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Abstract: This study investigates the thermal aspects of magnetohydrodynamic double diffusive
flow of a radiated Cu-CuO/Casson hybrid nano-liquid through a microfluidic pump in the presence
of electroosmosis effects. Shared effects of the Arrhenius activation energy and the Joule heating
on the intended liquid transport are also incorporated. The inner wall of the pump is covered with
electrically charged fabricated cilia mat that facilitates flow actuation and micro-mixing process.
The governing equations for the proposed problem are simplified by utilizing the Debye-Hückel
and lubrication approximations. The numerical solutions are calculated with the aid of shooting
technique. The analysis reports that the substantial effects of electroosmosis contribute an important
role in cooling process. Existence of electric double layer stimulates an escalation in liquid stream in
the vicinity of the pump surface. The Arrhenius energy input strengthens the mass dispersion and
regulates the thermal treatment. The proposed geometry delivers a deep perception that fabricated
cilia in electroosmotic pumps are potential pharmaceutical micromixers for an effective flow and
minimum entropy generation rate.

Keywords: entropy formation; ciliary transport; electric double layer; magnetic field; hybrid
nanofluid; Arrhenius energy

1. Introduction

Motile cilia are flexible filaments attached to the cell surface and assist in the directional
transport of the cell body itself or various substances passing over the surface. The arrays
of cilia perform like oars by embracing an elliptic recurring motion and generate a train
of propagating waves namely metachronal waves. Motile cilia play a considerable role
in the proper functioning of the respiratory tract, digestive system, nervous system, and
reproductive systems in males and females [1–5]. Recently, at micro-level artificial cilia-
coated appliances such as micro-mimicking actuators, micro-robots, nano-micromotors,
and actuators have fascinated many investigators to explore more ideas in the field of
artificial intelligence. These micromixers have essential applications in physiological
procedures, pharmaceutical industry, bioengineering, artificial intelligence, and regulation
of liquid stream. Understanding the significance of cilia stimulated flows in biology
and bioengineering disciplines, some interested contributions are given for the relevant
audience [6–8].

Electroosmotic pumps (EOP) are essential applications in microfluidic systems that are
commonly used in liquid pumping and manipulation. EOP works under electroosmosis
phenomenon. Due to cost effectiveness and growing fabrication technologies, EOPs have
been extensively used in physiological and engineering fields. An electroosmotic stream
evolves with the exertion of electric field on fluid running in microchannels, capillaries,
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membranes, or tubes etc. This induced flow develops a non-neutral coating on the wall-
liquid boundary line named as electric double layer. The width of this layer performs
a decisive role in controlling the electric potential on liquid stream. Models of some
advanced electronic apparatus in microfluidic designs are electroosmotic liquid pumps,
drug supply pharmaceutical pipes, heat exchangers, lab-on-a-chip basis systems, and
micro engineered machines. In this regime, Burgreen and Nakache [9] have presented an
innovative attempt. The implication of electroosmotic phenomenon in micro/nanofluidic
devices was highlighted by Wang et al. [10]. Chaube et al. [11] have investigated an
electrokinetical flow of non-Newtonian fluid and reported its potential applications in
lab-on-chip-based machines. Saleem et al. [12] studied the influence of electric field on
radiated hybrid nanofluid transport under Debye-Hückel and lubrication approximations.
Munawar [13] presented a mathematical model of electro-kinetically propelled stream of
biomagnetic fluid through a flexible wavy ciliated surface and derived a conclusion that
electroosmosis induces acceleration in liquid flow near the ciliated surface. Munawar and
Saleem [14] examined the joint impact of magnetic and electric field on nanofluid stream
through a micro channel and reported that the escalated value of electroosmotic parameter
generates an enhancement liquid velocity close to the channel boundary. Some modern
investigations based on the perception of fluid flow interaction with electric and magnetic
fields are cited in [15–17].

Low thermal conductivity is the main limitation in the preparation of energy-carrying
heated fluids (for their use in industry and physiology). The conventional liquid with small
thermal conductivity acquires enhanced thermal transfer features by attaining elevated
thermal conductivity when mix with solid nano-sized granules. Thus, a hybrid style
nanofluid is a material which mixes chemical and physical attributes of various constituents
in solo homogeneous substance. A groundbreaking investigation to enhance the thermal
conduction property of conventional liquids was presented by Choi [18]. Chakraborty
and Panigrahi [19] have discussed the applications of nanofluids in micro/nanofluidic
pumps. An interesting contribution elaborating the combined impacts of Joule heating and
heat radiations on hybrid nanofluid stream in a rotating frame was given by Chamkha
et al. [20]. Heat characteristics of Cu-CuO nanogranules scattered in viscous fluid and
micropolar fluid were examined by Iqbal et al. [21] and Tripathi et al. [22]. Some current
reports dispensing with hybrid type nanofluid stream through micropumps are listed
in [23–25].

