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Abstract: In view of the fact that the target values of some quality characteristics are grey, the
grey quality gain-loss function model was applied in the analysis of the quality characteristics.
At the same time, based on the analysis of engineering specifications and process capability, an
optimization model of engineering specifications was proposed to minimize the expected total loss
of each product and maximize the expected compensation with inspection costs, scrap costs and
grey quality gain-loss into consideration. The optimal engineering specification can be obtained by
using the optimization model. Through the example analysis and its application in dam concrete
construction, the practicability of the model is verified, which provides an important reference for
the research of the new theory of dam concrete construction quality control.

Keywords: grey quality gain-loss; engineering specifications; process capability

1. Introduction

According to Shewhart, one of the most important tasks in quality control is to un-
derstand and evaluate the needs and expectations of customers, and ultimately to provide
products and services that meet or exceed those needs and expectations [1]. Therefore, the
first step in meeting the needs of customers is to make the physical characteristics of the
products meet the satisfied standards. The second step is to determine the way and the
method of setting the standards for the physical characteristics of products, understand
and evaluate the needs and expectations of the customers, and to provide products and
services that meet or exceed those needs and expectations.

A quality loss function is proposed by Taguchi to determine the ideal target value
(parameter design) and to evaluate the loss caused by deviation from the target value [2].
Because parameter design reduces performance variation by reducing the influence of the
sources of variation rather than by controlling them, it is a very cost-effective technique for
improving product quality. Kackar introduces the concepts of off-line quality control and
parameter design and then discusses the Taguchi Method for conducting parameter design
experiments [3,4]. Taguchi’s philosophy recognizes the importance of both off-line and
on-line quality control in reducing variation and its effects to the minimum, and covers
the entire engineering and manufacturing process. Barker looks at key topics such as
loss function, performance variations, signal to noise, system design and parameter and
tolerance design [5].

The concept of quality loss function focuses on the evaluation of quality losses caused
by deviation of quality characteristics from the target value, while the goal of quality
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planning is to minimize the total loss of producers and consumers for society; Kapur and
Wang have described the use of the normal and log-normal quality characteristics to design
the speciation limits based on Taguchi’s quality loss function [6]. On this basis, Kapur
proposed an optimization model to develop the acceptable specifications or tolerance limits.
Using this model, the total quality costs caused by variation (which is always present within
any acceptable limits), inspection (measurement to determine the nonconforming units)
and costs related to nonconforming units (scrap or rework) can be minimized [7].

Considering the multivariate normal distribution of quality characteristics. The speci-
fication region is given by truncating the multivariate normal distribution. Kapur and Cho
present the optimization model to develop the specification region for multiple quality
characteristics based on the framework of multivariate quality loss function [8]. Chatterjee
and Chakraborty have studied the expression of process capability index of some unilateral
specification limits and the relationship between the expression and the defect rate [9]. The
control chart of process capability is designed and used to evaluate the process capability
in the entire production cycle.

Chen proposes the topic of selecting lower specification limits under Taguchi quality
loss function [10]. Given that product quality characteristics comply with exponential
distribution, an improved method is proposed based on Kapur and Wang for the eco-
nomic design of specification limits; Pan and Pan have modified the Kapur’s model
so that the economic specification limits of symmetric loss and asymmetric loss can be
established [6,7,11].

Since Taguchi quality loss function cannot describe the quality compensation effect in
production practice, the concept of quality gain-loss function is proposed, and the quality
gain-loss transfer model and the tolerance optimization method of quality characteristics
are studied with the foundation that the constant term in Taylor series expansion is given
the meaning of quality compensation. When the loss of linear term cannot be ignored and
the compensation amount is constant, the quality gain-loss function model with larger-the-
better and smaller-the-better expectation is designed. Considering the compensation effect
of quality characteristics in dam concrete construction, the tolerance optimization model of
dam concrete construction quality is constructed, and the optimal tolerance adjustment
rate of the characteristic per unit quality in each stage of the dam concrete construction is
studied, so as to improve the overall construction quality to the greatest extent [12–14]. On
this basis, an inverted normal quality gain-loss function based on functional characteristics
of the inverted normal function is proposed, aiming at the issue that the existing quality
gain-loss function cannot describe the unbounded problem in engineering practice, and
the multivariate quality gain-loss function and quality gain-loss function with larger-the-
better, smaller-the-better characteristics are designed. In this paper, fuzziness of quality
characteristics was analyzed, the fuzzy quality gain-loss function model was constructed
and the optimal process mean for the asymmetric fuzzy quality gain-loss function was
designed [15,16].

2. Grey Quality Gain-Loss Function

Intuition and judgment play an important role when determining the target value of
some quality characteristics, and some factors related to personal needs are also relevant.
For this kind of quality characteristics, the determination of the target value is grey, so the
application of Grey System Theory is adopted to expand the inverted normal quality gain-
loss model. With the following methods, the grey quality gain-loss function is constructed.

