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Abstract: The hybrid nanofluids have efficient thermal networking due to the trade-off between the
pros and cons of the more than one type of suspension. In the current study, water-based hybrid
nanofluid is used to investigate mixed convection in a squared enclosure heated with a circular center
heater. The cavity is placed inclined under the uniform inclined magnetic field. The squared cavity
comprises of two adiabatic vertical walls and two cold horizontal walls. The governing equations
are normalized using a suitable set of variables and are solved with the finite element method. A
comparison is provided with previously reported results at limiting case. The grid independence
is examined for the Nusselt number at the central heater. The analysis reveals the effective role of
the concentration of hybrid nanofluid particles in enhancing the heat spread. The results indicate
that adding 2% concentration of Ag-MgO hybrid nanoparticles causes an 18.3% uprise in the Nusselt
number at the central heater. The heat transfer rate enhances for increasing Hartmann number
between 0 and 10 but decreases over 10. For better heat transfer augmentation, a heater with a smaller
radius is recommended for the free convection. In contrast, a heater with a larger radius serves the
purpose in case of forced convection.

Keywords: mixed convection; square cavity; hybrid nanofluids; Richardson number; Hartmann number

1. Introduction

Due to low thermal conductivity, the traditional heat transfer fluids like water or
kerosene oil are not suitable in microelectronics and heat exchangers. It motivates re-
searchers to create innovative fluids with significantly higher conductivities to enhance
the thermal performance. The thermal conductivities of these fluids are improved by
utilizing metallic or non-metallic nanoparticles in conventional fluids. There are several
engineering applications where mixed convection in lid-driven cavities plays a vital role,
e.g., microelectronics, chemical and drying processes, and lubrication machinery. The
thermal performance is enhanced by utilizing nanofluids in a porous medium.

Mixed convection problems in enclosures and in bounded domains with moving lids
can be found in numerous engineering applications, like furnaces, chemical processing
equipment, lubrication technologies, microelectronics, and drying process. Several studies
related to mixed convection in various cavities are available in open literature. Oztop and
Dagtekin [1] investigated the mixed convection problem numerically in a square cavity and
noticed powerful effects of the Richardson number on the heat transfer. Ismael, et al. [2]
considered square cavity and examined the effects of volume fraction of nanoparticles
on the thermal performance. Sebdani, et al. [3] examined the effects of variable thermal
conductivity and viscosity on the mixed convection. They found that the rate of heat
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transfer depends upon pertinent parameters. Basak, et al. [4] considered different thermal
boundary conditions and analyzed heat transfer to explain the variation in the Nusselt
number. Abdelkhalek [5] used the perturbation method and demonstrated the crucial role
of governing parameters in explaining thermal performance of the cavity.

Hasan, et al. [6] analyzed thermal performance of water-based nanofluid in the square
cavity and proved the higher heat transfer rates for all conditions. Mansour, et al. [7]
used different nanofluids and explored an increase in the average Nusselt number with an
increase in the solid volume fraction of nanoparticles. They also reported a decrease in the
average Nusselt number with an increase in the heater length. Basak, et al. [8], Alsabery,
et al. [9], Li, et al. [10], and Alsabery, et al. [11] used different thermal boundary conditions
and found an upsurge in the intensity of vortices with rising Grashof number. The local
Nusselt number reveals non-monotonic features on the heated surface for higher Darcy
and Prandtl numbers. The robust combination between flow and temperature fields has
been discovered at elevated Pêclet numbers. The average heat transfer rate on the heated
walls were found to be a vital function of Grashof numbers.

Cheng [12] investigated mixed convection for governing parameters. The effects of
various flow parameters on the heat transfer were analyzed to develop correlations for the
average Nusselt numbers in the laminar flow regimes. Later, Cheng and Liu [13] discovered
that both the direction of temperature gradient and Richardson number influence the
thermal performance of the cavity. Mehmood, et al. [14] and Mehmood, et al. [15] used
alumina–water nanofluid and examined the effects of nonlinear thermal radiation as well as
inclined magnetic field. They employed different models to analyze the effects of pertinent
parameters on the thermal performance. It is noticed that the controlling parameters help
in increasing the heat transfer.

