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Abstract: We examine the performance of a finite-time, endoreversible Otto heat engine with a
working medium of monolayer or multilayered graphene subjected to an external magnetic field. As
the energy spectrum of multilayer graphene under an external magnetic field depends strongly on
the number of layers, so too does its thermodynamic behavior. We show that this leads to a simple
relationship between the engine efficiency and the number of layers of graphene in the working
medium. Furthermore, we find that the efficiency at maximum power for bilayer and trilayer working
mediums can exceed that of a classical endoreversible Otto cycle. Conversely, a working medium of
monolayer graphene displays identical efficiency at maximum power to a classical working medium.
These results demonstrate that layered graphene can be a useful material for the construction of
efficient thermal machines for diverse quantum device applications.

Keywords: magnetic cycle; quantum Otto cycle; quantum thermodynamics; graphene

1. Introduction

There is rapidly growing interest in the development of quantum technologies, de-
vices that take advantage of the unique properties of quantum systems to enhance their
performance. This, in turn, has led to an increased focus on the field of quantum ther-
modynamics [1–4]. Within the broad spectrum of topics that fall under the umbrella of
quantum thermodynamics, significant attention is paid to the study of quantum heat
engines—devices that extend the principles of classical heat engines to include working
mediums made up of quantum systems [5–9].

When considering possible systems to use as the working medium of a quantum heat
engine, graphene stands out as an intriguing candidate. Graphene’s optical, electronic,
and mechanical properties have been extensively studied in recent years [10–16]. Further-
more, graphene has been shown to be useful in a wide range of applications spanning
everything from high-accuracy sensing [17–21], to use as an adsorbent for environmental
cleanup [22]. This motivates the question as to whether graphene can also be applied to
develop highly efficient or powerful nanoscale thermal machines. Monolayer graphene
is particularly notable in this context, since its low energy excitations behave as relativis-
tic massless fermions [23]. As such, the study of quantum heat engines with graphene
as a working medium can give insight into the role of relativistic quantum features in
thermodynamic behavior [24,25].

When graphene layers are stacked to form a multilayer system, the behavior of the
system can vary depending on the stacking order. For example, the relativistic character of
the charge carriers is only preserved for some layer numbers and stacking arrangements,
leading to a unique energy spectrum when in the presence of a perpendicular magnetic
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field [26]. As the applied magnetic field produces quantized Landau levels in the energy
spectrum, the thermodynamic response of these materials presents strong dependence on
the stacking type and number of graphene layers [27]. In the context of thermodynamic
devices, it was previously shown that the performance of a quasistatic Otto engine with
a working medium of twisted bilayer graphene subjected to a magnetic field achieves
the highest efficiency when the twist angle of the bilayer corresponds to the magic angle
of 0.96 degrees [28]. This latter result demonstrates that the number and configuration
of the graphene sheets plays a significant role in the engine performance. Significant
attention has also been given to graphene-based engines in the context of continuous,
thermoelectric machines [29–32]. Notably, graphene has also been used in the construction
of an experimental nanoscale cyclic heat engine [33].

Efficiency, defined as the net work per cycle divided by the heat absorbed into the
working medium from the hot thermal reservoir,

η =
Wnet

Qin
, (1)

is by far the most prominent metric of engine performance. Of similar physical relevance is
the power output, defined as the ratio of the net work per cycle to the total cycle time

P =
Wnet

τcycle
. (2)

To maximize engine efficiency, the strokes of the cycle must be carried out quasistatically.
However, truly quasistatic strokes require an infinite cycle duration, thus leading to vanish-
ing power output. Practically useful metrics of heat engine performance must, therefore,
account for cycles implemented in finite time. Endoreversible thermodynamics [34–36] provides a
framework for introducing finite-time behavior by assuming that, while the working medium
remains in a state of local equilibrium at all times during the cycle, the heating and cooling
strokes occur quickly enough that the working medium never fully thermalizes with the hot
and cold reservoirs. A prominent performance characteristic within endoreversible thermody-
namics is the efficiency at maximum power (EMP), which corresponds to maximizing the power
output with respect to the external control parameter and then determining the efficiency at
that maximum power output. Endoreversible cycles have also been studied in the context of
quantum heat engines. We draw particular attention to Ref. [37], where it was shown that
the EMP of an endoreversible Otto cycle with a quantum harmonic oscillator as the working
medium exceeds the Curzorn–Albhorn (CA) efficiency [34], the EMP achieved by the Otto
cycle with a classical working medium.

The heat engine performance analysis carried out in Ref. [28] assumes quasistatic
operation in which the bilayer graphene working medium always reaches thermodynamic
equilibrium at reservoir temperatures. In this work, we expand the study of cyclic graphene
heat engines into two notable directions. First, we examine how the number of graphene
layers in the working medium impacts the engine performance, determining analytical
expressions for the efficiency and power output valid for monolayer and multilayer systems.
We also demonstrate how the number of layers impacts the parameter regimes where the
cycle functions as an engine versus a refrigerator. Second, we go beyond the quasistatic
assumption and analyze the finite time performance of the engine using the framework of
endoreversible thermodynamics. This allows us to examine additional performance metrics,
such as the EMP, which we compare to a standard benchmark for EMP, the CA efficiency.

In Section 2, we provide relevant background, including the analytical results of the
energy spectrum for monolayer, bilayer, and trilayer graphene. In Section 3, we determine
a closed form for the partition function and examine the equilibrium thermodynamic
behavior of multilayer graphene. In Section 4, we introduce the endoreversible Otto cycle
for multilayer graphene before presenting the results for the engine efficiency, power
output, EMP, and parameter regimes where the cycle functions as an engine or refrigerator
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in Section 5. Finally, in Section 6, we provide some discussion of our results in the context
of experimental implementations before concluding in Section 7.

