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Abstract: We report photon—phonon atomic coherence (cascade- and nested-dressing) interaction
from the various phase transitions of Eu3*: BiPOy crystal. Such atomic coherence spectral interaction
evolves from out-of-phase fluorescence to in-phase spontaneous four-wave mixing (SFWM) by
changing the time gate. The dressing dip switch and three dressing dips of SFWM result from the
strong photon—-phonon destructive cross- and self-interaction for the hexagonal phase, respectively.
More phonon dressing results in the destructive interaction, while less phonon dressing results
in the constructive interaction of the atomic coherences. The experimental measurements of the
photon—phonon interaction agree with the theoretical simulations. Based on our results, we proposed
a model for an optical transistor (as an amplifier and switch).

Keywords: atomic coherence; spectral interaction; phonon/photon dressing; spontaneous four-wave
mixing

1. Introduction

In the past years, it was desirable to couple a single atomic-like spin to a superconduct-
ing qubit, where a nanomechanical resonator is coupled to a two-level system to induce
strong phonon—-phonon interactions [1,2]. However, the entanglement generated is affected
by different systems in a traditional method that often needs a strong spin—phonon interac-
tion to exceed the decay of the phonons [3,4]. Phonon dispersion relation and lattice-spin
coupling of Eu* have been reported [5,6]. A thermal phonon at elevated temperatures,
lattice vibration structural transition, and thermal expansion behavior in LaPOy4: Eu have
also been studied [7].

Recently, the photon—phonon dressing coupling in Eu®* ions doped BiPOj has been
studied [8,9], as Eu®* /Pr®" ions are very sensitive to the site symmetry and its surrounding
crystal field of the host material compared to other crystal ions [10-12]. Therefore, it can
be achievable to obtain such a potential application in BiPOy crystal. The crystal structure
of BiPO4 has two polymorphic forms, monoclinic (M) and hexagonal (H) phases. The
difference in the symmetry of the lattice structure results in different interactions [13,14].
The H phase of crystal is more structurally asymmetric than the M phase in Eu®* because of
a more atomic-like system. Bismuth phosphate (BiPOy) has drawn significant attention as a
host medium for doping lanthanide ions due to its comparable ionic radius of Bi®*(1.11 A)
with that of lanthanide ions [15-17].
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The Eu®*:BiPOy is one of the most promising atomic-like mediums known for its long
coherence time (ms) [8] due to photon—phonon coupling in doubly dressed states with
potential applications in quantum memory [18-20].

Interactions of doubly dressed states and the corresponding properties of atomic
systems have attracted considerable attention in recent decades. In this regard, two kinds
of doubly dressed processes (in cascade- and nested-parallel schemes) were reported in an
open five-level atomic system [21,22]. Nie et al. theoretically investigated the similarities
and differences between different kinds of single dressing schemes for six-wave mixing to
examine the interaction between multi-wave mixing in a five-level atomic system [23].

Next, we will consider such multi-nonlinear signals” interaction with the coupling of a
lattice vibration phonon and photon dressing.

In this paper, we investigated two multi-dressing cross-interactions obtained from the
various phase transitions of Eu*:BiPO, crystal by changing the time gates. The spectral
cross-interaction evolves from out-of-phase FL, to hybrid (FL+SFWM), and to in-phase
SFWM (anti-Stokes signal). Moreover, we demonstrate that the FL and SFWM destructive
interaction results from more phonon dressing, and such dressing is achieved with a
multiparameter temperature (300 K), H phase, and broadband excitation.

2. Experimental Scheme

The ion PO,3~: [Bi**+Eu3*] has five molar ratios (7:1, 20:1, 6:1, 1:1, 0.5:1) for the
Eu®*:BiPO, sample with different lattice vibration structures. In our experiment (Figure 1a),
we used five BiPO4 samples with different combinations and concentrations of a pure H
phase and low-temperature monoclinic phase (LTMP), where the H phase refers to C,, and
LTMP refers to the C; site symmetry, respectively. The sample (7:1) corresponds to the
pure M phase, (20:1) corresponds to the mixed [more M (75%) + less H (25%)] phase, (6:1)
corresponds to the mixed [half H (50%) + half M (50%)] phase, (1:1) corresponds to the
mixed [less H (25%) + more M (75%)] phase, and (0.5:1) corresponds to the pure H phase.
The concentration of the Eu* ions is 5% consistent across all five samples with different
phase transitions. Figure 1c shows the fine structure energy levels of the Eu3*:BiPOy crystals.
The Eu’*:BiPO, has the ground state 7F; and excited state °Dy (mj = 0). The ground state
F; can split into mj = —1 (587.3 nm), mj = 0 (592.3 nm), and mj = +1 (597.3 nm) under the
crystal field effect of the BiPOy crystal and dressing effect.

To implement the experiment, Eu3+:BiPO4 samples were held in a cryostat (CFM-102).
The temperature was controlled through liquid nitrogen from 300 K (large phonon Rabi
frequency GZZ- with more thermal phonons) to 77 K, where G;- = —pEpi/ T is the Rabi
frequency of the phonon field (I =1, 2; T= (T1, T2) = (300 K, 77 K)). The yy; is the dipole
moment between |k) and |1) of the crystal field splitting in the 7F; state (Figure 1b), E,; is
the phonon field, where such phonon builds atomic coherence for the crystal field splitting
in 7F. ‘

In the experiment, the G;i and phase transition detuning A]pi are controlled by the
temperature and different samples, respectively. The frequency detuning of the phonon
field is A;i =0y — w;i(j =a (7:1), b (20:1), c (6:1), d (1:1), and e (0.5:1) sample), as shown in

Figure 1b, where (), is the frequency between |k) and |1). The w;i is the phonon frequency
of the phonon field, which is determined by the vibration frequency of the crystal lattice
state mode. The different frequencies of the phase transitions (wgi < w;i, A%i > A;i)
can couple to the different lattice vibrations for Eu**:BiPOy, resulting in different phonon
dressing (|G, [*/iA}; < |G [2/iAs).

