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Abstract

:

In this paper, we have researched the electronic and optical properties of cylindrical quantum dot structures by selecting four different hyperbolic-type potentials in the axial direction under an axially-applied electric field. We have considered a position-dependent effective mass model in which both the smooth variation of the effective mass in the axial direction adjusted to the way the confining potentials change and its abrupt change in the radial direction have been considered in solving the eigenvalue differential equation. The calculations of the eigenvalue equation have been implemented considering both the Dirichlet conditions (zero flux) and the open boundary conditions (non-zero flux) in the planes perpendicular to the direction of the applied electric field, which guarantees the validity of the results presented in this study for quasi-steady states with extremely high lifetimes. We have used the diagonalization method combined with the finite element method to find the eigenvalues and eigenfunction of the confined electron in the cylindrical quantum dots. The numerical strategies that have been used for the solution of the differential equations allowed us to overcome the multiple problems that the boundary conditions present in the region of intersection of the flat and cylindrical faces that form the boundary of the heterostructure. To calculate the linear and third-order nonlinear optical absorption coefficients and relative changes in the refractive index, a two-level approach in the density matrix expansion is used. Our results show that the electronic and, therefore, optical properties of the structures focused on can be adjusted to obtain a suitable response for specific studies or goals by changing structural parameters such as the widths and depths of the potentials in the axial direction, as well as the electric field intensity.
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1. Introduction


Quantum dots (QDs) are attractive structures that lead to interesting physical phenomena due to the restriction of the charge carrier movement in all spatial directions. By changing the size and shape of quantum dots, one can engineer and fine-tune the electronic and optical properties of such nanostructures [1,2,3,4]. Thanks to advances in modern fabrication techniques, QDs can be made into different shapes such as cubic [5,6], pyramidal [7], core/shell [8,9], spherical [10,11,12,13] and cylindrical [14,15,16,17,18,19,20]. Such structures present desirable optical features, which can be used to control and modulate the output intensity. The more the effects of the size and shape on the electronic and optical properties of QDs are important, the more the effects of the external perturbations such as magnetic, electric, intense laser fields and hydrostatic pressure are also important [14,15,16,17,18,19]. Applied external fields also affect the spectral features of QDs and so, any external field may also be used to control and tune the energy levels of electrons in a QD. It is clear that when manipulating the electronic energy spectrum of QDs, one may also adjust the absorption threshold frequency; doing so reflects the optical characteristics of the QD. In other words, one may control the absorption threshold frequency by technologically adjusting the QD growth. The advantage of cylindrical quantum dot (CQD) systems is to make it possible to control the energy spectrum with two structure parameters, such as the radius and height of the cylinder. This advantage gives more possibilities for investigation of the optical properties of nanostructures.



Due to the importance of size and geometric shape on the electronic and optical properties of low dimensional systems, CQDs with molecular-type axial potentials such as Woods–Saxon [21], Morse [22], Hulthen [23], Pöschl–Teller and Kratzer [24,25] have been studied extensively. A theoretical study of the effects of intense laser fields on the nonlinear properties of donor impurities in a spherical QD with Woods–Saxon potential was performed within the matrix diagonalization method and in the effective mass approximation [21]. The authors considered several configurations of the barrier height, the dot radius, the barrier slope of the confinement potential and the incident intense laser radiation, finding that all these factors can influence the nonlinear optical properties strongly. Within the framework of perturbation theory and variational method, Hayrapetyan et al. [22] calculated the electronic states and optical properties of CQDs with Morse confining potential made of GaAs in the presence of parallel electrical and magnetic fields. A generalized Hulthen potential has been used in the study of the electron-related linear and nonlinear optical properties in spherical QDs by Onyeaju and co-workers [23]. The advantage of the proposed potential and the approximations considered by the authors is that it is possible to obtain an analytical solution for the eigenvalue differential equation in terms of hypergeometric-type functions. Among the multiple advantages of the study of spherical systems is the simplicity for the solution of differential equations, particularly in the absence of electrostatic interactions. In general, spherical systems involve only the solution of a one-dimensional differential equation associated with the radial coordinate. Spherical symmetry also facilitates boundary conditions in regions of interfaces between well and barrier materials.



In the case of the CQDs reported in Refs. [14,15,16,17,18,19,20], the following observations and comments should be taken into account. In most cases, researchers consider an infinite confinement potential either in the axial direction or in the radial direction. This allows the investigator to decouple the eigenvalue differential equation into two parts, one radial and one axial; in this case there is no need to establish mathematical approximations to solve the eigenvalues problem. This infinite potential approximation is good when the physical system corresponds, for example, to a CQD made of a semiconductor that is surrounded by a vacuum or to a CQD made of a semiconductor surrounded by another material whose energy gap is significantly higher. The same kind of separation of differential equations for the radial and axial parts has been established by most researchers who have considered CQD with finite confinement potentials. In this case, the approximation is more or less good when the QD dimensions are large enough in such a way that the electron wave functions are essentially confined to the QD region. The approximation collapses and leads to dramatically relevant errors when the QD dimensions are in the same order of magnitude or less than the effective Bohr radius of the dot material.



To avoid the boundary problems associated with the region where the cylindrical wall connects with the two planes in a CQD, most researchers resort to using an infinite confining potential on either the cylindrical wall or the two plane walls that are perpendicular to the axial axis. This, again, taking into account the azimuthal symmetry of the problem, allows us to separate the 2D differential equation (which has radial and axial parts) into two decoupled differential equations, again finding simple solutions to the eigenvalue problem [14,15,16,17,18,19,20]. This is a much less realistic problem than the one where the confining potential is infinite in all spatial directions of the QD boundary. To address the complete problem of a QD surrounded by a material that provides a finite potential barrier, it is then necessary to resort to methods that allow solving the eigenvalue equations considering the correct form of the boundary conditions. In general, it is possible to resort to numerical methods where the differential operators are discretized in the space both inside and outside the QD region. Among the useful numerical methods, we can mention the finite difference method and the finite element method (FEM). In those cases where there are singularities associated with electrostatic potentials, for example, mesh refinement can be used to be able to adequately account for the particularities of the problem. These methods simplify the inclusion of effects such as spatial variation of the effective mass and dielectric constants that are associated with different semiconductor materials for both the dot and barrier regions.



In this context, taking into account all the problems mentioned above concerning the dot-barrier boundary conditions and the spatial variations of effective mass and dielectric constant, in this article we have decided to study the combined effects of an externally applied electric field as well as the size and geometric shape on the electronic and optical properties of the CQD ensemble, formed by the selection of some hyperbolic-type potentials [26,27] in the axial direction. Initially, we will consider an infinite axial potential combined with a finite radial potential but, in general, the article will be devoted to the consideration of finite confining potentials in both the radial and axial directions. In that sense, we will resort to the FEM to solve the eigenvalue differential equations. Using the advantages of the FEM, we will take into account the effects of spatial variation in the effective mass. Furthermore, we will present a theoretical analysis of the inter-subband absorption coefficients including contributions of linear and nonlinear terms for the electron confined within these potentials. The paper is organized as follows: Section 2 contains the theoretical description, the obtained results are discussed in Section 3 and, finally, the conclusions are given in Section 4.