Assuming that the target value y0 of a quality characteristic y is grey, it can be expressed
as grey number ⊗ ∈ [T1, T2], where [T1, T2] is the interval range of the grey number, in
which the quality loss can be considered as 0. In this case, the grey quality gain-loss
function is defined as:
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L̃(y) =
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(1)

Many quality gain-losses deviating from the target value are asymmetric in engi-
neering practice, and therefore in order to make the grey quality gain-loss function more
universal and closer to the actual situation, the piecewise function theory is applied to
modify it, and the asymmetric grey quality gain-loss function model is constructed. The
modified asymmetric grey quality gain-loss function is

L̃(y) =
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where T1 and T2 are the upper and lower limits of interval grey number respectively, A1
and A2 are the maximum possible loss caused by deviation from the target value on both
sides, and σ2

1 and σ2
2 are the shape parameters of quality gain-loss function on both sides.

2.1. Constant Compensation

The quality compensation is constant, i.e., g̃(y) = a, and the grey quality gain-loss
function of quality characteristic y is

L̃(y) =


a + A1

[
1− exp

(
− (y−T1)

2

2σ2
1

)]
, y ∈ [−∞, T1 )

a , y ∈ [T1, T2]

a + A2

[
1− exp

(
− (y−T2)

2

2σ2
2

)]
, y ∈ (T2 ,+∞]

(3)

when g̃(y) = a (constant), the curve of grey quality gain-loss function y is shown in
Figure 1.
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The curve of the asymmetrical hyperbolic tangent grey quality compensation func-
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Figure 1. Curve of constant compensation.

Therefore, when the compensation is constant, the maximum grey quality compensa-
tion amount in the target value range is a. As the quality characteristics deviate from the
target value, the grey quality loss increases.
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2.2. Hyperbolic Tangent Compensation

Furthermore, considering the variable quality compensation and the grey quality
characteristic target value, if it is assumed that the target value y0 can be expressed as the
grey number ⊗ ∈ [T1, T2], the quality compensation will be the largest in this interval. In
this case, let the quality compensation term be a function of the quality characteristic value
y, and the grey hyperbolic tangent compensation function is constructed according to the
properties of hyperbolic tangent function. At this moment, the grey quality compensation
function is:

g̃(y) =


−α
{

1− 2
exp[2(y−T1)]+1

}
+ β , y < T1

β

α
{

1− 2
exp[2(y−T2)]+1

}
+ β , y > T2

, T1 ≤ y ≤ T2, α > 0 (4)

In the case of asymmetric quality compensation, the asymmetric hyperbolic tangent
grey quality compensation function can be expressed as:

g̃(y) =


−α1

{
1− 2

exp[2(y−T1)]+1

}
+ β , y < T1

β

α2

{
1− 2

exp[2(y−T2)]+1

}
+ β , y > T2

, T1 ≤ y ≤ T2, α > 0 (5)

The curve of the asymmetrical hyperbolic tangent grey quality compensation function
is shown in Figure 2.
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Therefore, the grey quality gain-loss function of asymmetric hyperbolic tangent com-
pensation is:

L̃(y) =


−α1

{
1− 2

exp[2(y−T1)]+1

}
+ β + A1

[
1− exp
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, T1 ≤ y ≤ T2 (6)

The curve of grey quality gain-loss function of asymmetric hyperbolic tangent com-
pensation is shown in Figure 2.
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Therefore, when the compensation is hyperbolic tangent compensation, the maximum
grey quality compensation in the target value interval is β. With the quality characteristic
deviating from the target value, the grey quality loss increases.

3. Process Capability Analysis
3.1. Process Capability

Process capability refers to the ability of a process to ensure product quality in a stable
state. Usually, process capability is expressed by six times the standard deviation (6σ), that
is, when the process is in a stable state, 99.73% of its quality characteristic value falls within
the interval of µ ± 3σ, where µ is the overall mean of the quality characteristic value, and
σ is the overall standard deviation of the quality characteristic value, that is, 99.73% of the
quality characteristic value falls within the 6σ range above. Generally speaking, the smaller
the value of the standard deviation is, the better it will be.

Process capability analysis is to analyze and evaluate the degree to which the process
output meets the engineering standard or the technical specification proposed by customers.
First, the determination and analysis of process capability is the basic work to ensure the
product quality. Only when the process capability is known, can satisfied quality in the
manufacturing process be controlled. If the process capability cannot meet the requirements
of product design, then quality control will be impossible. Second, the measurement
and analysis of process capability is an effective means to improve process capability.
Through the process capability analysis, we can find the dominant factors that affect the
process capability. Therefore, process capability can be increased by improving the process,
equipment, operation level as well as environmental conditions. Besides, effective process
methods and operation procedures, as well as strict process discipline, can be formulated to
this end. Third, measurement and analysis of process capability can find out the direction
for quality improvement. The actual quality status of process capability processing is
the objective basis of guaranteeing product quality. Through process capability analysis,
key data of process capability can be provided for designers and processes. At the same
time, main problems of process capability can help find a direction to improve processing
capability and product quality.

3.2. Process Capability Index

Process capability index is a value to measure the capacity of a process, which has
been widely used in many industries. It is the main measure index to evaluate process
capacity, representing the production process level and the rate of finished products in
a stable production state. As for the indicators of the satisfaction degree with technical
requirements, the greater the process capability index is, the better the process capability
will satisfy the technical requirements, and there will even be a certain capacity reserve.

