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Abstract: The diffusion coefficient (D) and surface transfer coefficient (β) of carbon are important
parameters governing the kinetics of carburization, and some other heat treatment processes ac-
companied by redistribution of carbon in steel. Here, we propose to use an electrical conductivity
relaxation (ECR) method for the in situ measurement of D and β of carbon. The feasibility of the
method is discussed by the theoretical modeling of carburization for an infinitely long rectangular
sample. The synthetic ECR data for the carburization is simulated by tracking the relaxation of
electrical conductivity upon a sharp or a gradual change of carbon potential. Then, by Fourier
transform, the synthetic ECR data is transformed to an impedance spectroscopy, which is used for
estimation of D and β by fitting with a one-dimensional equivalent circuit model. The effects of the
width-to-thickness ratio of the sample and the duration of carbon potential buildup on the accuracy
of the estimated D and β are studied. The feasibility of the ECR method is verified, and rational
guidance for experimental design is proposed.

Keywords: carburization; impedance spectroscopy; surface transfer coefficient; diffusion coefficient

1. Introduction

Thermochemical treatments, such as carburization can significantly improve the sur-
face properties of metallic materials by diffusion of alloying elements into the surface layer.
Among the carburization technologies, gas carburization is a versatile and widely used
technology with well-controlled gas composition and temperature. It is recognized that
the carburizing process can be divided into three steps: (1) the reactions in gas phase for
the build-up of carbon potential; (2) the reactions on steel/gas interface for the transfer
of carbon; and (3) the diffusion of carbon into the bulk of steel [1]. A rational design of
the carburizing process depends on both the equilibrium thermodynamic parameters (e.g.,
carbon potential and temperature), and the kinetic parameters (e.g., durations of heating,
holding, and cooling, and the flow rates of gases). The thermal equilibrium parameters can
be monitored and controlled by the maturely developed probes for O2, H2O, and CO2, and
thermal couples, while the kinetic parameters should be designed based on the properties
of the steels and the interactions on the steel/gas interface. By linear non-equilibrium
thermodynamics, the kinetics of carburizing is governing by the so-called duration of
carbon potential build-up (τCP, s), the surface transfer coefficient of carbon (β, cm·s−1),
and the bulk diffusion coefficient of carbon (D, cm2·s−1). It is usually pre-assumed that the
build-up of carbon potential is relatively fast by rational design of convective flow of gases,
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while the surface transfer and bulk diffusion of carbon are considered as the rate-limiting
steps [2–6]. Therefore, β and D are vital to the rational design of carburizing process of
specific steels.

From the textbook knowledge [7], the evolution of carbon concentration C(x,t) during
carburizing can be descripted based on Fick’s diffusion law by assuming constant values of
β and D. This solution has been verified by experimental data. For example, Yan et al. [8]
used the analytical solution of Fick’s second law to simulate the carbon concentration
distribution of 20 steel with constant diffusion coefficient which was carburized for 4 h at
920 ◦C and 1 wt.% carbon potential. The simulation results were in general agreement with
the experimental results. Some studies show that the C(x,t) can become non-Fickian if β
and/or D changes with carbon content and stress. For example, Peng et al. [9] used Fick’s
first law with composition-dependent diffusivity to simulate the carbon-content profile
of AISI 316L carburized at 743 K and the simulation results matched the experimental
results. Christiansen et al. [10] calculated the diffusion coefficient for stress effects in the
form of a system wherein diffusion occurs under self-induced chemical stress. To simulate
the diffusion profiles, they combined the equations for stress-influenced diffusion into a
numerical finite-difference model that handled concentration-dependent diffusion coeffi-
cients and incorporated the equilibrium solubility product K, determining the concentration
for the onset of precipitation or the trapping of solute atoms. The carbon concentration
distribution of carbon steel at 1127 ◦C was simulated using this model and the calculated
results agreed with the experimental data. The concentration profiles obtained from the
simulations by the researchers mentioned above are concave shaped and deviate markedly
from the complementary error function profiles obtained from constant diffusion coeffi-
cients. Furthermore, during the heat treatment process (e.g., annealing and tempering),
the samples will undergo diffusion phase change and carbon atoms will diffuse, causing
carbon redistribution that can be predicted to some extent by using the diffusion coefficient
of carbon. Liu et al. [11] revealed the effect of annealing and mechanical loading on the
redistribution of carbon-depth profiles. Carburized 316L austenitic stainless steel was
strained with a four-point bending device and isothermally annealed at the temperature
range of 300–500 ◦C for up to 200 h. The results showed that the carburized layer was
thermally stable at 300 ◦C isothermal annealing up to 200 h. At 400 ◦C and above, the
carbon continued to diffuse inward, leading to an increase in the depth of the carburized
layer. While four-point bending during isothermal annealing accelerated the diffusion-
controlled redistribution of carbon. The kinetic process of carbon redistribution seemed to
be determined by the rate of carbon diffusion in low-carbon austenite, rather than that in
high-carbon expanded austenite. Niessen et al. [12] investigated the redistribution of car-
bon in X4CrNiMo16-5-1 martensitic stainless-steel during tempering at 703 K using in situ
synchrotron X-ray diffractometry and atom probe tomography. The experimental results
showed that the volume of the martensitic cell decreased continuously during tempering,
which was caused exclusively by the biased aggregation of interstitial atoms. Tempering
led to a gradual rejection of carbon from the solid solution and a bias mainly at grain
boundaries. Till now, a consistent understanding of how the values of β and D correlate
to the carbon content and stress, and other potential factors, have not been recognized.
Probably the most important issue is how the values of β and D can be measured properly.