2. Model

In multilayer graphene structures, the graphene sheets are placed on top of each other
in different stacking configurations and are connected through weak van der Waals forces.
The stacking configurations are determined by the orientation of the two triangular sublat-
tices that make up the primary honeycomb lattice of a single sheet. For two stacked sheets,
three possible orientations, A, B, and C, are possible, each corresponding to displacing one
of the sublattice atoms along the edge of the honeycomb with respect to the neighboring
sheet [38]. Subject to a perpendicular external magnetic field, these systems can be ana-
lyzed using a π-orbital continuum model. Such an analysis is described extensively in
ref. [38]. In our analysis we will focus on two particular stacking configurations. For bilayer
graphene, we consider Bernal stacking, also known as AB stacking. For the case of trilayer
graphene, we consider the rhombohedral configuration, also known as ABC stacking [39].
Significantly, an exact analytical result for the energy spectrum as a function of the external
magnetic field can be found for these two cases as we show below.

2.1. Monolayer Graphene

In monolayer graphene, the application of a perpendicular magnetic field results in
unevenly spaced Landau levels with an energy spectrum proportional to the root of the
level quantum number n [40],

En = ±
√

2eh̄v2
f nB, n = 0, 1, 2, . . . , (3)

where B is the magnitude of the magnetic field, e is the electron charge, h̄ is Planck’s constant,
and v f is the Fermi velocity (∼ 106 m/s). Such an energy spectrum is characteristic of
ultra-relativistic massless particles with the Fermi velocity playing the role of the speed of
light. In Figure 1a, we show the Landau levels for monolayer graphene, where the positive
energy curves correspond to electrons and the negative ones to holes [38]. Each one of
these Landau levels is four-fold degenerate, including the zero energy state, where the
factor of four arises from spin degeneracy and non-equivalent BZ points K and K

′
, known

as valley degeneracy.

2.2. Bilayer Graphene: AB Stacking

For a bilayer system, the most stable coupling corresponds to Bernal or AB stacking.
This consists of displacing the A sublattice atoms of the upper layer so that they lie on top
of the B sublattice atoms of the lower layer. Contrary to the monolayer case, the bilayer
system has a quadratic dispersion relation, which gives rise to an interesting phenomenon.
While the Dirac equation still models the dynamics of the low energy states, the quadratic
dispersion relation indicates that the described charge carriers have mass. In this case,
under a perpendicular external magnetic field, the Landau level spectrum for the bilayer
graphene presents a linear dependence with the magnetic field, as shown in Figure 1b,
which takes the form [41],

En = ±h̄ωc

√
n(n− 1), n = 0, 1, 2, . . . , (4)

where ωc ≡ eB/m∗ corresponds to the cyclotron frequency. This effective mass, m∗, is
related to the Fermi velocity and the interlayer interaction parameter, t⊥, by m∗ = t⊥/2v2

f .
This corresponds to a numerical value of m∗ ∼ (0.039± 0.002) me, where me is the electron
rest mass. Note that Equation (4) has two zero energy levels, corresponding to n = 0 and
n = 1. Each of these is eight-fold degenerate, where the factor of eight accounts for the
spin, valley, and layer degeneracy.
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(a) (b)

(c)

Figure 1. (a–c) Energy spectrum as a function of the external magnetic field for the first 10 Landau
levels of (a) monolayer, (b) bilayer (with m∗ = 0.03 me), and (c) trilayer graphene. Solid (dashed)
lines correspond to electrons (holes), while the solid blue line shows the zero-energy Landau level,
partly filled with electrons and partly filled with holes.

2.3. Trilayer Graphene: ABC Stacking

Rhombohedral ABC-stacked trilayer graphene is one of the most stable crystals com-
monly obtained in experimental procedures. In the pristine case, it can be considered a
zero-gap semiconductor material. When external electric-field potentials are applied to it,
it behaves as a semiconductor [42]. The energy spectrum with an external magnetic field
has the form [38],

En = ±
(
2h̄v2

FeB
)3/2

t2
⊥

√
n(n− 1)(n− 2), n = 0, 1, 2, . . . (5)

Figure 1c shows the Landau levels obtained from the previous Equation (5). In this
case, the zero-energy state is twelve-fold degenerate, accounting for spin, valley, and three-
layer degeneracy, while the other energy states remain four-fold degenerate, just as in the
bilayer and monolayer case.

3. Partition Function and Equilibrium Thermodynamics

Comparing the energy spectra presented in the previous section, we see a pattern
emerging in how the energy scales with the magnetic field. Each energy is proportional
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to BN/2, where N is the number of layers. To illustrate this behavior, we plot the first
ten positive and negative energy states as a function of the external field for monolayer,
bilayer, and trilayer graphene in Figure 1. We also see the energy spectra follow a common
structure in regard to the quantum number n, which takes the form,

fN (n) =

√√√√N−1

∏
k=0

(n− k). (6)

Therefore, we can compactly write the energy spectrum for the multilayer system in
the form [38],

En,N = θN B
N
2 fN (n), (7)

where θN ≡ (2eh̄v2
f )
N/2(t⊥)1−N , is a constant that depends on the number of layers and

the stacking structure of the system.
Note that the energy spectra in Equations (3)–(5) include both positive and negative

energy solutions corresponding to electrons and holes, respectively. It is important to
highlight that our approximation considers the energy spectra close to the Dirac points of
the Brillouin zone, as additional energy solutions require extended approaches that we have
not yet fully solved. We focus on the electron excitations only, similar to the established
analysis for the case of a twisted bilayer graphene system [28]. This regime can be achieved
by gating the monolayer graphene [43] and through moderate electron doping for the case
of bilayer [44] and trilayer graphene samples [45]. This makes our restriction to the positive
energy solutions experimentally available for the three graphene systems we study.