Deterioration in free energy is an interesting trend that is associated with numer-
ous biological phenomena under chemical reactions. For example, chemical reactions in
consequence of metabolism generates free energy in living creatures and hence causes a
significant amount of entropy formation. Endergonic reactions need input energy and
hence the initial state conserves lesser energy as compared to the final state. Therefore,
a small quantity of energy input called activation energy is desired to start the process.
Owing to these substantial applications of heat transfer in physiology and chemical engi-
neering, several studies [26–30] have been conducted to investigate the thermal aspects of
bioliquid flows in different regimes. In this regard, a well-known attempt was submitted
by Bejan [31]. Thermal study of non-Newtonian transport through a stretching surface
with the provision of activation energy input have been presented by Fwaz et al. [32]. Some
interesting studies, revealing the exergy analysis of magnetohydrodynamic fluid transport
through stretchable surface were given by Munawar and Saleem [33,34].

Inspired from the above discussion, the core motivation of the intended study is in
four aspects:

(i) Examine the entropic features of radiated hybrid type nanofluid transport that will
be first time deliberated in electroosmotic pump with its electrically charged surface
shielded with fabricated cilia

(ii) Double diffusion effects on Cu-CuO/Casson nanofluid transport with the provision
of activation energy input.
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(iii) Further, the entropy is supposed to be caused by the heat transfer due the radiation,
Joule heating, mass and heat transfer, and viscous irreversibilities; and

(iv) Establish optimal geometry of microfluidic pump for effective flow and minimum
entropy generation rate. To the best of authors’ comprehension such study has not
been conducted earlier.

2. Problem Statement

Consider a two-dimensional mixed convective pumping stream of thermally radiated
hybrid nature nanofluid flow obtained by mixing copper Cu and copper oxide CuO nano-
bites in blood modeled as a Casson fluid. The flow is assumed to be passed through a
symmetric flexible pump with its inner surface covered with field of cilia. It is further
contemplated that the transport is influenced by a Lorentz force J × B generated by a
transverse magnetic field B = (0, B0) and electric current density J = σhnf (V × B), where
σhnf is the effective electrical conductivity. Further the channel is incorporated by an
axially applied electric field E = (Ex, 0). The thermal equilibrium condition holds for both
nanoparticles and nanofluid which are mixed thoroughly. For the first-order chemical
reaction, the rate constant is assumed to be dependent on the absolute temperature T
and is provided by the Arrhenius law. The wall temperature T1 and concentration C1,
are supposed to be uniform and kept higher than the ambient temperature and ambient
concentration to allow mixed convection. The heat enters or leaves the system by heat
conduction as well across the boundaries with per unit heat flux qr. The governing
equations for the mixed convection are consequent from the laws of conservation of mass,
momentum, and energy and are applied to a continuum with concentration, velocity, and
temperature gradients. For an incompressible hybrid nanofluid these governing laws with
source terms may be written, respectively, as:

∇·V = 0, (1)

ρhn f
DV
Dt

= −∇P + µhn f∇S + F−
[
(ρβ)hn f

(
T − T0

)
− βcρhn f

(
C− C0

)]
g, (2)

(ρCP)hn f
DT
Dt

= ∇·
(

khn f∇T
)
+ S·∇V−∇·qr + F·F + (ρCP)hn f

[
DB
T0
∇T·∇T + DT∇T·∇C

]
, (3)

(ρCP)hn f
DC
Dt

= ∇·
(

DB∇C
)
+ DT∇T·∇T − kr

2(C− C0
)

A, (4)

where D/Dt = ∂/∂t + V·∇ is the material derivative, P is the fluid pressure, V = (U, V)
the velocity vector, T is the temperature, C is the concentration, S is the stress tensor for
Casson fluid, F = J× B + ρeE is the net body force comprised of the applied magnetic
and electric forces, ρe is the net charge density, g is the gravity, βc is the mass expansion
coefficient, DB is the Brownian diffusion coefficient, DT is the thermophoresis diffusion, kr is
the pre-exponential factor for the reaction. The rate constant A is assumed to be dependent
on the absolute temperature T and is provided by the modified Arrhenius equation as

