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Abstract

:

Josephson junctions (JJs) in the presence of a magnetic field exhibit qualitatively different interference patterns depending on the spatial distribution of the supercurrent through the junction. In JJs based on two-dimensional topological insulators (2DTIs), the electrons/holes forming a Cooper pair (CP) can either propagate along the same edge or be split into the two edges. The former leads to a SQUID-like interference pattern, with the superconducting flux quantum   ϕ 0   (where    ϕ 0  = h / 2 e  ) as a fundamental period. If CPs’ splitting is additionally included, the resultant periodicity doubles. Since the edge states are typically considered to be strongly localized, the critical current does not decay as a function of the magnetic field. The present paper goes beyond this approach and inspects a topological JJ in the tunneling regime featuring extended edge states. It is here considered the possibility that the two electrons of a CP propagate and explore the junction independently over length scales comparable to the superconducting coherence length. As a consequence of the spatial extension, a decaying pattern with different possible periods is obtained. In particular, it is shown that, if crossed Andreev reflections (CARs) are dominant and the edge states overlap, the resulting interference pattern features oscillations whose periodicity approaches   2  ϕ 0   .






Keywords:


edge states; Josephson junctions; topological insulators; interference pattern; 2ϕ0 periodicity












1. Introduction


Topological phases of quantum systems have been at the forefront of research in condensed matter over the last two decades [1,2]. One of these phases takes place in quantum spin Hall (QSH) insulators, which are two-dimensional topological insulators (2DTIs) hosting topologically protected and counter-propagating helical edge states on their boundary [3,4,5,6,7,8,9,10]. The interplay of superconductivity and the QSH effect has been widely studied in view of applications in spintronics and in (topological) quantum computation [11,12]. To this end, topological Josephson junctions (JJs) appear as fundamental building blocks [13,14]. In a topological JJ, two superconducting electrodes are connected through the helical edge state channels of the QSH insulator. If the junction is pierced by a magnetic flux, it realizes a superconducting quantum interference setup [11,12,15]. The interference pattern, namely the flux dependence of the critical current, characterizes JJs. Despite many theoretical studies on the interference patterns, there are still open questions, particularly when it comes to comparison with experiments [16,17,18,19].



Many established models for JJs usually assume a local transmission of the Cooper pairs (CPs), i.e., the same trajectory for both electrons [20,21]. A non-local transmission is also considered in the framework of edge transport via CPs’ splitting over opposite edges [22,23,24,25,26]; this is allowed over length scales comparable with the superconducting coherence length   ξ = ℏ  v F  / Δ  , with   v F   as the Fermi velocity and  Δ  as the superconducting gap, but usually discussed in the case of narrow edge states (see the upper panel of Figure 1). Specifically, strongly localized edge states give rise to a sinusoidal double-slit pattern, similar to a SQUID pattern, with no decay and a period    ϕ 0  = h / 2 e  . However, the presence of interference oscillations with a doubled periodicity has been theoretically predicted [24,27,28] and experimentally observed in different setups [27,29], including 2DTI-based JJs. In this case, the origin of this doubling relies on the CAR processes mentioned above: a non-local transmission of electrons (whose charge quantum is e versus the CP’s charge quantum of   2 e  ) takes place [24,28]. Depending on the amount of CPs’ splitting, the resultant pattern features either alternating lobes with different heights or a weak cosine modulation around a constant value. On top of that, further single-electron effects leading to anomalous periodicities such as back-scattering [30] or forward-scattering [31] have been assessed. Lastly, it is worth recalling that a moderate spatial extent of the edge states affects the interference pattern with an overall decay in the magnetic field [11].



Although the scenario of extended edge states might be experimentally relevant, a theoretical model is still lacking. This is addressed in this article by means of a heuristic approach. An edge state with finite spatial extension can host different trajectories for the two electrons forming the CP, provided that they are not further away from each other than  ξ , injected either into a same edge (local Andreev reflection, LAR) or into different edges (crossed Andreev reflection, CAR) (see Figure 1). The wider the edges, the more pronounced will be the consequences on the interference pattern, which is highly sensitive to the electrons’ path.