Moolya and Satheesh [16] analyzed the combined effects of heat and mass transfer
and noticed a rise in the Nusselt and Sherwood numbers with an increasing inclination
angle. Behzadi, et al. [17] examined the impacts of the porous medium on the thermal
performance in a ventilated square cavity. Using different thermal boundary conditions,
they disclosed a decreasing trend of Nusselt number with a rise in the Darcy number and
porous particle diameter. Garoosi, et al. [18], Garoosi and Talebi [19], and Garoosi, et al. [20]
conducted numerical studies with different heating arrangements and found enhancement
in the thermal performance with diminishing the nanoparticle diameter and increasing the
number of the heating elements up to a certain Richardson number.

Sheremet, et al. [21] and Sheremet and Pop [22] employed Buongiorno nanofluid
model and Darcy approach to study the features of water-based nanofluids. They estab-
lished a rise in heat transfer with an increase in dimensionless numbers. Talebi, et al. [23]
noticed that the percentage increase in the solid volume fraction of nanoparticles changes
the stream pattern and thermal performance significantly at higher Rayleigh numbers.
Kefayati, et al. [24] observed a rise in the heat transfer with an increase in the mixed convec-
tion parameter and reduction with increasing magnetic field. Shahi, et al. [25] discovered
an improvement in the average heat transfer with increasing solid volume fraction and
reduction in the average bulk temperature.

Kalteh, et al. [26] dealt with mixed convection of a water-based nanofluid and realized
a substantial rise in heat transfer in the presence of the nanoparticles. Selimefendigil and
Öztop [27] employed a fuzzy model to a CFD code and noticed that the fin enhances the
heat transfer rate. However, thermal performance is affected by the length and inclination
angle of the fin. Alsabery, et al. [28] noticed an adverse effect of nanoparticles on the
heat transfer rate for larger values of mixed convection parameter and smaller Reynolds
numbers. However, the nanofluid approach confirms an apparent escalation of heat transfer.
Ramakrishna, et al. [29] and Ramakrishna, et al. [30] examined the impact of several
boundary conditions and pertinent parameters on heat transfer rates and established that
the average heat transfer rate rises with Prandtl number.

Ismael, et al. [31] imposed partial slip condition on the cavity walls and noted a
decrease in heat transfer with the slip parameter. Shirvan, et al. [32] and Sourtiji, et al. [33]
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found a decrease in the Nusselt number with increasing magnetic field. Burgos, et al. [34]
reported insignificant influence of the buoyancy force for lower Richardson numbers.
Çolak, et al. [35] used Open FOAM’s software and noticed an augmentation in the Nusselt
number based on chamfer radius. Further details related to current topic can be found
in [36–42].

In the current investigation, we intend to target the combined effects of resistive
magnetic force applied at an angle of attack while the square enclosure is positioned at a
different angle. The square enclosure contains a circular heater and is filled with a mixture
of hybrid Ag-MgO nanoparticles and water. Such effects have never been considered before
despite having certain industrial applications, like, in various heat exchangers this design
is used to expedite the convection. Generally, the cavity position and the magnetic field
angle of inclination are not horizontal always and change with position and design, thus
have significantly influence on the flow heat transfer behavior. Therefore, we think this
problem should be addressed and explore to understand the square cavity problem from
these aspects. The study is devoted to examining the influence of pertinent parameters,
likes, Rayleigh number, Hartmann number, nanoparticles concentration, and angles of
inclination on the mixed convection of hybrid nanofluids. Various graph and tables are
plotted to see the variational trends and some important recommendations are made in the
conclusion part.

2. Formulation of the Problem

A square enclosure of dimension L is assumed to be filled with a suspension of Ag-
MgO hybrid nanofluid, thoroughly dispersed in the water-based fluid. The enclosure is
placed inclined at an angle α and the upper lid is moving towards right with a constant
velocity U. The top and bottom boundaries are placed at a constant cooled temperature
Tc while the left and right vertical boundaries are completely insulated. A circular heater
of radius r, situated at the center of the enclosure, is heating the enclosure with a uniform
temperature Th. The base fluid and the nanoparticles are assumed to be in thermal equi-
librium. The temperature differences inside the cavity are assumed to be negligible, and
except density thermo-physical properties are supposed to be uniform. The Boussinesq
approximation is used to model the density. Moreover, the enclosure is held under uniform
Lorentz force of potency B0 in the direction of angle β. In Cartesian coordinate system the
geometry of considered problem is shown in Figure 1.

