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Section S1. Proof of  integral for both ellipsoid and spheroid 

For the ellipsoid: 

 

Note that: for the ellipsoid  

 

Because of a and b always are . 

 

 

 

Let:  
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By partial fraction, we get:  

Figure S1. Atom located on z-axis at point z 
and having dipole momentum oriented 
along z-axis. 
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By solving the 1st integral:  
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By using partial fraction, we get: 
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• By solving the 2nd integral:  
 

 

 
 

For ellipsoid  

 

 

 
 

1. For the spheroid:  

 

 
 

Note that: for the spheroid    

 
 

 
 

Figure S2. Atom located on z-axis at point z 
and having dipole momentum oriented 
along z-axis. 
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• By solving the 1st integral:  
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• By solving the 2nd integral:  

 

 
 
 
 

 

     for spheroid 

Section S2. Radiative decay rate for the ellipsoid and the spheroid using  integral 
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To find the value of  if the exited atom is located at z-direction, apply the following equation:  

 

                                                                          at  

 

 

Substitute in equation  we get: 

 

 

 

For ellipsoid: 
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(p.20) 

For spheroid: 

 

 

(p.21) 

Section S3. The general formula the effective medium theory 

 

The general formula of the effective medium theory to calculate the elliptical permittivity and RI is  
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However for the ellipsoid and the spheroid the factor of    is varies in different values, but we can do this 
approximation at  and :  

 

For ellipsoid: the  value approaches to  at large aspect ratio, so that the effective permittivity of the ellipsoid could 
be:  

 

For spheroid: the  value approaches to 1 at the small aspect ratio, so that the effective permittivity of the spheroid 
could be: 

 

 

 

Whereas  and for the sphere  this formula is reduced to this equation  

 

 
 

For example: 

Let ,  and  and by varing the value of  form 0 to 1. By applying the general equation of 

the effective medium theory that mentioned before, we get: 
 

 
 

 

 

the exact solution for large aspect ratio    using the formula in the attached paper Equation (9), 

the , so that in order to calculate the error  : 
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Which means that the approximation could be acceptable in this range. 
 
 

 