In this work, the combined effect of broadened edge channels, possibly overlapping, and the presence of CAR is explored. This introduces new options for the injection process, which are absent in the case of narrow edges and which enrich the possibilities of interference patterns. Differently from previous approaches assessing 2DTI junctions, a fast side lobe decay and different oscillation periods are obtained. Within this wide phenomenology, it is interesting to discuss whether CAR processes can bring along a doubled periodicity as in the case of localized edge states. It is found that the answer is affirmative and the regime to observe such periodicity is identified, finding that it requires a prevalence of CAR over LAR.



The main findings of this work are: the derivation of an expression that allows for the computation of supercurrents in the experimentally relevant scenario of topological Josephson junctions featuring edge states with finite spatial extent; and the introduction of a new way of taking into account the non-local character of CPs.



To simplify the problem, the following assumptions are made throughout the text: the interfaces between the superconductors and the non-superconducting region are assumed to be low transparent, leading to a sinusoidal current-phase relation; the two edge states are assumed to be symmetric in shape; and trajectories other than horizontal ones and inter-edge tunneling are neglected.



The article is structured as follows: in Section 2, the way of calculating the Josephson current through a junction is reviewed by introducing the gauge-invariant phase. Both local and non-local transfers of CPs are addressed. In Section 3, the model and approach to determine the supercurrent are introduced. Section 4 and Section 5 are devoted to the presentation of the main results and a more general discussion, respectively. Finally, in Section 6, conclusions are drawn.




2. Local and Non-Local Transport of Cooper Pairs


Let us consider a two-dimensional JJ of length L and width w as in Figure 1. The intermediate region is tunnel-coupled to two superconductors on either side and for now, it is not needed to further specify its properties. A magnetic field is applied perpendicularly to the plane,   B = B  e z   . It is here assumed that the field is screened from the superconducting electrodes, and the gauge   A = − B y  e x   , where  A  is the vector potential, is chosen.



For the evaluation of the supercurrent, it is convenient to introduce the gauge-invariant phase difference,   δ θ = δ φ − ( 2 π /  ϕ 0  ) ∫ A · d r  , with   δ φ   the superconducting phase difference [20,32]. The gauge-invariant phase picked by a CP being transmitted across the junction along a horizontal (ballistic) path y, with   − w / 2 < y < w / 2  , is then given by


  δ θ  ( y )  =  (  φ r  −  φ l  )  +   2 π ϕ   ϕ 0    y w  .  



(1)




Here,   φ  r / l    labels the right/left superconducting phase, and   ϕ = B L w  . The second term in Equation (1) stems for the Aharonov–Bohm contribution, which for a single electron reads as   δ  θ  A B    ( y )  =   π ϕ   ϕ 0    y w   .



Concerning the computation of supercurrents, a standard approach is the Dynes and Fulton description [33], which holds in the tunneling regime (low-transparency interfaces) between the superconductors and their link under the assumption of the local nature of the supercurrent, flowing perpendicularly to the superconducting contacts. This means that the supercurrent density only depends on the y coordinate while the current flows in the x direction. In this case, for the junction just introduced, the total current is given by


  I  ( ϕ ,  φ r  −  φ l  )  =  ∫  − w / 2   w / 2   d y  j  ( y )  sin   (  φ r  −  φ l  )  +   2 π ϕ   ϕ 0    y w   ,  



(2)




with   j ( y )   being the current density profile of the JJ. The total current therefore results from a weighted integration over sinusoidal current-phase-relations (stemming from the tunneling regime). Maximizing with respect to   (  φ r  −  φ l  )   and getting the absolute value, one obtains the critical current or interference pattern    I C   ( ϕ )   . This procedure recovers well-known examples of interference patterns [21]: for an uniform current distribution   j  ( y )  =  I C  / w   (  I C   being a constant), it reproduces the Fraunhofer pattern,    I C   ( ϕ )  /  I C   ( ϕ = 0 )  =  sin  ( π ϕ /  ϕ 0  )  /  ( π ϕ /  ϕ 0  )    ; if there is only edge transport, and the edge channels are assumed to be extremely narrow,   j ( y ) ∝ [ δ ( y − w / 2 ) + δ ( y + w / 2 ) ] / 2  , and one gets the SQUID pattern,    I C   ( ϕ )  /  I C   ( ϕ = 0 )  =  cos  ( π ϕ /  ϕ 0  )    .



