7.
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(b) Comparison of the second-order vibration modes under Conditions 5 and 7.

Figure 13. Cont.
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Figure 13. Comparison of the first five orders of vibration modes under Conditions 5 and 7.

The comparison results of displacement modes under Condition 5 (stiffened and
nondamaged) and Condition 8 (stiffened and double-damage) are shown in Figure 14.
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(a) Comparison of the first-order vibration modes under Conditions 5 and 8.
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(e) Comparison of the fifth-order vibration modes under Conditions 5 and 8.
Figure 14. Comparison of the first five orders of vibration modes under Conditions 5 and 8.

The displacement modes obtained through the experiment under the damaged and
undamaged conditions were compared in the same coordinate system. It appeared that the
displacement amplitude at the damage position under the damage condition was different
from that at the same position under the nondamaged condition, and the displacement
amplitude difference under the stiffening condition was smaller than that under the nons-
tiffened condition. To conveniently view the specific damage position, the displacement
mode curve was amplified by taking the derivatives of difference value, which could obtain
the first-order and second-order derivatives of displacement mode difference, as shown
from Figures 9-14.

By comparing the graphs in Figure 15, the first-order and second-order derivatives
of the first-order vibration mode difference fluctuated significantly at two middle points,
which conformed to the directed additional working condition in the experiment. However,
the difference derivatives of the second- to fifth-order vibration modes did not show any
significant fluctuation point, and the position of given damage could not be observed
through the curve. Hence, it was concluded that the first-order vibration mode had better
sensitivity to the damage during the damage identification. Therefore, the derivatives
were continuously taken from the difference between Conditions 1 and 3 and that between
Conditions 1 and 4, and the first-order and second-order derivatives of the first-order
vibration mode were further obtained, as shown in Figures 16 and 17, respectively.
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at the 1/4 position).
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Figure 17. Difference derivatives under the Conditions 1 (single-span nondamaged) and 4 (single-
span double-damage).

Under the single-span double-damage condition, we found that the first-order deriva-
tive of the first-order mode difference fluctuated at the damage position. The fluctuations
in the other graphs were noticeable but uniform, and the damage position could not be
observed. By continuously solving the first-order derivatives of first-order mode difference



Coatings 2022, 12, 313 20 of 36

under the stiffening condition, the above conclusion was still verified to be true, and the
first-order derivative curves of first-order mode difference under the stiffening condition
are displayed in Figures 18-20.
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Figure 18. First-order and second-order derivative curves of the differences of the first five orders of
modes under Conditions 5 and 6.
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Figure 19. First-order and second-order derivative curves of the differences of the first five orders of
modes under Conditions 5 and 7.
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Figure 20. First-order and second-order derivatives of the differences of the first five orders of modes
under Conditions 5 and 8.
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Similarly, the conclusion consistent with the previous section could be obtained by
comparing the first-order and second-order derivative curves of vibration mode differences
at different orders: the first-order derivative of first-order vibration mode difference experi-
enced a major fluctuation in the case of structural damage, but the other curves showed no
evident trends.

3.3. Finite Element Simulation
3.3.1. Simulation Effect Analysis of Inherent Frequency

The finite element method is a numerical method used to solve the numerical solution
to the set of differential equation sets or integral equation sets. In this experiment, the
modeling was conducted using ABAQUS, and the modeling effect graphs are shown in
Figures 21 and 22.

Figure 22. Model graph after the mesh generation.

Under ideal conditions, the inherent structural frequency could be obtained by estab-
lishing a finite element model. The theoretical value and experimentally measured value of
inherent frequency were compared, as listed in Table 5.
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Table 5. Inherent frequency errors.