Figure 1. Schematic diagram and the physical configuration.

The above hypotheses lead to the following set of governing equations:

∂u
∂x

+
∂v
∂y

= 0 (1)
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ρhn f

(
u

∂u
∂x

+ v
∂u
∂y

)
= −∂p

∂x
+ µhn f∇2u + βhn f gSin(α)(T − Tc) + σhn f B2

0Sin(β)(vCos(β)− uSin(β)) (2)

ρhn f

(
u

∂v
∂x

+ v
∂v
∂y

)
= −∂p

∂y
+ µhn f∇2v + (ρβ)hn f gCos(α)(T − Tc) + σhn f B2

0Cos(β)(uSin(β)− vCos(β)). (3)

(
ρCp

)
hn f

(
u

∂T
∂x

+ v
∂T
∂y

)
= khn f∇2T (4)

The boundary data is provided in Table 1.

Table 1. The boundary data (See Figure 1 for detail).

At the Top Wall y = 0, 0 ≤ x ≤ L u = 0, v = 0, T = TC

At the Bottom Wall y = L, 0 ≤ x ≤ L u = U, v = 0, T = TC

At the Left and Right Walls x = 0, x = L, 0 < y < L u = 0, v = 0, ∂T
∂x = 0

At the Circular Heater
(

x− L
2

)2
+
(

y− L
2

)2
= r2 u = 0, v = 0, T = Th

The hybrid nanofluid comprises of blend of water and Ag-MgO nanoparticles. Table 2
describes the thermo-physical properties of base-fluid and nanoparticles. At the reference
temperature from 20 ◦C to 30 ◦C, the effective density (ρhnf) and the thermal expansion
coefficient (ρβ)hnf for the hybrid nanofluid are presented by Tiwari and Das [43,44]:

ρhn f = ρ f

(
1− φhn f

)
+ ρAgφAg + ρMgOφMgO (5)

(ρβ)hn f = (ρβ) f

(
1− φhn f

)
+ (ρβ)AgφAg + (ρβ)MgOφMgO (6)

and the effective heat capacity assuming thermal equilibrium is(
ρCp

)
hn f =

(
ρCp

)
f

(
1− φhn f

)
+
(
ρCp

)
AgφAg +

(
ρCp

)
MgOφMgO (7)

where φhnf (= φAg + φMgO) is the volume fraction of hybrid nanoparticles. For effective elec-
trical conductivity, the modified Maxwell model for hybrid nanofluids used by Ghalambaz,
Sabour, Pop, and Wen [45] is assumed here and is stated as

σhn f

σf
=

σAgφAg+σMgOφMgO
φhn f

+ 2σf − 2
(
σAgφAg + σMgOφMgO

)
− 2σf φhn f

σAgφAg+σMgOφMgO
φhn f

+ 2σf − 2
(
σAgφAg + σMgOφMgO

)
− 2σf φhn f

. (8)

Table 2. The values of thermophysical characteristics of the Ag-MgO hybrid nanofluid and the base
fluid Ma, et al. [43] and Ghalambaz, et al. [44].

Physical Properties Ag MgO Water

Cp (J/kg K) 235 955 4179
ρ (kg/m3) 10,500 3560 997.1
σ (S/m) 6.3 × 107 5.392 × 10−7 0.05

k (W/m K) 429 45 0.613
β × 105 (1/K) 1.89 1.13 21

Moreover, for thermal conductivity and dynamic viscosity, we use the model of curve
fitting of experimental data by Hemmat Esfe, et al. [46]:

khn f

k f
=

0.1747× 105 + φhn f

0.1747× 105 − 0.1498× 106 + 0.1117× 107φ2
hn f + 0.1997× 108φ3

hn f
, 0 ≤ φhn f ≤ 0.03 (9)
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µhn f

µ f
= 1 + 32.795φhn f − 7214φ2

hn f + 714600φ3
hn f − 0.1941× 108φ4

hn f , 0 ≤ φhn f ≤ 0.02 (10)