The process capability index was originally proposed by Juran [17]. If the product qual-
ity characteristics are stable and comply with normal distribution, the process capability
index is defined as:

CP =
USL− LSL

6σ
=

∆
3σ

(7)

Process capability index Cp is the ratio of specification width to natural tolerance. USL
is the upper limit of engineering specifications, LSL is the lower limit, ∆ = (USL− LSL)/2
and σ is the standard deviation of the process.

Since Cp only reflects the relative relationship between the tolerance zone width and
the process capability 6σ, instead of reflecting the positional relationship of the mean value
µ of the process quality characteristic value with the tolerance zone, it only reflects the
potential capability of the process quality to meet the technical standards.
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In order to improve the shortcomings of Cp, Kane considers the positional relationship
between the mean of the process quality characteristic value and the tolerance zone, and
proposes the process capability index Cpk, whose expression is as follows [18]

Cpk = min
{

Cpl , Cpu

}
= min

{
USL− µ

3σ
,

µ− LSL
3σ

}
=

∆− |µ−M|
3σ

(8)

where M = (USL + LSL)/2 is the center of the specifications and µ is the mean value of
the process. Cpk takes the average deviation of the process from the specification center
into account, but it cannot reflect the deviation of the process from the target value.

Aiming at the shortcomings of Cp and Cpk, Chan, Cheng and Spring proposes a new
indicator Cpm [19]

Cpm =
USL− LSL

6
{

E(Y− T)2
} 1

2
=

∆

3
√

σ2 + (µ− T)2
(9)

where T is the target value. This index is similar to Taguchi loss function. When the mean
value of the process deviates from the target value, the process will face square loss.

Pearn, Kotz, and Johnson integrate Cp and Cpm into the index Cpmk [20]:

Cpmk =
min(USL− µ, µ− LSL)

3
√

E
[
(Y− T)2

] =
∆− |µ−M|

3
√

σ2 + (µ− T)2
(10)

Obviously, when µ = T = M, the above four process capability indexes are equal. In
addition, there are also process capability indicators with larger-the-better and smaller-the-
better characteristics. The summary of process capability indicators with various quality
characteristics is shown in Table 1.

Table 1. Summary of process capability index of nominal-the-best, larger-the-better and smaller-the-better characteristics.

Nominal-the-Best Characteristic Larger-the-Better Characteristic Smaller-the-Better Characteristic

Index Formula Index Formula Index Formula

CP
USL− LSL

6σ
CP

USL− T
6σ

CP
T − LSL

6σ

Cpk min
{

USL− µ

3σ
,

µ− LSL
3σ

}
CPu

USL− µ

3σ
Cpl

µ− LSL
3σ

Cpm
USL− LSL

3
√

σ2 + (µ− T)2
CPt

µ− T
3σ

CPt

T − µ

3σ

It can be seen from Table 1 that after the specification limit (USL, LSL) is determined,
the smaller the standard deviation σ is, the larger the process capability index and the
better the process capability will be. Taking Cp as an example, the quality level of process
can be divided into five levels according to the Cp value.

Based on the levels, corresponding judgment and disposal methods can be developed
in terms of management shown in Table 2. The levels, judgment and disposal in this table
are also applicable to Cpk, Cpm and Cpmk.
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Table 2. Grading judgment and disposal of process capability index.

Cp Level Range Bilateral Tolerance Range (T) Disposal Measures

Cp > 1.67 Special grade High capacity T ≥ 10σ

(1) Narrow the tolerance range
appropriately;

(2) Large external fluctuations are
allowed to improve efficiency;

(3) Lower the accuracy of the
equipment
appropriately to reduce the cost;

(4) Make a brief test.

1.67 ≥ Cp > 1.33 First grade Full capacity T = 8σ∼10σ

(1) If it is not a key product, a certain
degree of external fluctuations is
allowed;

(2) Simplified test;
(3) Control by a control chart.

1.33 ≥ Cp > 1 Second grade Acceptable
capacity T = 6σ∼ 8σ

(1) Control by a control chart to
prevent
external fluctuations.

(2) For product sampling inspection,
pay
attention to the sampling method
and the interval.

(3) Inspection cannot be loosened.

1 ≥ Cp > 0.67 Third grade Insufficient
capacity T = 4σ∼ 6σ

(1) Analyze the causes of excessive
range and take corresponding
remedial measures;

(2) If the final quality and assembly of
the product is not affected, the
tolerance range can be
appropriately expanded;

(3) All products are inspected or
screened by grades.

Cp ≤ 0.67 Fourth grade
Severely

insufficient
capacity

T < 4σ

The unqualified rate is too high, so the
cause should be traced immediately and
remedial measures should be taken to
improve the process capability.