The commonly used methods for measuring the values of β and D include the weigh-
ing method by in situ thermogravimetric measurement or ex situ weighting after carburiz-
ing, and glow discharge spectroscopy (GDS) analysis. For example, Yan et al. [13] measured
the surface transfer coefficients β of 20, 20CrMnTi, and 20Cr2Ni4 steels at different carbur-
izing temperatures and carbon potentials by ex situ weighing. The results showed that the
value of β increased generally with temperature and carbon potential, and a formula is pro-
posed for modeling this relationship. This method is straightforward but time-consuming
and labor-intensive, and it is impossible to avoid errors caused by the heating and cooling
operations. Therefore, it has not been applied widely. Somers et al. [14] simulated the
thermogravimetric carburization under three different experimental conditions. The results
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showed that the diffusion coefficients could be obtained by stepwise gaseous carburizing
of the iron foils, and the smaller the change of carbon content, the more accurate the diffu-
sion coefficient. Then thermogravimetry was applied to continuously monitor the weight
change of thin foils of AISI 316 during carburizing in CO-H2 gas mixtures at 793 K. The
initial rate method in which the diffusion coefficient is proportional to the initial slope in a
plot of (Mt/M∞) vs. (t/l2)1/2 obtained from experiment was used to determinate the diffusion
coefficient, where Mt is the weight at time t, M∞ is the weight after an infinitely long time,
and l is the thickness. The experimental results indicated that the diffusion coefficient of
carbon in expanded austenite increased with carbon concentration. Thermogravimetric
analysis is limited by the atmospheric tolerance of the instrument and cannot be held in the
carburizing atmosphere for long duration. This may be the main reason why this method
is currently applied to steel foils under decarburization processes. Gao et al. [15] measured
β of AISI 316 in different temperature (910 ◦C, 930 ◦C, 950 ◦C, and 970 ◦C) and in a mixed
atmosphere of natural gas and air at different ratios. The carbon concentration distribution
curves of the samples were obtained by GDS. An analytical solution of the mass transfer
differential equation was used to fit the carbon concentration curves to obtain the value
of β. The experimental results revealed that the surface transfer coefficient increased with
increasing temperature and carbon potential. GDS is a non-in situ measurement method.
The SIMR method proposed by Bengtson [16] is commonly used to convert elemental
intensity versus sputtering time, obtained by GDS, into elemental content versus sputtering
depth to obtain the concentration distribution of the sample. However, the crater edge
effect [17], argon pressure [18], roughness [17], and other factors all have an effect on
the depth resolution, and therefore impacts the concentration distribution. At the same
time, the sample is measured after quenching, and the surface of the sample is not flat,
which will also affect the depth resolution [19]. Therefore, (β, D) obtained by fitting the
concentration distribution curve obtained from the GDS to the corresponding mathematical
model typically shows significant errors.