To accurately determine the partition function, we need to carefully consider the
degeneracy of the energy levels, especially for the zero-energy state. The compact form of
counting these degenerate states in the partition function is given by,

Z = 4 (N − 1) +
∞

∑
n=0

4 e−βEn,N . (8)

The partition function for the energy spectrum given in Equation (7) does not have a
simple closed-form solution, except for the case of one layer. However, if we assume that
the number of layers N is not very large compared with the number of states n, then the
energy spectrum can be approximated as

En,N ≈ θN B
N
2 n

N
2 . (9)

For large n, we can approximate the partition function sum as an integral of the form,

Z ≈ 4(N − 1) + 4
∫ ∞

0
dn e−βθN B

N
2 n

N
2 . (10)

Noting that, ∫ ∞

0
dx e−ax

N
2 = a−

2
N Γ
(

2 +N
N

)
, (11)

we obtain a simple analytical form for the partition function,

Z(T, B,N ) = 4(N − 1) + 4

(
θN B

N
2

kBT

)− 2
N

Γ
(

2 +N
N

)
. (12)
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The equilibrium thermodynamic properties of the multilayer graphene system can be
determined from the partition function as follows,

F = −kBT lnZ , S = −
(

∂F
∂T

)
B

, U = kBT2
(

∂ lnZ
∂T

)
B

,

CB =

(
∂U
∂T

)
B

, M = −
(

∂F
∂B

) (13)

where F is the free energy, S is the entropy, U is the internal energy, CB is the heat capacity,
andM is the magnetization. Most relevant for the performance analysis of an Otto cycle
are the internal energy, which is used to determine the work output of the cycle, and the
entropy, which must be held constant during the isentropic strokes of the cycle.

In Figures 2 and 3, we compare the internal energy (U ) and entropy (S), respectively,
for monolayer, bilayer, and trilayer graphene. To ensure that our analytical approximation
for the partition function is valid, we also plot the internal energy and entropy determined
from numerical calculations of the partition function sum up to 50,000 terms. We find
that the analytical approximation matches very well with the numerical calculation, only
differing slightly in behavior as T → 0. Examining Figure 2, we see that, for all three cases,
the internal energy increases linearly with T in the high temperature regime. From Figure 3
we see that, consistent with the third law of thermodynamics, the entropy approaches a
constant value as T → 0.

0 5 10 15
kBT/δ

10
20
30
40
/δ

(a)

0 5 10 15
kBT/δ

5
10
15

/δ

(b)

0 5 10 15
kBT/δ

2
4
6
8
10
12
/δ

(c)
Figure 2. Internal energy as a function of temperature determined from the analytical approximation
for the partition function given in Equation (12) (red, dashed) and from a numerical summation
obtained by truncating Equation (8) after the first 50,000 terms (blue, solid) for (a) monolayer,
(b) bilayer, and (c) trilayer graphene. Here, δN ≡ θN BN/2 such that the plot axes are unitless.
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(c)
Figure 3. Entropy as a function of temperature determined from the analytical approximation for the
partition function given in Equation (12) (red, dashed) and from a numerical summation obtained
by truncating Equation (8) after the first 50,000 terms (blue, solid) for (a) monolayer, (b) bilayer, and
(c) trilayer graphene. Here, δN ≡ θN BN/2 such that the plot axes are unitless.

4. The Endoreversible Otto Cycle

The Otto cycle consists of four strokes, illustrated graphically in Figure 4 using an
entropy (S)–magnetic field (B) diagram. The first stroke (A → B) is an isentropic com-
pression in which the external field is varied from B1 to B2, while the working medium is
isolated from the thermal reservoirs. During this stroke, an amount of work, Wcomp, must
be supplied to compress the working medium. The second stroke (B→ C) is an isochoric
heating stroke in which the working medium draws an amount of heat, Qin, from the hot
reservoir while the external field is held constant. The third stroke (C→ D) is an isentropic
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expansion where the working medium is again disconnected from the thermal reservoirs
and the external field is varied from B2 back to B1. During this stroke, an amount of work,
Wexp, is extracted from the expansion of the working medium. The final stroke (D→ A) is
an isochoric cooling stroke in which the working medium expels and amount of heat, Qout
to the cold reservoir while the external field is held constant. Note that the work parameter
(B) plays the role of an inverse volume, increasing during the compression stroke (A→ B)
and decreasing during the expansion stroke (C→ D).

Figure 4. Entropy (S) versus external field (B) diagram for the Otto Cycle. Note that the system is
only in contact with the thermal reservoirs during the isochoric (vertical) strokes. Note that in the
endoreversible framework, the working medium does not fully thermalize to the temperatures Th
and Tl of the hot and cold reservoirs at points C and A, respectively. Here, Qin is the amount of
heat drawn from the hot reservoir during the heating stroke (B→ C) and Qout is the amount of heat
expelled to the cold reservoir during the cooling stroke (D→ A). Similarly, Wcomp is the amount of
work supplied to the working medium during the compression stroke (A→ B), while Wexp is the
amount of work extracted from the working medium during the expansion stroke (C→ D).

Characteristic of the framework of endoreversibility, we will assume the working
medium remains in a state of local equilibrium throughout the cycle, but, due to finite-time
thermalization strokes, never achieves global equilibrium with the reservoirs. The thermo-
dynamic equation of state for the internal energy of the working medium at each corner
of the cycle must thus be expressed in terms of the corresponding temperature, TA, TB,
TC, or TD, and the external field strength, B1 or B2. Ultimately, we want to determine ex-
pressions for the engine performance figures of merit solely in terms of the experimentally
controllable parameters, namely the temperatures of the thermal reservoirs, Tl and Th,
the magnetic field strengths B1 and B2, and the durations of the heating and cooling strokes,
τh and τl . In order to do so, we must model the thermal conduction during the isochoric
strokes and apply the constraint that the entropy remains constant during the isentropic
strokes. For this endoreversible analysis, we will follow the procedure established in
ref. [37].
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During the isentropic compression stroke (A→ B), the working medium is decoupled
from the thermal reservoirs. As such, all change in the working medium’s internal energy
can be associated with work,

