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Abstract: The pore structure is an important factor of tunnel coating failure, cracking and water
leakage. Some investigations on the statistical law of pores and pore networks have been conducted,
but little quantitative analysis is observed on topology structure of the pore network, and even the
pore structure of sandstone is complex and cross-scale distributed. Therefore, it is of theoretical
and engineering significance to quantitatively characterize the connectivity of the pore network
in sandstone. This study proposes a new complex network theory to analyze the three-dimensional
nature of pore network structure in sandstone. The topological network structure, such as clustering
degree, average path length and the module, which cannot be analyzed by traditional coordination
number and fractal dimension methods, is analyzed. Numerical simulation results show that
a scale-free network model is more suitable for describing the sandstone pore network than random
models. The pore network of sandstone has good uniformity. The connectivity of sandstone pore
networks has great potential for permeability enhancement. Therefore, this new method provides
a way to deeply understand the pore connectivity characteristics of sandstone and to explore the
distribution of crack grids in the arch of tunnel coatings.
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1. Introduction

An important problem in tunnels is how to effectively reduce the coating leakage, so the
connectivity of rock pore structure and the waterproof materials in the coating are the key issues [1-3].
The structure of the rock pore network is the result of the interaction among its physical and chemical
properties, and external stress environments. Rock has large numbers of pores, whose shapes and
connected structures are complex [4-6]. How to comprehensively and quantitatively characterize
the three-dimensional pore structure and explore the topological characteristics of effective seepage
networks is of important theoretical significance and engineering application value [7]. This can help
us to reveal the seepage mechanism and effectively reduce the leakage in tunnels [8-11].

In recent years, a lot of studies have been conducted on the statistical characteristics and evolution
model of rock pore structure [12-16]. Bluntand Raeini [4,17] developed a generalized network extraction
method for three-dimensional digital core to reduce the uncertainties of modeling. Using a focused ion
beam scanning electron microscope (FIB-SEM), Shaina et al. [18] obtained a microscale shale digital core
and compared it with the conventional scanning electron microscopy. The porosity, organic content and
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pore connectivity were studied. Hajizadeh [19] took the CT(computerized tomography) scan image
data of sandstone as a sample of a statistical method. They coupled the continuous two-dimensional
multi-point statistical simulation with the multi-scale data extraction program, and proposed a random
reconstruction technique for porous media. As the traditional Darcy law is no longer suitable for
dense rock, Civan et al. [20] used the modified Darcy law to describe the gas migration in dense
shale. The apparent permeability is a function of intrinsic permeability and porosity. Zhang et al. [21]
considered the basic concept of a pore network model and proposed a modeling method based on pore
volume and throat searching. They combined the pore network model with the percolation theory to
calculate the permeability of different models. Ju et al. [22] used fractal control function to describe
the complex morphology of rock pore structure, and proposed a fractal reconstruction model of rock
pore structure with an improved simulated annealing algorithm. From the pore number per unit
volume, porosity, average pore size, pore volume, minimum maximum pore radius and minimum
average pore radius, Gong et al. [23] analyzed the pore radius and average pore shape factor of the
eight pore structure parameters of sandstone pore structure characteristics. Usually, nuclear magnetic
resonance and CT images are used to extract the three-dimensional structure of rock pores, and the
quantitative results describe the pore structure of rocks by specific surface area, surface roughness
and fractal dimension. However, the selection of seepage path and pore community structure cannot
be quantified.

As the main component of spraying materials for tunnel coating materials, the pore structure
characteristics of sandstone play a key role in the deformation and permeability of tunnel coatings.
In this study, the topological characteristics and correlation properties of pore networks are analyzed
by a new method—complex network theory. Three new network parameters of sandstone with
different porosity are analyzed: (1) degree distribution; (2) modularity; (3) degree of pore aggregation.
This proposed method can quantitatively analyze the structure parameters which cannot be quantified
by traditional connectivity analysis and fractal dimension analysis. This provides a new way to further
understand the mechanism of the pore network structure characteristics to the macroscopic permeability.
A new method for sorting the importance of sandstone pores, called “eigenvector centrality”, is given
and provides a basis for revealing the microscopic mechanism of porous rock seepage.

