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Abstract: The magnetic toroidal dipole moment, which is induced by a vortex-type spin texture,
manifests itself in parity-breaking physical phenomena, such as a linear magnetoelectric effect and
nonreciprocal transport. We elucidate that a staggered alignment of the magnetic toroidal dipole can
give rise to spontaneous magnetization even under antiferromagnetic structures. We demonstrate
the emergence of uniform magnetization by considering the collinear antiferromagnetic structure
with the staggered magnetic toroidal dipole moment on a bilayer zigzag chain. Based on the model
calculations, we show that the interplay between the collinear antiferromagnetic mean field and
relativistic spin-orbit coupling plays an important role in inducing the magnetization.
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1. Introduction

A magnetic toroidal dipole (MTD) moment has long been studied in condensed
matter physics [1–12], since it becomes a microscopic origin of parity-violating physi-
cal phenomena, such as the linear magnetoelectric effect [13–17], asymmetric magnon
excitations [18–21], nonlinear nonreciprocal transport [22–27], and nonlinear spin Hall
effect [28,29]. The microscopic expression of the MTD is given by

T = ∑
i

ri × Si, (1)

where ri and Si represent the position vector and localized spins at site i, respectively; we
omit the coefficient for notational simplicity. One of the typical magnetic structures to
possess nonzero T is a vortex-type spin structure, as schematically shown in Figure 1a.
Such a vortex-type spin texture has been found in UNi4B [30–33], where the MTD-related
physical phenomena have been observed in experiments [34,35]. Since the MTD is not
only induced in noncollinear antiferromagnetic (AFM) structures but also in collinear
ones, there are a variety of magnetic materials, such as Cr2O3 [13,36,37], GaFeO3 [38–41],
LiCoPO4 [42–45], Ba2CoGe2O7 [46–49], LiFeSi2O6 [50–52], CuMnAs [53–57], BaCoSiO4 [58,59],
and PbMn2Ni6Te3O18 [60]. Recently, it was recognized that the materials with the zigzag
chain, such as NdRu2Al10 and TbRu2Al10, are typical materials to possess the MTD in
collinear AFM structures, since the simple staggered collinear AFM orderings naturally
lead to the MTD moment [16,61].

Meanwhile, one notices that the magnetization (magnetic dipole) is related to the
vortex-type configuration of the MTD by replacing T and Si in Equation (1) with each
other. In other words, one can engineer spontaneous magnetization by considering the
spatial distribution of the MTD from the symmetry viewpoint. With this close relationship
between the magnetic dipole and MTD in mind, we propose a way how to generate sponta-
neous magnetization in the AFM structure accompanying the antiferro MTD moment. By
considering a bilayer zigzag-chain system as an example, we demonstrate that the AFM
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ordering with the staggered MTD moment can naturally give rise to a uniform magneti-
zation perpendicular to both AFM and MTD moments by performing the symmetry and
microscopic model analyses. We show that the relativistic spin-orbit coupling is essential
to induce the uniform magnetization. Our results provide an intuitive interpretation of
why some antiferromagnetic ordered states with a negligibly small uniform magnetization
exhibit the anomalous Hall effect.

(a) (b)

Figure 1. Schematic pictures of (a) the magnetic toroidal dipole (red arrow) consisting of magnetic
dipoles (blue arrows) and (b) the magnetic dipole consisting of magnetic toroidal dipoles.

The rest of this paper is organized as follows. In Section 2, we introduce the bilayer
zigzag chain as a prototype to possess uniform magnetization by the staggered MTD
moment. First, from the symmetry viewpoint, we show the relationship between the
magnetic dipole and MTD under the magnetic point group. Then, we construct a minimal
tight-binding model to capture the essence of spontaneous magnetization in AFM with
the staggered MTD. In Section 3, we show that the electronic band structure under the
staggered MTD ordering exhibits the Zeeman splitting. We also show that the spin-orbit
coupling is an important parameter at the microscopic level. Section 4 is devoted to the
conclusion of the present paper.