Figure 1a shows the schematic diagram of the experimental setup. Here, we used two
tunable dye lasers (narrow scan with a 0.04 cm ! linewidth) pumped by an injection-locked
single-mode Nd3*: YAG laser (Continuum Powerlite DLS 9010, 10 Hz repetition rate, 5 ns
pulse width) to generate the pumping fields, broadband E; (w1, A1) and narrowband E;
(w2, Ay). The broadband excitation E; couples to more crystal field splitting levels °Dy
and F; (Figure 1b), resulting in more lattice vibration (phonon dressing). However, the
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narrowband excitation E; couples to fewer splitting levels, resulting in less lattice vibration.
The frequency detuning here is A; = (), — w;, where (), is the frequency between the
crystal field splitting levels °Dy and 7Fy, and wj is the optical frequency. The Rabi frequency
of the optical field is defined as G; = —pu, E;/h, where yy, is the dipole moment of the
crystal field splitting with the different states °Dy and “F; excited by the E; between the
levels |m) and |n), as shown in Figure 1b. Such a photon builds the atomic coherence
of the crystal field splitting with the different states (°Dy and ”F;). The pulse generated
from the Nd**: YAG laser is used to simultaneously trigger a boxcar-gated integrator and
oscilloscope. The input laser beams are along the [010] axis of the BiPOy crystal, which is
perpendicular to the optical axis. The spectral optical outputs are obtained by scanning the
laser frequency. The grating motor of the two dye lasers is scanned by a computer to form
the x-axis, and the intensity of the excitation spectrum is the average of ten shots from the
gated integrator (Figure 1a) appearing on the y-axis.
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Figure 1. (a) Experimental setup, (b) Shows photon and phonon four-dressing energy level. (¢) Shows
energy levels of Eu®*:BiPOy for transition “F;—5Dy. (d) The schematic diagram of proposed optical
transistor as an amplifier and switch.

The optical signal generated from the Eu**:BiPOy crystal is detected via confocal lenses
and photomultiplier tubes (PMTs). In our experimental setup, PMT1 is precisely placed to
detect the narrowband FL and spontaneous four-wave mixing (SFWM) signal, whereas
PMT?2 is placed to detect the broadband FL and SFWM signal. Such a detector placement
is based on the different distances from the detector to the sample (Figure 1a). Hence, the
PMT affects the ratio of out-of-phase FL and in-phase SFWM. The out-of-phase FL1 signal
and FL2 signals are generated through the excitation of the E; and E; lasers, respectively.
The in-phase Eg; signal is generated by a combination of the E; and reflection E} under the
phase-matched condition (k1 + kj = ks + kas). At the same time, the spectral signals from
the different energy levels with different lifetimes can be obtained through boxcar-gated
integrators which can be controlled from the time gate. The time gate can control the ratio
of out-of-phase FL and Eg/as.

Therefore, the photon-phonon atomic coherence interaction can be controlled by chang-
ing the time gate, broadband /narrowband excitation, and thermal/phase transition phonon.

2.1. Theoretical Model
2.1.1. Photon-Photon Atomic Coherence Cross-Interaction

The single laser or two lasers excitation shows photon dressing. Different lattice
vibrations produced different frequency phonons. Such different frequency phonons can
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match to different crystal field splitting levels °D; —”Fy, >Dy—"F;, and ®Dy—’F; in the ion
Eu®*, so more phonon results in effective dressing. The three sharp dips are hard to be
explained only by photon field dressing. Therefore, the phonon can be used to explain the
three sharp dips. The cross-interactions, which evolve from FL to hybrid (coexistence of
second order FL. and SFWM), to SFWM are below

0 + 0@ P = 0P 12 + 10317 + 21021013 | cos(6¢) (1)
‘PA51 +PA52‘2 |IOA51|2 + |PAS2|2 + 2|PA51||PA52| COS(QAS) (2

o = lo) + 2 +65 + 053 Q
When the laser fields Eq and E; are applied, the density matrix elements of out-of-phase

FL for the [H+M]-phase Eu®*:BiPOy via perturbation chain pgg) Lt p%) (B pg) and p(()g) &

p%) (Ey)° pg) can be written as pl(_-zl) = —|G1|?/((T1o +iA + |Ga|?/ (Top +i(A1 — A2)))T2),

(3)

PR = ~IGi/ (T + it + G2/ (Tt — (&1 = 82)))T), where o] = Iple",

p(F2 | ,OF2 |6192 Or = 61 — 6,. In the A-type three-level system, the third-order density ma-
El

trix elements p(A; via pgl) —]> pgl) 5» P:(zz) - Péo)( Ag) can be written as

Pfg = —iGsG1G /(T + iAl)(T22 + 1A + |Go?/ (Tao + iAy — iDy))(Too + iy + iA])),

3 3 1
where 954%1 = |pM1|ele/*51 PAsz = |p( ) \e’eASZ, 0as = 0as1 — 0as2. The Ty = (T; +T;)/2

is the transverse decay rate, where I’; /i = Tpop + Tion—spin + Lion—ion + L'pnonon + Ldressing-
T phonon 18 more related to the broadband excitation.

In physics, the pl(rzl) generated from the field Eq contains external field dressing |G |?,

and Pl(-"z) from the f1e1d Ez contains external field dressing |G1|?, as shown in Figure 2.

Therefore, the |p T p > |2 shows the photon2 and photon1 dressing cross-interaction of
the FL signal [16] at the profile E1/E; resonance, as shown in Figure 3. In Equations (2)

and (3), the |PE¢13§1 + pfgﬂz and pl(;zl) + Pg + 9543;1 + pA52|2 are similar to the |pF1 + p |2

with two single external dressings. Therefore, the | oA 51 + p A 5 |2 (Figures 4-7) and | |?
(Figure 7) show the cross-interaction of the SFWM and hybrid signals, respectively.

o Intensity(arb. units)
Phase(arb. units)