Invoking the following dimensionless quantities:

x = x
L , y = y

L , u = u
U , v = v

U , p = p
ρhn f U2 , θ = T−Tc

Th−Tc
, r = r

L

Re =
ρ f UL

µ f
, Gr =

ρ2
f gβ f ∆TL3

µ2
f

, Ri = Gr
Re2 , Pr =

µ f Cp f
k f

, Ha = B0L
√

σf
µ f

,

 (11)

Employing Equation (11), the normalized form of governing Equations (1)–(4) is
given by:

∂u
∂x

+
∂v
∂y

= 0 (12)

u
∂u
∂x

+ v
∂u
∂y

= −∂p
∂x

+
C1

Re
∇2u + C2Ri Sin(α)θ + C3

Ha2

Re
Sin(β)(vCos(β)− uSin(β)) (13)

u
∂v
∂x

+ v
∂v
∂y

= −∂p
∂y

+
C1

Re
∇2v + C2Ri Cos(α)θ + C3

Ha2

Re
Cos(β)(uSin(β)− vCos(β)) (14)

u
∂θ

∂x
+ v

∂θ

∂y
=

C4

PrRe
∇2θ (15)

At y = 0, u = 0, v = 0, θ = 0 f or 0 ≤ x ≤ 1
At y = 1, u = 1, v = 0, θ = 0 f or 0 ≤ x ≤ 1

At x = 0 and x = 1, u = 0, v = 0, ∂θ
∂x = 0 f or 0 < y < 1

At the circle boundary u = 0, v = 0, θ = 1 f or all x and y

 (16)

where the dimensionless coefficients C1, C2, C3, and C4 are constants associated with the
characteristics of hybrid nanofluid and are described below as:

C1 =
µhn f
µ f

.
ρ f

ρhn f
, C2 =

(ρβ)hn f
ρhn f β f

, C3 =
σhn f
σf

.
ρ f

ρhn f
, C4 =

khn f
k f

.
ρ f Cp f

(ρCp)hn f . (17)

The local Nusselt number in normalized form at the heater and the upper wall is
given by:

Nulocal = −
khn f

k f
(∇θ·n̂)(x,y) ∈ S, Nulocal = −

khn f

k f

∂θ

∂y

∣∣∣∣
y=1

. (18)

Hence the average Nusselt number take the following forms:

Nuavg =
1

2πr

∫
S

NulocaldS, Nuavg =

1∫
0

Nulocaldx. (19)

3. Numerical Solution and Validation

A numerical scheme of finite element method is applied to solve the set of nonlinear
partial differential Equations (12)–(16). For this purpose, we use Newton’s linearization
method to convert the nonlinear partial differential equations PDEs into linear equations.
The initial seed is obtained by solving the corresponding Stokes problem. The initial
seed is then employed to evaluate the linearized PDEs. The resulting linearized PDEs
are solved using the NDSolve utility package of Mathematica 12. The solutions obtained
are fed back into the PDEs, and the new linearized PDE is solved repeatedly until the
solutions converge.

The discretization of the computational domain is created by dividing it into a finite
number of non-uniform triangular elements. The smaller element size offers more accuracy
but costs more computational time. Therefore, smaller element size is used near the
boundaries of the computational domain so that the velocity and temperature gradients are
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effectively captured. However, the rest of the domain is covered with stretched elements
to save computational time (refer to Figure 2 for mesh generation). Grid-independent is
an essential criterion to measure the convergence of numerical results. This criterion is
illustrated in Table 3 where the numerical values of average Nu are shown for looser to
denser grid by increasing the number of elements. The table shows that no correction
is needed up to the desired accuracy of two decimal places as the number of elements
increases from 5800 elements. To save computational time, the rest of the calculations are
done by fixing the mesh size at 5800 elements.

Figure 2. Mesh generation with 5362 non-uniform triangular elements.

Table 3. Grid independency of the present solution showing Nuavg at different number of elements
(Gr = 105, Re = 100, Pr = 6.2, Ha = 50, α = 45◦, β = 0).