Non-local transmission has been previously addressed in different realizations of JJs [27,34,35,36,37]. This work focuses on JJs featuring edge states, usually modeled as strongly localized. In these setups, a sample’s width w comparable with the superconducting coherence length  ξ  allows an effective splitting of the CP via CAR. In this case, the Aharonov–Bohm phases acquired by the electrons propagating on opposite edges cancel, resulting in a flux-independent process. This leads to the   2  ϕ 0   -periodic even–odd effect in SQUID-like patterns, which has been experimentally observed [12,23,38] and theoretically addressed [24,26,28] in several works. Such phenomenology is shared by helical and non-helical edge channels, though remarkable qualitative differences emerge in response to variations of the parameters [28]. Besides the even–odd effect, it has been discussed how inter-channel scattering events give rise to anomalous flux dependencies leading, for instance, to multi-periodic magnetic oscillations [30] or to a further doubling of the period up to   4  ϕ 0    [31].



In the following, it is discussed how the current can be calculated in two-dimensional systems with extended edge states. Different interference patterns that depend on the extension of the edge states and on the width of the junction are found. The finite extension of the edge states leads to a Fraunhofer-like interference pattern, with a main central lobe and decaying side lobes. In particular, it is shown that, if CARs are dominant and the edge states overlap, the resulting periodicity approaches   2  ϕ 0   .




3. Model for Extended Edge Channels


The system under consideration is a junction as the one depicted in the lower panel of Figure 1, consisting of a two-dimensional JJ where the weak link is a topological insulator sample of length L and width w. This region is tunnel-coupled to the right and left superconductors. As previously, the phase of the right/left superconductor is denoted as   φ  r / l   . Due to the proximity effect, in the superconducting parts, the edge states are gapped out. In the center region, the edge states are helical. In Figure 1, each boundary hosts two counter-propagating channels with identical profiles. For clarity, only one colored shape per boundary is shown.



Following the line of reasoning in the previous section, it is possible to write a phenomenological expression for the supercurrent that generalizes Equation (2) with two different coordinates for the two electrons:


     I ( ϕ ,  φ r  −  φ l  )     =  ∫  − w / 2   w / 2   d  y ↑   d  y ↓   j  (  y ↑  ,  y ↓  )  sin   φ r  −  φ l  +   π ϕ   ϕ 0     (  y ↑  +  y ↓  )  w            = Im   e  i (  φ r  −  φ l  )    ∫  − w / 2   w / 2   d  y ↑   d  y ↓   j  (  y ↑  ,  y ↓  )   e  i   π ϕ   ϕ 0     y ↑  w     e  i   π ϕ   ϕ 0     y ↓  w     ,     



(3)




where the fundamental ingredient is   j (  y ↑  ,  y ↓  )  , the weight function for the supercurrent, and    y ↑  ,   y ↓    label the horizontal trajectories of the two electrons of the CP, with   ↑ / ↓   denoting the spin projection. For now, neither diagonal trajectories nor any inter-edge tunneling are included. The function   j (  y ↑  ,  y ↓  )   parametrizes how each specific path contributes to the total supercurrent and encodes physical properties of the normal region, such as the supercurrent density profile, the number of transport channels, and the helical nature of the junction. If the size of the CP is comparable with the junction’s width, the CP can be split into the two edges. Since broadened edge states are considered here, it is assumed that the CP can also be split into different trajectories within the same edge. To do so, an overall constraint function to take into account the CP’s extent is included. The ansatz is hence the following


  j  (  y ↑  ,  y ↓  )  =  e   − |   y ↑  −  y ↓   | / ξ     [    s g  (  y ↑  )  g  (  y ↓  )  + s g  ( −  y ↑  )  g  ( −  y ↓  )   ︸   L A R   +    g  ( −  y ↑  )  g  (  y ↓  )   ︸   C A R   ]  ,  



(4)




where   g ( ± y )   describes the spatial extension of the upper/lower edge states, which are assumed to be symmetric around   y = 0   (see Figure 2 for a schematic view). Since j is a probability density, one can argue that    g  ( y )  ≡ |   ψ l    ( − y )  | = |   ψ u    ( y )  |   , where    ψ  u / l    ( y )    is the wavefunction of the upper/lower edge state. Our approach allows us to identify the CAR and LAR processes generalized to the case of extended edge states, as marked in Equation (4). There are two parameters to be discussed in the following: the coherence length  ξ  and the ratio of the amplitudes of LAR and CAR processes, denoted by s. Indeed, due to helicity, LAR and CAR are clearly different processes. Since spin-flips are not considered, in the LAR case, spin-up and spin-down electrons have opposite directions of propagation. By contrast, in the CAR case, they are either right-movers or left-movers [28,31].