-10 0 A (THz) 10

Figure 2. (al) The total signal intensity of |pl_-21 |2+ |p}_-2 |2 (hot curve), (a2) the interaction item
2|p1(:21)||p1(r22>|cos( ) versus A (purple curve), (a3) \psum|2 (green curve), (ad) \ppl |> (blue curve),
(a5)|p§32)\2 (black curve). Figure 2b: The parameters are G; = 2.3 THz, G, = 6.1 THz. (b1) 6r
(hot curve), (b2) 6; (black curve), (b3) 0, (blue curve) versus A. Evolution of 8¢, the constructive and
the destructive interaction versus A. Figure 2b: The destructive or constructive interaction is studied
in this system [23].
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Figure 3. (a,c) show self- and cross- interaction of FL observed from Eu3* doped BiPO, [molar
ratio (6:1)] at different E; wavelengths (567.4 nm, 584.4 nm, 587.4 nm, 589.4 nm, 612.4 nm) and E;
scanned from 567.4 nm to 607.4 nm at PMT1 (far detector position) and PMT2 (near detector position),
respectively. (b,d) show self- and cross- interaction of FL at different E; wavelengths (567.4 nm,
587.4 nm, 588 nm, 588.4 nm, 602.4 nm) and Ej scanned from 567.4 nm to 612.4 nm. (e—h) show
spectral signal intensity for (1:1) sample, which is same condition as (a—d). The time gate =1 ps.
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Figure 4. (al-a5b1-b5) show SFWM cross-interaction observed from Eu** doped BiPO, [molar
ratio (7:1)] at different narrowband laser E; (567.4 nm, 587.4 nm, 588 nm, 588.4 nm, 602.4 nm) while
broadband laser Ej is scanned from 572.4 nm to 612.4 nm at different broadband laser E; wavelengths
(567.4 nm, 584.4 nm, 587.4 nm, 596.4 nm, 612.4 nm) and narrowband laser E, is scanned from 567.4 nm
to 607.4 nm at 300 K, respectively, at PMT1. The time gates are 5 us and 20 ps, respectively, gate width
=400 ns. (c¢,d) show SFWM cross-interaction for the (20:1) sample at the time gate = 10 ps and 20 us,
respectively. The other experimental condition is the same as (a,b), respectively, at PMT1.
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Figure 5. (a,c) show SFWM cross- interaction observed from Eu?* doped in molar ratio (6:1) BiPOy at
different E; wavelengths (567.4 nm, 584.4 nm, 588.4 nm, 596.4 nm, 612.4 nm) and E; scanned from
567.4 nm to 607.4 nm at PMT1 and PMT?2 at 300 K, respectively. (b,d) show SFWM cross- interaction
at different E, wavelengths (567.4 nm, 587.4 nm, 588 nm, 588.4 nm, 602.4 nm) and E; scanned from
567.4 nm to 612.4 nm at PMT1 and PMT?2 in 300 K, respectively. (e,f) show SFWM cross-interaction
at 77 K. The other experimental conditions are the same as (a,c), respectively. Time gate = 500 ps.
(g1-g5) show the simulation result corresponding to (b1-b5). (h1-h5) show the simulation result
corresponding to Figure 3(gl-g5) and Figure 7(el—-e5).
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== (bs) = (ds) (d4) (ds)
= 2 o (d1)
2| (b (b3) =
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Figure 6. (a,b) show FL cross-interaction observed from the output signals of Eu®* doped in molar
ratio (0.5:1) BiPOy at different E; wavelengths (567.4 nm, 587.4 nm, 588 nm, 588.4 nm, 602.4 nm) and
Eq scanned from 572.4 nm to 612.4 nm at 300 K, at PMT1 and PMT2, respectively. The time gate is
10 ps. (c,d) show SFWM cross-interaction at 77 K at the time gate = 800 us, respectively. The other
experimental condition is the same as (a,b).
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Figure 7. (a,b) show FL cross-interaction observed from Eu?t doped in molar ratio (0.5:1) BiPOy at
different E; wavelengths (577.4 nm, 584.4 nm, 587.7 nm, 592.4 nm, 612.4 nm) and E; scanned from
567.4 nm to 607.4 nm at PMT1 and PMT?2, respectively, at the near time gate (1 us). (¢,d) show hybrid
cross-interaction at the middle time gates (100 us). (e,f) show SFWM cross-interaction at the far time

gate (500 ps). The other experimental condition is the same as (a,b), respectively.

2.1.2. Photon-Phonon Atomic Coherence Self-Interaction

The self-term |p o ]2 (or |p | ) is taken from in Equation (1) with the external dress-
ing. The phononl dressing |G, 1| and internal dressing |Gy |? (or |G1|?) are included in

= | — |Ga|*/((Tp + iAy + d1)Tog|> with the broadband E; dress-
|G1|?/((T12 + iAy + d2)Ta2|? with the broadband E; generation),
)+ |G1|2 /(Ta1 +iAy — i) (or dy= |G ’2 (rlo +iA+

|2 with two cascade dressings is

the self-term |p” @) |
ing (or |P“p1 ?=-
where d;= |G |2/ (T19+iNy — lA]

IA]pl) +Ga|?/ (T2 + ity —
expanded as follows

iA;)). For example, the |p”

' 4 1
o F2|2 |PF2 +P()ﬂLP F2|2 (4)

The |p” |2 and |p” |2 contain |p” |2 |2 + 2|p” F1 ||p” > | cos(¢) in Equation (4) and
|p” |2 + 2|p” F1 | |p” > | cos(¢’), which show the out-of-phase FL2 and FL1 self-interaction
of the two lasers, respectively. However, when the external field dressing is neglected at
off-resonance, the Equation (4) becomes one laser self-interaction of FL.

The photon1 excites atomic coherence (I'j; and pip) between 1) and 12) couples to

the phonon1 atomic coherence by a common level |1) (Figure 1b) in |p” 5:22) 2. The photon2
excites atomic coherence (I'yg and pyg) between 10) and 12). By using Taylor expansion
for cascade dressing, the dressing (atomic coherence) coupling effect is transferred into the
nonlinear generating process in Equation (4). Thus, we obtain the generating Hamiltonian

= iﬁKpaclzxzzxp + H.c. for sixth-order nonlinearity, where xp = —iwpx(6) EpE{EyEp /2.
The wr is the central frequency of FL.