A =

(
T
T0

)n

e
− Er

kbT , (5)

where kb is the Boltzmann constant and Er is the activation energy.
The rheological state equation for an isotropic Casson fluid is expressed as [35,36]:

Sij =

 2eij

(
µhn f + τ0/

√
2π
)

, π ≥ πc

2eij

(
µhn f + τ0/

√
2πc

)
, π < πc

(6)

where τ0 is the yield stress, π (=eij eij) is the product of deformation component eij with πc
as its critical value and µhnf is the dynamics viscosity of hybrid fluid.
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In Equations (2)–(4), the coefficients µhnf ρhnf, (ρβ)hnf, (ρCp)hnf, σhnf, and khnf stand
for the nanofluid effective viscosity, the density, the thermal expansion coefficient, the
thermal heat capacity, the electrical conductivity, and the thermal conductivity. At the
reference temperature of 20 ◦C to 30 ◦C, the thermophysical characteristics of Cu-CuO
hybrid nanoparticles and the base fluid (blood) can be found in [37] and are declared in
Table 1. The mathematical equations elaborating these attributes of hybrid nanofluid, as
described in (Ghadikolaei and Gholinia [38]), are stated as:

µhn f =
µ f

(1− φS1)
2.5(1− φS2)

2.5 , (7)

ρhn f = ρ f

(
1− φS1 + φS1

ρS1

ρ f

)
(1− φS2) + φS2ρS2, (8)

(ρβ)hn f = (ρβ) f (1− φS2)

(
1− φS1 + φS1

(ρβ)S1
(ρβ) f

)
+ φS2(ρβ)S2, (9)

(
ρCp

)
hn f =

(
ρCp

)
f (1− φS2)

(
1− φS1 + φS1

(
ρCp

)
S1(

ρCp
)

f

)
+ φS2

(
ρCp

)
S2, (10)

σhn f

σf
= 1 +

3φ
(

φS1σS1 + φS2σS2 − φσf

)
(

φS1σS1 + φS2σS2 + 2φσf

)
− φσf

(
φS1σS1 + φS2σS2 − φσf

) , (11)

khn f

kb f
=

kS2 + (m− 1)kb f − (m− 1)φS2

(
kb f − kS2

)
kS2 + (m− 1)kb f + φS2

(
kb f − kS2

) , (12)

with
kb f

k f
=

kS1 + (m− 1)k f − (m− 1)φS1

(
k f − kS1

)
kS1 + (m− 1)k f + φS1

(
k f − kS1

) , (13)

where µf, ρf, (ρCP)f, σf, and kf stand for the viscosity, density, heat capacity, electrical conduc-
tivity, and the thermal conductivity of the base fluid, respectively, and m defines the struc-
ture of nanoparticles. Particularly, a value of m = 3.7 corresponds to brick shape, m = 4.9
relates to cylindrical shape and m = 5.7 is used for platelets shaped solid particles. The
subscripts S1 and S2 are associated with the attributes of Cu and CuO solid nanoparticles
and the subscript f corresponds to the base fluid (blood). Moreover, φ = φS1 + φS2, is the
total volume fraction of dispersed nanoparticles in the base liquid. The default volume
fraction of solid nanoparticles in the current study is assumed to be 2% of the base fluid
(Casson fluid).

Table 1. Thermophysical features of hybrid nanofluid [37].

Physical Quantities Base Liquid Solid Nanoparticles Properties

blood Cu CuO
f S1 S2

σ (1/Ωm) 0.8 59.6 × 106 2.7 × 10−8

ρ (kg/m3) 1063 8933 6320
Cp (JKg−1K−1) 3594 385 531.8
K (Wm−1K−1) 0.492 400 76.5

The flow is induced by the cilia engendering metachronal waves propelling with
constant velocity c along the pump wall. These rhythmic waves are driven by power and
recovery beats of cilia. The flow is considered in a fixed frame Cartesian coordinate system
(X, Y) (see Figure 1). The second frame is the moving frame (x, y) which moves from left
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to right with uniform velocity c. The two coordinate systems are interrelated with the
following relation:

x = X− ct, y = Y, u = U − c, v = V (14)

where (U, V) and (u, v) are the velocity vector in fixed and moving frames, respectively.
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The channel wall surface is described as [39,40]:

f
(
X, t
)
= H =

[
a + aε cos

(
2π

λ

(
X− ct

))]
. (15)

The headway of cilia adopts elliptic shaped wave motion and are horizontally located at

g
(
X, t
)
= X0 + aεα sin

(
2π

λ

(
X− ct

))
, (16)

where a signifies mean height of the channel, α stands for eccentricity parameter, ε indicates
the length of cilium filament, H is the channel’s half width, λ represents the wavelength
of metachronal wave, t is the time parameter, and X0 symbolizes the position of the
liquid particle.