2. Theoretical Model


We consider a CQD that has different hyperbolic-type axial potentials combined with finite step-like radial potential under the effects of an axial applied electric field. Considering a position dependent effective mass and the conduction band effective mass approximation, the Hamiltonian in the cylindrical coordinates for the system under the electric field is as follows [15,16,17,18,28,29,30]


  H = −   ℏ 2  2     ∂  ∂ ρ      u ^  ρ  +  1 ρ    ∂  ∂ θ      u ^  θ  +  ∂  ∂ z      u ^  z   ·   1   m *   (  r →  )       ∂  ∂ ρ      u ^  ρ  +  1 ρ    ∂  ∂ θ      u ^  θ  +  ∂  ∂ z      u ^  z   + V  (  r →  )  +  | e |   F  z  .  



(1)







The corresponding Schrödinger equation is given by


  H  ψ ( ρ , θ , z ) = E  ψ ( ρ , θ , z )  .  



(2)







In Equation (1), e is the electron charge and F is the strength of the electric field, which is applied parallel to the growth direction (z-axis). Additionally,    m *   (  r →  )    and   V (  r →  )   are the position-dependent electron effective mass and confinement potential, respectively. In this study, we deal with a cylindrical heterostructure where the axial symmetry is preserved both for the effective mass and confinement potential. Consequently, the wave function in Equation (2) can be written as   ψ ( ρ , θ , z ) = φ ( ρ , z ) exp  ( i  l  θ  )  , where l is an integer number. Under such condition, Equation (2) reduces to [31]


       −   ℏ 2  2     ∂  ∂ r      u ^  r  +  ∂  ∂ z      u ^  z   ·   1   m *   ( r , z )       ∂  ∂ r      u ^  r  +  ∂  ∂ z      u ^  z   +    ℏ 2    l 2    2   m *   ( r , z )    + V  (  r →  )  +  | e |   F  z   φ  ( ρ , z )           = E  φ ( ρ , z )  .     



(3)







The functional forms of the confinement potential and electron effective mass are given by


  V  ( ρ , z )  =       V n   ( z )  ,     ρ ≤ R  ,        V 0  ,     ρ > R  ,       



(4)




and


   m *   ( ρ , z )  =       m n *   ( z )  ,     ρ ≤ R  ,        m  A  l x  G  a  1 − x   A s  *  ,     ρ > R  ,       



(5)




where


   V n   ( z )  = A     sinh r   (  z k  )     cosh s   (  z k  )    + B  .  



(6)







Here, R is dot radius and k is related to the dot length.   V 0   is the depth of the confinement potential between the dot and barrier regions. The constants A, B, r and s are chosen in order to provide several axial confinement potentials. In this work we deal with the following axial potentials, which can give rise to finite or infinite confinements and single or double structures:


   V 1   ( z )  =  V 0    sinh 2    z k    ,  



(7)






   V 2   ( z )  =       V 0    sinh 2    z k   ,     if   | z | ≤ 0.8813  k  ,        V 0  ,     elsewhere  ,       



(8)






   V 3   ( z )  = −  V 0    1   cosh 2    z k     +  V 0   ,  



(9)




and


   V 4   ( z )  = − 4   V 0      sinh 2    z k      cosh 4    z k     +  V 0   .  



(10)







For example, the potential    V 1   ( z )    (   V 2   ( z )   ) represents an infinite (finite) single QW potential. Furthermore,    V 3   ( z )    corresponds to the modified Pöschl–Teller potential for   ( r , s ) = ( 0 , 2 )  , and    V 4   ( z )    represents a double QD for   ( r , s ) = ( 2 , 4 )  . Note that all the potentials have been shifted in such a way that the bottom of the potential corresponds to the zero of the energy.



Considering that the dependence of the potential barrier   V n   on the aluminum concentration x is given by    V n  = a   ( b  x + c   x 2  )   , in order to find the z-dependence of the effective mass in Equation (5),    m n *   ( z )   , we use the following expression to connect the spatial variation of the aluminum concentration and the potentials given by Equations (7)–(10):


  x  ( z )  =   − b +    b 2  +   4  c   V n   a      2  c    ,  



(11)




where    V n   ( z )    in Equations (7)–(10) are given in meV with   a = 0.658  ,   b = 1155   meV and   c = 370   meV [5]. Once the z-dependence of the aluminum concentration is obtained, the effective mass for the electron in Equation (5) is given by


   m n *   ( z )  =  m  G a A s   +  (  m  A l A s   −  m  G a A s   )   x  ( z )   ,  



(12)




where    m  G a A s   = 0.067   m 0    and    m  A l A s   = 0.124   m 0    (  m 0   is the free electron mass) [5].



The local droplet epitaxy (LDE) technique allows us to obtain structures of GaAs surrounded by AlxGa1−xAs with axial symmetry with zero or almost zero strain effects; see, for instance, Stemmann et al. [32], and references therein. Once the nano-hole is obtained, a growth process of alternate layers of AlxGa1−xAs can be started by controlling the value of the x-concentration of aluminum in such a way that a desired potential profile can be achieved. In this sense, we want to emphasize that the potentials that we have modeled in this article via Equations (7)–(10) are perfectly plausible from the experimental point of view.



Due to the form presented by Equation (4), it can clearly be seen that Equation (3) is not separable. That means that, in general, from Equation (3), it is not possible to obtain two independent differential equations for the  ρ - and z-coordinates. In the case of Equation (7), where it can be taken into account that the potential along the z-direction diverges, it is not very wrong to consider the approximation   V ( ρ , z )  ∼   V ρ   ( ρ )  +  V 1   ( z )   , with    V ρ  = 0   for   ρ ≤ R   and    V ρ  =  V 0    for   ρ > R  . Thus, in particular, we can write    φ 1   ( ρ , z )  = N   h 1   ( ρ )    h 2   ( z )   , where N is the normalization constant. In this case, assuming that the effective mass is constant throughout the structure (it can be considered that the mass throughout the structure corresponds to the value of the QD region,   m  G a A s  *  ), we obtain from Equation (3) the following two differential equations:


   −   ℏ 2   2   m  G a A s  *        ∂ 2   ∂  ρ 2    +  1 ρ    ∂  ∂ ρ    +    ℏ 2    l 2    2   m  G a A s  *    +  V ρ   ( ρ )     h 1   ( ρ )  =  E ρ    h 1   ( ρ )   



(13)




and


   −   ℏ 2   2   m  G a A s  *       ∂ 2   ∂  z 2    +  V 1   ( z )  +  | e |   F  z    h 2   ( z )  =  E z    h 2   ( z )   .  