No of Elements Nuavg at Circle Nuavg at Top Plate

900 14.3120 8.7867
2500 14.4136 8.8634
5800 14.5067 8.7763

10,000 14.5039 8.7748
17,000 14.5035 8.7747
23,000 14.5033 8.7746

The present results are also verified by giving a comparison with a previous study by
Moukalled and Acharya [47] on simple viscous fluid. The results of the current research
for the limiting case are obtained by assuming the nanofluid concentration φhnf to be
zero and considering the half-width channel with free convection. The comparison of
Nuavg is provided in Table 4. The table shows well concurrence between both the studies,
which validates the results reported in the present investigation and hence develops the
confidence in the results presented in the coming section.

Table 4. Comparison of Nuavg with the results reported by Moukalled and Acharya [47] for viscous
case (φhnf = 0) at different Rayleigh number and radius.

Ra r = 0.1
by [47]

r = 0.1
Present

r = 0.2
by [47]

r = 0.2
Present

r = 0.3
by [47]

r = 0.3
Present

0 1.836 1.863 3.26 3.166 5.369 5.358
104 2.071 2.069 3.331 3.225 5.826 5.373
105 3.825 3.773 5.08 4.909 6.212 6.214
106 6.107 6.102 9.374 8.901 11.62 10.293
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4. Results and Discussion

In this parametric study we considered the mixed convection of Ag-MgO hybrid
nanofluid due to the moving lid of an inclined enclosure with the inside circular heater
under inclined magnetic field. For this purpose, the radius of circle r is supposed to be
fixed at 0.15, and the fluid Prandtl number Pr is kept fixed at 6.2. In further analysis, the
main governing parameters, like Richardson and Hartmann numbers, angles of inclination
(α and β), and the volume fraction of nanoparticles φhnf varies to show the discriminating
characteristics of the flow phenomenon. The Richardson number (Ri = Gr/Re2) is chosen
to have values of 0.01, 1 and 100 by fixing Re at 100 and varying Gr as 102, 104 and 106

so that the effect of forced, mixed and free convection could be observed. The Hartmann
number Ha fluctuates from 0-100, the angles of inclination (α and β) vary from 0◦ to 120◦,
and φhnf takes the values between 0% and 2%.

The effects of Richardson number on streamlines at different center heater radii are
shown in Figure 3 while the cavity is posed at a 45◦ angle of inclination. The stream plots
show that for forced convection case (Ri = 0.01 and r = 0.15), the enclosure is occupied
by clockwise circular stream cells. At the right and left sides of the circular heater, two
weak counterclockwise boluses are formed, which disappear as the radius of the heater
increases to 0.2 and to 0.3. In case of mixed convection (Ri = 1), the reverse flow starts
augmenting from the central part of the channel while the upper and lower parts still show
the clockwise rotation in the streamlines. This reverse flow becomes weak as the radius
r shifts to 0.2 and completely disappears for r = 0.3. The free convection case (Ri = 100)
demonstrates the interesting feature where the counterclockwise rotation dominates the
upper part of enclosure. Since the cavity is held inclined at an angle of 45◦, therefore, the
flow direction is toward the right side from the center heater, which is obvious conduct.
The same behavior is seen for r = 0.2 and 0.3.

Figure 4 shows the heat lines distribution at different radii of the center heater and
at various Ri values. For forced convection case, the contour lines are dispensed around
the heater with heat trend toward the left side. A similar pattern of the isotherms has been
noticed in the case of mixed convection cases with more shifts toward the right. However,
for free convection, a clear increasing trend is noticed in temperature heading toward the
right side. The thermal plum is also appeared directed towards the right wall showing the
dominancy of buoyancy forces. As the radius of the center heater increases, the spread of
temperature clearly rises all around in the enclosure. Figure 5 indicates that Nuavg, in case
of free convection, is higher than Nuavg of forced convection. Moreover, it is found that for
forced convection cases, an expansion in circle radius causes an increase in Nuavg at the
central heater. However, for free convection increasing circle radius results in decreasing
the Nusselt number at the central heater. Therefore, for better heat transfer augmentation
heater with a smaller radius is recommended for free convection. On the other hand, for the
forced convection, a heater with a larger radius serves the purpose. The Nusselt number at
the upper horizontal boundary rises with an expansion in circle radius.