From Equations (15) and (16), the velocity components at the pump wall can be
calculated by using the chain rule as:

U0 =

(
∂g
∂t

)
X0

=
−
( 2π

λ

)
acεα cos

( 2π
λ

(
X− ct

))
1−

( 2π
λ

)
aεα cos

( 2π
λ

(
X− ct

)) , (17)

V0 =

(
∂ f
∂t

)
X0

=
−
( 2π

λ

)
acεα sin

( 2π
λ

(
X− ct

))
1−

( 2π
λ

)
aεα sin

( 2π
λ

(
X− ct

)) . (18)

In component form, Equations (1)–(4) in the laboratory frame may be written as:

∂U
∂X

+
∂V
∂Y

= 0, (19)

ρhn f

(
∂U
∂t

+ U
∂U
∂X

+ V
∂U
∂Y

)
= − ∂P

∂X
+

∂SXX

∂X
+

∂SXY

∂Y
− σhn f B2

0U + ρeEx + g(ρβ)hn f
(
T − T0

)
+ gβcρhn f

(
C− C0

)
, (20)
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ρhn f

(
∂V
∂t

+ U
∂V
∂X

+ V
∂V
∂Y

)
= − ∂P

∂Y
+

∂SXY

∂X
+

∂SYY

∂Y
, (21)

(ρCP)hn f

(
∂T
∂t + U ∂T

∂X
+ V ∂T

∂Y

)
= khn f

(
∂2T
∂X2 +

∂2T
∂Y2

)
+ SXX

∂U
∂X

+ SXY

(
∂U
∂Y

+ ∂V
∂X

)
+ SYY

∂V
∂Y
−
(

∂qr
∂X

+
∂qr
∂Y

)
+σhn f

(
E2

x + B2
0U2

)
+ (ρCP)hn f

[
DT
T0

{(
∂T
∂X

)2
+
(

∂T
∂Y

)2
}
+ DB

{
∂T
∂X

∂C
∂X

+ ∂T
∂Y

∂C
∂Y

}]
,

(22)

(
∂C
∂t

+ U
∂C
∂X

+ V
∂C
∂Y

)
= DB

(
∂2C

∂X2 +
∂2C

∂Y2

)
+

DT
T0

{(
∂T
∂X

)2

+

(
∂T
∂Y

)2}
− kr

2
(

T
T0

)n(
C− C0

)
e−

Er
kr T . (23)

Introducing the stream function in moving frame

u =
∂Ψ
∂y

, v = −∂Ψ
∂x

. (24)

The dimensional forms of boundary conditions in moving frame are [35]

Ψ = F, ∂Ψ
∂y + c = − ( 2π

λ )acεα cos( 2π
λ x)

1−( 2π
λ )aεα cos( 2π

λ x)
, T = TH , C = C1 at y = H,

Ψ = 0, ∂2Ψ
∂y2 = 0, ∂T

∂y = 0 , ∂C
∂y = 0 at y = 0.

 (25)

In physiological flows, the heat transfer due to radiation is believed to be an important
mode of heat transfer. To consider the radiation effect in the channel suppose the radiative
heat flux in the flow direction is insignificant in contrast to its magnitude in the normal
direction of liquid stream. The radiative heat flux vector (qr) after applying the Rosseland
estimation [41,42] is expressed as:

qr = −
4σ∗

3K∗
∂T4

∂Y
, (26)

where σ* stands for the Stefan-Boltzmann constant and K* represents the absorption
coefficient of nanofluid. The existence of temperature gradient inside the considered
stream is supposed to be adequately small. Therefore, the Taylor’s series expansion of T4

about the temperature gradient, after neglecting the second and higher order terms, gives
T4 ∼= 4(T1 − T0)3T − 3(T1 − T0)4. Thus, the radiative heat flux can be written as:

qr = −
16σ∗(T1 − T0)