Next, the difference from the self-term | pféz ? (or |p54321 ?) in Equation (2), the internal
11(3)

dressing |G |? (or | G1]?) and two phonon dressings (\G |> and |G »|?) areincluded in p/yq)

111(3) m3) m3) flG51G1G/1/((F21 + 1A1)d2d3)),

(orpyqy ) Where p o’ = —iGsyG2Ga/dy (or p 51 =
do = (1"20 + iAy + dy + |G1| /(F21 '1A2 — iAl))(rzz + iAz)(rzo + ZiAz),
di = |Gy)?/(Tao + 1A1+|G 12/ (To1 + i — iA;1+|GZ2‘2/(1‘31 +iA — iA;ﬂ + Afpz)),

dy = 1"20+1A1+1A1, dy = T'pp + i +dy+dg, dy = |G2\2/(on+iA1+iA2+d5),
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ds= |G |2 (1"01+iA1+iA2—iA71+|G ‘2 (F31+iA1+iA2—iA;1+A;2), d¢ = |G1|2/

(3 |2

(Tp0 +2iAq). The |p ASl with the four cascade-nested dressing is expanded as follows

3 5 5 7 9
o %1 > = |P(A;1 + Pfqg;l + Plgagl + Pfqgl + Pfqgl ? ©)

nwmprmmsw@ﬂm%ﬂZ and |/}, 2 contain [o/yes |2 + 2|0'ses |p/res) | cos(0/42)
//// 3)

in Equation (5) and \p;'"él 242|046 | |p:g/;(23) | cos(0'}¢), which show anti-Stokes2 and anti-

Stokes1 self-interaction of the two lasers, respectively. When the external dressing is

neglected at off-resonance, Equation (5) becomes one laser self-interaction of anti-Stokes.
The phononl excites atomic coherence (I'yg and pyg) between 10) and 11). The

phonon2 excites atomic coherence (I's; and p3;) between |1) and |3) (Figure 1b). In

the four nested-cascade dressing of p:g/;(;)’ the atomic coherence from the nested coupling

among the photonl, phononl, and phonon2, couples with the atomic coherence of the
photon2 (Figure 1b) in a cascaded manner. Similar to Equation (4), the dressing coupling
effect is transferred into the nonlinear generating process in Equation (5). Thus, we also
obtain the generating Hamiltonian which can be written as Hy = ifik 45 a{zx;zx;lzx;z + H.c.

for ninth-order nonlinearity, where kg = —i(DAS)(’(g) EasEsE{EyEp1Ep /2. The @45 is the
central frequency of anti-Stokes.

2.1.3. Simulation of Nonlinear Signals Dressing Interaction

Flgure 2a shows the FL1 and FL2 self-terms | OF |2 + |pF22 |, the cross-term
2|p | |p Py | cos(fr) in the cross-interaction of the two lasers |p§u211 |? at A1 Ay /2 versus the

detuning difference A = A; — A, from Equation (1), respectively. |p F1 \2 and |p1(:22) | have the
maximal values at A = +4.1 THz and A = £3.6 THz, respectively. Hence, there exist two

peaks at around A = £10 THz in the hot curve that represents the cross-interaction |p§§2n 2.

The purple curve shows the cross-term 2|p§21) | |p;22) | cos(6F). Here, the value below or above
zero suggests destructive or constructive interference, respectively. In fact, the variations
of the phase difference between the second-order FL1 and FL2 change the constructive

2
interaction into destructive interaction, and vice versa. Furthermore, by p Pl |p )|e’91

and p = |2 ez, we obtain [ + pP 2 — [pZ 2 — o212 = 2/0 |o) | cos(6) from
Equation (1). Figure 2b shows the phases 61, 67, and the phase difference 0 versus A as
given in Table 1. As the 61 and 6, are changed, the 6 alternates between —0.77r and 0.77r.
The interaction switches from constructive ([—0.77r, 0.57)), destructive ([0.57r, 0.77)), con-
structive ([—0.577,0.577)), and destructive ([—0.77t, —0.577)) and constructive ([—0.577,0.777))
as given in Table 2. Our simulation (Figure 2) is obtained by scanning A = A, — A; [23],
and our experimental result (Figures 3-7) is gained by scanning the dressing field A;. For
simplicity, we only considered the external dressing in simulation Equation (1). Further-
more, Equations (1)—(3) reveal the cross-interaction of the two lasers. If the internal dressing
and phonon dressing are considered, the cross-interaction becomes complicated.

Table 1. Experimental parameters, Variables in the equations and Corresponding definition.

Experimental Parameters Variables Corresponding Definition
Time gate Pl(:Z) / Pfg FL/SFWM density matrix
Temperature G;/ G;i Photon Rabi frequency /phonon Rabi frequency
Sample AN Photon frequency detunipg /phonon frequency
Band excitation R detuning

PMT Or; FL phase
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Table 2. Evolution of 8, the constructive and the destructive interference versus A.
A=A -7y [—10, —1.1) [-1.1,-0.2) [—02,0.2) 0.2,1.1) [1.1, 10]
0p =061 — 6, [-0.77,0.57) [0.577,0.77) [—0.57,0.57) [-0.77t, —0.57) [-0.57,0.77]
interaction constructive destructive constructive destructive constructive

2.2. Experiments

The photon excitation atomic coherence between the different states (°Dy and “F;) can
be coupled to the phonon excitation atomic coherence in the same state (“F;). Unlike the
photon atomic coherence of the crystal field splitting with the different states, the phonon
atomic coherence of the crystal field splitting in the same state is difficult to optically excite.

Moreover, the phonon dressing can control the destructive and constructive interaction.
The constructive interaction results from less phonon dressing (77 K, M phase, narrowband
E;), whereas the destructive interaction is caused by more phonon dressing (300 K, H phase,
broadband Ej).

2.2.1. FL Dressing Cross- and Self-Interaction

Figures 3-7 show the connected spectrum of the dressing cross-interaction of the
two lasers with a different bandwidth. The spectrum profile of such interactions can
be achieved by connecting several spectra together by scanning A, /A1 at a different de-
tuning (A1/A;) and can be written as [p /51 + pl_-/AS2|2 = R1(0r/a5) + N1(0p/45) =
Ro(0p/as) + No(0p) as). When the A; (i = 1, 2) is scanned, the R; and N; show a resonance
and non-resonance profile term, respectively. The broad peak (N;(6g, a5 = 0) profile) and
broad dip (N;(6r, s = 71) profile) in Figures 3-7 show the constructive and destructive
interaction, respectively.