Wcomp = UB(TB, B2)−UA(TA, B1). (14)

During the isochoric heating stroke (B→ C), the external field is held constant. Thus,
the difference in internal energy can be associated entirely with heat,

Qin = UC(TC, B2)−UB(TB, B2). (15)

As mentioned above, unlike in the quasistatic case, TC 6= Th since the working medium
does not fully thermalize with the hot reservoir. As the heating stroke is now carried out
in finite time, we must determine how the temperature of the working medium changes
during the duration of the stroke. The temperatures TB and TC, corresponding to the
temperature of the working medium at the beginning and ending of the heating stroke,
respectively, must satisfy the conditions,

T(0) = TB, T(τh) = TC and TB < TC ≤ Th, (16)

where τh is the duration of the heating stroke. Consistent with the assumptions of en-
doreversibility, we model thermal conduction in the working medium using Fourier’s law.
In this case, the temperature change from TB to TC can be found by applying Newton’s law
of cooling,

dT
dt

= −αh(T(t)− Th), (17)

where αh is a constant that depends on the thermal conductivity and heat capacity of the
working medium. Solving Equation (17) yields,

TC − Th = (TB − Th)e−αhτh . (18)

Just as in the compression stroke, the work extracted during the isentropic expansion
stroke (C→ D) is found from,

Wexp = UD(TD, B1)−UC(TC, B2). (19)

During the isochoric cooling stroke (D → A), the heat exchanged with the cold
reservoir is given by,

Qout = UA(TA, B1)−UD(TD, B1), (20)

where, in analogy to the heating stroke, TA and TD satisfy the conditions,

T(0) = TD and T(τl) = TA with TD > TA ≥ Tl . (21)

We again apply Fourier’s law and Newton’s law of cooling to model the temperature
change during the stroke,

dT
dt

= −αl(T(t)− Tl), (22)

which after solving yields,
TA − Tl = (TD − Tl)e−αl τl . (23)

With expressions for the work conducted and heat exchanged during each stroke of
the cycle, we can now determine the net work output per cycle,

Wnet = −(Wcomp + Wexp), (24)

where, by convention, the work completed by the system is treated as negative.
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By definition, the entropy remains constant during the isentropic strokes. We can use
this fact to obtain a relationship between the initial and final temperatures and magnetic
field strengths during the isentropic strokes. Using dS(T, B) = 0, we obtain the following
first-order differential equation,

dB
dT

= −

(
∂S
∂T

)
B(

∂S
∂B

)
T

. (25)

Taking the partial derivatives of the entropy found from Equation (13), we arrive at,

dB
dT

=
2B
N T

. (26)

Solving Equation (26) for the compression stroke we find,

TA

TB
=

(
B1

B2

)N
2

. (27)

Similarly, solving Equation (26) for the expansion stroke we have,

TC

TD
=

(
B2

B1

)N
2

. (28)

This relationship between the temperature, external field, and number of layers can
be seen graphically in Figure 5, where we have plotted curves of constant entropy as a
function of the temperature and external field for monolayer, bilayer, and trilayer graphene.
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(c)
Figure 5. Isentropic curves as a function of the temperature and external field for (a) monolayer,
(b) bilayer, and (c) trilayer systems. Darker shading indicates lower entropy. Here, we have dimen-
sionless parameters with kB = 1.

5. Results
5.1. Efficiency

We are now in a position where we can determine all of our characterizations of
engine performance in terms of experimentally controllable parameters. First, combining
Equation (1) with Equations (14), (15), (19), (27), and (28), we arrive at a simple expression
for the engine efficiency,

η = 1−
(

B1

B2

)N
2

. (29)

We note that this expression is strikingly similar to the classical expression for the Otto
efficiency, with the layer number N playing the role of the ratio of heat capacities.
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5.2. Power

Similarly, by combining Equation (2) with (14), (19), (27), and (28) we arrive at an
analytical expression for the power output,

P =
2
(

1− κ−N/2
)

Nγ(τl + τh)

[
Σ

B2κ(N − 1)Σ−2/N + Γ
(
N+2
N

)
− Λ

B2κ(N − 1)Λ−2/N + Γ
(
N+2
N

)]Γ
(
N + 2
N

) (30)

where we have defined,

Σ ≡ eαhτh(eαlτl − 1)kBTl + (eαhτh − 1)kBThκN/2

eαlτl+αhτh − 1
,

Λ ≡ (eαl τl − 1)kBTl + eαl τl (eαhτh − 1)kBThκN/2

eαlτl+αhτh − 1
.

(31)

Here we have defined κ ≡ B1/B2 as the cycle compression ratio. Note that τh and τl
are the durations of the heating and cooling strokes, respectively, while γ is a multiplicative
factor that implicitly incorporates the duration of the isentropic strokes [37]. Examining
Equation (30), we see that the power will vanish under the condition that Σ = Λ. This
occurs under three conditions. The first is that κN/2 → Tl/Th. We see from Equation (29)
that this corresponds to the limit of Carnot efficiency, under which we would expect
the power to vanish. The second and third conditions are when exp (αhτh) → 1 and
exp (αlτl) → 1, respectively. These conditions correspond to the limits of instantaneous
thermalization strokes or vanishing thermal conductivity, both of which would prevent
heat transfer and thus result in zero power. We also note that the power vanishes in the
quasistatic limit of τl + τh → ∞. From Equations (18) and (23), we see that this limit yields
T3 = Th and T1 = Tl , which in turn maximizes the efficiency. This is a demonstration of the
well-established trade-off between efficiency and power.