3

3K∗
∂T
∂Y

. (27)

The Poisson-Boltzmann equation for the electrical potential existing inside the micro
pump is described by the following equation as [43]:

∂2Φ

∂X2 +
∂2Φ

∂Y2 = − ρe

εε0
, (28)

where ε0, ε, Φ, and ρe respectively stand for permittivity of free space, permittivity of
medium, the electroosmotic potential function, and net charge density. For dual liquid
containing positive (n+) and counter positive (n−) ions with equal charges, the net charge
density is identified as:

ρe = ze(n+ − n−) = ne
−zeΦ

kbTave − ne
zeΦ

kbTave , (29)
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Here no represents the average intensity of positive and counter positive ions, z is for
the valence of ions, e indicates the electric charge, kb indicates the Boltzmann constant, Tave
stands for the local absolute temperature of electrolytic solution. We assume an insignificant
concentration gradient inside the liquid and an appropriately low flow Peclet number. This
supposition confirms the ionic concentration distribution. On considering the symmetricity
of electrolytes, the Boltzmann distribution of net charge density may be quantified as:

ρe = −2nzesinh
(

zeΦ
kbTave

)
, (30)

It is considered that wall zeta potential is sufficiently low (ξ ≤ 25 mV) and thus the
Debyeh-Hückel linearization applies as:

sinh
(

zeΦ
kbTave

)
∼=

zeΦ
kbTave

, (31)

Utilizing Equations (29)–(31) in Equation (28), the potential function for electric double
layer EDL is found by the equation:

∂2Φ

∂X2 +
∂2Φ

∂Y2 =
2nz2e2

kbTaveεε
Φ. (32)

At the wall of channel, the electric potential Φ is assumed to be kept at a uniform level
of ζ, called zeta-potential.

The following non-dimensional variables are introduced:

x = x
λ , y = y

a , u = u
c , v = λv

ac , Ψ = Ψ
ac , t = ct

a , p = pa2

µ f cλ , Φ = Φ
ζ ,

θ = T−T0
T1−T0

, H = H
a , η = C−C0

C1−C0
, β = a

λ , S = Sa
µ f c , ξ =

µ f
√

2πc
τ0

, F = F
ac ,

 (33)

where u and v represent dimensionless velocity components along x and y directions,
β indicates the wave number, p is the nondimensional pressure, ξ is the Casson fluid pa-
rameter, θ stands for the dimensionless temperature field, and η denotes the dimensionless
mass concentration.

Normalizing the governing Equations (19)–(23) and the EDL Equation (32) using
Equations (14) and (33) and applying the approximations of long wavelength and insignifi-
cant inertia, one attains the resulting equations of the forms

∂p
∂x

=
µhn f

µ f

(
1 +

1
ξ

)
∂3Ψ
∂y3 +

σhn f

σf
M2 ∂Ψ

∂y
+ Uhs

∂2Φ
∂y2 +

khn f

k f
grθ +

ρhn f

ρ f
gcη, (34)

∂p
∂y

= 0, (35)

( khn f
k f

+ Rn

)
∂2θ
∂y2 + NtPr

(
∂θ
∂y

)2
+

µhn f
µ f

EcPr
(

1 + 1
ξ

)(
∂2Ψ
∂y2

)2
+

σhn f
σf

Sp +
σhn f
σf

PrEcM2
(

∂Ψ
∂y

)2
+ NbPr ∂θ

∂y
∂η
∂y = 0, (36)

∂2η

∂y2 +
Nt

Nb

∂2θ

∂y2 − γ1 (1 + τθ)nηχe(
−E

1+τθ ) = 0, (37)

∂2Φ
∂y2 = K2Φ. (38)

Eliminating the pressure from Equations (34) and (35) by cross differentiation, one gets:

µhn f

µ f

(
1 +

1
ξ

)
∂4Ψ
∂y4 +

σhn f

σf
M2 ∂2Ψ

∂y2 +
khn f

k f
gr

∂θ

∂y
+

ρhn f

ρ f
gc

∂η

∂y
+ Uhs

∂3Φ
∂y3 = 0. (39)
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The dimensionless forms of boundary conditions (25) are given by

Ψ = 0, ∂2Ψ
∂y2 = 0, ∂Φ

∂y = 0, ∂θ
∂y = 0, ∂η

∂y = 0 at y = 0,

Ψ = F, ∂Ψ
∂y = −1− 2παεβ cos(2πx)