(14)







Considering   l = 0   (corresponding to the ground state), the ground state eigenfunction associated to the Equation (13) is given by [33,34]


   h 1   ( ρ )  =       J 0   (  k 0   ρ )  ,     ρ ≤ R  ,          J 0   (  k 0   R )     K 0   (  q 0   R )     K 0   (  q 0   ρ )  ,     ρ > R  ,       



(15)




where   J 0   and   K 0   are the Bessel functions of the first kind and modified Bessel functions, respectively. Here,    k 0  =     2   m  G a A s  *    ℏ 2     E  ρ  1    1 / 2     and    q 0  =     2   m  G a A s  *    ℏ 2      V 0  −  E  ρ  1     1 / 2    . The energy associated to the radial confinement,   E  ρ  1  , is obtained from the continuity condition at the point of   r = R   of the   h 1  -wave function and its first derivative. To solve the Equation (13), we used the diagonalization method by choosing orthonormal base functions that are solutions of an infinite square QW with L-width [35,36,37]. The value of L is determined according to the convergence of the energy eigenvalues. Once the energies associated with the ground state have been obtained for   h 1   in Equation (15) (  E ρ 1  ) and the different solutions for the lower energies in Equation (14) (  E z n  ,   n = 1 , 2 , 3 , …  ), the energy of the lowest states with   l = 0   corresponding to   φ 1   are given by    E 1 n  =  E ρ 1  +  E z n    with   n = 1 , 2 , 3 , …  .



Taking into account that, in general, the potentials in Equation (3) cannot be written as a sum of two independent terms associated with the radial and axial coordinates, the solution of Equation (3) necessarily involves a process of solving a two-dimensional eigenvalue differential equation. In our case, we have decided to implement a numerical calculation using the finite element method (FEM). In this case, we resort to the COMSOL-Multiphysics licensed software and particularly to the two-dimensional axi-symmetric module [38,39,40,41,42,43,44].



Figure 1a shows the scheme of the structure used to solve the two-dimensional eigenvalue differential equation, Equation (3), using the finite element method. Figure 1b shows the mesh used with its refinement in the QD region to implement the finite element method. The 3D cylindrical structure is obtained by rotating the rectangular region around the z-axis. The Dirichlet conditions are imposed on the sides AB, BC and CD corresponding to a rectangle of dimensions    L 1  = 40   nm and    L 2  = 60   nm, which is large enough to guarantee the convergence of at least 15 states for each value of   l = 0 , ± 1 , ± 2 , ± 3  . A fine mesh with double refinement in the QD region is considered. The parameters for the mesh used in this study in the calculation of FEM are: 3135 triangles, 201 edge elements, 8 vertex elements, 0.4333 for the minimum quality of elements, 0.899 for the average quality of elements, 0.1121 for the ratio of element area and a mesh area of 2400 nm2.



Now that the eigenvalues and eigenfunctions of the electron in the quantum dot are known, we can proceed to calculate the optical properties of the CQD with different hyperbolic-type axial potentials. By employing density matrix formalism and the perturbation expansion method, the first order linear, the third order nonlinear and the total absorption coefficient (AC) terms for transitions between any two energy levels are found as follows [45,46,47,48,49,50], respectively:


   β  1 → f   ( 1 )    ( ω )  = ω     μ 0    ε r    ε 0          |   M  1 f     |  2    σ v   ℏ   Γ  1 f       (  E  1 f   − ℏ  ω )  2  +   ( ℏ   Γ  1 f   )  2     ,  



(16)






       β  1 → f   ( 3 )    ( ω , I )     =    − ω     μ 0    ε r    ε 0        I  2   n r    ε 0   c         |   M  1 f     |  2    σ v   ℏ   Γ  1 f      [   (  E  1 f   − ℏ  ω )  2  +   ( ℏ   Γ  1 f   )  2  ]  2               ×   4  |   M  1 f     |  2  −    |   M  f f   −  M 11    |  2    [ 3   E  1 f  2  − 4   E  1 f    ℏ  ω +  ℏ 2   (  ω 2  −  Γ  1 f  2  )  ]     E  1 f  2  +   ( ℏ   Γ  1 f   )  2      ,     



(17)






  β  ( ω , I )  =  ∑  f = 2  19    β  1 → f   ( 1 )    ( ω )  +  β  1 → f   ( 3 )    ( ω , I )    ,  



(18)




where   σ v   is the carrier density in the system,   μ 0   and   ε 0   are the vacuum permeability and permittivity, respectively,   ε r   is the GaAs QD permittivity,    n r  =   ε r     is the GaAs QD refraction index,    E  1 f   =  E f  −  E 1    is the energy difference between first three electronic states,    M  i  j    = 〈   ψ i   | e  z |   ψ j   〉    is dipole moment matrix element (note that for discussion purposes, the    M  i  j   =  M  i  j   / e   parameter will be used),   Γ  1 f    is the relaxation rate which equals to the inverse relaxation time   T  1 f   , c is the speed of the light in free space and I is the incident optical intensity, which is defined as   I =   2   n r     μ 0   c      | E  ( ω )  |  2   . In the case of relative changes of the refraction index coefficient, the corresponding expressions are


    Δ  n  1 → f   ( 1 )    ( ω )    n r   =    σ v     |  M  1 f   |  2    2   ε 0    n  r  2         E  1 f   − ℏ  ω     (  E  1 f   − ℏ  ω )  2  +   ( ℏ   Γ  1 f   )  2     ,  



(19)






        Δ  n  1 → f   ( 3 )    ( ω , I )    n r   = −    μ 0   c  I   σ v     |  M  1 f   |  2    4   ε 0    n  r  3         E  1 f   − ℏ  ω      (  E  1 f   − ℏ  ω )  2  +   ( ℏ   Γ  1 f   )  2   2         ×   4  |   M  1 f     |  2  −    |   M  f f   −  M 11    |  2     E  1 f  2  +   ( ℏ   Γ  1 f   )  2        E  1 f     (  E  1 f   − ℏ  ω )  −   ( ℏ   Γ  1 f   )  2  −   ( ℏ   Γ  1 f   )  2    ( 2   E  1 f   − ℏ  ω )   (  E  1 f   − ℏ  ω )      ,     



(20)




and


    Δ n ( ω , I )   n r   =  ∑  f = 2  19     Δ  n  1 → f   ( 1 )    ( ω )    n r   +   Δ  n  1 → f   ( 3 )    ( ω , I )    n r     .  



(21)








3. Results and Discussion


In our calculations, the following parameters have been used:   ε = 13.18  ,    n r  = 3.6  ,    T  1 f   = 1.0   ps,    Γ  1 f   = 1 /  T  1 f    ,    μ 0  = 4 π ×  10  − 7     H/m,    ε 0  = 8.85 ×  10  − 12     F m     − 1   ,   I = 1.5 ×  10 8    W m     − 2    and    σ v  = 3.0 ×  10 22    m     − 3   . Additionally,    V 0  = 0.658   ( 1155  x + 370   x 2  )    meV, with   x = 0.3  .