Another method that has potential but has not yet been applied to steel is the so-called
electrical conductivity relaxation (ECR). The thermodynamic equilibrium of a steady-
state system depends on external parameters (e.g., temperature, pressure, or electric field
strength). When an equilibrium system is shifted by external parameters (perturbation
signal), the time required to re-establish equilibrium is defined as the relaxation time and
the reaction kinetics can be characterized in situ by measuring the change in conductivity
inside the system over time (response signal). In the last decade, ECR has been mainly
applied to measure in situ the (β, D) of the reaction and diffusion of oxygen in ceramic
oxides of ceramic fuel cells, including simple perovskite oxides La1−xSrxCo1−yFeyO3−δ,
La1−xSrxMnO3−δ, Sm1−xSrxCoO3−δ, and Ba0.5 Sr0.5Co0.8Fe0.2O3−δ [20–23], perovskite-
type layered oxides PrBaCo2−yFeyO5+δ and Sr2Fe2−yMoyO5+δ [24,25], and Ruddlesden–
Popper-type oxides such as Nd2NiO4+δ [26], and CeO2-based fluorite-type solid solu-
tions [27], which provide fundamental kinetic parameters for solid-state ionics. Recently,
we proposed a model for the in situ measurements of the kinetic parameters of the gas
carburizing based on the ECR technique and combined with the electrochemical impedance
spectroscopy (EIS) technique [28,29]. The sample can be characterized by the Biot number
(Bi), defined as Bi = Lβ/D, which can indicate the mechanism (or rate-limiting step) of car-
burization. When Bi is much less than 0.1 (β � D), the carburization process is controlled
by the surface transfer process, and the surface transfer coefficient β plays a decisive role in
the rate. When Bi is much greater than 10 (β � D), the carburization process is controlled
by the pure diffusion process, and the bulk diffusion coefficient D is the rate-limiting step.
When Bi is about 1, the carburization process is controlled by the mixture of the surface
transfer process and the diffusion process. The change of the sample conductivity with
time during the thermal diffusion process is used instead of the sample mass change. The
conductivity relaxation impedance spectroscopy model is used to determine Bi and the
diffusion mechanism. Furthermore, D and β are derived.
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However, the above model is established under ideal conditions in which the width
and length of the sample are infinite and carbon potential is established instantaneously;
whether the model can be used to get accurate (β, D) in practical experiments needs to be
discussed. Therefore, the objective of this article is to verify the feasibility of the model to
the measurement of (β, D) in realistic experiment. The influence of the sample width-to-
thickness ratio and the duration of carbon potential build-up on (β, D) are also discussed in
this paper. This can provide some rational guidance for experimental design.

2. Modelling of Gas Carburization

To get (β, D), we design a gas carburization protocol and experimental setup, which
can be seen in Figure 1. As shown in Figure 1a, the gas carburization process always keeps
the H2 and CO2 incoming, and CO is inducted after reaching the carburization temperature.
Upon cooling, CO is still applied for a period of time to prevent decarburization of the
sample. The red part in б vs. t curve is the data that we may use to obtain (β, D). The
experimental setup, which was built by ourselves, is mainly composed of electrochemical
workstation, wires, rectangular sample, and inlet and outlet sides. The DC four-terminal
method is used to measure the evolution of conductivity with time (Figure 1b). The
schematic diagram of the experimental principle is given in Figure 1c. The main reaction of
the carburizing atmosphere on the surface of the sample is given by:

2CO � [C] + CO2 (1)

Coatings 2022, 12, x FOR PEER REVIEW 4 of 14 
 

 

mass change. The conductivity relaxation impedance spectroscopy model is used to de-
termine Bi and the diffusion mechanism. Furthermore, D and β are derived. 

However, the above model is established under ideal conditions in which the width 
and length of the sample are infinite and carbon potential is established instantaneously; 
whether the model can be used to get accurate (β, D) in practical experiments needs to be 
discussed. Therefore, the objective of this article is to verify the feasibility of the model to 
the measurement of (β, D) in realistic experiment. The influence of the sample width-to-
thickness ratio and the duration of carbon potential build-up on (β, D) are also discussed 
in this paper. This can provide some rational guidance for experimental design. 

2. Modelling of Gas Carburization 
To get (β, D), we design a gas carburization protocol and experimental setup, which 

can be seen in Figure 1. As shown in Figure 1a, the gas carburization process always keeps 
the H2 and CO2 incoming, and CO is inducted after reaching the carburization tempera-
ture. Upon cooling, CO is still applied for a period of time to prevent decarburization of 
the sample. The red part in б vs. t curve is the data that we may use to obtain (β, D). The 
experimental setup, which was built by ourselves, is mainly composed of electrochemical 
workstation, wires, rectangular sample, and inlet and outlet sides. The DC four-terminal 
method is used to measure the evolution of conductivity with time (Figure 1b). The sche-
matic diagram of the experimental principle is given in Figure 1c. The main reaction of 
the carburizing atmosphere on the surface of the sample is given by: 

22 [ ]CO C CO+  (1)

 
Figure 1. Schematic diagram of gas carburization process and the experimental setup. (a) flow dia-
gram of gas carburizing process, (b) schematic diagram of the experimental setup, (c) schematic 
diagram of the experimental principle. 