3.3. Improvement of Process Capability

It can be seen from Table 1 that if the product quality needs to be improved, we
must enhance the process capability. In actual production, there are usually two solutions
for insufficient process capacity: the first one is to find a way of reducing the process
variation and improve the stability of the process. In most cases, however, to reduce
the process variation means that the production technology or construction technology
needs to be greatly improved, or the production equipment needs to be updated. This
method requires a lot of money, which may increase the total quality cost, and thus it has
great limitations; the second method is to optimize the engineering specifications. That
is, develop specification limits for the process and truncate the distribution of the quality
characteristic by screening to sort out the products that do not meet the prescribed limits.
From the viewpoint of manufacturers, they must decide whether screening should be
performed on their products before shipping to the customer. If they decide not to screen,
all the products they produce would be sent directly to the customer, and then the loss
due to variability is sustained by the customer. If they decide to screen, their key concern
would be how to determine the specifications for the products [21]. The formulation of
engineering specifications is directly related to the qualification rate of products, costs of
obsolescence and rework, and the loss of customers caused by the deviation of quality
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characteristics from the target value. Therefore, it is of great significance to formulate an
appropriate specification limits in the total quality cost reduction. The improvement of
engineering specifications can enhance the product quality, reduce the total quality cost
and raise productivity without increasing capital investment.

Therefore, when the current process cannot be improved (i.e., decrease σ2), one way
to decrease variance of the units delivered to the customers is to add specification limits
on the process and truncate the distribution by inspection. The question is how these
specification limits can be developed. In quality management, engineering specifications of
products are the standard to determine whether the products are qualified or not. In order
to formulate the engineering specifications of products from the perspective of social and
economic losses, the principle of “minimum social and economic loss” must be followed.
Social and economic losses include the total cost (inspection cost, scrap (rework) cost, etc.)
of an enterprise for ensuring and improving the product quality and the quality loss of the
customers in the process of using the products. Specification limits are developed on the
premise of minimizing the total quality cost. If the specification limits are set arbitrarily,
it is likely to increase the total cost in the form of inspection. Therefore, in the product
manufacturing process, improvement of engineering specifications can not only enhance
the process capability, but also have an important impact on the estimation of quality loss.

4. Improvement of the Formulation Method of Engineering Specifications
4.1. Shortcomings of Traditional Formulation Method of Engineering Specifications

In the traditional quality evaluation system, if the quality characteristics of a product
do not conform to the engineering specifications, the product will be deemed as unqualified,
which will result in quality loss. Moreover, Taguchi believes that the society suffers losses
from the initial design stage to the stage of product use due to improper product design.
Kapur and Wang put forward an optimization method to determine the specification limits
on the basis of minimizing the total cost or the loss of customers and manufacturers [5,6].
This method aims to reduce the loss borne by the customers through the inspection of online
quality management, with the main idea of dividing the product quality loss into three
categories, i.e., the loss suffered by customers, scrap cost or rework cost and inspection
cost. Suppose that the quality characteristic y conforms to the normal distribution, and the
target value of quality characteristic is y0. If the product is fully inspected, the loss costs of
the quality characteristic value lower than LSL and higher than USL will be scrap costs.
The total quality cost under the full inspection mode is

T = H(y) + (1− p)SC + IC (11)

where H(y) is the expected loss per unit product suffered by the customers, SC is the scrap
cost per unit product, IC is the inspection and p is the qualification rate. When µ and σ are
known, the total expected loss of the product can be minimized, and the optimal solution
η can be obtained, therefore the optimal LSL = µ− ησ and the optimal USL = µ + ησ
can be calculated. With the established engineering specification limits, the products are
fully inspected to screen out the products that meet the engineering specifications, and
customers’ loss can be reduced by truncating the normal distribution.

Traditionally, the 3σ principle is used to determine the upper and lower limits of
engineering specifications with the target value y0 plus or minus three times the standard
deviation into consideration, that is, (LSL, USL) = (y0 − 3σ, y0 + 3σ). This is because
when the distribution range is y0 ± 3σ, the process achieves the maximum quality loss at
the boundary of y0 ± 3σ, and the qualification probability of product quality can reach
99.73%, which is close to 1. Therefore, ±3σ or 6σ is taken as the standard to measure
whether the process capability is accurate enough and economic at the same time. How-
ever, if the engineering specifications (LSL, USL) formulated by 6σ standard are used for
the full inspection of products, the qualified rate of the products is 99.73%, and thus almost
all the inspected products are qualified. At this moment, the inspection cost caused by
full inspection increases the total cost of products, which causes a waste of resources, and



Coatings 2021, 11, 1327 9 of 16

therefore full inspection does not exert its deserved effect. In addition, before putting
forward the concept of quality compensation, measurement of quality only rests with the
size of quality losses, thus the formulation of traditional optimal engineering specifications
is only targeted at the quality loss function, instead of considering the role of quality
compensation. As for the quality gain-loss function, inclusion of the compensation part
inevitably has an impact on the engineering specifications, thus affecting the judgment
on quality and the estimation of benefits. Therefore, formulation of optimal engineering
specifications also requires analysis of the quality compensation part, so as to minimize the
average total quality loss and maximize the average quality compensation. Therefore, for-
mulation of engineering specifications should combine the quality loss part with the quality
compensation part to optimize the formulation method of engineering specifications on
the premise of minimizing the total quality loss and maximizing the quality compensation.

4.2. Optimal Engineering Specifications under Grey Quality Loss

In many existing literatures on formulation of engineering specifications, it is all
assumed that the population distribution is normal. However, after the products are
fully inspected, the quality characteristic value of the inspected products, i.e., the product
delivered to the customers, is within the range of (LSL, USL). Therefore, this section
assumes that the quality characteristics conform to the truncated normal distribution, and
the process average is equal to the target value, that is, (LSL, USL) = (µ− ησ, µ + ησ).
With the combination of the loss part of the grey quality gain-loss function, engineering
specifications that minimize the average quality loss are formulated.