In Figure 2, our findings are reported for the lowest energies for a confined electron within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction (note that   k = R  ). Calculations are for zero applied electric field and using the    V 1   ( z )   -model for the axial infinite confinement potential (see Equation (7)). In Figure 2a,b, the solid lines correspond to the results obtained by the solution of the full two-variable   V ( ρ , z  ) confinement potential. In Figure 2a, the five lowest solutions are reported for each   l = 0 , ± 1 , ± 2   value. In Figure 2b, the lowest five states are reported for   l = 0  . The full symbols in Figure 2b are obtained by the approximation   V  ( ρ , z )  =  V ρ   ( ρ )  +  V 1   ( z )   , using only the first solution for the radial differential equation. In Figure 2b, the (i,j) labels identify the number of wave function antinodes, both in the radial (i) and axial (j) directions. In this case, we have used the same value of the GaAs effective mass in both the dot and barrier regions. Note that due to the dot symmetry, in Figure 2a, the states with l-positive and l-negative are degenerate. As k and/or R increases, the decreasing character of all of the energies taken into consideration is the result of the significant increase in the QD’s volume due to the weak confinement. As the dimensions of the QD decrease, the number of confined states becomes smaller. For   k = 10   nm, there are six confined states, whereas for   k = 5   nm, there are two confined states, with one of them very close to the limit of the finite radial potential barrier. The appearance of crossovers between energy states at certain values of the k and/or R parameters is based on the changes in the volume dominated by the increase in the radial direction of QD. In Figure 2b, we have selected the states with   l = 0   for our axis-symmetric model; see Equation (3). The solid dots in Figure 2b correspond to the calculation done through Equations (13) and (14) with the condition   l = 0   that gives rise to the radial solution in Equation (15). For the transcendental equation that appears from involving the boundary conditions in Equation (15), only the first solution has been used. Therefore, the different energy levels shown with solid symbols come from considering the different solutions of Equation (13) combined with the first solution associated with Equation (15). It is evident that the solutions of both models (solid lines and full symbols) coincide with differences of less than   0.001   meV. This is justified by the fact that the axial potential of the    V 1   ( z )    model (see Equation (7)) diverges to infinity as k increases. This is what allows us to write the total potential as a sum of two independent potentials and allows the total wave function to be written as the product of two independent functions in the radial and axial directions. It is clear from Figure 2b that regardless of the values of   k = R  , the ground state always has one antinode in the radial and axial directions. For   k = R = 10   nm, the first excited state with   l = 0   has one antinode along the radial direction and two along the axial direction, while for   k = R = 20   nm, the first excited state with   l = 0   has two antinodes along the radial direction and one along the axial direction.



Considering that, in this work, the incident radiation used to generate the transitions between confined states has z polarization, that is, along the axial axis (see the dipole matrix element defined after Equation (18)), it is evident that when considering transitions from the ground state (which have only one antinode along the radial and axial directions), the only ones allowed (such as    M  i  j   ≠ 0  ) are those where the final state also has the same number of antinodes along each of the two x and y directions of space that give rise to radial confinement. In that sense, it is clear that for the calculation of the optical properties using Equations (16)–(21), only transitions between states with   l = 0   should be considered, both for the initial and final states.



For the CQD under consideration in the absence and presence of the electric field, the variation of the axial confinement potentials given by Equations (8)–(10) and the wave functions related to the first four electronic levels versus the z-coordinate are given in Figure 3a–f. In the absence of the electric field, all axial potentials are symmetric, while the applied electric field causes the bending of the structure and break down of the symmetry. As seen in Figure 3c, the    V 4   ( z )    axial finite potential of the CQD represents the double QW, while the other axial finite potentials represent the hyperbolic single QWs. Particularly, the potential shown in Figure 3a behaves as a nearly parabolic model of finite height. In Figure 3c, when there is no electric field, the ground state is two-folded degenerate and the probability of finding of the electron in both wells in the axial direction is the same, whereas the axially applied electric field causes the bending of the well, leading to a disappearance of the degeneracy and electrons locating mainly in the left well. Furthermore, as seen in this figure, the electric field effect for the well with the    V 4   ( z )   , which has a larger effective length, is stronger compared to the single QWs in the axial direction. In Figure 3d, the bottom of the quasi-parabolic potential well is located at   z = − 2.2   nm and has an energy of   − 5.58   meV. Clearly, the electric field effect on this type of quasi-parabolic potential is responsible for shifting the bottom of the potential well without essentially changing the shape of the spatially variable potential, mainly in the dot region. This means that the energy levels are displaced by the effect of the electric field, but the energy distance between them remains constant. This will later be seen as a quasi-overlap of the resonant peaks in the optical properties under the presence or absence of an electric field, particularly for the case of the finite potential    V 2   ( z )   . In our calculation model, we have used a cylindrical region of height    L 2  = 60   nm where we apply the Dirichlet boundary conditions (see Figure 1a). This allows us to guarantee that all the solutions of the eigenvalue differential equation in the presence of electric field, applied along the axial direction, correspond to stationary states whose energies are real numbers. From the general solution of the differential equation, confined states associated with the outside region of the structure will appear, that is, within the potential barrier region, which comes from the infinite confinement that is imposed on the outside border shown in Figure 1b, a situation that will be seen later in our further results.



We have repeated the calculations considering open boundaries at   z = ±  L 2  / 2  . In this case, the number of solutions of the Schrödinger equation is significantly higher for energies below the height of the potential barrier. It is important to say that now all the obtained eigenvalues are complex numbers where the real part corresponds to the energy of the state and the imaginary part provides information about the corresponding state lifetime. In this second procedure in the set of solutions, we find the same wavefunctions (solutions) reported in Figure 3e–f, but with very low oscillations towards the left region of the structure. The imaginary parts of the eigenvalues are in this case very small. Considering that the lifetime of the states is proportional to the inverse of the imaginary part of the eigenvalue, we have obtained that, again considering open boundary conditions, the states are quasi-stationary with a very long lifetime. This leads us to conclude the validity of the results presented in Figure 3e–f and to affirm that the optical properties calculated in this article (see the following) are correct.