The C atoms enter the sample under the driving force. Only the concentration field 
in the central cross-section of the sample is considered. Due to the long sample, almost all 
carbon atoms in this cross-section come from the surface of the sample perpendicular to 
the thickness (x) and width (y) directions. The whole process can be treated as a two-di-
mensional carburization model. 

Due to the small change in carbon potential, it can be considered that the diffusion 
coefficient D and the surface transfer coefficient β do not change with concentration. In 
addition, we assume that the diffusion process does not induce phase transformation.  

Figure 1. Schematic diagram of gas carburization process and the experimental setup. (a) flow
diagram of gas carburizing process, (b) schematic diagram of the experimental setup, (c) schematic
diagram of the experimental principle.

The C atoms enter the sample under the driving force. Only the concentration field
in the central cross-section of the sample is considered. Due to the long sample, almost
all carbon atoms in this cross-section come from the surface of the sample perpendicular
to the thickness (x) and width (y) directions. The whole process can be treated as a two-
dimensional carburization model.

Due to the small change in carbon potential, it can be considered that the diffusion
coefficient D and the surface transfer coefficient β do not change with concentration. In
addition, we assume that the diffusion process does not induce phase transformation.

The diffusion process of carbon in the two-dimensional gas carburization model at
constant temperature and pressure follows the solution of Fick’s second law under the
third type of boundary conditions, given by:
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∂C(x, y, t)
∂t

= D
(

∂2C(x, y, t)
∂x2 +

∂2C(x, y, t)
∂y2

)
(2)

with the initial condition:

C(x, y, 0) = C0 (−La ≤ x ≤ La,−Lb ≤ y ≤ Lb) (3)

and the boundary conditions:

− D
∂C(x, y, t)

∂t

∣∣∣∣
x=±La

= ∓β[Cp − C(±La, y, t)] (t > 0) (4)

− D
∂C(x, y, t)

∂t

∣∣∣∣
y=±Lb

= ∓β[Cp − C(x,±Lb, t)] (t > 0) (5)

The analytical solution of this model is given in the textbook by Crank J [30].

C(x, y, t)− C0

CP − C0
= 1−

∞

∑
n=1
×

∞

∑
m=1



2Bix cos
(

αnx
La

)
α2

n

(
α2

n + Bi2x + Bix

) exp
(
−α2

nDt
L2

a

)

×
2Biy cos

(
βmy
Lb

)
β2

m

(
β2

m + Bi2y + Biy

) exp

(
− β2

mDt
L2

b

)


(6)

αn tan(αn) = Bi = L
β

D
(7)

where αn is the set of positive roots of Equation (7).
When the C concentration is low and the change is small, the change in conductivity is

proportional to the change in carbon content, so the local conductivity can be expressed as:

σ(x, y, t)− σ(0)
σ(∞)− σ(0)

= 1−
∞

∑
n=1
×

∞

∑
m=1


2Bi2x

α2
n

(
α2

n + Bi2x + Bix

) exp
(
−α2

nDt
L2

a

)

×
2Bi2y

β2
m

(
β2

m + Bi2y + Biy

) exp

(
− β2

mDt
L2

b

)
 (8)

As shown in Figure 1b, the DC four-terminal method in the experiment is used to
measure the macroscopic conductivity σapp(t) of the three-dimensional sample. Since the
length of the sample in the test is much larger than the thickness and width, the equivalence
surface can be considered as perpendicular to the direction between the two voltage probes.
Therefore, the total macroscopic conductivity σapp(t) of the sample can be considered as a
series of sheet conductivities σ(x, y, t) along the z-direction:

σapp(t) =
1

LaLb

∫ La

0

∫ Lb

0
σ(x, y, t)dxdy (9)

Inserting Equation (9) into Equation (8), the relaxation of the macroscopic conductivity
can therefore be expressed in terms of the normalized conductivity as:

σ(t) =
σapp(t)− σapp(0)

σapp(∞)− σapp(0)
= 1−

∞

∑
n=1
×

∞

∑
m=1


2Bi2x

α2
n

(
α2

n + Bi2x + Bix

) exp
(
−α2

nDt
L2

a

)

×
2Bi2y

β2
m

(
β2

m + Bi2y + Biy

) exp

(
− β2

mDt
L2

b

)
 (10)
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which gives the normalized conductivity in the ECR.
Ciucci F [31] revealed that it was difficult to obtain accurate (D, β) from the ECR

curves alone because of a poor process resolution. In contrast, the EIS technique based
on the frequency domain analysis approach has a high process resolution. The kinetic
parameters (D, β) of the reaction spreading process can be resolved by fitting the impedance
spectrum according to the equivalent circuit model. To obtain the corresponding impedance
spectrum, a time-frequency transformation of the ECR data is required, given by:

σ̃(ω) =
∫ ∞

0
σ(t) · e

−jωt
dt (11)

Although the Fourier transform represented by Equation (11) is very simple, the
expression cannot be used directly because of a discrete set of data points over a limited
time range measured by the experiment.