Suppose that the product quality characteristic y conforms to normal distribution
Y ∼ N

(
µ, σ2), F(y) and f (y) are its distribution function and probability density function

respectively. The probability density function is

f (y) =
1√
2πσ

exp[− (y− y0)
2

2σ2 ], −∞ ≤ y ≤ ∞ (12)

where µ is the process mean and σ2 is the variance, −∞ ≤ µ ≤ ∞, σ2 ≥ 0.
It is considered that y is not less than LSL and not more than USL, that is, y is a random

variable in the interval (LSL, USL). The distribution function of the quality characteristic y is:

FT(y) = P(Y ≤ y|LSL ≤ y ≤ USL) =
P(LSL ≤ Y ≤ y)

P(LSL ≤ Y ≤ USL)
=

F(y)− F(LSL)
F(USL)− F(LSL)

(13)

The probability density is

fT(y) =
f (y)

F(USL)− F(LSL)
(14)

where LSL = µ− ησ, USL = µ + ησ, F(x) = Φ
(

x−µ
σ

)
, F(USL)− F(LSL) = Φ(η)−Φ(−η) = p.

Therefore, the loss of customers caused by product quality characteristics falling within the
specification limits is as follows:

L1 =
∫ T1

µ−ησ A1

[
1− exp

(
− (y−T1)

2

2σ2
1

)]
fT(y)dy+

∫ µ+ησ
T2

A2

[
1− exp

(
− (y−T2)

2

2σ2
2

)]
fT(y)dy

= A1
p


Φ
(

T1−µ
σ

)
+ Φ(η)− 1− σ1√

σ2+σ2
1

×
[

exp
(
− (µ−T1)

2

2(σ2+σ2
1 )

)]
×[

Φ
(

σ1(T1−µ)

σ
√

σ2+σ2
1

)
−Φ

(
σ(µ−T1)−η(σ2+σ2

1 )
σ1
√

σ2+σ2
1

)]


+ A2
p


Φ(η)−Φ

(
T2−µ

σ

)
− σ2√

σ2+σ2
2

×
[

exp
(
− (µ−T2)

2

2(σ2+σ2
2 )

)]
×[

Φ
(

σ(µ−T2)+η(σ2+σ2
2 )

σ2
√

σ2+σ2
2

)
−Φ

(
σ2(T2−µ)

σ
√

σ2+σ2
2

)]


(15)
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Among which, when the quality characteristics of products exceed the specification
limits, the per unit scrap cost of production is:

L2 = (1− q)SC (16)

The per unit inspection cost is IC. The total expected loss is

L = L1 + L2 + IC (17)

where η ≥ (µ− T1)/σ and η ≥ (T2 − µ)/σ, Φ(x) is the function of standard normal
distribution.

The Relationship between average expected loss L and optimal solution η is shown in
Figure 3.
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4.3. Optimal Engineering Specifications under Grey Quality Compensation

For the quality gain-loss function, formulation of engineering specifications should
consider not only the loss function, but also the compensation function. If the engineering
specifications are developed with the traditional method, it is likely to miss the interval that
maximizes the quality compensation. Therefore, formulation of the optimal engineering
specifications with quality compensation must be carried out on the premise of minimizing
the loss and maximizing the compensation. Optimal specifications of compensation items
are collectively referred to as compensation specifications below, and the method for
formulating optimal compensation specifications is explained as follows.

Calculation of the expected compensation by the hyperbolic tangent compensation
function of Equation (5) is relatively complicated, therefore a function with the same varia-
tion trend can be selected to replace it when formulating the compensation specifications.
It is known that the independent variable x of hyperbolic tangent function is continuous on
(−∞,+∞), and th(x) has a third derivative at x = 0, which can be expanded by Taylor series:

th(x) = th(0) +
th′(0)

1!
x +

th′′ (0)
2!

x2 +
th′′′ (0)

3!
x3 + o

(
x3
)

(18)

Because th(0) = 0, th′(0) = 1, th′′ (0) = 0, th′′′ (0) = −2, th(x) can be estimated by
th∗(x):

th∗(x) = x− 1/3x3 (19)

However, there is an estimation deviation between th∗(x) and th(x), and the variation
trend between the two is consistent, that is, the interval between the maximum and
minimum values is also consistent, and thus th∗(x) can be used to replace th(x) to construct
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the compensation function, so as to develop the compensation specifications. Therefore,
quality compensation function of modified grey hyperbolic tangent can be estimated as:

g̃∗s (y) =


−α1

[
(y− T1)− (y− T1)

3/3
]
+ β , y ≤ T1

β

α2

[
(y− T2)− (y− T2)

3/3
]
+ β , y > T2

, T1 ≤ y ≤ T2, α > 0 (20)

Let the lower bound of compensation specifications be LSL∗ = µ− λ1σ and the upper
bound be USL∗ = µ + λ2σ, then the average expected compensation within the limits of
compensation specifications is:

G = E[g̃∗(y)] =
∫ µ+λσ

µ−λσ g̃∗(y) fT(y)dy

= 1
P


∫ T1

µ−λσ

{
−α1

[
(y− T1)− (y− T1)

3/3
]
+ β

}
f (y)dy +

∫ T2
T1

β f (y)dy

+
∫ µ+λσ

T2

{
α2

[
(y− T2)− (y− T2)

3/3
]
+ β

}
f (y)dy



= 1
P



β
∫ µ+λσ

µ−λσ f (y)dy− α1


(

1
3 T3

1 − T1

)∫ T1
µ−λσ f (y)dy + (1− T1)

2∫ T1
µ−λσ y f (y)dy

+T1
∫ T1

µ−λσ y2 f (y)dy− 1
3

∫ T1
µ−λσ y3 f (y)dy


+α2


(

1
3 T3

2 − T2

)∫ µ+λσ
T2

f (y)dy + (1− T2)
2∫ µ+λσ

T2
y f (y)dy

+T2
∫ µ+λσ

T2
y2 f (y)dy− 1

3

∫ µ+λσ
T2

y3 f (y)dy





(21)

where:

F(a) = Φ
(

a− µ

σ

)
∫ b

a
f (y)dy = Φ

(
b− µ

σ

)
−Φ

(
a− µ

σ

)
∫ b

a
y f (y)dy = µ

[
Φ
(

b− µ

σ

)
−Φ

(
a− µ

σ

)]
+ σ

[
φ

(
a− µ

σ

)
− φ

(
b− µ

σ

)]
∫ b

a y2 f (y)dy =
(
σ2 + µ2)[Φ( b−µ

σ

)
−Φ

(
a−µ

σ

)]
+[σ(a + µ) + 2µ]φ

(
a−µ

σ

)
− [σ(b + µ) + 2µ]φ

(
b−µ

σ

)
∫ b

a y3 f (y)dy =
(
µ3+3µσ2)[Φ( b−µ

σ

)
−Φ

(
a−µ

σ

)]
+
{

σ2
[
(a− µ)2 + 2σ2

]
+ 3µσ2(a− µ) + 3µ2σ2

}
φ
(

a−µ
σ

)
−
{

σ2
[
(b− µ)2 + 2σ2

]
+ 3µσ2(b− µ) + 3µ2σ2

}
φ
(

b−µ
σ

)
where Φ(x) and φ(x) are the distribution function and probability density of standard
normal distribution, respectively. Obviously, when µ and σ are known, G is a function of λ.
When β < 0, the quality compensation will be positive compensation, which means that the
quality compensation is opposite to the quality loss. If the quality loss is always greater than
0, the quality positive compensation will always be less than 0, and the smaller the quality
compensation is, the greater its absolute value will be, indicating that the more the positive
compensation is, the better the quality will be. When β > 0, it is negative compensation,
and like the quality loss, it will always be positive. The smaller the value is, the less the
negative compensation and the better the quality will be. In conclusion, an economic
engineering specification which minimizes the average total expected compensation G
per unit product should be developed, i.e., Min{G(λ)}. Through MATLAB programming
calculation, the optimum solution corresponding to Min{G(λ)} is λ, and the optimal
compensation specification (LSL∗, USL∗) = (µ− λσ, µ + λσ) can be obtained.

The Relationship between average expected compensation G and optimal solution λ
is shown in Figure 3.
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If the minimum expected loss and the maximum expected compensation are required at
the same time, the intersection of the optimal loss specification and the optimal compensation
specification should be taken, that is (LSL, USL) = {max(LSL, LSL∗), min(USL, USL∗)}.

5. Example Calculation

In the heightening project of Danjiangkou dam, the heightening construction scope
of overflow dam section includes the heightening construction of 11 dam sections from
overflow 14 to 24. The construction process involves the concrete pouring of the weir
surface, the second-phase concrete construction of the gate slot, the planting of steel bars
and the installation of steel bars. This study took the second-phase concrete construction of
the gate slot as an example to conduct research on the formulation of optimal engineering
specifications based on the acceptance evaluation form of construction quality through the
inspection process of general concrete appearance quality from the Construction Quality
Acceptance and Evaluation Form and Formfilling Instructions for Unit Works of Water
Conservancy and Hydropower Projects, edited by the Construction and Management De-
partment of the Ministry of Water Resources, with the combination of design specifications
and design requirements. In the construction quality acceptance and evaluation of the
general concrete appearance quality inspection process, the surface flatness of general
items was inspected. The maximum deviation per 3 m was 10.75 mm and the minimum
deviation was 9.25 mm, which met the quality requirements in the Construction Quality
Acceptance and Evaluation Form and Formfilling Instructions for Unit Works of Water
Conservancy and Hydropower Projects.

Therefore, [9.25, 10.75] can be taken as the range of target value and denoted as
interval grey number ⊗ ∈ [T1, T2], where T1 = 9.25 and T2 = 10.75; according to the design
requirements and engineering practice, the surface evenness Y is a continuous random
variable and it conforms to normal distribution, with mean value µ = 10 and variance
σ2 = 22, i.e., Y ∼ N

(
10, 22). When the measured value of quality characteristics deviates

from the target value, the maximum loss can be A = 11.25, the per unit scrap cost SC = 3,
the per unit inspection cost IC = 0.2, compensation coefficient α = 2 and maximum
compensation β = −15.