2. Basic Information of Sandstone Pore Network

2.1. Sandstone Network Extraction

This study uses the experimental data of a sandstone core which were obtained by Professor
Blunt of Imperial College London. Micro CT produced by the German Phoenix company was used to
analyze the image, which is equipped with a 1 m focus system with a view of 512 x 512 pixels with a 0.2
m 16-bit detector. The tomographic images were generated by X-ray radiation, and then transferred
into binary images according to the porosity of each sample. Four sandstone samples with porosities
of 14.1%, 16.9%, 17.1% and 24.6% are used in our study. The sandstone networks are extracted from
the 3D digital core. The network scale is 3 mm by 3 mm by 3 mm, which was chosen from the cubes
inside the four samples.

More than 4000 nodes were extracted from each core. In order to analyze the effective seepage
network, the following two corrections are made in this study. Firstly, isolated pores, which are not
connected with the main network, are ignored. This is because the isolated pores do not influence
the seepage process. They were removed during the pore network construction of sandstone. Then,
ring-shaped throats are deleted. The three-dimensional sandstone pore networks of the four digital
cores are obtained based on the above calculations and shown in Figure 1 [24].
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Figure 1. Sandstone three-dimensional pore network (bounding box volume: 3 mm by 3 mm by 3 mm.

The pore network is extracted by the skeleton algorithm in the digital rock reconstructed from the X-ray
CT scanner): (a) 14.1%; (b) 16.9%; (c) 17.1%; (d) 24.6%.

2.2. Basic Parameters of Sandstone Networks in Complex Network Theory

The rock pore structure is commonly described in quantitative analysis by porosity, pore diameter,
pore throat radius, specific surface area, Euler number and coordination number [25-27]. However,
the network topological properties are yet to be found. This study uses complex network theory to
study the quantitative characterization of the sandstone pore structure. The basic information of the
pore network structure of sandstone is firstly analyzed. The analysis results are listed in Table 1.

Table 1. Basic parameters of sandstone networks.

Porosity Node Edge Average Network AveragePath Network
Number Number  Degree  Diameter Length Density
¢ N M (k) D L p
14.1% 1717 2824 3.289 25 10.151 0.002
16.9% 8301 14,381 3.465 46 16.469 0
17.1% 8542 12,432 2.962 50 19.428 0
24.6% 1945 4697 4.83 22 8.466 0.002

This table shows that the pore network properties of sandstone are mainly related to network size
(nodal number) rather than sandstone porosity. When the scale of the network increases, the diameter of
the network and the average path length grow correspondingly. In complex network theory, the degree
k of node i is used to express the connectivity of the node. It is defined as the number of other nodes
connected with this node. The average degree of all nodes in the network is called the average degree
of the network (denoted as (k)). Because the contribution of each pair of edges is 2, the average degree
of the network is:
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N
1 2M
®=gLk= M

where M represents the number of edges of the network; N represents the number of nodes of
the network.

The network diameter D and the average path length L are also used to measure the network
transmission efficiency. The maximum value of the shortest path length d between any two nodes in
the network is called the network diameter:

D = max(d;) 2)
L)
The distance between any two nodes in a network is defined as the number of edges of the shortest
path between the two nodes. The average path length L is defined as the average distance between all
nodes in a network:

2 N-1 N
L=—rr— dij ®3)
N(N—l)l;lj;l ]

Further, network density is used to describe the degree of denseness between nodes in a network.
It is defined as the ratio of the actual number of edges to the upper limit of the number of edges in the
network:

M
P=NIN-T)
According to Table 1, the network diameter and average path length of the sandstone pore network

are large, but the network density is small. So, the network structure connectivity of the sandstone
pore network is much smaller than that of the global coupling network (any two nodes are connected).