Boukamp [32] proposed a simple linear interpolation method, where a linear interpo-
lation function is constructed between two data points σi−1 and σi, and the approximate
integration is achieved by summing the data. The linear interpolation function is given by:

σ(t) =
σi − σi−1

ti − ti−1
t + b (12)

Equation (12) is brought into Equation (11) to obtain the Fourier transform of the finite
ECR data set.

σ̃′(ω)|tN
0 =

N
∑

i=1
[Xi sinωti − Xi−1 sin ωti−1 +

a
ω
(cos ωti − cos ωti−1)] ·ω−1

+j
N
∑

i=1
[Xi cosωti − Xi−1 cos ωti−1 +

a
ω
(sin ωti − sin ωti−1)] ·ω−1

(13)

In addition, by modeling the end region of the ECR data with the exponential function,
the finite conductivity relaxation data can be extrapolated to relaxation equilibrium at time
parameter t at infinity.

σ(t) = σ0 + σ1 · e−t/τ (14)

The Fourier transform of the ECR from the time parameter tN corresponding to the
last data to t = ∞ is obtained:

σ̃′′ (ω)| ∞
tN

= −σ0

ω
[sin ωtN + cos ωtN ]+

+σ1e−
tN
τ {τ−1 cos ωtN −ω sin ωtN

ω2 + τ−2 + j
ω cos ωtN + τ−1 sin ωtN

ω2 + τ−2 }
(15)

Combining Equations (13) and (15), the measured ECR data can be converted into the
frequency domain.

σ̃(ω) = σ̃′ (ω)|tN
0
+ σ̃′′ (ω)|∞tN

(16)

EIS data can be obtained from the following equation with the corresponding ECR
data from the experiment.

Z(ω) = − 1

ω2 ·
(

1
j ·ω − σ̃(ω)

) (17)

Although the method can convert ECR data into impedance spectrum, its infinite series
solution limits the accuracy of curve fitting because the two-dimensional carburization
model does not have an impedance spectrum model with an analytical solution.

Boukamp [32] proposed the analytical solution of the impedance spectrum model
for the one-dimensional carburization model. When the width is much larger than the
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thickness, the two-dimensional carburization model can be simplified to a one-dimensional
carburization model. In this case, its normalized conductivity model Equation (10) is
simplified as:

σ(t) = 1−
∞

∑
n=1

2Bi2x
α2

n

(
α2

n + Bi2x + Bix

) exp
(
−α2

nDt
L2

a

)
(18)

According to the definition of impedance, the change in the carbon potential of the
atmosphere is taken as the perturbation signal, and carbon flux J(t) at the sample surface is
replaced by the experimental measurable signal conductivity, which is the response signal.
The expression of the conductivity relaxation impedance spectrum is given by:

Z(ω) =
L(∆C(t))
L(J(t))

=
1

ω2 · σ̃(ω)
=

La

β
+

La√
jωD

cothLa

√
jω
D

(19)

where σ̃(ω) represents the Fourier transform of the ECR response.
The boundary conditions of the carburization model are based on the assumption that

the change of the carbon potential is completed instantaneously, which greatly simplifies
the mathematical treatment process. However, the sudden change of the carbon potential
in the experiment is difficult to achieve, and there is often a relaxation time for the change
of the carbon potential, defined as the duration of carbon potential buildup τCp, which is
usually shortened as much as possible to minimize its effect on the (β, D) measurement.
Therefore, the mathematical model must be corrected for τCp.

The normalized conductivity Equation (10) for two-dimensional carburization is
corrected for τCp as [33]:

σ(t) = 1− exp

(
− t

τCp

)
−

∞
∑

n=1

∞
∑

m=1

2Bi2x
α2

n

(
α2

n + Bi2x + Bix

) × 2Bi2y

β2
m

(
β2

m + Bi2y + Biy

) × τn,m

τn,m − τCp

×
[

exp
(
− t

τn,m

)
− exp

(
− t

τCp

)] (20)

τn,m =
1

D×
[(

αn

La

)2
+

(
βm

Lb

)2
] (21)

For the impedance spectrum model of one-dimensional carburization, the perturbed
signal ∆C(t) is replaced by a continuously varying exponential model.