1−2παεβ cos(2πx) , θ = η = Φ = 1, at y = H,

 (40)

where M is the Hartmann number, gr the thermal Grashof number, gc the mass Grashof
number, Pr the Prandtl number, Ec the Eckert number, Uhs Helmholtz-Smoluchowski ve-
locity parameter, K electroosmotic parameter, Rn radiation parameter, Sp the ohmic heating
parameter, Nt thermophoresis parameter, Nb Brownian motion parameter, E activation
energy input parameter for the base liquid, χ the inverse of thermal heat capacity, and γ1
is the chemical reaction rate parameter and are expressed respectively as

M =

√
σf
µ f

B0a, gr =
g(ρβ) f ∆Ta2

cµ f
, gc =

gρ f βc∆Ca2

cµ f
, Pr =

µ f (CP) f
k f

, Ec = c2

(CP) f ∆T ,

Uhs =
−Exεεζ

cµ f
, K = aze

√
2n

εεkbTave
, Rn = 16σ∗(∆T)3

3µ f (CP) f k∗f
, Sp =

σf E2
xa2

∆Tk f
,

Nt =
DTχ∆T

T0ν , Nb = χDB∆C
ν , E = Er

krT0
, χ =

(ρCP) f
(ρCP)hn f

, γ1 =
a2ρ f k2

r
µ f

.


(41)

The dimensionless mean flow rates for stationary (Q) and moving (F) frames are
interrelated as:

F =
∫ H

0

(
∂Ψ
∂y

)
dy, Q = 1 + F. (42)

3. Solution

The solution of the mixed fourth-order differential Equations (36)–(39) along with
the boundary conditions (40) can be obtained by using the built-in numerical package
“NDSolve” offered by the computational software Mathematica. While computing the
solution the shooting-method utility provided by the software is adopted. The shooting
method works by converting an nth order ODE to n first-order equations (initial-value
problem). The iterative algorithm of shooting method is based on a guess for an unknown
(missing) initial condition until the guess meats the boundary condition on the other
end. To validate the convergence of present solution scheme, a comparison of present
solution is provided with the already published results reported by Akbar and Khan [44]
in Figure 2. For comparison the present problem is numerically solved at a limiting case
when Buoyancy, mass transfer, and applied electric filed terms were ignored and the exact
solution provided in [44] is replotted against the present solution. The figure shows a
good agreement between both the velocity profiles. Thus, the comparison establishes the
confidence on the present solution technique.
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4. Entropy Analysis

Consider the entropy in the channel is mainly caused by the heat transfer due to
convection and radiation, the viscous dissipation, the ohmic heating, and the mass transfer
effects. Thus, according to the second law of thermodynamics the entropy expression in
moving frame is given as ([45,46]):

S′′′gen = 1
T2

0

[
khn f +

16σ∗(T1−T0)
3

3K∗

](
∇T
)2

+
µhn f
T0

(
1 + 1

ξ

)(
∂2Ψ
∂y2

)2
+

σn f
T0

[
B2

0

(
∂Ψ
∂y + c

)2
+ E2

x

]
+ DB

C0

[
∇C·∇C

]
+

DB
T0

[
∇T·∇C

]
.

(43)

Using Equations (14) and (33) in Equation (43), dividing with the characteristic entropy
and applying lubrication approximations, one gets the expression for the total entropy
generation number as
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where NH is the heat transfer, NF the fluid friction, NJ is the Joule heating, and NM is the
mass transfer irreversibilities, Le = kf/DBC0 is the Lewis number, ω = ∆C/C0 is the dimen-
sionless concentration difference (taken to be 1), τ = ∆T/T0 represents the temperature
difference number and is kept equal to 1. The Bejan number is calculated as:

Be =
1

1 + Θ
, (45)

where Θ is the irreversibility ratio and is given by

Θ =
NF + NJ + NM

NH
. (46)

5. Results and Discussion

In this section we exhibit the graphical illustrations and descriptions of numerical
solutions for ciliary regulated electroosmotic pumping transport with heat mass transfer
in a symmetric channel loaded with hybrid nature Casson nanofluid. The rheological
characteristics of the deemed liquid are studied by taking the combination of copper (Cu)
and copper oxide (CuO) nano particles with 20% ratio in base fluid. In Figures 3–10, we
have provided visualizations of dynamically or thermodynamically essential quantities for
pertinent parameters of interest.