Figure 3a,b,e,f show the constructive cross-interaction of FL (sharp peak R;(6F = 0),
broad peak N;(6r = 0) (profile)) at the E1/E; resonance. When the time gate is fixed at 1 ps,
the FL emission turns out to be dominant. The increasing sharp peaks at the E; No(0F =0),
as shown in Figure 3(a3,e3), and E; N; (6 = 0), as shown in Figure 3(b3,£3), in off-resonance
come from a constructive cross-interaction due to \pgl) + pg:zz) |? from Equation (1). Such an
increasing sharp peak comes from the (6:1) sample and is recorded at a far detector position.
Moreover, the broad peaks N;(f0p = 0), as shown in Figure 3a,e,b,f, come from a single
dressing constructive cross-interaction Nj(6r = 0) and N, (6r = 0), respectively, which
agrees with the two single external dressing simulations illustrated in Figure 2(a3). The
sharp peaks at E1, as shown in Figure 3a,e and at E», as shown in Figure 3b,f in off-resonance
result from the self-interaction with the internal dressings |G,|? and |G1|?, respectively.

Figure 3c shows the cross-interaction of FL (sharp dip R»(6; = 7)) and broad peak
N>(07 = 0)) at the E; resonance. Compared with the sharp peak (Figure 3c) at the E;
off-resonance, the dressing small dip RZ(GE_L = 71) at the Eq resonance, Figure 3(c3), re-
sults from the switch of the two cascade dressings (external photon |G;|?> and phononl
|G;1l 2/(Ty + i) + |G1|2/ (T + iA1) in Equation (4). Moreover, the sharp peak
R;(6F = 0) at the E; resonance, Figure 3(a3), is transferred into a small dip R, (67 = 7), as
shown in Figure 3(c3), due to phononl dressing |G;11 1>/ (T10 + iA;l) at the near detector
position (broadband FL). Similar to Figure 3a,b,e f, the broad peak, as shown in Figure 3c,
results from the constructive cross-interaction N, (67 = 0) with less phonon dressing.

Figure 3d,g,h show the destructive cross-interaction of FL (sharp dressing dip
R;(67 = m)), broad dip N;(67 = ) (profile)) at the E; resonance. Compared with the
sharp dip at the E; off-resonance from the destructive self-interaction (Figure 3d), the
sharp dip at the E; resonance, as shown in Figure 3(d3), increases due to the destructive
cross-interaction Ry (67 = 7r) with the external dressing |G,|? of p” 5:21) in |p” 1(?21) + p1<_-22) |? at
the broadband excitation E; and 300 K. This is because the more crystal field splitting levels
’F; (Figure 1b) and lattice vibrations are coupled by broadband excitation E;. Moreover,
the 300 K results in more thermal phonons with large G;ll The broad dip (Figure 3d) comes
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from a stronger destructive cross-interaction Ny (67 = 7r) with more phonon dressing. The
sharp dressing dips at the E; off-resonance (Figure 3d) come from the self-interaction from
Equation (4).

The sharp dips at the E; off-resonance come from the phononl dressing |GZ;11 2/

(T1o +iA%,) of p 1(321) , as shown in Figure 3d. The sharp dip Ry (6} = 7) at the E; resonance

results from the cascade dressing |Gz |? + |Gp1|?/ (19 + iAz + iA;fl) of p” (le), as shown in

Figure 3(d3). Such a cascade dressing coupling results in photonl-phonon2-phononl (af,

t oot
(3, fpy

Figure 3g corresponds to the simulation (Figure 5g) modelled through Equation
(4). Compared with the sharp dip at the E; off-resonance, Figure 3g, the sharp dip at
the Eq resonance, Figure 3(g3), decreases due to the cross-interaction RZ(G% = 71) with
the phononl dressing |G§l1 12/(T10 + iA‘;l) + |G1|? from Equation (4) at the narrowband
excitation. The broad dip, as shown in Figure 3g, comes from the strong destructive cross-
interaction N (07 = 7r) with more phonon dressing. Similar to Figure 3d, the broad dip
(Figure 3h) can be explained by a stronger destructive cross-interaction Ny (67 = 7r) with

the phonon1 dressing |G§11 2/(T0 + iA‘;l) + |Gy |? of p” (le) Compared with the small dip
at the Eq resonance, Figure 3(c3), the large dip is, as shown in Figure 3(g3), due to the phase
transition phonon dressing |G;11 |2/(1'A;1 +iA) < |G;11 |2/(1'A;’§1 +iA1). Such a phonon

dressing dip results from the resonance detuning A‘;l(AZl < A;l), which is due to the

in x(®)) atomic coherence coupling.

high phonon frequencies wgl (w;‘g1 > w;ﬂ) for the H-phase samples (6:1, 1:1), as shown in
Figure 3d,h.

The experimental setup presented in Figure 1a is used to realize the optical transistor
as an amplifier and switch (Figure 1d) where the Eu*:BiPOy crystal behaves as a transistor
with the Eq beam as its input (ajn); the E; is a control signal, agyt is the output of the
transistor detected at PMT. The transistor gain (g) depends upon the external dressing
effect which can be controlled through the detuning of the E; beam [24,25]. In Figure 1d,
the transistor as a peak amplifierl and dip amplifier2 are realized from the spectral intensity
results presented in Figure 3b,d, respectively. The signal amplification (peak or dip) results
from photon dressing and varies with experimental parameters such as the position of the
PMT, laser detuning (bandwidth) and Eu*:BiPO, sample. At a far PMT (Figure 3b), only a
peak amplication (amplifierl) is observed as FL is weak (no dressing) whereas strong FL
(strong dressing) at a near PMT shows a dip amplication (amplifier2), as shown in Figure 3d.
By exploring the relationship between the transistor amplifier and laser bandwidth, we
observed that the narrowband laser E, (Figure 3a) has a higher transistor gain than the
broadband laser E; (Figure 3b). Furthermore, our results show that (6:1) the Eu’*:BiPO,
sample has a higher amplication factor than (1:1) Eu3*:BiPOy.

In contrast to the amplifer, the transistor switch results from the photon—phonon
atomic coherence interaction strongly depend upon several exprimental parameters such
as the sample temperature, laser detuning (bandwidth, power), and molar ratio of the
Eu3*:BiPO, sample. For example, the (0.5:1) BiPO, sample has more phonons due to strong
lattice vibrations compared to the (0.5:1) BiPO4 sample. In addition, a higher temperature
will result in more phonons, resulting in prominent spectral switching. To understand
the workings of a transistor as an amplifier, we set the E; at off-resonance (A, # 0), then
the amplitude of both the sharp peak in Figure 3(b1), and sharp dip in Figure 3(d1), are
very low. When the detuning of the E; approaches resonance (A, = 0), the sharp peak in
Figure 3(b3), and dip in Figure 3(d3), amplifies by a factor. The amplification of the spectral
signals can be explained by the high gain (g = 3.6) caused by the strong external dressing
|G,|? at the resonance wavelength.