Figure 4a–f show the six lowest energy values of the electron confined within the CQD with respect to the order of axial potentials in the Figure 3a–f as a function of the k-well width in the axial direction and R-radius in the radial direction. Figure 5a–f shows the corresponding energy differences between the ground state and the first five excited states (note that the k and R parameters are taken as equal). Results in the absence (upper panels) and presence (lower panels) of the electric field are for    V 2   ( z )   ,    V 3   ( z )    and    V 4   ( z )   , respectively. For all axial finite confinement potentials, it is observed that the energies taken into consideration are reduced by increasing the dot sizes due to the weakening of the geometric confinement. Usually, the electric field also causes the energies to decrease. In large wells, energy levels begin to become more sensitive to the electric field. Note, for example, that in Figure 4d,e, the variations presented by the ground state in the range of calculated dimensions are 120 meV and 115 meV, while in the case of Figure 4e, this variation is 184 meV. It should be noted that the change of the energies in Figure 4a,b,d,e corresponding to the potentials    V 2   ( z )    and    V 3   ( z )    versus the CQD dimensions is almost the same for the cases both with and without electric field. Comparing Figure 4a,d, in the first, the variation of the ground state in the calculated range is 112 meV, while in the second, it is 120 meV with a difference between the two of 8 meV. In the case of Figure 4b,e, the respective changes are 100 meV and 115 meV, with a difference of 5 meV. Comparing Figure 4c,f the obtained values are 124 meV and 184 meV, with a variation between them of 60 meV.



The dependence of the energy difference on the dot sizes in Figure 5a,d is exactly the same. For this analysis, only the decreasing character of the transition energies should be taken into account as the dimensions   k = R   of the QD increase. Note, for example, that in Figure 5a, the transition energy   E 16   increases as   k = R   increases from 5 nm to 11 nm and then decreases. The increasing part of the transition energy is due to the fact that, in that part of the process, the one that corresponds to the ground state confined to the QD participates as the initial state; this state always decreases with the dimensions of the QD. The process is carried out towards a final state that, in said range of dimensions of the structure, always corresponds to an unbound state of the QD, but is confined to the cylindrical region of dimensions   π   L 1 2    L 2   ; see Figure 1. The same occurs for the other lower order transitions that are increasing in energy, while the final state corresponds to states not bounded to the QD. The electric field effect on energies corresponding to double QW potential given by    V 4   ( z )    is more dominant in contrast to single QWs due to the large effective well width. Except for the    V 4   ( z )    double well potential, the difference between the related energy levels for the other two single well potentials,    V 2   ( z )    and    V 3   ( z )   , is a decreasing function of the dot size in the presence of the electric field. This is already expected, since the electric field generally causes the electronic states to shift to lower energies. The electric field effect on double-well potential, in Figure 5c,f, is different with respect to the single well potentials. (i) In the absence of the electric field,   E 12   decreases down to   k = 10   nm, and will later become zero due to the two-folded degenerate of ground state energy. (ii) In the presence of the electric field, the degeneracy disappears and   E 12   firstly decreases; then, it turns on   E 13  , which increases with the dot dimensions. As is known, applying an external electric field causes distortion of the symmetries of the heterostructures or, conversely, in an asymmetric heterostructure, symmetry can be regained. In this sense, the electric field can be used to increase the magnitude of the electric dipole moments associated with optical transitions and cause red shifts in the resonant structures of optical spectra, as electron states generally shift to lower energies.



In Figure 6a–f, we present the reduced square of the dipole matrix element between the lowest confined electron states (   M  1 n  2  /  e 2   ,   n = 2 , 3 , 4 , 5 , 6  ) within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero and 50 kV/cm applied electric field with   l = 0  . The results are reported for the three considered finite axial confinement potentials as in previous figures. It is observed from the different panels that there will be essentially only one allowed transition and that, in general, this visible transition is made up of the mixture of transitions between different states depending on the value of the   k = R   parameter. This effect is the result of the crossing between states in Figure 4, where an exchange of symmetries of the wave functions is presented. The systematic increase in dipole matrix elements with increasing dimensions of the QD is associated with a greater spatial extension of the wave functions within the QD. The oscillatory character of   M  16  2   in the range of   k = R > 15   nm in Figure 6c is compensated for by the appearance of the term   M  15  2  . Between both transitions, the total value of the dipole matrix elements responsible for the optical properties is compensated. When comparing the different results, it can be seen that the system that is most sensitive to the effects of electric fields is that of the potential    V 4   ( z )   , which is consistent with a greater spatial extension of the structure along the axial direction and which allows the electric field effects to be strengthened.



To see the effect of structure dimensions, geometric shape and electric field on the total optical absorption coefficient (AC) and on the total relative changes of the refraction index coefficient (RIC) of CQD with different axial potentials, we present the optical coefficients in Figure 7a–f. Solid lines are for zero electric field, whereas dotted lines are for   F = 50   kV/cm. We choose dimensions of the structures such that the existence of at least two states confined to the interior of the QD is guaranteed. We can explain our results considering the well-known properties of the optical properties such as: (i) the AC peak positions (or the zero value of the RIC) shift towards blue (red) due to the increasing (decreasing) of the energy difference between the respective energy levels; (ii) the peak amplitude of ACs and RICs increase due mainly to the increase in dipole matrix element; and (iii) in the case of the AC, the transition energy between participating states is also relevant, since it directly affects the magnitude of the resonant structure. The results show the following characteristics. In general, all the optical coefficients present a redshift as the value of the k and/or R parameter increases, which is consistent with a decrease in the transition energy as the volume of the structure increases. The structure that is less sensitive to the effects of the electric field, in fact, almost imperceptibly, is the one corresponding to the potential    V 2   ( z )   ; see Figure 7a,d. Despite being a finite potential, clearly, the system presents a quasi-parabolic potential within the structure. Note from Figure 3a,d that the presence of the electric field implies a red shift of the energies, but the energy difference between levels, or transition energy, remains essentially constant. The increasing behavior of the magnitude of the different structures in the RICs as the dimensions of the QD increase is in accordance with the increase of the dipole matrix elements in Figure 6a–f. The appearance of two structures in the ACs of Figure 7a,b in the regimes of large   k = R   shows that the third-order nonlinear term acquires increasingly important values in these systems. Additionally, it can be seen in the same two figures that, although the dipole matrix element grows with structure dimensions, the resonant structures decrease due to the redshift of the spectra or the diminishing of transition energies. It is clear that the resonant structures in ACs depend simultaneously on the transition energy and on the dipole matrix elements. In general, far from the RIC zero, the optical coefficient tends asymptotically to zero, as shown by the results in Figure 7d,e. However, that is not the case in Figure 7f. This is explained by the fact that the transition between quasi-degenerate states has a significantly important value, as shown by the insets in Figure 7c,f. Finally, as stated before, the electric field implies a red shift of the resonant structures of the ACs and RICs, this effect being much more visible in the case of the    V 4   ( z )    potential.