2. Setup
2.1. Symmetry Analysis

First, we consider the symmetry correspondence between the MTD moment and
antiferromagnetic structures. Let us consider the single zigzag chain along the x direction,
as shown in Figure 2a. The zigzag-chain system consists of two sublattices, which are
denoted by A and B in Figure 2a. Although there is a global inversion center at the bond
center between A and B sublattices, the local inversion symmetry is absent at each lattice
site, which leads to the local potential gradient along the y direction, as shown in Figure 2a.
It is noted that the direction of the potential gradient for the A sublattice is opposite to
that for the B sublattice owing to the global inversion symmetry. In such a situation, the
staggered AFM ordering with the z-spin polarization can lead to the MTD moment along
the x direction [16,61,62], as schematically shown in Figure 2b. This is understood from
the fact that the potential gradient has the same symmetry as the position vector, i.e.,
∑i ri × Si ∝ ∑i ∇Vi × Si. When the potential gradient and the spin moment are along the y
and z directions, respectively, the resultant MTD moment is along the x direction. A similar
situation also occurs in other locally noncentrosymmetric lattice structures, such as the
honeycomb structure [21,63–68], diamond structure [69–74], and other structures [75–77].

From the symmetry viewpoint, the zigzag-chain system belongs to the orthorhom-
bic system under the D2h symmetry. When the staggered AFM ordering with the z-spin
polarization occurs, the irreducible representation B−

3u belongs to the totally symmetric
irreducible representation, where the superscript of the irreducible representation rep-
resents the time-reversal parity. Since the x-component MTD moment also belongs to
the B−

3u representation [78], one finds that the staggered AFM ordering accompanies the
uniform MTD moment along the x direction. It is noted that different types of multipoles
are induced when the direction of the AFM moment changes; the magnetic monopole M0
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(the z-component MTD) is induced when the AFM moment lies in the y (x) direction. We
show the correspondence between the multipoles and staggered AFM structures in Table 1.

(a)

(b)

x

y
z

A
B

Figure 2. (a) Schematic picture of the single zigzag-chain structure consisting of two sublattices, A
and B. In each sublattice, the opposite potential gradient occurs in the y direction. ∇V represents
the potential gradient arising from the lack of local inversion symmetry at the lattice site. (b) The
staggered antiferromagnetic ordering, which induces the MTD moment along the x direction; the
blue and red arrows stand for the spin and MTD, respectively. The picture is drawn by MultiPie [79].

Table 1. Correspondence between the irreducible representation (Irrep.) and multipoles under
the zigzag-chain structure belonging to the point group D2h. The staggered AFM structure on the
zigzag chain leads to the ferroic alignment of multipoles; T0 (M0) stands for the magnetic toroidal
(magnetic) monopole, while (Tx, Ty, Tz) [(Mx, My, Mz)] stands for the magnetic toroidal (magnetic)
dipole. The superscript of the Irrep. denotes the time-reversal parity. In the columns “FM stacking”
and “AFM stacking”, x, y, and z mean the direction of the AFM moment, where the staggered AFM
structure on the zigzag chain is stacked ferromagnetically and antiferromagnetically, respectively.
“FMT” and “AFMT” in the rightmost column correspond to the ferromagnetic toroidal dipole and
antiferromagnetic toroidal dipole orderings, respectively, which are analyzed in this study. It is noted
that the AFM ordering on the single zigzag chain gives the same result as the FM stacking case.

Irrep. Multipole FM Stacking AFM Stacking Note

A−
g T0 − x

B−
1g Mz − y

B−
2g My − z AFMT

B−
3g Mx − −

A−
u M0 y −

B−
1u Tz x −

B−
2u Ty − −

B−
3u Tx z − FMT

Next, we consider the AFM structure on the bilayer zigzag chain with four sublattices;
the zigzag chain is stacked along the z direction with the same xy position, as shown in
Figure 3; the crystal symmetry is the same as that in the single zigzag-chain system. When
the AFM structure within the single zigzag chain is stacked ferromagnetically, the induced
multipole moments are the same as those in the single zigzag-chain system, as shown in
Table 1. On the other hand, in the case of the AFM stacking shown in Figure 3, the induced
multipole moments are different due to the recovery of the spatial inversion symmetry;
the inversion center is located at the nearest-neighbor bonds along the z direction. Indeed,
the direction of the MTD induced by the staggered AFM structure is opposite for different
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zigzag chains so that its net component is canceled out. The irreducible representation of
the z-polarized AFM structure corresponds to B−