The efficiency and power are plotted as a function of the compression ratio, κ, in
Figure 6, for the monolayer, bilayer, and trilayer systems. We see that the monolayer system
has the lowest efficiency but highest power output, while the opposite is true for the trilayer
system. The efficiency and power of the bilayer system falls between the monolayer and
trilayer results.

0.0 0.2 0.4 0.6 0.8 1.0
κ

0.2
0.4
0.6
0.8
1.0

η

(a)

0.0 0.2 0.4 0.6 0.8 1.0
κ

0.2

0.4

0.6

0.8
P

(b)
Figure 6. (a) Efficiency and (b) power as a function of the compression ratio for monolayer (red,
solid), bilayer (blue dot-dashed), and trilayer (green, dashed) working mediums. Parameters for
figure (b) are B2 = 2, Th = 5, Tl = 1, and αl = αh = τl = τh = 1.
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5.3. Efficiency at Maximum Power

Due to the inherent trade-off between efficiency and power mentioned above, effi-
ciency alone does not provide the most practically useful metric of engine performance.
Instead, this role is played by the efficiency at maximum power. In this case, the EMP is
found by maximizing the power output with respect to the compression ratio, κ, and then
determining the efficiency corresponding to this value of κ. For a classical Otto cycle,
the EMP is given by the Curzon–Ahlborn efficiency [34,46],

ηCA = 1−

√
Tl
Th

(32)

The CA efficiency is especially notable as, like the Carnot efficiency, it depends only on
the temperatures of the reservoirs and not only the characteristics of the working medium.
However, unlike the Carnot efficiency, the CA efficiency does not provide an upper bound
on the efficiency at maximum power, and can be exceeded under certain circumstances.

Due to the complicated expression for power in Equation (30), we maximize the power
numerically. The EMP as a function of the ratio of bath temperatures is shown in Figure 7.
We see that for the monolayer case, the EMP is identical to the Curzon–Ahlborn efficiency.
This result can be confirmed analytically by taking the derivative of Equation (30) and
confirming that it vanishes for N = 1 and κ = Tl/Th.

For the bilayer and trilayer systems, however, we see that the EMP exceeds the CA
efficiency. The EMP is largest for the bilayer system, decreasing slightly in the trilayer case.
This trend continues, with the EMP of larger layer numbers converging back towards the
CA efficiency. However, it is important to note that if we increase the number of graphene
layers significantly beyond the trilayer case, the assumptions made in determining the
closed form of the partition function begin to break down.

Figure 7. Efficiency at maximum power as a function of the ratio of bath temperatures for monolayer
(red, dotted), bilayer (blue, dot-dashed), and trilayer (green, dashed) working mediums. The Carnot
(brown, upper solid) and Curzon–Ahlborn (black, lower solid) efficiencies are given for comparison.
Parameters are chosen such that the engine is operating in the quantum regime with θN B2/kBTl = 20.
Other parameters are αl = αh = τl = τh = 1.

It has been previously shown for both classical and quantum working mediums
that, within the regime of linear response, EMP is bounded by the CA efficiency [47–52].
To achieve higher EMP requires going beyond the linear regime or by breaking time-



Nanomaterials 2023, 13, 1548 12 of 16

reversal symmetry [53–61]. For a cyclic engine, the regime of linear response occurs near
the equilibrium limit Tl ≈ Th.

To probe the behavior of the EMP for a multilayer graphene working medium in and
around the linear response regime, we define Tl ≡ T and Th ≡ εT. In Figure 8, we plot the
EMP for the monolayer, bilayer, and trilayer working mediums in comparison with the
CA efficiency for ε = 1.1, 2, and 10. As expected, for the monolayer system, we see that
at all examined values of ε, the EMP is identical to the CA efficiency. For the bilayer and
trilayer working mediums, we see that at ε = 1.1, close to the equilibrium limit, the EMP is
identical to CA, consistent with the results in the works mentioned above. As we move
away from the equilibrium limit by increasing ε we see that, at low bath temperatures,
the EMP exceeds CA but that as the temperature increases, the EMP converges back to the
CA efficiency. As observed in Figure 7, in the low temperature regime, the bilayer working
medium EMP exceeds the CA efficiency by a greater amount than the trilayer working
medium. However, as temperature increases, the bilayer EMP converges to CA faster than
the trilayer EMP.

From these results, we see that two conditions must be met for the EMP to exceed CA.
First, the difference in bath temperatures must be sufficiently far from the equilibrium limit
of Tl ≈ Th. Second, the cycle must be operating in the low temperature, quantum regime,
which, for the multilayer graphene working medium, is determined by the condition
θN B2/kBTl � 1. This second condition is consistent with the results shown in ref. [37] for
harmonic working mediums.
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Figure 8. EMP (red, dashed) in comparison to the Curzon–Ahlborn efficiency (black, solid) as a
function of temperature for (a) monolayer, (b) bilayer, and (c) trilayer working mediums. The bottom
pair of lines in each plot corresponds to ε = 1.1, the middle pair to ε = 2, and the top pair to ε = 10.
Here, Tl ≡ T, Th ≡ εTl . Parameters are αl = αh = τl = τh = 1 and B2 = 2.

5.4. Engine vs. Refrigerator

For any arbitrary choice of parameters, it is not guaranteed that the Otto cycle will
function as an engine. In general, there are four possible types of thermal machines,
corresponding to all possible combinations of directions of heat and work flow consistent
with the first and second laws of thermodynamics. An engine corresponds to positive work
output, along with heat flow from the hot bath into the working medium, and from the
working medium into the cold bath. A refrigerator corresponds to negative work output,
along with heat flow from the cold bath into the working medium and from the working
medium into the hot bath. A heater corresponds to negative work output, along with heat
flow from the working medium into both baths. Finally, an accelerator corresponds to
negative work output along with heat flow from the hot bath into the working medium
and from the working medium into the cold bath.