4. Conclusions


In the present study, we have investigated the absorption coefficients and relative changes in the refractive index for the inter-subband transitions between the lower-lying allowed energy levels in cylindrical quantum dots that have different hyperbolic-type axial potentials. The applied electric field effects have been considered. The results obtained show that the geometric shape of the structure and the applied external electric field are very effective on the electronic and optical properties. To control the energy spectrum in cylindrical quantum dots, systems with two structure parameters such as radius and cylinder height, except for the shape of axial potential, provide an advantage for researchers, and this advantage provides more possibilities to investigate the optical properties of nanostructures. As can be seen from the results obtained, the CQD that has double QW potential in the axial direction is most sensitive to the effects of electric fields, due to a greater spatial extension of the structure in the axial direction. The study of the shape effect of the quantum dots under external fields on the electronic spectrum and optical responses plays an important role in semiconductor physics, because it can simulate the real situation, and greatly modulate and optimize the performance of optoelectronic devices based on low-dimensional heterostructures. Among the findings that have appeared in this research, we can summarize the following. (i) The separation of variables for the radial and axial coordinates is a good approximation when considering heterostructures whose dimensions significantly exceed the effective Bohr radius of the QD material. (ii) In general, for all the axial confinement potentials that have been considered, the energy of the confined states are decreasing functions of the k-geometric parameter. (iii) The presence of energy degeneracies gives information on symmetry exchanges between optically excited states, so it is not easy to predict the selection rules for the dipole matrix elements in each of the studied potentials. (iv) The resonant structures of the AC and RIC present red-shift when the k-parameter is increased. (v) Finally, in the case of the   V 2   potential, the presence of the applied electric field generates a small blue-shift of the resonant structures of the AC and RIC, a situation that is opposite and ostensibly greater in the case of the   V 3   and   V 4   potentials.



We have to stress that this research is of a theoretical and predictive nature, and that we hope that it will serve as a motivation for experimental groups to develop these types of axis-symmetric physical systems. Additionally, this research could motivate further developments that consider, for example, (i) effects of shallow donor and/or acceptor impurities with unintentional doping along the structure growth direction, (ii) exciton states in single and double QWS, (iii) effects of magnetic fields applied perpendicularly and parallel to the QW growth direction and (iv) other optical properties related to electron, impurity, and exciton states such as electromagnetically induced transparency and second and third harmonic generation. Finally, we want to emphasize that our model allows us to study systems with confinement in two or three dimensions such as core/shell quantum wires and core/shell quantum dots, including interdiffusion effects at the interfaces.







Author Contributions


E.K.: conceptualization, methodology, software, formal analysis, investigation, supervision, writing; M.B.Y.: conceptualization, methodology, software, formal analysis, writing; S.S.: methodology, software, formal analysis, investigation, writing; H.S.: formal analysis, investigation, supervision, writing; C.A.D.: formal analysis, writing. All authors have read and agreed to the published version of the manuscript.




Funding


C.A.D. is grateful to the Colombian Agencies: CODI-Universidad de Antioquia (Estrategia de Sostenibilidad de la Universidad de Antioquia and projects “Propiedades magneto-ópticas y óptica no lineal en superredes de Grafeno”, “Estudio de propiedades ópticas en sistemas semiconductores de dimensiones nanoscópicas”, “Propiedades de transporte, espintrónicas y térmicas en el sistema molecular ZincPorfirina”) and Facultad de Ciencias Exactas y Naturales-Universidad de Antioquia (C.A.D. exclusive dedication project 2021–2022). C.A.D. also acknowledges the financial support from El Patrimonio Autónomo Fondo Nacional de Financiamiento para la Ciencia, la Tecnología y la Innovación Francisco José de Caldas (project: CD 111580863338, CT FP80740-173-2019).




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


No new data were created or analyzed in this study. Data sharing is not applicable to this article.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Talapin, D.V.; Lee, J.-S.; Kovalenko, M.V.; Shevchenko, E.V. Prospects of Colloidal Nanocrystals for Electronic and Optoelectronic Applications. Chem. Rev. 2010, 110, 389–458. [Google Scholar] [CrossRef] [PubMed]

	



Shirasaki, Y.; Supran, G.J.; Bawendi, M.G.; Bulovic, V. Emergence of colloidal quantum-dot light-emitting technologies. Nat. Photonics 2012, 7, 13–23. [Google Scholar] [CrossRef]

	



Kovalenko, M.V.; Manna, L.; Cabot, A.; Hens, Z.; Talapin, D.V.; Kagan, C.R.; Klimov, V.I.; Rogach, A.L.; Reiss, P.; Milliron, D.J.; et al. Prospects of Nanoscience with Nanocrystals. ACS Nano 2015, 9, 1012–1057. [Google Scholar] [CrossRef]

	



Jiang, C.W.; Green, M.A. Silicon quantum dot superlattices: Modeling of energy bands, densities of states, and mobilities for silicon tandem solar cell applications. J. Appl. Phys. 2006, 99, 114902. [Google Scholar] [CrossRef]

	



Khordad, R.; Rezaei, G.; Vaseghi, B.; Taghizadeh, F.; Kenary, H.A. Study of optical properties in a cubic quantum dot. Opt. Quant. Electron. 2011, 42, 587–600. [Google Scholar] [CrossRef]

	



Yang, C.S. Quantum states of a hydrogenic donor impurity in a cubic quantum dot by the finite difference method. Microelectron. J. 2008, 39, 1469–1471. [Google Scholar] [CrossRef]

	



Anitha, A.; Arulmozhi, M. Exciton binding energy in a pyramidal quantum dot. Pramana J. Phys. 2018, 90, 57. [Google Scholar] [CrossRef]

	



Vasudevan, D.; Gaddam, R.R.; Trinchi, A.; Cole, I. Core-Shell Quantum Dots: Properties and Applications. J. Alloys Compd. 2015, 636, 395–404. [Google Scholar] [CrossRef]

	



Selopal, G.S.; Zhao, H.; Wang, Z.M.; Rosei, F. Core/Shell Quantum Dots Solar Cells. Adv. Funct. Mater. 2020, 30, 1908762. [Google Scholar] [CrossRef]

	



Niculescu, E.C. Energy levels in a spherical quantum dot with parabolic confinement under applied electric fields. Mod. Phys. Lett. B 2001, 15, 545–554. [Google Scholar] [CrossRef]

	



Holovatsky, V.; Voitsekhivska, O.; Gutsul, V. Electron energy spectrum in a spherical quantum dot with smooth confinement. Semicond. Phys. Quantum Electron. Optoelectron. 2007, 10, 10–16. [Google Scholar] [CrossRef]

	



Hassanabadi, H.; Rajabi, A.A. Energy levels of a spherical quantum dot in a confining potential. Phys. Lett. A 2009, 373, 679–681. [Google Scholar] [CrossRef]

	



Çakir, B.; Yakar, Y.; Özmen, A. Calculation of electric field gradient in spherical quantum dots. Philos. Mag. 2020, 100, 248–266. [Google Scholar] [CrossRef]

	



Kasapoglu, E.; Duque, C.A.; Mora-Ramos, M.E.; Sökmen, I. The effects of the intense laser field on the nonlinear optical properties of a cylindrical Ga1-xAlxAs/GaAs quantum dot under applied electric field. Phys. B 2015, 474, 15–20. [Google Scholar] [CrossRef]

	