Equations (3) and (4) show two main features: (1) the electrons can tunnel into the same edge but at different positions; (2) the electrons can tunnel into different edges acquiring Aharonov–Bohm phases that do not cancel each other out. The latter implies the unconventional possibility of flux-dependent CAR processes.



It is possible to check some limiting cases of Equations (3) and (4). Firstly, as to LAR processes, notice that they recover the Dynes and Fulton approach for   ξ ≪ w   [33]. One can rewrite    e   − |   y ↑  −  y ↓   | / ξ    =  e  −    |   y ↑  −  y ↓   |   w   w ξ     , where the first fraction takes values between 0 and 1. Then    e   − |   y ↑  −  y ↓   | / ξ     ⟶  ξ ≪ w   0  , and the current density vanishes unless    y ↑  =  y ↓  ≡ y  . In this case


  j  (  y ↑  ,  y ↓  )  = j  ( y )   ∝ |   ψ u   ( y )    |  2  +   |  ψ l   ( y )  |  2  ,  



(5)




and the supercurrent recovers the form


  I  ( ϕ ,  φ r  −  φ l  )  ∝  Im   e  i (  φ r  −  φ l  )    ∫  − w / 2   w / 2   d y    |   ψ u     ( y )  |  2  +   |  ψ l   ( y )  |  2    e  i   2 π ϕ   ϕ 0    y w     ,  



(6)




which is the Dynes and Fulton description in Equation (2). On the other hand, if   ξ ≫ w     e   − |   y ↑  −  y ↓   | / ξ     ⟶  ξ ≫ w   1   and


  j  (  y ↑  ,  y ↓  )   ∝ |   ψ u   (  y ↑  )   | |   ψ u   (  y ↓  )   | + |   ψ l   (  y ↑  )   | |   ψ l   (  y ↓  )   | .   



(7)




The integrals over   y ↑   and   y ↓   factorize


     I  ( ϕ ,  φ r  −  φ l  )  ∝  Im [  e  i (  φ r  −  φ l  )   (      ∫  − w / 2   w / 2   d  y ↑    |   ψ u   (  y ↑  )   |   e  i   π ϕ   ϕ 0     y ↑  w     ∫  − w / 2   w / 2   d  y ↓    |  ψ u   (  y ↓  )  |   e  i   π ϕ   ϕ 0     y ↓  w    +           ∫  − w / 2   w / 2   d  y ↑    |   ψ l   (  y ↑  )   |   e  i   π ϕ   ϕ 0     y ↑  w     ∫  − w / 2   w / 2   d  y ↓    |  ψ l   (  y ↓  )  |   e  i   π ϕ   ϕ 0     y ↓  w    ) ] ,     



(8)




corresponding to completely independent trajectories.



Regarding CAR, if the conduction can only happen on narrow edges (such as in the upper panel of Figure 1), then    |   ψ  u / l     ( y )  | ∝ δ  ( y ∓ w / 2 )    , which results in a flux-independent contribution to the critical current, as expected.



The dependence of s on temperature, bias, or length of the junction is not specified. Instead, it is treated as a phenomenological parameter. The next aim of this work is to identify a parameter regime in which the interference pattern is   2  ϕ 0   -periodic. Indeed, as the doubled periodicity is a widely studied signature, it is interesting to investigate new mechanisms that can give rise to it. It has been discussed that it usually emerges in the presence of Cooper pair splitting, which is a main feature of our description of broadened edge states. It is therefore expected to arise in our system. It turns out that, in our model, CAR-dominated transport is required to obtain this unusual periodicity of the maximal critical current. It will therefore be assumed that   s < 1   from now on. (Notice that one of the two CAR contributions should be proportional to   s 2  . Since   s < 1  , it will be neglected, and only the first order in s will be included.) Notably, it has been experimentally revealed in InSb JJs [23] that CAR processes are larger than expected and can even exceed LAR. Indeed, an entirely   2  ϕ 0   -periodic pattern, in combination with an enhanced conduction at both edges, was measured. Such   2  ϕ 0    periodicity can result from the flux-independent supercurrent due to CAR interfering with the standard   ϕ 0  -periodic SQUID current. However, if LAR dominates over CAR, a   ϕ 0   oscillation should be simultaneously present. Not being the case, it was concluded that the CAR amplitude was larger than the LAR one. It is interesting to identify rather general conditions under which CAR processes are more important than LAR processes, but this analysis goes beyond the scope of the present work.