The process causes the largest loss at T1 − 3σ and T2 + 3σ, where T1 − 3σ = 9.25 −
3 × 2 = 3.25, T2 + 3σ = 10.75 + 3 × 2 = 16.75, adjustment coefficient σ1 = σ2 = σL,
σ1 = (9.25−3.25)

4 = 1.5, σ2 = (16.75−10.75)
4 = 1.5.

Substitute A = 11.25, σ = 0.5, σL = 0.375 and (T1, T2) ∈ (9.25, 10.75) into Equation (11).
The total expected loss of quality per unit product is:

L= L1 + L2 + IC

= 11.25
2Φ(η)−1


[−2Φ(0.375) + 2Φ(2.5)]

−0.6×
{

[exp(−0.045)]× [Φ(−0.225)−Φ(0.4− 1.6667η)]

−[exp(−0.045)]× [Φ(−0.4 + 1.6667η)−Φ(0.225)]

} 
+(2− 2Φ(η))× 3 + 0.2

where:

L1=
A
p



[
Φ
(

T1−µ
σ

)
−Φ

(
T2−µ

σ

)
−Φ

(
ω1−µ

σ

)
+ Φ

(
ω2−µ

σ

)]
− σL√

σ2+σ2
L
×

[
exp
(
− (µ−T1)

2

2(σ2+σ2
L)

)]
×
[

Φ
(

σL(T1−µ)

σ
√

σ2+σ2
L

)
−Φ

(
σ(µ−T1)−η(σ2+σ2

L)
σL
√

σ2+σ2
L

)]
+

[
exp
(
− (µ−T2)

2

2(σ2+σ2
L)

)]
×
[

Φ
(

σ(µ−T2)+η(σ2+σ2
L)

σL
√

σ2+σ2
L

)
−Φ

(
σL(T2−µ)

σ
√

σ2+σ2
L

)]



= 11.25

2Φ(η)−1


[−2Φ(0.375) + 2Φ(2.5)]

−0.6×
{

[exp(−0.045)]× [Φ(−0.225)−Φ(0.4− 1.6667η)]

−[exp(−0.045)]× [Φ(−0.4 + 1.6667η)−Φ(0.225)]

} 
L2 = (1− p)SC = (2− 2Φ(η))× 3
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Obviously, it is known that L is a function of η. Next, the economic engineering
specification that minimizes the average total expected loss L per unit product is formulated,
that is:

Min


L = 11.25

2Φ(η)−1


[−2Φ(0.375) + 2Φ(2.5)]

−0.6×
{

[exp(−0.045)]× [Φ(−0.225)−Φ(0.4− 1.6667η)]

−[exp(−0.045)]× [Φ(−0.4 + 1.6667η)−Φ(0.225)]

} 
+(2− 2Φ(η))× 3 + 0.2


With charting and calculation by MATLAB programming, the optimal solution corre-

sponding to Min{L(η)} is η = 0.8750, as shown in Figure 4.

Coatings 2021, 11, x FOR PEER REVIEW 14 of 17 
 

 

( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( )( )

1 2

0.04

2 0.375 2 2.5
11.25= 0.225 0.4 1.6667

2 1 0.6
0.4 1.6667 0.225

+ 2 2 3+0.2

5

0.045

exp

ex

L

p

L L IC

η
η

η

η

= + +

 − Φ + Φ       × Φ − − Φ −      Φ − − ×   
−   × Φ − + − Φ       

×

−


− Φ

−

 

where: 

( )
( )

( ) ( ) ( )

( )
( )

2 2
1

2 2 2 2

2
2

1 2 1 2
2 2

2
11

2

2 2

21 2

2

L

L

L

L

L

L

L L

L

T
exp

T
e

T T

TTAL
p

xp

σμ
σ σ σ σ

μ
σ σ

μ μ ω μ ω μ σ
σ σ σ σ σ σ

σ μ η σσ μ
σ σ σ σ

 − − − −       Φ − Φ − Φ + Φ − ×                + 

      − − +− 
 −
 −
 + 

 −

     × Φ − Φ=       + +    

 −
 

 
 
 + ×
  + 

( ) ( ) ( )

( )

( ) ( )
( ) ( ) ( )

( )

22
2 2

2 22 2

2 0.375 2 2.5
11.25 0.225 0.4 1.6667

2 1 0.6
0.4 1

0.045

0.0 .45

LL

L

L

L

ex

T

p

T

p

ex

σ μ η σ σ μ
σ σ σσ σ

η
η

σ

σ

 
 
 
 
    
  
  
       − + + −     Φ − Φ      + +        

− Φ + Φ  

=   × Φ − − Φ −    Φ − − ×
−   × Φ − +

−

− ( ) ( )6667 0.225η

 
     

  
 − Φ      

( ) ( )( )2 1 2 2 3L p SC ηΦ= - = - ´  

 

 

Obviously, it is known that L is a function of η . Next, the economic engineering 
specification that minimizes the average total expected loss L per unit product is formu-
lated, that is: 

( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( )( )

0.045

0.04

2 0.375 2 2.5
11.25 0.225 0.4 1.6667

2 1 0.6
0.4 1.6667 0.225

+ 2 2

5

3+0.2

exp

ex

L
Min

p

η
η

η

η

  − Φ + Φ       =   × Φ − − Φ −       Φ − − ×   
−   × Φ − + − Φ         

 
− Φ ×

−



−

 

 

With charting and calculation by MATLAB programming, the optimal solution cor-
responding to ( ){ }Min L η  is =0.8750η , as shown in Figure 4. 