C̃cor(ω) =
∆C

jω(jωτCp + 1)
(22)

The impedance spectrum model of Equation (19) with the correction of τCp can be
obtained as follows:

Z′(ω) = (1 + jωτCp) ·
(

La

β
+

La√
jωD

cothLa

√
jω
D

)
(23)

3. Result and Discussion
3.1. The Influence of Width-to-Thickness Ratio

(β, D) are considered to be obtained by fitting Equation (23) with EIS data from the
experiment. As previously mentioned, Equation (23) is obtained in one-dimensional model,
while the width of the sample is finite, which may cause the error of (β, D). Therefore, the
influence of width-to-thickness ratio is discussed in this section to get a proper width-to-
thickness ratio that is the most suitable to the experiment.
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We use Equation (10) to simulate the ECR data from the experiment. The input
parameters are shown in Table 1. The surface exchange coefficient β, the diffusion coefficient
D, the duration of carbon potential buildup τCp, and the sample thickness La are constant,
and the width-to-thickness ratio of the order of 1 to 100 is changed by changing the sample
width Lb. Figure 2a–c show the conductivity relaxation curves of different Bi respectively.
Normalized time is given by t = t/tmax. As shown in Figure 2a–c, with the increase
in the width-to-thickness ratio, the relaxation time gradually increases because of the
longer time required to complete the thermal diffusion with the increase in the sample
size. Therefore, it is necessary to consider the influence of the width-to-thickness ratio on
thermal diffusion time.

Table 1. Parameters of conductivity relaxation with different Bi.

Bi τCp (s) β (cm/s) D (cm2/s) La (cm) Lb (cm) Lb/La

0.01
0 1 × 10−6 1 × 10−8

1 × 10−4 1 × 10−4~1 × 10−2

1, 5, 10, 50, 1001 1 × 10−2 1 × 10−2~1
100 1 1~100
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rameters are shown in Table 1. The surface exchange coefficient β, the diffusion coefficient 
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Therefore, it is necessary to consider the influence of the width-to-thickness ratio on ther-
mal diffusion time. 

Table 1. Parameters of conductivity relaxation with different Bi. 
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100 1 1~100 

 
Figure 2. Conductivity relaxation curves of different Bi. (a) Bi = 0.01, (b) Bi = 1, (c) Bi = 100. 

Figure 3 shows the electric impedance spectroscopy of different width-to-thickness 
ratios obtained by Fourier transforming Bi = 0.01 conductivity relaxation data. As shown 
in Figure 3a, the change of the width-to-thickness ratio does not affect the characteristics 
of the impedance spectroscopy, and the Warburg-type diffusion cannot be found, which 
is a pure capacitive behavior. Therefore, in the fitting of the kinetic parameter, only β is 
considered. Figure 4 shows the electric impedance spectroscopy of Bi = 1. The character-
istic of pure capacitive behavior at low frequency and Warburg-type diffusion at high 
frequency can be seen in Figure 4a, so both D and β can be obtained by fitting the EIS 
model. The calculated impedance spectroscopy of Bi = 100 is shown in Figure 5. Warburg-
type diffusion can be observed in Figure 5a. The high-frequency part of the impedance 
spectroscopy will pass through the origin after extrapolation, so an accurate β cannot be 

Figure 2. Conductivity relaxation curves of different Bi. (a) Bi = 0.01, (b) Bi = 1, (c) Bi = 100.

Figure 3 shows the electric impedance spectroscopy of different width-to-thickness
ratios obtained by Fourier transforming Bi = 0.01 conductivity relaxation data. As shown in
Figure 3a, the change of the width-to-thickness ratio does not affect the characteristics of the
impedance spectroscopy, and the Warburg-type diffusion cannot be found, which is a pure
capacitive behavior. Therefore, in the fitting of the kinetic parameter, only β is considered.
Figure 4 shows the electric impedance spectroscopy of Bi = 1. The characteristic of pure
capacitive behavior at low frequency and Warburg-type diffusion at high frequency can be
seen in Figure 4a, so both D and β can be obtained by fitting the EIS model. The calculated
impedance spectroscopy of Bi = 100 is shown in Figure 5. Warburg-type diffusion can
be observed in Figure 5a. The high-frequency part of the impedance spectroscopy will
pass through the origin after extrapolation, so an accurate β cannot be derived according
to the equation and only D is considered. Since each electric impedance spectroscopy in
Figures 3–5 has the same characteristics as that obtained by the one-dimensional model,
(β, D) can be achieved by fitting Equation (19). Meanwhile, in Figure 3a–5a, curves with
width-to-thickness ratios of 50 and 100 nearly overlap, which means (β, D) are similar.
The errors of two kinetic parameters (β, D) are shown in Figure 6. The error is given by
E = log10(/ical − i0//i0)(i = β, D), where ical is a calculated value and i0 is a given value.