So far, a formula has been constructed that generalizes the computation of a supercurrent given the current density to the case of extended edges and shown that it recovers the expected limiting cases. In the next section, it is shown that, in an appropriate parameter range and for wide edge states, our model features an interference pattern approaching a   2  ϕ 0    Fraunhofer pattern.




4. Main Results


Here the interference pattern of the JJ is analyzed, discussing the role of the edges’ profile   g ( y )   and the two parameters  ξ  and s. Given Equation (3), the pattern reads


   I C   ( ϕ )  =   ∫  − w / 2   w / 2   d  y ↑   d  y ↓   j  (  y ↑  ,  y ↓  )   e  i   π ϕ   ϕ 0     y ↑  w     e  i   π ϕ   ϕ 0     y ↓  w     ,  



(9)




with   j (  y ↑  ,  y ↓  )   from Equation (4).



Figure 3 illustrates our results. It is assumed, as in the edge profile depicted in panel (a),   ξ / w = 0.85   and   s = 0.2  . In Figure 3b, the total interference pattern is shown: it exhibits minima approaching multiples of   2  ϕ 0    and a fast decay. In panels (c)–(d), the LAR contribution and the CAR term (  s = 0  ) alone, respectively, are plotted in order to point out the essential interplay of the two processes. On the one hand, the LAR pattern qualitatively resembles a standard Fraunhofer pattern, although its minima are shifted away from   ϕ 0   multiples as a consequence of the spatial extent of the edges. On the other hand, CAR processes feature a strong decay with a mild   2  ϕ 0    modulation on top. The   2  ϕ 0    oscillatory behavior in Figure 3b results from the interaction of these two terms. The interference patterns in Figure 3 are shown for a limited number of flux quanta which, however, allow us to appreciate that the minima in   ϕ =  ϕ 0  ,  3  ϕ 0  ,  5  ϕ 0   , which would be expected for a standard Fraunhofer-like pattern, are not visible. On the contrary, those in   ϕ = 2  ϕ 0  ,  4  ϕ 0    persist. For the sake of completeness, Figure 4 shows the plot in Figure 3b for a larger interval, confirming this trend. Notice that for   ϕ = 4  ϕ 0  ,  6  ϕ 0    and also   ϕ = 8  ϕ 0   , the interference pattern does not completely vanish but presents very low peaks. These are reminiscent of the peak structure of the LAR contribution in Figure 3c, which is dominant over the CAR one for large values of  ϕ  due to its slower decay.



In the next section, the robustness of the effect is discussed by providing plots of the interference pattern for different values of the parameters. From such analysis, the optimal parameter range for the doubled minima periodicity is inferred. It is summarized as follows. A high coherence length  ξ  (  ξ ≳ w  ) is necessary because short values of   ξ / w   suppress the occurrence of CARs. This first requirement depends on the choice of the superconductors and on the sample width, and it is not hard to fulfill. The ratio s has to be low (at least   s < 1 / 2  ), which means that CARs are dominant over LARs. A significant overlap of the edge states is needed. Indeed, it can be shown that, if the edge states do not overlap, the full interference pattern starts to exhibit the features expected for perfectly localized edges: it approaches a SQUID-like pattern with the additional even–odd effect, which is overall   2  ϕ 0   -periodic but not decaying.




5. General Discussion


A more general discussion is provided here, commenting on the interference pattern obtained for a wider range of parameters. This allows us to substantiate the optimal ranges stated in the main text.



In Figure 5, two different shapes for the edge states are taken into consideration and plotted in the first column (the upper edge in pink, the lower one in green). They are both peaked at the opposite ends of the junction, around   y = ± w / 2  , but feature a decreasing overlap from the top row to the bottom row. In the second column, the full interference pattern arising from both LAR and CAR is plotted. Each colored line corresponds to a different combination of   ξ / w   and s, given the edge profile.



The functional forms used for the edge shape are the following. (Fine details about the functional form describing the edge profile are not crucial.)



Panel (a) in Figure 5:


  g  ( − y )  =   0.05     | y / w + 0.4 |  2  + 0.05   θ  ( − y / w + 0.5 )  θ  ( y / w + 0.5 )  .  