Next, we extend our research and study the cross-interaction of SFWM in the following
Section 2.2.2.
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2.2.2. SFWM Dressing Cross- and Self-Interaction

The out-of-phase FL (time gate = 1 ps) interaction is transferred to the in-phase SFWM
interaction (time gate = 500 ps). When the time gate is increased to 5 us, the SFWM signal
(sharp R;) is dominant.

Figure 4a shows the constructive cross-interaction of SFWM (two sharp peaks
R1(645 = 0), broad peak Ni(645 = 0) (profile)) at the E; resonance. Compared with
the two sharp peaks at the E; off-resonance (Figure 4a), the two sharp peaks, Figure 4(a3),
at the E; resonance also increase due to the constructive interaction Ry (645 = 0) with

| pfgl + pféz |? in Equation (2). Such two sharp peaks can be explained by the crystal field
splitting levels (11),10)) due to the high resolution of in-phase SFWM. The broad peak
comes from the cross-interaction N (645 = 0), as shown in Figure 4a.

Figure 4b,d show the constructive cross-interaction of SFWM (single sharpest peak
R(0y5 = 0), broad peak N, (6,5 = 0)) at the Ej resonance. Compared with the sharpest
peak at the E; off-resonance (Figure 4b), the amplitude of the sharpest peak
Rz(GﬁqS = 0) at the Eq resonance, Figure 4(b3), decreases due to the constructive cross-
interaction with the phononl-assisted G, dressing (G;l2 and G; share the common atomic

coherence) (|G1|? + |G;1 |)2/(F10 +iAy +iAY,;) of p’fgz. Compared with the sharp peak,
Figure 4(a3), the linewidth of such a sharp peak decreases due to less thermal phonons (77 K)
with a small Gle. The broad peak comes from the constructive interaction N, (6,5 = 0), as
shown in Figure 4b, with less phonon dressing. However, the sharpest peak, Figure 4b, at
the E; off-resonance is due to the self-interaction.

Figure 4c shows the constructive cross-interaction of SFWM (two sharp peaks
R1(6;5 = 0), broad peak Ny (6;s = 0)) at the E; resonance. The proportion of the two sharp
peaks accounts for roughly 80% and the proportion of the single sharp dips only accounts
for roughly 20%, as shown in Figure 4c. Compared with the two sharp peaks (the left peak
from splitting energy level mj = —1; the right peak from splitting energy level mj = 0)
at the E; off-resonance, as shown in Figure 4c, two such sharp peaks, Figure 4(c3), at the
E> resonance decrease due to the constructive cross-interaction Rq (92 s = 0). The broad
peak (Figure 4c) comes from the constructive interaction Ny (6, s = 0). The small sharp dip,
Figure 4(c3), at the E; resonance is obtained from the destructive cross-interaction due to
the phonon1 dressing \G;l |2/ (T10 +iAy + iAZl) + |G,|? in Equation (5).

Compared with the two sharp peaks at the E, resonance for the (7:1) sample,
Figure 4(a3), the small sharp dip at the E; resonance, as shown in Figure 4(c3), results from
the more phonon dressing (AZl > A’;l, \G;f 2/ iA‘;}l < |G§l2 2/ iAl;Jl) for H-sample (20:1).
Such a small sharp dip results from the switch of the two cascade dressings (external photon
|G,|? and phononl |G;11 2/(T1p + iAl;ﬂ) + Gy |? of p’ fgl), because the phonon dressing is
easily distinguished by in-phase SFWM.

Similar to Figure 4(b3), the sharpest peak at the E resonance also decreases due to the
constructive cross-interaction Ry (0, = 0) with the phononl-assisted dressing, as shown
in Figure 4(d3).

Figure 5a shows the constructive cross-interaction of SFWM (sharp peak
Ry(64s = 0)), and the broad peak N,(645 = 0)) at the E; resonance. Similar to Fig-
ure 4b,d, the sharp peak, Figure 5(a3), at the E; resonance decreases compared to the sharp
peaks at the Ej off-resonance, Figure 5a, due to the cross-interaction Ry (645 = 0) with the
phonon1-assisted dressing (|G |* + |G§11 )2/(F10 + 1Ay + 1Ay, ) of p’fgz. The broad peak
at the E; off-resonance comes from the constructive interaction R(645 = 0) due to less
phonon dressing.

Figure 5b shows the constructive cross-interaction of SFWM (two sharp peaks
R1(65 = 0), broad peak N; (6, = 0)) at the E; resonance. Compared with the small dip at
the E; resonance, Figure 4(c3), the small dip at the E; resonance, Figure 5(b3), increases due
to the cross-interaction Ry (8 = 0) with the phonon1 dressing |G;11 >/ (T10 +i0y + iA)
in Equation (5). Such a small sharp dip results from the switch of the two cascade dressings
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|G;1l 1>/ (T10 + iA;l) +|Ga)? of p” 543%1‘ The broad peak, as shown in Figure 5b, comes from
the constructive cross-interaction Nj (6’ s = 0) due to less phonon dressing.

Figure 5¢ shows the cross-interaction of SFWM (sharp peak Ry (6,5 = 0), broad dip
N, (8, = 0) (profile)) at the Ey resonance. The sharp dip at the E; off-resonance (Figure 5¢)
is transferred into the sharp peak at the E; resonance, Figure 5(c3), due to the construc-
tive cross-interaction Ry (6, = 0) with the phonon1 dressing |G;11 1> 4+ |G1|? of p” f’gl at
the narrowband excitation. Such a transition (sharp dip Ry (6 = 7) to a sharp peak
Ry(6}s = 0)) results from the switch of the three cascade dressings (internal photon G,, ex-
ternal photon G; and phononl G, of |G;11 2/(T10 + iry) +1G1 > +(G,y? in

|pf’gl + p" 1(3;2 |?).  The broad dip comes from the strong constructive interaction
Ni(0)s = m), as shown in Figure 5¢, with more phonon dressing. More interestingly,
the sharp dips at the E; off-resonance (Figure 5c) result from the self-interaction in Equa-
tion (5). Such sharp dips are obtained from 300 K due to more thermal phonon dressing
(large G;ll). Compared with the sharpest peak at the E; off-resonance for the (7:1) and
(20:1) samples (Figure 4c,d), the sharp dip at the E; off-resonance (Figure 5c) decreases
due to the phase transition phonon dressing (|G [*/iA%; > |GF[*/ iAZ’lb ) for (6:1) more
H-phase sample.