5.1. Axial Velocity Profile

The axial velocity profile u(y) of the hybrid nanofluid flow is plotted against y in
Figure 3a–d to see the effect of the Hartmann number M, the Helmholtz-Smoluchowski
velocity Uhs, the thermal Grashof number gr, and the solutal Grashof number gc. Figure 3a
suggests that high values of magnetic field parameter (M) decelerate the fluid velocity in
the surroundings of the channel center and boost close to the channel boundary. Moreover,
this increase (in Hartmann number) develops a more flatten pattern of velocity profile in
the vicinity of the channel center. This diminishing conduct of M on fluid flow is caused by
electromotive force which is allied with magnetic force. This stimulated force possesses the
ability to repel the fluid stream in the channel deep zone. But in an elastic wavy channel, to
sustain a constant flux, an entirely opposite approach can be seen close to the channel walls.
Alternations in fluid flow for different values of the Helmholtz-Smoluchowski velocity
Uhs parameter are reported in Figure 3b. It is seen that production of Uhs velocity in the
direction of flow supports the liquid velocity near the edge zone. But the electric field of
same intensity, when applied in the reverse direction of the flow induces reduction in liquid
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stream. This drop is more pronounced in the pump center. Figure 3c depicts the impact of
thermal Grashof number (gr) on velocity profile. The thermal Grashof number indicates the
comparative impact of buoyancy forces over viscous forces. gr < 1 suggest the domination
of viscous forces over buoyancy forces, whereas gr > 1 suggests the control of buoyancy
forces over viscous forces. As a result of it, a considerable enhancement is associated with
liquid velocity profile for exalted values of gr in the contracted pump part and its effects
are totally reverse near the channel wall. Figure 3d reveals that solutal Grashof number
(gc) suggests a decline in the vicinity of the pump center and shows inconsequential effects
near the wall.

5.2. Effect of Electroosmosis Parameter

The profiles of velocity, temperature, concentration, entropy number, and the Bejan
number are plotted in Figure 4a–e against electroosmotic parameter (K) at fixed values of
the rest of the parameters involved. From Figure 4a, it is observed that with an increase in
K the velocity profile in the vicinity of the pump wall weakens and strengthens near the
pump center. This conduct is anticipated as an escalation in Debye thickness induces a thin
electric double layer and consequently a bulk of liquid flow arises in the pump center. It is
also noted that high values of K cools down the liquid temperature (Figure 4b). Figure 4c
suggests electroosmosis assists the mass transfer phenomenon, more considerably near
the channel core portion than channel surface. The applied electric field is shown to be
an antagonistic impact on entropy formation in the ciliated pump (Figure 4d). Figure 4e
demonstrates that the entropy in the channel is dominated by the frictional forces in fluid.
This behavior of entropy is owing to the decrease in Debye length which aggregates the
electrons concentration and hence suppresses the heat transfer effects in the fluid.
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5.3. Effect of Casson Fluid Parameter

The impact of Casson fluid material parameter (ξ) on stream velocity, mass concentra-
tion, and entropy generation in the channel can be seen through Figure 5a–c. A careful view
of Figure 5a reveals that in the channel core part, the Casson fluid flow is more influential
than the viscous fluid motion. However, the effect of ξ on fluid velocity is insignificant
near the edge part of the channel. Figure 5b is prepared to perceive the impact of ξ on
fluid temperature. From this figure, it is concluded that a remarkable drop occurred in
fluid temperature for the elevated values of ξ. It is also concluded (Figure 5c) that in order
to improve the flow efficiency, higher values of ξ favor the entropy minimization within
the channel.

5.4. Effects Thermal Radiation Number

Figure 6a–d reveals the impact of radiation parameter Rn on the temperature pro-
file, concentration distribution, entropy generation number, and the Bejan number. From
Figure 6a, a reduction in the temperature profile is noticed for increasing values of Rn.
This conduct is due to the inverse relationship between thermal radiation and heat con-
duction. An utterly inverse impact of Rn on nanoparticles mass concentration is seen in
Figure 6b. The intensifying effects of thermal radiation causes a decay in heat transfer
rate inside the pump medium. This drives enough amount of heat far from the system
and therefore overall entropy of the system reduces as depicted in Figure 6c. Figure 6d
illustrates the Bejan number profile against the parameter Rn. The figure shows that the
heat transfer irreversibility weakens as Rn increases and contribution of the rest of the
irreversibilities becomes stronger. The weakening effect of heat transfer is quite expected
since the conduction at the wall decreases for higher values of Rn.