As shown in Figure 6, the errors of β and D decrease gradually with the increase
of the width-to-thickness ratio. When the width-to-thickness ratio is relatively small,
the error decreases fast, and when it is relatively large, the error declines flatly. Though
the error continues to decrease, the relative errors of (β, D) are only about 2% when the
width-to-thickness ratio is 50. Therefore, considering the error and carburizing time, the
width-thickness ratio of 50 is suitable.
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3.2. The Influence of Carbon Potential Build-Up Duration

The sudden change of the carbon potential in the experiment is difficult to achieve, so the in-
fluence of carbon potential build-up duration τCp needs to be discussed. Equations (10) and (20)
are used to simulate the ECR data and the input parameters are given in Table 2. All parame-
ters are constant except the duration of carbon potential buildup τCp, which is changed from
0 to 1000. Figure 7 shows the conductivity relaxation curves of different τCp. From the diagram,
the relaxation time increases with the value of τCp increasing because of the C potential taking
longer to reach its maximum value that affects the diffusion driver. Therefore, τCp needs to be
as small as possible.

Table 2. Parameters of conductivity relaxation with different τCp.

Bi β (cm/s) D (cm2/s) La (cm) Lb (cm) Lb/La τCp (s)

1 1 × 10−4 1 × 10−6 1 × 10−2 5 × 10−1 50

0
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Coatings 2022, 12, x FOR PEER REVIEW 10 of 14 
 

 

 
Figure 6. Errors of β and D with different Bi. 

As shown in Figure 6, the errors of β and D decrease gradually with the increase of 
the width-to-thickness ratio. When the width-to-thickness ratio is relatively small, the er-
ror decreases fast, and when it is relatively large, the error declines flatly. Though the error 
continues to decrease, the relative errors of (β, D) are only about 2% when the width-to-
thickness ratio is 50. Therefore, considering the error and carburizing time, the width-
thickness ratio of 50 is suitable. 

3.2. The Influence of Carbon Potential Build-Up Duration 
The sudden change of the carbon potential in the experiment is difficult to achieve, 

so the influence of carbon potential build-up duration τCp needs to be discussed. Equations 
(10) and (20) are used to simulate the ECR data and the input parameters are given in 
Table 2. All parameters are constant except the duration of carbon potential buildup τCp, 
which is changed from 0 to 1000. Figure 7 shows the conductivity relaxation curves of 
different τCp. From the diagram, the relaxation time increases with the value of τCp increas-
ing because of the C potential taking longer to reach its maximum value that affects the 
diffusion driver. Therefore, τCp needs to be as small as possible. 

Table 2. Parameters of conductivity relaxation with different τCp. 

Bi β (cm/s) D (cm2/s) La (cm) Lb (cm) Lb/La τCp (s) 

1 1 × 10−4 1 × 10−6 1 × 10−2 5 × 10−1 50 

0 
10 
50 
100 
500 

1000 

 
Figure 7. Conductivity relaxation curves of different τCp. 

0 20 40 60 80 100
-5

-4

-3

-2

-1

0

1

Er
ro

r,[
-]

Lb/La,[-]

 Error of β (Bi=0.01)
 Error of β (Bi=1)
 Error of D (Bi=1)
 Error of D (Bi=100)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

N
or

m
al

iz
ed

 σ
,[-

]

Normalized time,[-]

 τCp=0
 τCp=10
 τCp=50
 τCp=100
 τCp=500
 τCp=1000
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Figure 8 shows the impedance spectroscopy of different τCp. As shown in Figure 8a, a
clear high-frequency induction loop is generated, which is manifested as the high-frequency
band of the impedance spectroscopy extending from the first quadrant to the fourth
quadrant, and it can be seen from each diagram that with the prolongation of the flush
time τCp, the induction loop becomes more and more obvious; that is, the high frequency
band continues to extend in the direction of the increase in the imaginary part. By fitting
Equation (23) with the data in the impedance spectroscopy, the errors of β and D are derived
as shown in Figure 9.
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As shown in Figure 9, when Bi = 1 and Lb/La = 50, the error of β decreases with the
increase in τCp, when τCp is relatively small. After τCp reaches about 150, the error of β
remains basically the same. In contrast, the error of D increases with the increase in τCp,
and it remains largely unchanged after τCp arrives at 150. Though the error of β keeps
getting smaller, the relative error has little change, and considering the change of the error
of D, τCp needs to be as small as possible.