Figure 5d shows the destructive cross-interaction of SFWM (three sharp dips
R1(07}¢ = m), broad dip N;(6/}¢ = 7)) at the E; resonance. The differences with the
three sharp dips at the E; off-resonance from the destructive self-interaction in Equation
(5), as shown in Figure 5d, and the three sharp dips at the E; resonance, as shown in
Figure 5(d3), result from the destructive cross-interaction Ry (9% = 71) with the phonon1
and phonon2 dressing. The broad dip, as shown in Figure 5d, is obtained from the stronger
destructive cross-interaction Nj(¢/}¢ = 1) with more phonon dressing at 300 K and the
broadband excitation. Figure 5d corresponds to the simulation result (Figure 5h) from
Equation (5).

The three sharp dips at the E; off-resonance (Figure 5d) result from the three nested
dressings (internal photon G;, two phonons). However, the decreasing three sharp dips
R1(07)¢ = m) at the E; resonance, Figure 5(d3), come from the external dressing |G, ?

of the four nested-cascade dressings (internal photon Gj, external photon G, and two

. . . 3
phonons) |Gy >/ (Tao+[G 2/ (T1g — iS +]Gpa [2/ (Tas — iy — i) +|Gaf? of plye;

Equation (5) in |PE§22 + P///x/é(lg) >

phonon2-phononl-phonon2 (af, af, zx;r,l, a;z in x(°)) atomic coherence coupling.

Such four dressing coupling results from the photonl-

More phonon dressing results from more lattice vibrations at 300 K for Eu3*:BiPOy
than the other samples (Eu®* /Pr3*: YPO, [24] and Pr3*: Y,SO5 [26]). The model for the
phonon-controlled transistor switch is presented, as shown in Figure 1d, where ‘enhance-
ment peak” and ‘suppression dip’ correspond to ‘ON-state” and ‘OFF-state’, respectively.
When the input signal (Figure 5b) is at a single ON-State (higher than baseline), then the
corresponding output signal (Figure 5d) is at a single OFF-State (lower than baseline). Such
a spectral switch can be controlled by single phonon dressing (|G,1 |?). Our experimental
results defined the switching contrast as C= | I ~Ion |/ (Iyg +Ion), where I is the intensity
at the OFF-state and I, is the intensity at the ON-state. The maximum switching contrast
C for a single state switch is about 82%, as shown in Figure 3(b3,d3). Furthermore, when
the ON-state of the input signal is observed with two sharp peaks, Figure 5(b3), the corre-
sponding output signal has the OFF-state with three sharp dips, as observed in Figure 5(d3).
Such a multi-states switch can be controlled by two phonon dressings (|G,1/?, |G2/?). The
switching contrast C is about 93.6% for the multi-states switch measure for Figure 5(b3)
and Figure 5(d3).

Figure 5e,f show the constructive cross-interaction of SFWM (single sharpest peak
R(0;5 = 0), broad peak N, (6,5 = 0)) at the Ej resonance. Compared with the sharpest
peaks at the Eq off-resonance, as shown in Figure 5e, the sharpest peak Ry (6,5 = 0) at the
E; resonance, as shown in Figure 5(e3), increases due to the constructive cross-interaction
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with the phononl-assisted dressing (|G;|* + |G;12 )2/(F10 +iA + iA;l) of Plfs)z at 77 K.
Figure 5g shows the simulation results corresponding to the experimental results (Figure 5b).
The transition from the broad dip N,(6#',s = ) (Figure 5¢) to broad peak N>(#,s = 0)
(Figure 5f) is due to the reduction of phonon dressing. Therefore, thermal phonon dressing
plays a key role in the cross-interaction.

In order to explore further, we further compare the FL. and SFWM interaction in
Section 2.2.3.

2.2.3. Comparison of FL and SFWM Interaction

The cross-interaction, as shown in Figures 6 and 7, evolves from out-of-phase FL to
hybrid (coexistence of second order FL. and SFWM), to in-phase SFWM by changing the
time gate (1 ps to 500 ps) obtained from the (0.5:1) sample.

Figure 6a,b show the constructive cross-interaction of FL (sharp peak R; (0 = 0),
broad peak Nj (6 = 0)) at the E, resonance. Similar to Figure 3(a3,b3,e3,£3), the increasing
sharp peaks, Figure 6(a3), at the E, resonance are due to the constructive cross-interaction
R1(6r = 0) in Equation (1). Compared with the sharp peak at the E; off-resonance
(Figure 6b), the sharp peak R;(0r = 0) at the E; resonance, Figure 6(b3), decreases due
to the phononl-assisted dressing (|G |* + |GZl1 )2/ (T1o + 10z +iA}, ) of p'g) (similar to
Figure 5a).

Figure 6¢,d show the constructive cross-interaction of SFWM (two sharpest peaks
Ri(0’ys = 0), broad peak Ni (6, = 0)) at the E; resonance. When the time gate in-
creases to 500 ps, compared with the two sharpest peaks at the E; off-resonance, as
shown in Figure 6¢,d, the two sharpest peaks R; (9;15 = 0) at the E, resonance, as

shown in Figure 6(c3,d3), decrease due to the phonon1-assisted dressing (|Gy|? + |G;12 )2 /

(T10 +i0 + z'A‘;}l) in o’ fgl(similar to Figure 4(c3) and Figure 5(a3)). The spectral linewidth
of the sharp peak, as shown in Figure 6(al), at 300 K is nine times larger than the linewidth
at 77 K, as shown in Figure 6(c1), due to more thermal phonon dressing (| GZ;ll 2y iA‘;1 >
GE12/iB5y).