By examining the signs of Equations (14), (15), (19), and (20) across the parameter
space, we can determine the regions where the cycle will function as each type of thermal
machine. Note, both the heater and accelerator are fundamentally nonequilibrium devices,
and thus, we would not expect to find regions of parameter space corresponding to these
devices under the assumption of endoreversible behavior.

In Figure 9, we show the regions where the cycle functions as either an engine or a
refrigerator as a function of the hot bath temperature and compression ratio. We see that
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over the same region of parameter space, the layer number has a significant impact on the
apportionment between engine and refrigerator. In the monolayer case, we see that the
majority of the examined region corresponds to the engine regime, while in the trilayer
case, the opposite is true, with a larger portion of the explored space corresponding to the
refrigerator regime. The origins of this behavior can be understood from the plot of the
power in Figure 6. As the layer number decreases, we see that the reduced power output
leads to a smaller region where the work is positive and thus a reduced engine regime.
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Figure 9. Regions of parameter space where the endoreversible cycle functions as an engine (orange,
convex) and refrigerator (blue, concave) for (a) monolayer, (b) bilayer, and (c) trilayer working
medium. Parameters are B2 = 10, αl = αh = τl = τh = 1, and Tl = 1.

6. Discussion

Experimental implementation of the multilayer graphene engine requires precise
control of the number of layers as well as a tunable magnetic field of sufficient strength
to induce Landau quantization. Fine control over multilayer structures has been demon-
strated by folding monolayer graphene nanoribbons [62] and precise multilayer thickness
measurements can be accomplished with electron spectroscopy [63]. Strong external mag-
netic fields can be generated either by direct application [64] or through strain-induced
psuedo-magnetic fields [65,66].

Graphene is also a prominent Dirac material, a class of systems whose electronic
structure gives rise to charge carriers that behave as relativistic fermions. In particular,
the energy spectrum of monolayer graphene can be mapped to that of the relativistic Dirac
oscillator [67]. We note that our results for the monolayer working medium are consistent
with previous work examining the performance of an endoreversible Otto engine with a
relativistic oscillator as the working medium [25].

7. Conclusions

We have examined the performance of an endoreversible Otto cycle with a working
medium of a multilayer graphene system. We have found that all examined performance
metrics, including the efficiency, power, EMP, and parameter regions under which the cycle
functions as an engine or refrigerator all depend significantly on the number of layers.
Most notably, we have found that the EMP for bilayer and trilayer graphene working
mediums exceeds the Curzon–Ahlborn efficiency. Conversely, we have demonstrated that
the EMP of a monolayer graphene working medium is identical to the CA efficiency. We
have also found two conditions necessary for the graphene EMP to exceed the CA efficiency,
namely the cycle must be sufficiently far from the equilibrium limit and must be operating
in the low temperature regime corresponding to θN B2/kBTl � 1. These results may be
expanded in future work by utilizing Fermi–Dirac statistics to account for the role of holes
in the thermodynamic behavior within the temperature range where the Dirac model for
graphene remains valid.



Nanomaterials 2023, 13, 1548 14 of 16

Author Contributions: N.M.M. and F.J.P. carried out the calculations and analysis detailed in the
manuscript. N.M.M. wrote the first version of the manuscript. N.M.M., F.J.P., N.C. and P.V. con-
tributed to discussions and writing the final version of the manuscript. All authors have read and
approved the final manuscript.

Funding: N.M.M. acknowledges support from AFOSR (FA2386-21-1-4081, FA9550-19-1-0272, FA9550-
23-1-0034) and ARO (W911NF2210247, W911NF2010013). F.J.P. acknowledges financial support from
ANID Fondecyt, Iniciación en Investigación 2020 grant no. 11200032, ANID Fondecyt grant no.
1210312, “Millennium Nucleus in NanoBioPhysics” project NNBP NCN2021 _021. N.C. acknowledges
support from ANID Fondecyt Iniciación en Investigación Project No. 11221088 and IAI-UTA, and the
hospitality of Ohio University. P.V. acknowledges support from ANID Fondecyt grant no. 1210312
and ANID PIA/Basal grant no. AFB 220001.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank Oscar Negrete for enlightening discussions in
the early stages of this work. It is also the authors’ pleasure to thank Andrea León and Jhon González
for informative conversations on the topic of graphene under an external magnetic field.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Deffner, S.; Campbell, S. Quantum Thermodynamics; Morgan and Claypool: Bristol, UK, 2019. [CrossRef]
2. Gemmer, J.; Michel, M.; Mahler, G. Quantum Thermodynamics: Emergence of Thermodynamic Behavior within Composite Quantum

Systems, 2nd ed.; Lecture notes in physics; Springer: Berlin/Heidelberg, Germany, 2009. [CrossRef]
3. Kosloff, R. Quantum Thermodynamics: A Dynamical Viewpoint. Entropy 2013, 15, 2100. [CrossRef]
4. Vinjanampathy, S.; Anders, J. Quantum thermodynamics. Contemp. Phys. 2016, 57, 545. [CrossRef]
5. Myers, N.M.; Abah, O.; Deffner, S. Quantum thermodynamic devices: From theoretical proposals to experimental reality.

AVS Quantum Sci. 2022, 4, 027101. [CrossRef]
6. Kosloff, R.; Levy, A. Quantum Heat Engines and Refrigerators: Continuous Devices. Annu. Rev. Phys. Chem. 2014, 65, 365.

[CrossRef] [PubMed]
7. Quan, H.T.; Liu, Y.x.; Sun, C.P.; Nori, F. Quantum thermodynamic cycles and quantum heat engines. Phys. Rev. E 2007, 76, 031105.