)

3. Sandstone Network Structure Analysis in Complex Network Theory

In order to further analyze the microstructure characteristics of the sandstone pore network,
the degree distributions of nodes in the network are analyzed. Figure 2 is the degree distribution
of three-dimensional pore networks of the four sandstone cores. The degree distributions of the
sandstone pore network are single-peaked curves, but the sandstone pore networks have different
characteristic values which are variable with porosity. When the porosities are 14.1%, 16.9% and 17.1%,
the nodes have a moderate proportion which has a degree of 2. When the porosity is 24.6%, the highest
proportion of nodes is the nodes whose degree is 4. When the degree exceeds these values, the number
of nodes decreases abruptly.

According to the density of the number of edges among nodes, a network can be divided into
different groups called communities. For the community structure identification in the network,
different algorithms have been put forward, such as the hierarchical clustering method and shortest
path betweenness method. The shortest path betweenness method can not only give the results of
community structure division, but also give the evaluation of this division. This is called modularity.

A symmetric matrix E = (¢;;) is defined, in which the element ¢;; represents the proportion of
the edges of the i community and the j community in all edges of the network. The sum of the
elements on the diagonal is TrE = }_ ¢;;, which represents the proportion of the edges between the

1
nodes in a community within all edges. The sum of the elements in each row is a; = }_ ¢;;, indicating

]
the proportion of the edges connected to the nodes in the i community in all edges. On this basis,
the definition of modularity is given:
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Figure 2. Degree distribution of sandstone three-dimensional pore network.

Modularity measures the difference between the proportion of the inner edge of the community
and the proportion among communities. When the proportion of the inner edge of the community is
equal to that of the edge among the community, there is Q = 0, which means that there is no obvious
difference of the proportion between the inside and outside edges of the community, and there is no
obvious community. On the contrary, if Q — 1, the proportion of the inner side of the community is
much higher, indicating that the division of the community is very obvious. Usually, when Q > 0.3,
there is an obvious community structure.

The modularity of each network is calculated and shown in Figure 3. When the porosity of the
sandstone is 17.1%, its pore network module is approximately equal to 0.919 and the pore size of
different sandstone pore networks is close to 1. This shows that the sandstone pore network has a good
community structure. The nodes are grouped according to different societies, and the results are shown
in Figure 4, where the same community nodes are of the same color and size.
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Figure 3. Sandstone pore network modularity.
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Figure 4. Association structure of sandstone pore network: (a) 14.1%; (b) 16.9%; (c) 17.1%; (d) 24.6%.

As shown in Figure 5, when the porosity is 14.1% and 24.6%, the number of nodes in the pore
network is less, and the number of nodes in each community is less than 200, which is about 1/10 of
the total number of nodes. When the porosity is 16.9% and 17.1%, with the increase in network size,
the number of nodes in a single community increases obviously. In the four samples, when the porosity
is 16.9% and modularity class is 110, the maximum number of nodes in the network community
is about 375, less than 1/20 of the total number of nodes. These show that sandstone pore network
distribution is uniform, and there is no phenomenon that some communities play a leading role in the
whole sandstone network.
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Figure 5. Distribution of node numbers in network community of sandstone: (a) 14.1%; (b) 16.9%;
(¢) 17.1%; (d) 24.6%.

For the further measurement of the sandstone pore network transmission mechanism of the
recovery enhancement, Liu [15] has carried out quantitative analysis for the pore structure by fractal
dimension. However, the discussion about the microscopic connectivity characteristic of the sandstone
pore network is sparce. This study chooses the clustering coefficient related to transmission efficiency
to analyze the sandstone pore network. The clustering coefficient is the coefficient that indicates the
degree of node aggregation in a graph. In the network of reality, the higher the clustering coefficient,
the more nodes tend to be closely connected. In the network, if the node i is connected to the node i 4 1
and the node i + 1 is connected to the node i + 2, the node i 4+ 2 may be connected to i. This phenomenon
reflects the connection density between nodes. In an undirected network, the clustering coefficients
can be expressed as:

n 2n

C:—:—
k1)

(6)
where 71 represents the number of edges that are connected among all adjacent nodes of the node i.
The clustering coefficient distribution of the sandstone pore network is shown in Figure 6. This figure
shows that the clustering coefficients of different sandstone pore networks are mainly distributed
between 0 and 0.5. The nodes with the clustering coefficient of 0 have the largest proportion, and the
number of nodes decreases as the clustering coefficient increases. It shows that the sandstone pore
network has less connectivity than the global coupling network whose clustering coefficient is 1.
According to Figure 2, the main reason is that the main pore connected to the sandstone pore is the
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peripheral pore node. In general, as the distance increases, the probability of connection between two
nodes becomes weaker.
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Figure 6. Clustering coefficient distribution of sandstone three-dimensional pore network: (a) 14.1%;
(b) 16.9%; () 17.1%; (d) 24.6%.