(10)




Panel (c) in Figure 5:


  g  ( − y )  =  e  −   ( y / w − 0.45 )  2  /  ( 2 * 0 .  2 2  )    θ  ( − y / w + 0.5 )  θ  ( y / w + 0.5 )  .  



(11)




The upper edge (pink in Figure 1 and Figure 2) is simply given by   g ( y )  .



Let us start from the first row, where the same edge shape as in the main text is considered. In panel (b), the orange curve is the one presented in Section 4, with a high coherence length (  ξ / w = 0.85  ) and the prominent presence of CAR (  s = 0.2  ). It is used here as a reference plot.



The black curve shows the opposite regime, where CAR is almost missing (  s = 0.7  ). Due to   ξ / w ≪ 1  , one falls back into the Dynes and Fulton description, with the interference pattern approaching the one of a supercurrent density   g   ( y )  2  + g   ( − y )  2   . This tends to give rise to a standard Fraunhofer-like pattern, with more minima. If s is decreased, LAR is also suppressed, and the entire pattern is lowered.



Increasing the coherence length, the possibility of a nonlocal propagation of the two electrons is enhanced, but it is not sufficient to get a clearly visible   2  ϕ 0    periodicity. A LAR-dominated scenario (a weak suppression   s ∼ 1  ), despite high coherence lengths, still leads to Fraunhofer-like behavior with more minima and a slower decay (light blue curve, with   ξ / w = 0.85   and   s = 0.7  ). This pinpoints the additional demand for a prominent presence of CAR (small s, at least   s < 1 / 2  ).



The second row allows us to discuss the importance of the overlap of edge states, which is quite small in panel (c). Tuning the parameters as in the black and light blue curves gives a result similar to panel (b). This is expected to be the case, since it has already been commented they are not in the appropriate parameter regime to appreciate the non-local transport significantly. Hence, a more or less pronounced overlap becomes irrelevant. However, using the optimal parameters (orange curve, with   ξ / w = 0.85   and   s = 0.2  ), the periodicity just starts to approach   2  ϕ 0   , but the minima are shallow. This shows the need for highly extended states to see the   2  ϕ 0    periodicity.




6. Conclusions


In this work, a way of computing the supercurrent across a helical Josephson junction that generalizes the previous theoretical approaches by assuming spatially extended edge states has been provided. Strongly localized edge states give rise to a pattern with no decay and a period   ϕ 0   or   2  ϕ 0    if Cooper pair splitting over the edges is allowed. Including a finite extent of the edge states in the model gives rise to wider possibilities. A heuristic expression that allows for a simple and intuitive calculation of the Josephson current as a function of the magnetic flux through the junction has been presented. Such expression comes from the generalization to two coordinates of the Dynes and Fulton one, which assumes the electrons within a CP follow the same path. Indeed, it has been argued how, as a consequence of their spatial extension, the edge states can host different trajectories for the two electrons. Some limiting cases have been discussed, showing that the new approach correctly captures the already studied regimes.



The Dynes and Fulton hypothesis of sinusoidal current–phase relation, which holds in the tunneling regime between the superconductors and their link, is maintained by the new approach. A further assumption is that the two edge states have a symmetric profile. On the other hand, the specific functional form describing the edge profile is not crucial. The role played by LAR and CAR processes in determining the interference pattern has been analyzed, together with the importance of the edge states’ broadening and of the superconducting coherence length, which represents the size of the Cooper pair. The periodicity of the resultant pattern may vary from   ϕ 0   to   2  ϕ 0   , depending on the dominating process. In particular, the cause for the doubled periodicity has been identified with the non-local transport arrangement. In our case, such non-locality is allowed by the extent of the edges. More specifically, the predicted effects are relevant when the two electrons within a pair can separately explore the two edges and the latter are widely broadened through the junction.