[CrossRef]
8. Quan, H.T. Quantum thermodynamic cycles and quantum heat engines. II. Phys. Rev. E 2009, 79, 041129. [CrossRef] [PubMed]
9. Palao, J.P.; Kosloff, R.; Gordon, J.M. Quantum thermodynamic cooling cycle. Phys. Rev. E 2001, 64, 056130. [CrossRef] [PubMed]
10. Yin, L.J.; Bai, K.K.; Wang, W.X.; Li, S.Y.; Zhang, Y.; He, L. Landau quantization of Dirac fermions in graphene and its multilayers.

Front. Phys. 2017, 12, 127208. [CrossRef]
11. Yang, G.; Li, L.; Lee, W.B.; Ng, M.C. Structure of graphene and its disorders: A review. Sci. Technol. Adv. Mate. 2018, 19, 613.

[CrossRef]
12. Choi, W.; Lahiri, I.; Seelaboyina, R.; Kang, Y.S. Synthesis of Graphene and Its Applications: A Review. Crit. Rev. Solid State

Mater. Sci. 2010, 35, 52. [CrossRef]
13. Si, C.; Sun, Z.; Liu, F. Strain engineering of graphene: A review. Nanoscale 2016, 8, 3207. [CrossRef]
14. Novoselov, K.S.; Fal’ko, V.I.; Colombo, L.; Gellert, P.R.; Schwab, M.G.; Kim, K. A roadmap for graphene. Nature 2012, 490, 192.

[CrossRef]
15. Ho, Y.H.; Wu, J.Y.; Chiu, Y.H.; Wang, J.; Lin, M.F. Electronic and optical properties of monolayer and bilayer graphene.

Philos. Trans. R. Soc. A. 2010, 368, 5445. [CrossRef] [PubMed]
16. Allen, M.J.; Tung, V.C.; Kaner, R.B. Honeycomb Carbon: A Review of Graphene. Chem. Rev. 2010, 110, 132. [CrossRef]
17. Bhaskar, S.; Visweswar Kambhampati, N.S.; Ganesh, K.M.; P, M.S.; Srinivasan, V.; Ramamurthy, S.S. Metal-Free, Graphene Oxide-

Based Tunable Soliton and Plasmon Engineering for Biosensing Applications. ACS Appl. Mater. Interfaces 2021, 13, 17046–17061.
[CrossRef]

18. Shangguan, Q.; Chen, Z.; Yang, H.; Cheng, S.; Yang, W.; Yi, Z.; Wu, X.; Wang, S.; Yi, Y.; Wu, P. Design of Ultra-Narrow Band
Graphene Refractive Index Sensor. Sensors 2022, 22, 6483. [CrossRef] [PubMed]

19. Machado, M.; Oliveira, A.M.L.; Silva, G.A.; Bitoque, D.B.; Tavares Ferreira, J.; Pinto, L.A.; Ferreira, Q. Graphene Biosensors—A
Molecular Approach. Nanomaterials 2022, 12, 1624. [CrossRef] [PubMed]

20. Shangguan, Q.; Zhao, Y.; Song, Z.; Wang, J.; Yang, H.; Chen, J.; Liu, C.; Cheng, S.; Yang, W.; Yi, Z. High sensitivity active adjustable
graphene absorber for refractive index sensing applications. Diam. Relat. Mater. 2022, 128, 109273. [CrossRef]

21. Ye, Z.; Wu, P.; Wang, H.; Jiang, S.; Huang, M.; Lei, D.; Wu, F. Multimode tunable terahertz absorber based on a quarter graphene
disk structure. Results Phys. 2023, 48, 106420. [CrossRef]

22. Cheng, Z.; Liao, J.; He, B.; Zhang, F.; Zhang, F.; Huang, X.; Zhou, L. One-Step Fabrication of Graphene Oxide Enhanced Magnetic
Composite Gel for Highly Efficient Dye Adsorption and Catalysis. ACS Sustain. Chem. Eng. 2015, 3, 1677. [CrossRef]

23. Wehling, T.; Black-Schaffer, A.; Balatsky, A. Dirac materials. Adv. Phys. 2014, 63, 1. [CrossRef]

http://doi.org/10.1088/2053-2571/ab21c6
http://dx.doi.org/10.1007/978-3-540-70510-9
http://dx.doi.org/10.3390/e15062100
http://dx.doi.org/10.1080/00107514.2016.1201896
http://dx.doi.org/10.1116/5.0083192
http://dx.doi.org/10.1146/annurev-physchem-040513-103724
http://www.ncbi.nlm.nih.gov/pubmed/24689798
http://dx.doi.org/10.1103/PhysRevE.76.031105
http://dx.doi.org/10.1103/PhysRevE.79.041129
http://www.ncbi.nlm.nih.gov/pubmed/19518195
http://dx.doi.org/10.1103/PhysRevE.64.056130
http://www.ncbi.nlm.nih.gov/pubmed/11736037
http://dx.doi.org/10.1007/s11467-017-0655-0
http://dx.doi.org/10.1080/14686996.2018.1494493
http://dx.doi.org/10.1080/10408430903505036
http://dx.doi.org/10.1039/C5NR07755A
http://dx.doi.org/10.1038/nature11458
http://dx.doi.org/10.1098/rsta.2010.0209
http://www.ncbi.nlm.nih.gov/pubmed/21041224
http://dx.doi.org/10.1021/cr900070d
http://dx.doi.org/10.1021/acsami.1c01024
http://dx.doi.org/10.3390/s22176483
http://www.ncbi.nlm.nih.gov/pubmed/36080942
http://dx.doi.org/10.3390/nano12101624
http://www.ncbi.nlm.nih.gov/pubmed/35630845
http://dx.doi.org/10.1016/j.diamond.2022.109273
http://dx.doi.org/10.1016/j.rinp.2023.106420
http://dx.doi.org/10.1021/acssuschemeng.5b00383
http://dx.doi.org/10.1080/00018732.2014.927109


Nanomaterials 2023, 13, 1548 15 of 16

24. Muñoz, E.; Peña, F.J. Quantum heat engine in the relativistic limit: The case of a Dirac particle. Phys. Rev. E 2012, 86, 061108.
[CrossRef]