Similar to the sharp peak with the (6:1) sample at 300 K (large Ggll), as shown in
Figure 5a,b, the two sharpest peaks with the (0.5:1) sample are also shown at 77 K (small
G;lz), as shown in Figure 6¢,d due to the phase phonon dressing \G;lz 2/ (iAy; + iAq) from
the resonance detuning (A‘;71 ~ 0). Therefore, compared with out-of-phase FL (Figure 6a,b),
in-phase SFWM is more sensitive to phonon dressing (Figure 6¢,d).

Figure 7a,b show the constructive cross-interaction of FL (sharp peak R, (6 = 0),
broad peak Np(6r = 0)) at the Eq resonance. When the time gate is fixed at 1 us, com-
pared with the sharp peak at the E; off-resonance, as shown in Figure 7a, the sharp peak
Ry (6 = 0) at the Eq resonance, as shown in Figure 7(a3), increases (similar to Figure 6a).
The sharp peak Rp(6r = 0) at the Eq resonance, as shown in Figure 7(b3), decreases
compared to the sharp peaks at the Eq off-resonance, as shown in Figure 7b, due to the
phononl-assisted dressing (|G| + \G;ll )2/ (To1 +iA + iA;l) of o/ (Fzz)

Figure 7c,d show the constructive cross-interaction of the hybrid (single sharpest peak
Ry, broad peak N) at the E7 resonance. When the time gate increases to 100 us, compared
to the sharpest peak at the E; off-resonance, as shown in Figure 7c,d, the sharpest peaks
Ry at the Eq resonance, as shown in Figure 7(c3, d3), decrease due to the constructive
cross-interaction with the phononl-assisted dressing of R, in Equation (3). The broad peaks
N, as shown in Figure 7c,d, can be explained by the constructive cross-interaction with
less phonon dressing.

Figure 7e shows the destructive cross-interaction of SFWM (single sharpest dips
Ry(8'ys = 7), broad dip N (6,5 = 1)) at the Eq resonance. When the time gate increases
to 500 us, compared to the difference with the sharpest dip at the E; off-resonance, the
sharpest dip Ry (6,5 = 71) at the Eq resonance, as shown in Figure 7(e3), decreases due to
the stronger destructive cross-interaction with the phononl dressing. Such a decrease in
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the sharpest dip R, (6’ ¢ = ) results from the external dressing |Gy |? of the two cascade
dressings \G;ll /(T + iA‘;l) +|G1[? in p” ng. Moreover, the broad dip N (60} = 71) is
obtained from 300 K and the (0.5:1) sample with more phonon dressing.

Similar to Figure 5c, Figure 7f shows the cross-interaction of SFWM (single sharpest
peak Ry (0,5 = 0), broad dip N (s = 7) at the Eq resonance. Compared to the sharp
dip at the Eq off-resonance, as shown in Figure 7f, the sharpest peak at the E; resonance,
as shown in Figure 7(f3), comes from the constructive cross-interaction R (6, s = 0) with
less phonon dressing. Such a transition (sharpest dip R (6’5 = 77) to the sharpest peak
Ry(6)5 = 0)) results from the switch of the three cascade dressings |G,§l1 12/(T10 + iAY)) +

|G1]2 + |Ga|? of p” %2' Similar to Figure 5c, the broad dip in Figure 7f, comes from the
strong destructive cross-interaction N (6, = 71) with more phonon dressing.

Therefore, the out-of-phase FL constructive interaction (Figure 7a,b) can be evolved to
the in-phase SFWM destructive interaction (Figure 7e,f). The H-phase result (Figures 5 and 6)
comes from sensitive phonon dressing and easy distinction for in-phase SFWM.

Moreover, the linewidth of the peak increases from 0.4 £ 0.1 nm, as shown in Figure 7c,
to 4.7 + 0.1 nm, as shown in Figure 7a, due to the I'pjo,0,, Of the generating process. The
width of the dressing dip increases from 0.6 & 0.1 nm, as shown in Figure 5d, t0 5.9 £ 0.2 nm,
as shown in Figure 3d, due to the I';j,n0, 0f the dressing process. The destructive cross-
interaction R, as shown in Figure 3d and d, results from more phonon dressing with the
same area. However, such more phonon dressing shows different phenomena for the single
sharp FL dip, as shown in Figure 3d, and the three sharpest SFWM dips, as shown in
Figure 5d.

3. Discussion

From our results, we conclude that, unlike cross-interaction N; [non-resonance], the
internal and external dressing atomic coherence coupling results in switching between
constructive to destructive for R; (Figures 3¢, 4b, 5b,c and 7f). The resonant cross-interaction
R; is distinguished from the non-resonant cross-interaction N; without internal dressing.

Furthermore, the destructive interactions result from cascade dressing (Figures 3d—f,
4c, 5b,c and 7e) and four nested-cascade dressing (Figure 5d), respectively. The cascade
dressing and nested dressing suggest strong and stronger photon—phonon atomic coherence
coupling (leading to the three dressing dips, as shown in Figure 5d), respectively.

4. Conclusions

In summary, we theoretically and experimentally studied the constructive and destruc-
tive photon—phonon atomic coherence interaction. The destructive spectral interactions
result from cascade dressing and four nested-cascade dressing, respectively. Here, we con-
trolled the spectral interactions through the temperature, laser detuning /bandwidth, and
molar ratio of the Eu**:BiPOj crystal. Due to more phonon dressing caused by high lattice
vibrations, H-phase BiPO,4 shows strong photon—-phonon atomic coherence interaction.
The cascade dressing with strong photon—phonon atomic coherence coupling led to the
single sharp dip. Moreover, the four nested-cascade dressing with stronger photon-phonon
atomic coherence coupling led to three sharp dips. Furthermore, the spectral evolution of
the spectral cross-interaction from out-of-phase FL, to hybrid, and to in-phase SFWM is
controlled by the time gates. The experimental results were verified through theoretical
simulations. From our experimental results, the optical transistor (amplifier and switch)
was also realized from the photon—phonon atomic coherence interaction where the signal
amplification (peak or dip) is controlled by photon dressing and the switch results by
the photon—phonon interaction. By controlling the phase transition, laser detuning, and
temperature, a high amplifier gain of about 3.6 and switching contrast (93.6%) is achieved
from our proposed technique.
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