Duque, C.A.; Kasapoglu, E.; Sakiroglu, S.; Sari, H.; Sökmen, I. Intense laser effects on donor impurity in a cylindrical single and vertically coupled quantum dots under combined effects of hydrostatic pressure and applied electric field. Appl. Surf. Sci. 2010, 256, 7406–7413. [Google Scholar] [CrossRef]

	



Kasapoglu, E.; Duque, C.A.; Sakiroglu, S.; Sari, H.; Sökmen, I. The effects of the intense laser field on donor impurities in a cylindrical GaxIn1-xNyAs1-y/GaAs quantum dot under the electric field. Phys. E 2011, 43, 1427–1432. [Google Scholar] [CrossRef]

	



Kasapoglu, E.; Ungan, F.; Sari, H.; Sökmen, I. The hydrostatic pressure and temperature effects on donor impurities in cylindrical quantum wire under the magnetic field. Phys. E 2010, 42, 1623–1626. [Google Scholar] [CrossRef]

	



Heyn, C.; Duque, C.A. Donor impurity related optical and electronic properties of cylindrical GaAs-AlxGa1-xAs quantum dots under tilted electric and magnetic felds. Sci. Rep. 2020, 10, 9155. [Google Scholar] [CrossRef]

	



Atayan, A.K.; Kazaryan, E.M.; Meliksetyan, A.V.; Sarkisyan, H.A. Magneto-absorption in cylindrical quantum dots. Eur. Phys. J. B 2008, 63, 485–492. [Google Scholar] [CrossRef]

	



Kria, M.; El-Yadri, M.; Aghoutane, N.; Pérez, L.M.; Laroze, D.; Feddi, E. Forecasting and analysis of nonlinear optical responses by tuning the thickness of a doped hollow cylindrical quantum dot. Chin. J. Phys. 2020, 66, 444–452. [Google Scholar] [CrossRef]

	



Lu, L.; Xie, W.; Hassanabadi, H. The effects of intense laser on nonlinear properties of shallow donor impurities in quantum dots with the Woods–Saxon potential. J. Lumin. 2011, 131, 2538–2543. [Google Scholar] [CrossRef]

	



Hayrapetyan, D.B.; Kazaryan, E.M.; Kotanjyan, T.V.; Tevosyan, H.K. Light absorption of cylindrical quantum dot with Morse potential in the presence of parallel electrical and magnetic fields. Nanotechnol. VII 2015, 9519, 146–153. [Google Scholar]

	



Onyeaju, M.C.; Idiodi, J.O.A.; Ikot, A.N.; Solaimani, M.; Hassanabadi, H. Linear and Nonlinear Optical Properties in Spherical Quantum Dots: Generalized Hulthén Potential. Few-Body Syst. 2016, 57, 793–805. [Google Scholar] [CrossRef]

	



Hayrapetyan, D.B.; Amirkhanyan, S.M.; Kazaryan, E.M.; Sarkisyan, H.A. Effect of hydrostatic pressure on diamagnetic susceptibility of hydrogenic donor impurity in core/shell/shell spherical quantum Dot with kratzer confining potential. Phys. E 2016, 84, 367–371. [Google Scholar] [CrossRef]

	



Hayrapetyan, D.B.; Kazaryan, E.M.; Petrosyan, L.S.; Sarkisyan, H.A. Core/shell/shell spherical quantum dot with Kratzer confining potential: Impurity states and electrostatic multipoles. Phys. E 2015, 66, 7–12. [Google Scholar] [CrossRef]

	



Christiansen, H.R.; Cunha, M.S. Solutions to position-dependent mass quantum mechanics for a new class of hyperbolic potentials. J. Math. Phys. 2013, 54, 122108. [Google Scholar] [CrossRef]

	



Downing, C.A. On a solution of the Schrödinger equation with a hyperbolic double-well potential. J. Math. Phys. 2013, 54, 072101. [Google Scholar] [CrossRef]

	



Sari, H.; Kasapoglu, E.; Sakiroglu, S.; Sokmen, I.; Duque C., A. Effect of intense laser field in Gaussian quantum well with position dependent effective mass. Phys. Status Sol. B 2019, 256, 1800758. [Google Scholar] [CrossRef]

	



Kasapoglu, E.; Sari, H.; Sokmen, I.; Vinasco, J.A.; Laroze, D.; Duque, C.A. Effects of intense laser field and position dependent effective mass in Razavy quantum wells and quantum dots. Phys. E 2021, 126, 114461. [Google Scholar] [CrossRef]

	



Kasapoglu, E.; Duque, C.A. Position dependent effective mass effect on the quantum wells with three-parameter modified Manning potential. Optik 2021, 243, 166840. [Google Scholar] [CrossRef]

	



Pulgar-Velásquez, L.; Sierra-Ortega, J.; Vinasco, J.A.; Laroze, D.; Radu, A.; Kasapoglu, E.; Restrepo, R.L.; Gil-Corrales, J.A.; Morales, A.L.; Duque, C.A. Shallow donor impurity states with excitonic contribution in GaAs/AlGaAs and CdTe/CdSe truncated conical quantum dots under applied magnetic field. Nanomaterials 2021, 11, 2832. [Google Scholar] [CrossRef] [PubMed]

	



Stemmann, A.; Koppen, T.; Grave, M.; Wildfang, S.; Mendach, S.; Hansen, W.; Heyn, C. Local etching of nanoholes and quantum rings with InxGa1-x droplets. J. Appl. Phys. 2009, 106, 064315. [Google Scholar] [CrossRef]

	



Emam, T.G. Effect of temperature on the binding energy of a shallow hydrogenic impurity in a quantum well wire. Can. J. Phys. 2009, 87, 1159–1161. [Google Scholar] [CrossRef]

	



Brown, J.W.; Spector, H.N. Hydrogen impurities in quantum well wires. J. Appl. Phys. 1986, 59, 1179–1186. [Google Scholar] [CrossRef]

	



de Dios-Leyva, M.; Duque, C.A.; Oliveira, L.E. Calculation of direct and indirect excitons in GaAs/Ga1-xAlxAs coupled double quantum wells: The effects of in-plane magnetic fields and growth-direction electric fields. Phys. Rev. B 2007, 76, 075303. [Google Scholar] [CrossRef]

	



Oliveira, L.E.; de Dios-Leyva, M.; Duque, C.A. Direct and indirect exciton states in GaAs-(Ga,Al)As double quantum wells under crossed electric and magnetic fields. Microelectron. J. 2008, 39, 398–401. [Google Scholar] [CrossRef]

	



López, S.Y.; Mora-Ramos, M.E.; Duque, C.A. Calculation of direct and indirect excitons in GaAs-Ga1-xAlxAs coupled double quantum wells: Electric and magnetic fields and hydrostatic pressure effects. Solid State Sci. 2010, 12, 210–221. [Google Scholar] [CrossRef]

	



COMSOL. Multiphysics, v. 5.4; COMSOL: Stockholm, Sweden, 2018. [Google Scholar]

	



COMSOL. Multiphysics Reference Guide; COMSOL: Stockholm, Sweden, 2012. [Google Scholar]