Condition 1 Condition 2
Order of Vibration Mode Measured Simulated Percentage Measured Simulated Percentage
Frequency Frequency Error % Frequency Frequency Error %
(Hz) (Hz) ’ (Hz) (Hz) °
1 6.4435 7.3394 —12.21 6.376 7.2711 —12.31
2 19.043 20.597 —7.54 18.176 20.555 —11.57
3 40.746 41.022 —0.67 39.826 39.912 —-0.22
4 69.659 68.751 1.32 68.301 68.302 0.00
5 111.789 103.84 7.66 110.365 102.434 7.74
Condition 3 Condition 4
Order of Vibration Mode Measured Simulated Percentage Measured Simulated Percentage
Frequency Frequency Error % Frequency Frequency Error %
(Hz) (Hz) ’ (Hz) (Hz) °
1 6.325 7.3327 —13.74 6.212 7.1989 —-13.71
2 18.837 20.43 —7.80 18.031 20.134 —10.45
3 39.328 39.714 —0.97 39.548 38.858 1.78
4 68.841 68.242 0.88 68.965 68.366 0.88
5 111.425 101.8 9.45 110.348 101.34 8.89
Condition 5 Condition 6
Order of Vibration Mode Measured Simulated Percentage Measured Simulated Percentage
Frequency Frequency Error % Frequency Frequency Error %
(Hz) (Hz) ’ (Hz) (Hz) °
1 6.325 7.3327 —13.74 6.212 7.1989 —-13.71
2 18.837 20.43 —7.80 18.031 20.134 —10.45
3 39.328 39.714 —-0.97 39.548 38.858 1.78
4 68.841 68.242 0.88 68.965 68.366 0.88
5 111.425 101.8 9.45 110.348 101.34 8.89
Condition 7 Condition 8
Order of Vibration Mode Measured Simulated Percentage Measured Simulated Percentage
Frequency Frequency Error % Frequency Frequency Error %
(Hz) (Hz) ’ (Hz) (Hz) °
1 6.325 7.3327 —13.74 6.212 7.1989 —-13.71
2 18.837 20.43 —7.80 18.031 20.134 —10.45
3 39.328 39.714 —-0.97 39.548 38.858 1.78
4 68.841 68.242 0.88 68.965 68.366 0.88
5 111.425 101.8 9.45 110.348 101.34 8.89

We found that the experimentally measured result was not much different from the

simulated result in the numerical value; the two presented the consistent change laws, they
deviated a lot from each other only at the fifth order and both percentage errors did not
exceed 15%. This revealed that the construction method of the finite element model was
correct and accorded with reality. The inherent frequency loss rates of the vibration modes
at different orders under the simulated conditions are listed in Table 6.

As seen in Table 6, the frequency loss rates of the second- and third-order vibration
modes were the maximum. It could be observed that the inherent frequency of each order
under the stiffening conditions (Conditions 5 to 8) was always greater than that under the
nonstiffened conditions (Conditions 1 to 4). Meanwhile, the frequency loss rate brought by
the midspan damage was higher than triggered by the damage at the 1/4 position. Both
abovementioned laws indicated the variation trends of experimental data, manifesting
that the experimental data are approximate to the simulated data and the frequencies of
both the second-order and third-order vibration modes can be taken as the criteria for the
damage identification.
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Table 6. Inherent frequency loss rates at different orders.

Order of Condition 1 Condition 2 Condition 3 Condition 4
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 7.3394 7.2711 0.93 7.3327 0.09 7.1989 1.91
2 20.597 20.555 0.20 20.43 0.81 20.134 2.25
3 41.022 39.912 2.71 39.714 3.19 38.858 5.28
4 68.751 68.302 0.65 68.242 0.74 68.366 0.56
5 103.84 102.434 1.35 101.8 1.96 101.34 241
Order of Condition 5 Condition 6 Condition 7 Condition 8
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 13.948 13.717 1.66 13.833 0.82 13.903 0.32
2 48.057 48.684 —-1.30 47.751 0.64 48.363 —0.64
3 103.68 102.13 1.49 103.30 0.37 103.29 0.38
4 170.74 167.56 1.86 167.44 1.93 164.45 3.68
5 216.65 215.76 0.41 216.36 0.13 215.78 0.40

3.3.2. Simulation Curve Analysis of Displacement Mode

The mode curves at different orders under Conditions 1 to 4 and those under Condi-
tions 5 to 8 were plotted into the same graphs, as shown in Figures 23 and 24, respectively.