The streamlines and isotherm pattern are also plotted at varying α values in Figure 6,
assuming mixed convection (Ri = 1). For non-inclined cavity α = 0◦, the whole enclosure
exhibits clockwise rotation except the lower-left corner where a weak counterclockwise
recirculation cell is formed. For α = 90◦, a balanced flow is observed on both sides of the
center heater. However, at α = 120◦, the counterclockwise recirculation becomes weak in
the left part and strengthen in the right part. The contour plot of isotherms (Figure 6b)
demonstrates that for the non-inclined cavity, the heat lines are stronger on the left side,
and as the inclination angle rises, the temperature becomes higher on the right side leaving
no significant impact in the top and bottom regions. In fact, the convection mechanism is
always predominant against the gravity direction due to the buoyancy force.
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Figure 3. Streamlines pattern at various radii of center heater and Ri while the other parameters φhnf = 0.02, Ha = 50,
Re = 100, α = 45◦, and β = 0◦ are kept fixed.
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Figure 4. Isotherms for different Richardson number and radii of center heater while the other parameters φhnf = 0.02,
Ha = 50, Re = 100, α = 45◦, and β = 0◦ are kept fixed.

Figure 5. The average Nusselt number at different radii against Ri, (Left): At the surface of circular heater, (Right): At the
top wall.
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Figure 6. (a) Streamlines (b) Isotherms for different angle of inclination α while the other parameters φhnf = 0.02, Ha = 50,
Ri = 1, Re = 100, r = 0.15 and β = 0◦ are kept fixed.

Another perspective of the convection phenomenon is to fix the parameter Gr and
vary Re to observes the impact of Ri. In the present study, this viewpoint is illustrated
in Figure 7, where the 3-dimensional graphs of velocity and temperature profiles are
plotted by fixing Gr = 104 and varying Re from 10 to 5000, which covers the free to forced
convection cases (Ri = 100, 1 and 0.01). The velocity profile u in the x-direction is plotted
in Figure 7a at α = 45◦. For free convection case (Ri = 100) the velocity profile satisfies
the boundary condition at the upper wall and then shows a negative trend immediately
below the moving plate and then attains a peak near the center heater, which indicates a
counterclockwise circulation in the upper part. In the lower part, near the center heater,
the velocity is positive, and near the lower surface, the velocity is negative, which indicates
the formation counterclockwise circular cell. For the mixed convection case (Ri = 1), there
is clear evidence of the formation of clockwise circular cells in the upper part; however,
the velocity is negligible in the lower part. This is evidence of the strengthening of shear
forces. For forced convection case (Ri = 0.0004), the excavation in the profile shifts to
the lower side of the center heater, which indicates the predomination of the clockwise
circular cell. Figure 7b presents the velocity profile v in y-direction at α = 45◦. The positive
values indicate the flow in the upward direction and negative values signify the downward
flow. For free convection case (Ri = 100), an upward flow is noticed near the center heater,
top-left, and lower-left sides of the enclosure, which is due to stronger buoyancy force. For
mixed convection cases (Ri = 1), one can notice the formation of excavation in the top-right
corner. The excavation becomes deeper as forced convection becomes stronger (Ri = 0.0004),
which indicates a strong downward flow. In contrast, the u velocity profile is the part of the
clockwise circular cell that appeared in the last part of Figure 7a. The temperature profile
in Figure 7c shows the high-temperature gradient near the central heater. However, for free
convection, the heat dissipates in the right side of enclosure, which is because of strong
buoyancy force at elevated enclosure from the right (α = 45◦). For the forced convection,
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the temperature gradient is stronger as compared to the free and mixed convection cases,
and the heat effect accumulates around the heater and slightly dissipates in the upper part
of the channel. Comparatively, the spread of heat is higher in the case of free convection as
compared to the mixed and forced convection.
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Figure 7. (a) u-velocity, (b) v-velocity, and (c) temperature profile at different Reynolds number, while the other parameters
φhnf = 0.02, Ha = 50, Gr = 104, α = 45◦, and β = 0◦ are kept fixed.