	



COMSOL. Multiphysics Users Guide; COMSOL: Stockholm, Sweden, 2012. [Google Scholar]

	



Vinasco, J.A.; Radu, A.; Duque, C.A. Propiedades electrónicas de un anillo cuántico elíptico con sección transversal rectangular. Rev. EIA Esc. Ing. Antioq. 2019, 16, 77–87. [Google Scholar] [CrossRef]

	



Vinasco, J.A.; Radu, A.; Kasapoglu, E.; Restrepo, R.L.; Morales, A.L.; Feddi, E.; Mora-Ramos, M.E.; Duque, C.A. Effects of Geometry on the electronic properties of semiconductor elliptical quantum rings. Sci. Rep. 2018, 8, 13299. [Google Scholar] [CrossRef]

	



Vinasco, J.A.; Radu, A.; Niculescu, E.; Mora-Ramos, M.E.; Feddi, E.; Tulupenko, V.; Restrepo, R.L.; Kasapoglu, E.; Morales, A.L.; Duque, C.A. Electronic states in GaAs-(Al,Ga)As eccentric quantum rings under nonresonant intense laser and magnetic fields. Sci. Rep. 2019, 9, 1427. [Google Scholar] [CrossRef]

	



Vinasco, J.A.; Radu, A.; Restrepo, R.L.; Morales, A.L.; Mora-Ramos, M.E.; Duque, C.A. Magnetic field effects on intraband transitions in elliptically polarized laser-dressed quantum rings. Opt. Mater. 2019, 91, 309–320. [Google Scholar] [CrossRef]

	



Xie, W. Impurity effects on optical property of a spherical quantum dot in the presence of an electric field. Phys. B 2010, 405, 3436–3440. [Google Scholar] [CrossRef]

	



Vahdani, M.; Rezaei, G. Linear and nonlinear optical properties of a hydrogenic donor in lens-shaped quantum dots. Phys. Lett. A 2009, 373, 3079–3084. [Google Scholar] [CrossRef]

	



Jafari, A. Optical properties of hydrogenic impurity in an inhomogeneous infinite spherical quantum dot. Phys. B 2015, 456, 72–77. [Google Scholar] [CrossRef]

	



El Aouami, A.; Bikerouin, M.; Feddi, K.; Aghoutane, N.; El-Yadri, M.; Feddi, E.; Dujardin, F.; Radu, A.; Restrepo, R.L.; Vinasco, J.A.; et al. Linear and nonlinear optical properties of a single dopant in GaN conical quantum dot with spherical cap. Philos. Mag. 2020, 100, 2503–2523. [Google Scholar] [CrossRef]

	



Miranda, G.L.; Mora-Ramos, M.E.; Duque, C.A. Exciton-related nonlinear optical absorption and refraction index change in GaAs-Ga1-xAlxAs double quantum wells. Phys. B 2013, 409, 78–82. [Google Scholar] [CrossRef]

	



Rojas-Briseno, J.G.; Martínez-Orozco, J.C.; Rodríguez-Vargas, I.; Mora-Ramos, M.E.; Duque, C.A. Nonlinear absorption coefficient and relative refraction index change for an asymmetrical double δ-doped quantum well in GaAs with a Schottky barrier potential. Phys. B 2013, 424, 13–19. [Google Scholar] [CrossRef]








[image: Nanomaterials 12 03367 g001 550] 





Figure 1. Schematic of the structure used to solve the two-dimensional eigenvalue differential equation, Equation (3), using the finite element method (a). In (b), the mesh used with its refinement in the QD region to implement the finite element method is shown. F represents the applied electric field. 
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Figure 2. The lowest energies for a confined electron within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero applied electric field and using the model    V 1   ( z )  =  V 0    sinh 2    z k     for the axial confinement potential (see Equation (7)). In (a,b), the solid lines correspond to the results obtained by the solution of the full non-separable   V ( ρ , z  ) confinement potential (this means that they are obtained by solving the 2D-axi-symmetric differential equation). In (a), the five lowest solutions are reported for   l = 0 , ± 1 , ± 2  . In (b), the full symbols are obtained by the approximation   V  ( ρ , z )  =  V ρ   ( ρ )  +  V 1   ( z )    using only the first solution for the radial differential equation. In (b), the (i,j) labels identify the number of wave function antinodes, both in the radial (i) and axial (j) directions. 
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Figure 3. The z-dependent axial finite confinement potential (   V n   ( z )   ) and the wave functions along the z-axis of first four bound-states (   φ i   ( ρ = 0 , z )   ) for a confined electron in a CQD with   k = R = 15   nm. Results are for zero (a–c) and 50 kV/cm (d–f) applied electric field, with   l = 0  . Calculations are reported for the three considered axial finite confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f). Each wave function is vertically shifted such that its position on the energy scale is given by its corresponding eigenvalue. In panel (c), there are four pairs of doubly degenerate states, one with even symmetry (solid line) and the other with odd symmetry (dotted line) with respect to the point   z = 0  . The labels in each figure indicate the states in order of increasing energy. 
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Figure 4. The lowest six energies for a confined electron within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero (a–c) and   F = 50   kV/cm (d–f) with   l = 0  . The results are reported for the three considered axial finite confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f). 






Figure 4. The lowest six energies for a confined electron within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero (a–c) and   F = 50   kV/cm (d–f) with   l = 0  . The results are reported for the three considered axial finite confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f).



[image: Nanomaterials 12 03367 g004]







[image: Nanomaterials 12 03367 g005 550] 





Figure 5. Energy difference between the lowest confined electron states (   E n  −  E 1   ,   n = 2 , 3 , 4 , 5 , 6  ) within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero (a–c) and   F = 50   kV/cm (d–f) with   l = 0  . The results are reported for the three considered finite axial confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f). 
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Figure 6. Reduced square of the dipole matrix element between the lowest confined electron states (   M  1 n  2  /  e 2   ,   n = 2 , 3 , 4 , 5 , 6  ) within the CQD as a function of the simultaneous variation of the k-width in the axial direction and the R-radius in the radial direction. Calculations are for zero (a–c) and   F = 50   kV/cm (d–f) with   l = 0  . The results are reported for the three considered finite axial confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f). 
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Figure 7. Optical absorption coefficient (a–c) and relative changes of the refraction index (d–f) as a function of the incident photon energy for a confined electron within the CQD. Calculations are for several values of the   k = R   parameters for zero (solid lines) and   F = 50   kV/cm (dotted lines), considering transitions between   l = 0   states. The results are reported for the three considered axial finite confinement potentials:    V 2   ( z )    (a,d),    V 3   ( z )    (b,e) and    V 4   ( z )    (c,f). The insets in (c,f) show the optical coefficients for   k = R = 19   nm for the energy photon between zero and 90 meV in order to see the transitions between states that are almost degenerated. (a,d) show the scales for the optical coefficients. 
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