It can be observed from Figure 6-1 that although each curve deviated from the nondam-
aged condition due to the damage, this was consistent with the experimentally measured
result, indicating that it is feasible to take the derivatives from the displacement mode differ-
ence. To eliminate the disturbance triggered by the experimental errors and further verify
the sensitivity of the first-order derivative of structural first-order mode difference to the
damage, the derivatives were also taken from the simulated displacement mode difference
under the vibration mode at each order, and whether the variation trends were identical
with the experimental results was checked. The derivative curves of vibration mode differ-
ences at different orders under the simulated Condition 1 (single-span nondamaged) and
Condition 2 (midspan damage) are shown in Figure 25.

By comparing the above curves that after the number of points was expanded, the
obvious numerical fluctuations could be manifested by the first-order vibration mode;
moreover, the damage scope could be primarily defined by the first-order or third-order
derivatives of vibration mode at each order, too. However, the first-order derivative of
the first-order vibration mode was still relatively more apparent. The derivative curves of
vibration mode differences at different orders under the simulated Conditions 1 (single-
span nondamaged) and 3 (damage at the 1/4 position), as shown in Figure 26.

Figure 26 shows that the damage could be positioned by all the first-order derivative
graphs of difference values. Besides, the damage position could also be reflected by some
second-order derivatives. In the curves, the fluctuation amplitude of first-order derivatives
for the first-order vibration mode differences was the minimum. Although the curve of
the nondamaged part presented continuous oscillation, it could be regarded as an approxi-
mately straight line, so the first-order derivative curves of first-order vibration modes still
had the superiority compared to the other curves. The derivative curves of displacement
mode differences at different orders under Condition 5 (single-span nondamaged) and
Condition 8 (one-span double-damage) are shown in Figure 27.
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Figure 25. First-order and second-order derivatives of the differences of the first five orders of modes
under Conditions 1 and 4.

Restricted by the length of the paper, the other conditions are not described in detail.
The damage position could be reflected through the data simulation by both the first-order
derivative curves of each vibration mode difference and most second-order derivative
curves. Similarly, the first-order derivative of first-order vibration mode difference owned
a smoother curve in the undamaged part, which embodied the superiority of first-order
derivative curves of first-order vibration mode difference over the other first-order deriva-
tive curves.
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Figure 26. First-order and second-order derivatives of the differences of the first five orders of modes

under Conditions 1 and 3.
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Figure 27. First-order and second-order derivatives of the differences of the first five orders of modes

under Conditions 5 and 8.

3.4. Validation by Case Simulation

A double-span continuous beam was designed and different damage conditions were
set to validate whether the conclusions above applied to the other structural forms. The

case model is displayed in Figure 28, and
Table 7.

the working conditions of this case are listed in

Experimental beam

Support

121=
. Support
Hinge support
s, 1600 f 1600
3200

Figure 28. Schematic diagram of case model.
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Table 7. Working conditions of the case.

Condition No. Span Number Damage Degree Damage Position Number of Damages
Condition 1 Two-span No damage NO 0
. . o One-span 1/4 position and
Condition 2 Two-span Two-point 25% damage two-span 3/4 position 2
One-span position 50 mm
Condition 3 Two-span Two-point 25% damage away from the hinge support, 2
two-span 3/4 position
Condition 4 Two-span Two-point 25% damage One-span 1/2 position and 2
two-span 3/4 position
Midspan position (damage
Condition 5 Two-span Two-point 25% damage width: 200 mm) and 2
two-span 3/4 position
Midspan position (damage
Condition 6 Two-span Two-point 25% damage width: 300 mm) and 2
two-span 3/4 position
Midspan position (damage
Condition 7 Two-span Two-point 25% damage width: 400 mm) and 2

two-span 3/4 position

The inherent frequencies of the test beam at different orders under different conditions
were measured through the abovementioned testing method, as listed in Table 8.

Table 8. Inherent frequency loss rates at different orders.