2g, as shown in Table 1. Since the magnetic
dipole My also belongs to B−

2g, the AFM structure in Figure 3 is expected to have a uniform
magnetization along the y direction. The emergence of uniform magnetization is also
understood from the spatial alignment of the MTD; the staggered MTD induces uniform
magnetization along the perpendicular direction according to the relation M ∝ ∑i ri × Ti,
as discussed in the introduction. Similarly, the AFM stacking with the y-spin polarization
induces the net magnetization along the z direction. Meanwhile, the AFM stacking with the
x-spin polarization induces no net magnetization; instead, the magnetic toroidal monopole
T0, which is characterized by a source of the MTD, i.e., T0 ∝ ∑i ri · Ti, is induced [80].

x

y
z

A

B

C

D

Figure 3. Antiferromagnetic structure in the bilayer zigzag-chain structure consisting of four
sublattices A, B, C, and D. In each zigzag chain, the magnetic toroidal dipole moment denoted by the
red arrows along the x direction is induced in the staggered alignment of the magnetic dipole (spin)
moment denoted by the blue arrows along the z direction. The staggered alignment of the magnetic
toroidal dipole moment leads to the uniform magnetization denoted by the cyan arrows along the y
direction. The picture is drawn by MultiPie [79].

2.2. Model

To investigate the behavior of the uniform magnetization under the staggered MTD
on the bilayer zigzag chain consisting of four sublattices A, B, C, and D, we consider the
fundamental tight-binding model, whose Hamiltonian is given by

H =− t1 ∑
⟨i,j⟩σ

c†
iσcjσ − t2 ∑

⟨⟨i,j⟩⟩σ
c†

iσcjσ − tz ∑
⟨i,j⟩zσ

c†
iσcjσ + iα1 ∑

⟨⟨i,j⟩⟩σσ′
p(i)σzc†

iσcjσ′

+ iα2 ∑
⟨i,j⟩zσσ′

p(i)σxc†
iσcjσ′ − hFMT ∑

i
TFMT

z c†
iσciσ − hAFMT ∑

i
TAFMT

z c†
iσciσ, (2)

where c†
iσ (ciσ) is the creation (annihilation) operator of electrons at site i and spin σ = ↑, ↓.

The first, second, and third terms represent the hopping of electrons with the amplitudes
of t1, t2, and tz, respectively; ⟨· · · ⟩, ⟨⟨· · · ⟩⟩, and ⟨· · · ⟩z stand for the nearest-neighbor pair
along the x direction, the next-nearest-neighbor pair along the x direction, and the nearest-
neighbor pair along the z direction, respectively. The fourth and fifth terms represent the
spin-dependent imaginary hopping that arises from the relativistic spin-orbit coupling; p(i)
is +1 (−1) when the site i indicates the sublattices A and C (B and D) and σµ represents
the µ = x, y, z component of the 2 × 2 Pauli matrix. These terms correspond to the
sublattice-dependent antisymmetric spin-orbit interaction (ASOI) characteristic of the
locally noncentrosymmetric lattice systems. Indeed, the Fourier transform of these terms
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leads to the form of ASOI as g(k) · σ, where g(k) is the so-called g-vector and it is given
by g(k) = [0, 0,±α1 sin(kxa)] along the kx ≡ k direction [+ (−) is for the sublattice A
(B)]. It is noted that the opposite sign of g(k) is owing to the presence of the global
inversion symmetry of the lattice structure. In the first to fifth terms in the Hamiltonian,
the contribution from the Hermite conjugation is implicitly taken into account. The 4 × 4
matrix elements of the hopping Hamiltonian in the first to third terms of Equation (2),
H4×4, is given in momentum space as follows:

H4×4 =


−2t2 cos k −2t1 cos k

2 −tz 0
−2t1 cos k

2 −2t2 cos k 0 −tz
−tz 0 −2t2 cos k −2t1 cos k

2
0 −tz −2t1 cos k

2 −2t2 cos k

, (3)

where the basis is given by {cAσ, cBσ, cCσ, cDσ}. Similarly, the 8 × 8 matrix elements of
the ASOI Hamiltonian in the fourth and fifth terms of Equation (2), H8×8, is given in
momentum space as follows:

H8×8 =



2α1sk 0 0 0 0 0 −iα2 0
0 −2α1sk 0 0 0 0 0 iα2
0 0 2α1sk 0 iα2 0 0 0
0 0 0 −2α1sk 0 −iα2 0 0
0 0 −iα2 0 −2α1sk 0 0 0
0 0 0 iα2 0 2α1sk 0 0

iα2 0 0 0 0 0 −2α1sk 0
0 −iα2 0 0 0 0 0 2α1sk


, (4)

where sk = sin k and the basis is given by {cA↑, cB↑, cC↑, cD↑, cA↓, cB↓, cC↓, cD↓}.
The sixth and seventh terms represent the mean fields corresponding to the uniform

and staggered MTD orderings with the z-spin polarization, respectively. In the case of the
uniform MTD ordering, the 8 × 8 matrix for the TFMT

z is given by

TFMT
z =


σ 0 0 0
0 −σ 0 0
0 0 σ 0
0 0 0 −σ

, (5)

where the basis is given by {cAσ, cBσ, cCσ, cDσ} and σ = +1(−1) for ↑ (↓). This mean field
corresponds to the “FMT" in Table 1. Similarly, the 8 × 8 matrix for the TAFMT

z to induce the
staggered MTD ordering is given by

TAFMT
z =


σ 0 0 0
0 −σ 0 0
0 0 −σ 0
0 0 0 σ

. (6)

This mean field corresponds to the “AFMT" in Table 1. The schematic AFM structure to have
the staggered MTD is shown in Figure 3. Since both the effects of the ASOI and the collinear
AFM mean field, which are necessary for inducing the uniform magnetization as detailed
below, are included in the model Hamiltonian in Equation (2), the present model corre-
sponds to a minimal model to clarify the relationship between the staggered MTD and the
uniform magnetization, whose results in the subsequent section can be straightforwardly
applied for different models by changing the model parameters appropriately.
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3. Results
3.1. Electronic Band Structure

We show the electronic band structure obtained by diagonalizing the Hamiltonian
in Equation (2). We set t1 = 1, t2 = 0.5, and tz = 0.4 without loss of generality; the
characteristic points in the following band structures are not affected by the different
choices of hopping parameters. Figure 4a shows the band structure in the paramagnetic
state at α1 = 0.3, α2 = 0.15, and hFMT = hAFMT = 0. There are four bands, each of which
is doubly degenerated owing to the presence of the PT symmetry; P and T stand for the
spatial inversion and time-reversal operations, respectively.
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 0

 2

E
n

er
g

y

 0

(a)

-4

-2

 0

 2

E
n

er
g

y

 0

(b)

-4

-2

 0

 2

E
n

er
g

y

 0

(c)

 0

 1

 -1

Figure 4. Electronic band structures in (a) the paramagnetic state at α1 = 0.3, α2 = 0.15, and
hFMT = hAFMT = 0, (b) the ferromagnetic toroidal dipole (uniform MTD) state at α1 = 0.3, α2 = 0,
hFMT = 0.5, and hAFMT = 0, and (c) antiferromagnetic toroidal dipole (staggered MTD) state at
α1 = 0, α2 = 0.15, hFMT = 0, and hAFMT = 0.5. In (c), the color shows the momentum-resolved
y-spin polarization.
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For the uniform MTD ordering with hFMT = 0.5 and hAFMT = 0, the band structure
at α1 = 0.3 and α2 = 0 is shown in Figure 4b. Similarly to the band structure in Figure 4a,
each band is degenerated with keeping the PT symmetry. Meanwhile, the band dispersion
is asymmetric with respect to k = 0, which means that k and −k are not equivalent to
each other. This is because of the breaking of both spatial inversion and time-reversal
symmetries under the MTD. Reflecting the asymmetric band modulation, the system
exhibits the nonreciprocal transport along the x direction [27,81].