 
Figure 4. Relationship between average expected loss l and optimal solution η . Figure 4. Relationship between average expected loss l and optimal solution η.

Substitute the optimal solution into the formula (USL, LSL) = (µ− ησ, µ + ησ) for
the upper and lower limits of the optimal engineering specification, it can be obtained that:

The lower limit of the optimal specification for the quality loss part is LSL = µ− ησ =
10− 0.745× 2 = 8.51.

The upper limit of the optimal specification for the quality loss part is USL = µ+ ησ =
10 + 0.745× 2 = 11.49.

Substitute α = 2, β = −15, A = 11.25, (T1, T2) ∈ (9.25, 10.75), µ = 10, σ= 2, σL = 1.5,
into Equation (15), we have:

G =E[g∗(y)] = −15[1− 2Φ(λ)]

−2
[
880.0521− 1523.8594Φ(−λ) +

(
483.7916− 63.6667λ− 16

3 λ2
)

φ(−λ)
]

+2
[
2098.6407[Φ(λ)−Φ(0.375)]− 880.1667φ(0.375)−

(
432.4583− 37λ− 4

3 λ2
)

φ(λ)
] (22)

Obviously, G is a function of λ. β < 0, so the quality compensation is positive, which
means that the quality compensation value is always less than 0, and the smaller the quality
compensation value is, the larger its absolute value will be, indicating more compensation.
Therefore, the economic engineering specification that minimizes the average total expected
compensation G per unit product is formulated, that is, Min{G(η)}. With charting and
calculation by MATLAB programming, the optimal solution corresponding to Min{G(η)}
is λ = 0.69, as shown in Figure 5.
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By substituting the optimal solution into the formula (LSL′, USL′) = (µ− λσ, µ + λσ)
of the upper and lower limit of the optimal compensation specification, we can get:

The lower limit of the optimal compensation specification LSL∗ = µ− λσ = 10−
0.69× 2 = 8.62.

The upper limit of the optimal compensation specification USL∗ = µ + λσ = 10 +
0.69× 2 = 11.38.

In conclusion, in order to minimize the expected loss and maximize the expected com-
pensation, the intersection of the optimal loss specification and the optimal compensation
specification shall be taken as the optimal engineering specification, i.e., (LSL, USL) =
{max(8.51, 8.62), min(11.49, 11.38)} = (8.62, 11.38). The specifications of the project meet
the quality requirements in the construction quality acceptance evaluation form and filling
instructions of unit works of water resources and hydropower projects. Taking this section
as the specification limit of the ordinary concrete appearance quality inspection process,
the distribution can be cut off through inspection, which can improve the concrete appear-
ance quality, reduce the total quality cost and improve the concrete construction efficiency
without increasing capital investment.

6. Conclusions

Because the quality evaluation standard is grey in some cases, the calculation of
quality profit and loss is also grey. The definition of some quality indicators in the actual
construction and production process is also grey. Intuition and judgment play an important
role in determining the target value of some quality characteristics, and some factors related
to personal needs also have an effect. For this kind of quality characteristics, determination
of the target value has a certain degree of greyness, therefore the grey quality gain-loss
function model was established. In view of insufficient process capability, specification
bounds can be imposed on the process and the distribution can be truncated with inspection
if the current process cannot be improved, so as to lessen the differences of projects
delivered to customers. However, the formulation of specification limits should take the
minimization of the total quality cost of producers and consumers as the basis. Losses borne
by producers include costs related to inspection (tests to determine defective products)
and defective products (obsolescence or rework). At the same time, for the products with
compensation functions, the effect of quality compensation should be considered, and the
maximum quality compensation should be achieved on the premise of minimizing the
total quality cost. With the optimization model proposed in this paper, optimal engineering
specification limits can be obtained. Finally, taking the Danjiangkou dam heightening
project as an example, in the construction quality acceptance and evaluation of the general
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concrete appearance quality inspection process, for the surface flatness of general items, the
optimal engineering specification limits can be obtained by using the optimization model
proposed in this paper. Without increasing capital investment, the appearance quality
of concrete is improved, the total quality cost is reduced and the concrete construction
efficiency is improved.

In this paper, the research is carried out on the premise that the quality characteristics
obey the normal distribution. However, in engineering practice, the distribution charac-
teristics of each quality characteristic often have a variety of situations, such as uniform
distribution, exponential distribution and Weber distribution. Therefore, subsequent re-
searchers can extend the case of non-normal distribution. For the part of compensation
function, this paper only considers two forms: constant compensation and hyperbolic
tangent compensation. Subsequent researchers can develop other compensation functions
in line with the actual compensation situation. The multivariate grey quality gain-loss
function can also be deeply discussed and analyzed.
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