Contour maps of errors with different width-to-thickness ratio (1~50) and carbon
potential build-up duration (1~100) are shown in Figure 10.

Figure 10a,b show that when Bi = 0.01 and Bi = 1, the increase of the width-to-thickness
ratio and τCp could make the error be a smaller value. As shown in Figure 10c,d, the error
of D raises with the larger τCp. Meanwhile, it becomes smaller when the width-to-thickness
ratio goes down. The observed phenomena all coincide with the previous discussion.
If τCp cannot achieve a small value, appropriate increase in the width-to-thickness ratio
(more than 50) is proper with Bi = 1. However, the error in the region where τCp is less than
10 is somewhat confusing in Figure 10c, which may be due to the presence of redundant
feature time that affects the fitting of (β, D).



Coatings 2022, 12, 1886 12 of 14Coatings 2022, 12, x FOR PEER REVIEW 12 of 14 
 

 

 
Figure 10. Contour maps of errors with different width-to-thickness ratios and carbon potential 
build-up durations. (a) error of β (Bi = 0.01), (b) error of β (Bi = 1), (c) error of D (Bi = 1), (d) error of 
D (Bi = 100) 

Figure 10a,b show that when Bi = 0.01 and Bi = 1, the increase of the width-to-thick-
ness ratio and τCp could make the error be a smaller value. As shown in Figure 10c,d, the 
error of D raises with the larger τCp. Meanwhile, it becomes smaller when the width-to-
thickness ratio goes down. The observed phenomena all coincide with the previous dis-
cussion. If τCp cannot achieve a small value, appropriate increase in the width-to-thickness 
ratio (more than 50) is proper with Bi = 1. However, the error in the region where τCp is 
less than 10 is somewhat confusing in Figure 10c, which may be due to the presence of 
redundant feature time that affects the fitting of (β, D). 

4. Conclusions 
By combining with the corresponding relationship between the impedance spectros-

copy and the Biot number, the one-dimensional conductivity relaxation impedance spec-
troscopy model is used to fit the two-dimensional conductivity relaxation impedance 
spectroscopy. The feasibility of the one-dimensional model in practical experiments is dis-
cussed, which has certain guiding significance for experiments. The main conclusions are 
as follows: 
(1) The width-to-thickness ratio of sample in the experiment should be kept above 50, 

which can ensure the accuracy of the values of (β, D).  
(2) The duration of carbon potential build-up τCp should be as small as possible to ensure 

the accuracy of the diffusion coefficient D. If τCp is not small enough, a larger width-
to-thickness ratio (more than 50) is proper with Bi = 1. 

(3) The ECR method shows the feasibility of measuring the values of (β, D) and even the 
value of τCp in practical experiments. 

Author Contributions: Conceptualization, Y.Z.; methodology, Y.Z.; software, W.M. and Y.W. (Yi-
heng Wang); formal analysis, W.M.; investigation, W.M.; data curation, W.M.; writing—original 
draft, W.M.; writing—review and editing, W.M., J.S., Y.W. (Yujian, Wu.), S.Q., X.Z. and Y.Z.; super-
vision, M.Y. and Y.Z.; project administration, M.Y. and Y.Z.; funding acquisition, M.Y. and Y.Z. All 
authors have read and agreed to the published version of the manuscript. 

Funding: We gratefully acknowledge the financial support from the Natural Science Foundation of 
China (52073072) and the Key Research and Development Program of Sichuan Province 
(2020YFSY0026). 

Figure 10. Contour maps of errors with different width-to-thickness ratios and carbon potential
build-up durations. (a) error of β (Bi = 0.01), (b) error of β (Bi = 1), (c) error of D (Bi = 1), (d) error of
D (Bi = 100).

4. Conclusions

By combining with the corresponding relationship between the impedance spec-
troscopy and the Biot number, the one-dimensional conductivity relaxation impedance
spectroscopy model is used to fit the two-dimensional conductivity relaxation impedance
spectroscopy. The feasibility of the one-dimensional model in practical experiments is
discussed, which has certain guiding significance for experiments. The main conclusions
are as follows:

(1) The width-to-thickness ratio of sample in the experiment should be kept above 50,
which can ensure the accuracy of the values of (β, D).

(2) The duration of carbon potential build-up τCp should be as small as possible to
ensure the accuracy of the diffusion coefficient D. If τCp is not small enough, a larger
width-to-thickness ratio (more than 50) is proper with Bi = 1.

(3) The ECR method shows the feasibility of measuring the values of (β, D) and even the
value of τCp in practical experiments.
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