This proposal can help in developing a more realistic description of experimentally realized systems and opens up further generalizations and refinements, such as a justification at a microscopic level of the phenomenological parameters involved.
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The following abbreviations are used in this manuscript:



	JJ
	Josephson junction



	2DTI
	two-dimensional topological insulator



	CP
	Cooper pair



	SQUID
	superconducting quantum interference device



	CAR
	crossed Andreev reflection



	QSH
	quantum spin Hall



	LAR
	local Andreev reflection
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Figure 1. Panel (a) shows a two-dimensional topological insulator (2DTI) of length L and width w laterally tunnel-coupled to two superconducting electrodes (in grey). Then, a magnetic field B is applied perpendicularly to the junction. The pink and green line represent the edge states on the boundaries of the 2DTI which are not proximitized. Each boundary hosts two counter-propagating channels with identical profiles. For clarity, only one colored shape per boundary is shown. The electrons forming a Cooper pair (CP) can be injected into a same edge via a local Andreev reflection (LAR) or into opposite edges via a crossed Andreev reflection (CAR). The CP splitting of the latter is allowed only if the superconducting coherence length  ξ , which is effectively the size of the CP, is larger or comparable with the width w. Panel (b) shows the same sample for the case of extended edge states, which allows different trajectories for electrons injected in LAR and a wider range of possibilities for CAR. For clarity, both panels show LAR processes involving only the upper edge. 
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Figure 2. The colored broadened shapes represent the edges’ profiles:   g ( y )   for the upper edge (pink) and   g ( − y )   for the lower edge (green). They are therefore symmetric around   y = 0   and overlap to some extent. 
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Figure 3. Resultant interference pattern    I C   ( ϕ )    (panel (b)) and the separated contributions of LARs (panel (c)) and CARs (panel (d)) for the edge profile in panel (a),   ξ / w = 0.85   and   s = 0.2  . 
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Figure 4. Resultant interference pattern    I C   ( ϕ )    in Figure 3b for a larger interval of flux quanta. 
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Figure 5. Flux-dependence of the critical supercurrent considering different values of coherence length, a more or less prevalent role played by LARs and CARs (represented by the parameter s), and different profiles for the edge states. In each row, the first panel (a,c) shows profile   g ( y )   and the symmetric   g ( − y )  . In the second column (panels (b,d)), the full interference pattern, arising from both LARs and CARs, is plotted. Different colors are associated with different values of  ξ  and s; see the plot legend. 






Figure 5. Flux-dependence of the critical supercurrent considering different values of coherence length, a more or less prevalent role played by LARs and CARs (represented by the parameter s), and different profiles for the edge states. In each row, the first panel (a,c) shows profile   g ( y )   and the symmetric   g ( − y )  . In the second column (panels (b,d)), the full interference pattern, arising from both LARs and CARs, is plotted. Different colors are associated with different values of  ξ  and s; see the plot legend.



[image: Nanomaterials 13 00569 g005]













	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2023 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file4.png





nav.xhtml


  nanomaterials-13-00569


  
    		
      nanomaterials-13-00569
    


  




  





media/file2.png





media/file5.jpg
©

St Koyi+ 03) e+ 05)

B 1T s
) o

om0

oo

Tooe

%o

T
R R S T g L
oo @ sl
§0) — Ew-085, 5020






media/file3.jpg





media/file1.jpg





media/file7.jpg
0.020

0.015

0.010

1. [au.]

0.005

0.000

10





media/file10.png
0.8
5 0.6
8
> 04
0
02
007" 04 —02 00 02 04
(@) ylwl
020
0.15-
3 —~
: =]
s S 010
e <
0.05-
:\ L | L L " | i L L \‘* n n I L w: :
=4 02 o0 02 04 ‘(’1'000
(©) y[wl @ $1d0]

Panel (a) Panel (c)
— 8= [r0e o OCYIW +0.5) 8(y/w +05) g (—y)=e~0m-0452/(202) gy + 0.5) B(y/w + 0.5) — g(y)

&/w=0.85, 5=0.20 — &/w=0.85, s=0.70 — ¢&/w=0.10, s=0.70






media/file9.jpg
04 02 00 02 04 000 5 3 >
© »iw @ -

T PP T

) ot 4 G 05T 03) = )
P

— w=035,






media/file0.png





media/file8.png
0.020,

0.015

I. [a.u.]

0.005

0.000

0.010-

°4






media/file6.png
g(y) [a.u.]

0.14
012
0.10

5 008

= i

~ 0.06

~ i
0.04
0.02

000

~04

~02

00 02
yiwl

04
(b)

000 @ =
0

dlhol

I 2\ I I I I

éldol

(d

s 000, . LT

1 2 3
oldol

— g-y)=

ly/w + 0 4 |2+0 05

0(—y/w + 0.5) 6(y/w + 0.5)

g(y) — &/w=0.85,5=0.20