The velocity stream and heatlines are also sketched for varying magnetic field in
Figure 8 assuming mixed convection Ri = 1 and inclined enclosure at α = 45◦. In Figure 8a,
stream plots at varying values of Ha are shown. The nonexistence of magnetic field results
in the clockwise rotational cell throughout the enclosure. However, a clockwise eddy is
generated along with the center heater at the upper-right edge showing a higher flow
rate. As the magnetic field is introduced with Ha = 50, the flow regime is divided into
three parts: the upper part, around the heater, and the lower part. The upper and lower
parts demonstrate the clockwise circular boluses. However, around the circular heater, two
anticlockwise eddies are formed. Overall, the flowrate inside the enclosure is reduced after
the induction of the magnetic field as expected. This behavior becomes more prominent by
increasing the magnetic field intensity (Ha = 100) where the anticlockwise circular eddies
grow with the higher flowrate suppressing the clockwise circular cells in the upper and
lower parts. This conduct is quite expected since the role of the magnetic field is to squash
the flow augmentation. The isotherms contour plots are shown in Figure 8b at α = 45◦. In
the absence of Lorentz force (Ha = 0), the primarily spread of heat is in the upright direction.
Upon introducing the Lorentz force (Ha = 50), the heat lines propagated toward the right
and left sides, and this conduct of temperature becomes stronger for higher Lorentz force
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(Ha = 100). Consequently, the heat transport decreases around the heater (see Table 5). This
behavior of temperature profile is a consequence of the reverse flow generated around the
heater (see Figure 8a), which raises the convection phenomenon around the heater and
lessens heat transfer rate. Table 5 shows that Nuavg at the center heater and the top wall
decreases as Ha increases.

The behavior of streamlines and isotherm at varying magnetic field direction is shown
in Figure 9. Figure 9a shows the streamlines plot at different inclination angles of the
magnetic field for mixed convection (Ri = 1) and horizontal cavity (α = 0◦). For horizontal
Lorentz force (β = 0◦), the streamlines plot shows two clockwise circular cells and one
counterclockwise eddy in the lower-left corner with negligible circulations. For vertical
Lorentz force (β = 90◦), only one clockwise eddy is formed near the top wall. At β = 120◦,
the core upper cell slightly shifts towards the left, and a weak counterclockwise eddy
is developed at the lower left side of enclosure. Overall, the flowrate is higher for the
horizontal magnetic field as compared to the vertical magnetic field. The isotherms contours
show that for horizontal Lorentz force, the temperature increases horizontally toward the
left wall. For vertical Lorentz force, the temperature increases in the vertical direction, and
the thermal plume appears toward the upper left corner. This thermal plume becomes
slender for a magnetic field at an angle of 120◦ which leads to a higher convection rate.

Figure 8. (a) Streamlines and (b) isotherms at various Ha values while the other parameters φhnf = 0.02, Ri = 1, α = 45, and
β = 0◦ are kept fixed.
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Table 5. The numerical values of Nuavg at the center heater and at the top wall Re = 100, Ri =1.

Ri φhnf α Ha β Nuavg at Circle Nuavg at Top Plate

1 0.00 45◦ 50 0◦ 10.09 (0.0%) 6.35 (0.0%)
- 0.01 - - - 10.94 (8.4%) 6.94 (9.3%)
- 0.015 - - - 11.55 (14.5%) 7.43 (17.0%)
- 0.02 - - - 11.94 (18.3%) 7.72 (21.6%)
1 0.02 30◦ 10 0 17.68 15.33
- - 60◦ - - 17.09 14.62
- - 90◦ - - 17.30 14.82
- - 120◦ - - 15.67 11.45
1 0.02 45◦ 0 0◦ 14.48 11.51
- - - 10 - 17.31 14.88
- - - 25 - 15.91 14.22
- - - 50 - 11.94 7.72
- - - 100 - 9.48 5.47
1 0.02 45◦ 10 0◦ 18.60 16.47
- - - - 30◦ 18.16 15.92
- - - - 60◦ 17.57 15.23
- - - - 90◦ 17.48 15.16
- - - - 120◦ 17.93 15.72

Figure 9. (a) Streamlines and (b) isotherms at various β while the other parameters φhnf = 0.02, Ri = 1, Re = 100, Ha = 50,
α = 0◦ are kept fixed.