The degree of aggregation of the entire network can be represented by the average value of
the clustering coefficients of all nodes, as shown in Figure 7. The networks with higher average
clustering coefficients have smaller average distances in different nodes. The average clustering
coefficient is the largest when the porosity is 24.60% in the sampling sandstone and, as shown in
Table 1, the average path length is the minimum. That is, the network has the best connectivity among
the four sandstone samples.
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0.15 -
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0 - T . I
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Figure 7. Average clustering coefficient of sandstone pore network.



Coatings 2020, 10, 1143 9of 12

For the data in Figure 7, a simple one-way ANOVA is performed, as shown in Table 2. We can see
that F is less than F crit and P is greater than 0.05, so the porosity and average clustering coefficient
have statistical significance.

Table 2. One-way ANOVA.

Differences between

the Sources SS df MS F p-Value F Crit
between groups 0.006105 1 0.006105 3.798787 0.09919 5.987378
within the same group  0.009643 6 0.001607 - - -
sum 0.015748 7 - - - -

In order to analyze the importance of individual nodes in sandstone pore networks, the eigenvector
centrality is used to compute the network nodes. Make x; the index value of node 7, and A;; the adjacency
matrix of the network. For node i, the centrality index is proportional to the exponential sum of all
nodes connected to it. That is: N

1 1
Xi=— xj=—= Ajix; 7
YT Ajem T Aj=1 M @)
where M,; is the set of nodes connected to node i. A is constant.

The centrality of the eigenvector is shown in Figure 8. The abscissa in the figure is the node Id.
When the porosity of sandstone is between 14.1% and 24.6%, the eigenvector centrality of most nodes
is less than 0.4. Only a small number of nodes have high centrality.
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Figure 8. Eigenvector centrality distribution of sandstone network nodes: (a) 14.1%; (b) 16.9%; (c) 17.1%;
(d) 24.6%.
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To facilitate intuitive understanding, the Fruchterman-Reingold algorithm is used to distribute
the pore nodes in Figure 1 uniformly on a circular surface. The node centrality is sorted in Figure 9,
where the node size represents the node centrality, and the number represents the node Id.

(a) (b)

(© (d)

Figure 9. Centrality sorting of sandstone pore nodes: (a) 14.1%; (b) 16.9%; (c) 17.1%; (d) 24.6%.

4. Conclusions

In this study, complex network theory was applied to investigate the network characteristics of
the pore structure, which cannot be quantitatively analyzed by traditional methods such as Euler
number and fractal dimension. Three network structure parameters, including degree distribution,
clustering coefficient and modularity, were taken into account. A new eigenvector centrality method
was used to sort the importance of the nodes in the percolation network. Based on these studies,
following conclusions can be drawn:

(1) The results show that a scale-free model is more suitable for the degree distribution of the
sandstone seepage network. Without considering pore volume and pore throat volume weight,
the overall permeability of the network may be determined by a small number of pores with large
degree (number of connections with other pores).

(2) The modular degree Q of the pore network of different porosity sandstone tends to 1, which means
that the pore network of sandstone has an obvious modularized structure. According to the
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®)

network topology, the sandstone network can be divided into several relatively independent
communities. The associations within the community are closely connected, and have strong
permeability, while the connection between communities is less, which inhibits the overall
permeability of sandstone.

The aggregation coefficients of different sandstone pore networks are mainly distributed between
0 and 0.5. The connectivity of the sandstone pore network is far less than that of fully coupled
networks with all nodes connected. That is, the sandstone has a strong antireflection potential.
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