Order of Condition 1 Condition 2 Condition 3 Condition 4
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 7.2525 6.8123 6.07 7.0053 3.41 6.839 5.70
2 7.5042 7.0088 6.60 7.2162 3.84 7.00782 6.61
3 20.009 16.929 15.39 17.104 14.52 17.143 14.32
4 20.677 18.669 9.71 18.984 8.19 18.93 8.45
5 39.304 37.345 4.98 34.546 12.11 34.015 13.46
Order of Condition 1 Condition 5 Condition 6 Condition 7
Vibration Frequency Frequency Frequency Frequency Frequency Frequency Frequency
Mode (Hz) (Hz) Loss Rate % (Hz) Loss Rate % (Hz) Loss Rate %
1 7.2525 6.7894 6.39 6.7458 6.99 6.7252 7.27
2 7.5042 6.8559 8.64 6.8402 8.85 6.8388 8.87
3 20.009 17.128 14.40 17.01 15.00 16.77 16.18
4 20.677 18.991 8.15 18.775 9.20 18.518 10.44
5 39.304 34.015 13.46 33.265 15.36 33.29 15.30

Table 8 shows that the frequency loss rate of third-order vibration mode was higher as
abovementioned. Meanwhile, by comparing the frequencies under Conditions 1, 4, 5, 6
and 7, we found that with the expansion of damage width, the frequency was not sensitive
to the damage change at the same position.

The related displacement mode curves were directly plotted together to compare the
displacement mode curves under Conditions 1 to 4, as shown in Figure 29.
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(e) Fifth-order vibration mode curves under Conditions 1 to 4.

Figure 29. First five orders of vibration mode curves under Conditions 1 to 4.

As with the working conditions of a single-span beam, the difference between displace-
ment modes was not great, and the displacement difference only appeared at the damage
position more or less. The images were approximately overlapped even if damages existed
at the second span, which served as the control variable and the comparison span. Given
that the difference value of displacement mode curves for the double-span continuous
beam was approximately similar to that for the single-span beam, only the first-order
derivative of the first-order mode was verified. To facilitate the comparison, the difference
values of first-order vibration modes under different working conditions were plotted onto
the same graph (Figure 30).

It can be observed from the above curves that the first-order derivative curve of
first-order vibration mode difference was located at the midspan damage of the first span,
and the fluctuation width of singularity increased with the increase in the damage width,
indicating that the first-order derivative curve of first-order vibration mode difference is of
particular reference value for identifying the damage scope.
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Figure 30. First-order derivatives of first-order mode differences under Conditions 1, 4, 5, 6 and 7.

4. Conclusions

In this study, a beam structure damage identification method was explored through
finite element simulation and experiment from structural inherent frequency and displace-
ment mode angles. Directed damages were created for the experimental beam and finite
element model. It was discovered that the inherent structural frequency would be reduced
in case of any damage, and the frequency loss rate of the third-order vibration mode was
the maximum among the first five orders of vibration modes. Through these findings,
whether the structure is damaged can be tentatively judged, but the damage position
cannot be determined. The damage will affect the structural displacement mode, and the
structural displacement will be aggravated at the damaged part. Therefore, the damage
scope can be inferred, but the structural displacement mode difference, which is too small,
can hardly be observed. The displacement mode difference was amplified by solving the
derivatives of mode difference to solve this problem. Through comparing the first-order
and second-order derivatives of the first five orders of displacement mode differences
under different working conditions, the first-order derivative of the first-order vibration
mode difference was considered the reference basis for the damage identification. This
parameter is capable of sensitively identifying the rough damage position. However, the
fluctuation trend will gradually be smooth when damage with great width is identified, and
the damage scope cannot be accurately identified in the case of small data points. Besides,
the identification effect on the damage close to the support is unsatisfactory. Defects still
exist in this study. Only directed damages were assigned to the experimental beam, but
the damage conditions are incredibly complicated in practical engineering. Moreover, the
identification effect of the proposed method under unknown damage conditions remains
unclear and should be explored in the future.
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