5.5. Effects of Thermophoresis Parameter

Figure 7a portrays the impression of thermophoresis parameter Nt on the fluid tem-
perature. By increasing Nt the temperature difference rises and thus the phenomenon of
thermophoresis augments. The figure shows that the fluid temperature increases as Nt
increases. This behavior is quite expected since the augmented molecular colloidal motion
supports the convection phenomenon and thus strengthens the spread of temperature.
Figure 7b shows the effect of Nt on mass concentration. It is noticed that the mass con-
centration shows an opposite behavior and decreases as Nt increases. The behavior of
mass concentration against Nt varies and is dependent upon the hybrid solid-particles
material. From Figure 7c, it can be viewed that entropy in the channel increases for higher
values of Nt. This is due to the increase in temperature difference within the fluid as
thermophoresis phenomenon augments. Figure 7d demonstrates that near the channel wall
the heat transfer irreversibility dominates the rest of the irreversibilities. Moreover, as the
parameter Nt increases, the heat transfer irreversibility weakens and other irreversibilities
including fluid friction irreversibility become dominant since thermophoresis phenomenon
boosts the molecular colloidal and thus the viscous effect.

5.6. The Effects Brownian Motion Parameters

Figure 8a shows that the Brownian motion parameter Nb triggers fluid temperature
due to an increase in the micro-mixing activity. An analogous trend is noticed in mass
concentration of nanofluid particles for elevated values of Nb (Figure 8b). It shows that
mass concentration is boosted with an increase in Nb. Figure 8c illustrates that the large
values of Nb on entropy generation has an escalating outcome. This rise in entropy is owing
to the mingling of nanoparticles within the base fluid that boost heat transfer rate. From
Figure 8d, it can be determined that irreversibility due to fluid friction, ohmic heating,
and mass transfer is stronger than heat transfer irreversibility. Moreover, this ascendancy
sustains if the elevated values of Nb are considered.
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5.7. Effects of Joule Heating Parameters

To report the impact of ohmic heating parameter Sp on hybrid nanofluid tempera-
ture, entropy production in the channel and the Bejan number, Figure 9a–c, is provided.
Figure 9a states that high values of Sp rises fluid temperature near the core region, however
its impact on temperature is insignificant near the edge part of the channel. The interaction
of electric current with fluid streams induces a conversion of electric energy into thermal
energy. This transformation pursues resistive losses and collisions of charged particles.
Consequently, the entropy in the channel rises, Figure 9b. From Figure 9c, it can be estab-
lished that for small values of Sp fluid friction and other seem to be more influential than
heat transfer irreversibility. However large values of Sp can favor irreversibility due to
heat transfer.

5.8. Effects of Activation Energy Parameter

Figure 10a depicts that the aggregation of nano granules near the pump center seems
more frequent compared to the heated wall. Therefore, the mass concentration distribution
substantially increases near the pump center for high values of activation energy parameter
E. It is also viewed in Figure 10b that disorderliness of the system eases with the provision
of activation energy input. This conduct may be ascribed to the increasing effect of heat
transfer irreversibility over irreversibilities due to other factors for higher values of E (see
for instance Figure 10c). It is observed from Figure 10c that the Bejan number slightly
increases as E increases, but this variation is insignificant in the center of the channel.

6. Conclusions

A mathematical analysis of entropy formation in an electroosmotic ciliated pump
loaded with radiated Cu-CuO/Casson fluid is performed in this study. Mutual impacts of
magnetic field and ohmic heating are also integrated. The stream through the elastic pump
is actuated and impelled due to electroosmosis and cilia induced metachronal waves. After
employing Debye-Hückel and lubrication approximations, we implement shooting method
approach to evaluate the numerical solutions of the intended problem. It is concluded
that fluid flow improved near the channel core part for elevated vales of electroosmotic
parameter and small values of Hartmann number. Moreover, for the elevated values of
electroosmotic parameter the fluid friction irreversibility directs the flow regime. A high
electric-potential leads to a reduction in heat transfer effects in the pump. Further, the
total entropy inside the channel can be reduced by considering a high electro-kinetically
thermally radiated fluid flow. Activation energy input supports fluid particles diffusion
but generates heat indulges in the system.
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