25. Myers, N.M.; Abah, O.; Deffner, S. Quantum Otto engines at relativistic energies. New J. Phys. 2021, 23, 105001. [CrossRef]
26. Yuan, S.; Roldán, R.; Katsnelson, M.I. Landau level spectrum of ABA-and ABC-stacked trilayer graphene. Phys. Rev. B 2011,

84, 125455. [CrossRef]
27. Van Duppen, B.; Peeters, F. Thermodynamic properties of the electron gas in multilayer graphene in the presence of a perpendic-

ular magnetic field. Phys. Rev. B 2013, 88, 245429. [CrossRef]
28. Singh, A.; Benjamin, C. Magic angle twisted bilayer graphene as a highly efficient quantum Otto engine. Phys. Rev. B 2021,

104, 125445. [CrossRef]
29. Karbaschi, H.; Rashedi, G. Enhanced thermoelectric properties of graphene-based ferromagnetic-superconductor junctions,

Andreev reflection effect. Mater. Res. Express. 2019, 6, 065021. [CrossRef]
30. Mani, A.; Benjamin, C. Strained-graphene-based highly efficient quantum heat engine operating at maximum power. Phys. Rev. E

2017, 96, 032118. [CrossRef] [PubMed]
31. Mani, A.; Pal, S.; Benjamin, C. Designing a highly efficient graphene quantum spin heat engine. Sci. Rep. 2019, 9, 6018. [CrossRef]
32. Mani, A.; Benjamin, C. Optimal Quantum Refrigeration in Strained Graphene. J. Phys. Chem. C 2019, 123, 22858. [CrossRef]
33. Lee, J.H.; Tan, J.Y.; Toh, C.T.; Koenig, S.P.; Fedorov, V.E.; Castro Neto, A.H.; Özyilmaz, B. Nanometer Thick Elastic Graphene

Engine. Nano Lett. 2014, 14, 2677–2680. [CrossRef]
34. Curzon, F.L.; Ahlborn, B. Efficiency of a Carnot engine at maximum power output. Am. J. Phys. 1975, 43, 22. [CrossRef]
35. Rubin, M.H. Optimal configuration of a class of irreversible heat engines. I. Phys. Rev. A 1979, 19, 1272. [CrossRef]
36. Hoffmann, K.H.; Burzler, J.M.; Schubert, S. Endoreversible Thermodynamics. J. Non-Equilib. Thermodyn. 1997, 22, 311. [CrossRef]
37. Deffner, S. Efficiency of Harmonic Quantum Otto Engines at Maximal Power. Entropy 2018, 20, 875. [CrossRef]
38. Min, H.; MacDonald, A.H. Electronic Structure of Multilayer Graphene. Prog. Theor. Phys. Suppl. 2008, 176, 227. [CrossRef]
39. Geisenhof, F.R.; Winterer, F.; Wakolbinger, S.; Gokus, T.D.; Durmaz, Y.C.; Priesack, D.; Lenz, J.; Keilmann, F.; Watanabe, K.;

Taniguchi, T.; et al. Anisotropic Strain-Induced Soliton Movement Changes Stacking Order and Band Structure of Graphene
Multilayers: Implications for Charge Transport. ACS Appl. Nano Mater. 2019, 2, 6067. [CrossRef]

40. Miller, D.L.; Kubista, K.D.; Rutter, G.M.; Ruan, M.; de Heer, W.A.; First, P.N.; Stroscio, J.A. Observing the Quantization of Zero
Mass Carriers in Graphene. Science 2009, 324, 924. [CrossRef] [PubMed]

41. McCann, E.; Fal’ko, V.I. Landau-Level Degeneracy and Quantum Hall Effect in a Graphite Bilayer. Phys. Rev. Lett. 2006,
96, 086805. [CrossRef]

42. Bao, W.; Jing, L.; Velasco Jr, J.; Lee, Y.; Liu, G.; Tran, D.; Standley, B.; Aykol, M.; Cronin, S.; Smirnov, D.; et al. Stacking-dependent
band gap and quantum transport in trilayer graphene. Nat. Phys. 2011, 7, 948–952. [CrossRef]

43. Geim, A.K.; Novoselov, K.S. The rise of graphene. Nat. Mater. 2007, 6, 183–191. [CrossRef]
44. Ohta, T.; Bostwick, A.; Seyller, T.; Horn, K.; Rotenberg, E. Controlling the electronic structure of bilayer graphene. Science 2006,

313, 951–954. [CrossRef]
45. Li, H.; Utama, M.I.B.; Wang, S.; Zhao, W.; Zhao, S.; Xiao, X.; Jiang, Y.; Jiang, L.; Taniguchi, T.; Watanabe, K.; et al. Global control of

stacking-order phase transition by doping and electric field in few-layer graphene. Nano Lett. 2020, 20, 3106–3112. [CrossRef]
46. Leff, H.S. Thermal efficiency at maximum work output: New results for old heat engines. Am. J. Phys. 1987, 55, 602–610.

[CrossRef]
47. Van den Broeck, C. Thermodynamic Efficiency at Maximum Power. Phys. Rev. Lett. 2005, 95, 190602. [CrossRef] [PubMed]
48. Esposito, M.; Lindenberg, K.; Van den Broeck, C. Universality of Efficiency at Maximum Power. Phys. Rev. Lett. 2009, 102, 130602.

[CrossRef] [PubMed]
49. Izumida, Y.; Okuda, K. Onsager coefficients of a finite-time Carnot cycle. Phys. Rev. E 2009, 80, 021121. [CrossRef]
50. Benenti, G.; Casati, G.; Saito, K.; Whitney, R.S. Fundamental aspects of steady-state conversion of heat to work at the nanoscale.

Phys. Rep. 2017, 694, 1.
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