Figure 10a demonstrates an imperative behavior of the heat transfer rate at the surface
of the center heater by showing the effect of parameter φhnf on Nuavg against Ri. The figure
indicates that the convection rate reduces as Ri remains within 0.01 ≤ Ri ≤ 1. This shows
that strong, forced convection increases the heat transfer rate. For Ri > 1, Nuavg increases
rapidly, suggesting high heat transport in case of free convection. Moreover, the heat
transfer rate significantly increases as the concentration φhnf increases, especially for forced
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convection. However, no significant change has been noticed for the free convection case
as φhnf increases. A similar trend is noticed for Nuavg at the upper wall (see Figure 10b),
though Nuavg at the upper wall is comparatively less than Nuavg at the circular heater.
Such result is quite common in the study of mixed convection in cavities and reported by
various authors (See for instance [9]).

Figure 10. Effect of nanoparticles concentration φhnf on Nuavg (a) at the surface of circular heater (b) on the horizontal wall.

Table 4 depicts the percentage change in Nuavg as the percentage of the volume fraction
of nanoparticles augments at Ri = 1. The table illustrates that by adding 1% of nanoparticles
concentration results in an 8.4% increase in Nuavg at the center heater and a 9.3% increase in
Nuavg at the top boundary. Introducing a 2% concentration of hybrid nanoparticles results
in an increment of 18.3% and 21.6% in Nuavg at the center heater and top wall, respectively.
The local Nusselt number at the upper wall is portrayed in Figure 11 for different values
of volume fraction of hybrid nanoparticles for mixed convection case (Ri = 1) against the
variable x. Nulocal increases as φhnf rises, and this rise becomes more significant at the center
of the wall. As one moves toward the left side the wall Nulocal increases, and it decreases
towards the right. As the wall moves toward right with uniform velocity, the clockwise
circulation cell formed near the upper wall resulting in high temperature-gradient at the
left side of the cold-wall, and as the particles move towards the right side, the temperature
gradient decreases eventually.

Figure 11. The local Nusselt number at the top wall for various φhnf against Ri.
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5. Conclusions

We discussed a mixed convection of Ag-MgO hybrid water-based nanofluid under
uniform magnetic field in a lid-driven inclined enclosure. The enclosure is heated from
inside at a constant temperature by a circular heater. The top and bottom boundaries
are supposed to maintain the uniform lower temperature and the side vertical walls
are insulated. The numerical solutions have been presented for governing equations. A
parametric analysis is made for the parameters, like, Richardson number, the Hartmann
number, the concentration of hybrid nanoparticles. The important concluding remarks of
the study are summarized below in points:

• The heat transport is greater in free convection as compared to the forced convection.
• It is established that for the forced convection case, an increase in circle radius results

in enhancing the heat transfer rate, and for the free convection case, increasing circle
radius results in decreasing the heat transfer rate.

• Overall, the circular flow rate is higher for the horizontal magnetic field in contrast to
the vertical magnetic field.

• Heat transport augments as the percentage of volume fraction of hybrid nanofluid
particles improve in case of forced convection but makes no significance in free
convection case.

• Adding 2% concentration of hybrid nanofluid particles results in 18.3% increase in
Nuavg at the center heater for mixed convection.
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Nomenclature

Latin symbols
B0 uniform magnetic field
Cp specific heat
Gr Grashof number
Ha Hartmann number
k thermal conductivity
L mensional length of cavity
n̂ unit normal at center circle
p pressure field
p dimensionless pressure
Pr Prandtl number
r radius of center circle
r dimensionless radius
Re Reynolds number
Ri Rayleigh number
S surface of center circle
T temperature field
Tc temperature of cold wall
Th temperature of hot wall
U constant velocity of upper lid
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(u, v) velocity components
(u, v) dimensionless velocity components
(x, y) Independent variables
(x, y) dimensionless independent variables
Greek symbols
α cavity angle of inclination
β directional angle of magnetic field
ρ density of fluid
(ρβ) thermal expansion coefficient
σ electrical conductivity
θ dimensionless temperature field
µ viscosity of fluid
φ nanoparticles concentration
Subscripts
hnf hybrid nano fluid
f base fluid
MgO Magnesium Oxide nanoparticles
Ag Silver nanoparticles
avg Average
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