Figure 4c shows the band structure under the staggered MTD ordering with hAFMT = 0.5
and hFMT = 0 at α1 = 0 and α2 = 0.15. In contrast to the band structures in Figure 4a,b, the
spin degeneracy in the band is lifted; the y-spin polarization occurs. This result indicates that
the mean field to induce the staggered MTD ordering gives rise to spontaneous magnetization
along the direction perpendicular to both the spin and MTD moments, which is consistent
with the symmetry argument in Section 2.1.

The above results show that the uniform and staggered MTD orderings lead to asym-
metric band deformation and spin splitting, respectively. On the other hand, the necessary
model parameters to induce such band modulations are different from each other. In the
case of the uniform MTD ordering, the ASOI α1 plays an important role, while α2 is not
necessary for inducing the asymmetric band modulation. The opposite tendency appears in
the staggered MTD ordering; α2 is the essential model parameter to cause the spin splitting
instead of α1. In other words, the ASOI, whose spin component is parallel to the MTD
direction, leads to a significant contribution to causing the band modulations in both cases.
In particular, a larger ASOI between the inter-zigzag chain is important in order to obtain
the large magnetization under the staggered MTD ordering.

3.2. Spontaneous Magnetization

We investigate the behavior of the uniform magnetization under the staggered MTD
ordering when the model parameters are varied. In this section, we fix α1 = 0, α2 = 0.15,
and hFMT = 0, and change hAFMT and the electron filling per site ne; ne = 2 corresponds to
full filling.

Figure 5a shows the uniform magnetzation along the y direction, My, in the plane
of ne and hAFMT. In almost all of the regions, My becomes nonzero, indicating that the
staggered MTD ordering induces uniform magnetization. Although the ne dependence is
complicated, as shown in the case of hAFMT = 0.5 in Figure 5b, one finds that the hAFMT

dependence is small.

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5

0.00

0.04

0.08

-0.04

-0.08

-0.08

-0.04

 0.00

 0.04

 0.08

0.0 0.5 1.0 1.5 2.0

(a) (b)

Figure 5. (a) Filling ne and the mean field hAFMT dependence of the uniform magnetization along
the y direction My. The model parameters are the same as those used in Figure 4c. (b) ne dependence
of My at hAFMT = 0.5.

Finally, let us comment on physical phenomena under the staggered MTD ordering.
Since spontaneous magnetization appears once the staggered MTD ordering occurs, one
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can expect ferromagnetic-related physical phenomena, such as the anomalous Hall/Nernst
effect and magneto-optical Kerr effect, even in AFM structures [82] when the AFM moment
is effectively couplied to the ASOI, which have been recently found in various materials
like LaMO3 (M = Cr, Mn, and Fe) [83], Mn3Ir [84–86], Mn3Sn [87–92], antiperovskite
Mn3 AN (A = Ga, Sn, and Ni) [93–97], NdMnP [98,99], the pyrochlore oxides [100,101],
the bilayer MnPSe3 [102], κ-type organic conductors [103], Ce2CuGe6 [104], and other
systems [105–115]. The staggered MTD system provides another promising system to
induce such physical phenomena in AFMs.

4. Conclusions

To summarize, we have investigated physical properties in AFMs from the multipole
point of view. We have clarified that the staggered alignment of the MTD accompanies spon-
taneous magnetization perpendicular to the MTD moment based on symmetry analysis and
microscopic model calculations. By considering the minimal model on the bilayer zigzag
chain, we have shown that spontaneous magnetization is induced under the staggered
MTD ordering when the effect of the spin-orbit coupling along the MTD moment direction
is taken into account. The induced magnetization indicates emergent ferromagnetic-related
physical phenomena like the anomalous Hall effect, which will be useful for future explo-
ration of functional AFM materials based on the MTD moment.
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