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Abstract

Technological advances have transformed the landscape of educational assessments, par-
ticularly in how we collect and analyze data on individuals’ cognitive processes and
interactions with assessment items. The rich data recorded in log files during human-
machine interactions are often referred to as process data. This study uses sequential
process data from the 2012 Program for the International Assessment of Adult Competen-
cies (PIAAC), focusing specifically on how respondents navigate an interactive numeracy
item (“Map”) that involves spatial cognition. The objectives of this study are trifold:
(1) to explore factors that contribute to success or failure on a spatial numeracy item,
(2) to identify spatial cognitive process features across high and low numeracy performance
levels, and (3) to introduce a novel time-embedded n-grams model to incorporate elapsed
time with sequential actions in process data analysis. Using a sample of 596 U.S. adult
respondents, we employed the time-embedded n-grams model and two machine learning
methods, random forest and XGBoost, to predict respondents” numeracy performance and
to identify robust classifiers. Results indicate that time-related features and understanding
directions in the spatial dimensions are the most predictive of adults’ numeracy skills. The
findings highlight the potential of process data to support analyses of latent numeracy
skills and cognitive processes in educational contexts.

Keywords: spatial cognitive processes; time-embedded n-grams; machine learning; numeracy;
educational assessment; PIAAC

1. Introduction

Spatial cognition plays a vital role in everyday functioning and serves as a founda-
tional skill for success in scientific, technological, and problem-solving domains (Z. C. K.
Hawes et al., 2022; Klencklen et al., 2012; Montello & Raubal, 2013). It involves reasoning
about spatial relationships, such as distance, angles, and directions, and supports interpre-
tation of symbolic representations, including maps, diagrams, and models (Vasilyeva &
Lourenco, 2012). These abilities enable individuals to navigate and make sense of complex
environments.

To better understand how these skills support real-world navigation and problem-
solving, spatial cognition can be conceptualized as comprising several interrelated pro-
cesses, including visuospatial perception, mental imagery, spatial memory, and navigation
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(Burgess, 2008; Klencklen et al., 2012). Visuospatial perception supports the interpretation
of spatial relationships, including categorical (abstract) and coordinate (metric) represen-
tations (Kolb & Whishaw, 2009; Reese & Stiles, 2005; van der Ham & Borst, 2011), while
mental imagery involves operations such as mental rotation and scanning that contribute
to the construction of cognitive maps. Spatial memory underpins these processes by sup-
porting the retention of object locations and spatial contexts (Ruggiero et al., 2008), and
navigation integrates them to enable wayfinding and route planning, often coordinating
between either egocentric (self-centered) or allocentric (environment-centered) frames of
reference (Moffat, 2009).

Despite its importance, measuring spatial cognitive skills presents significant method-
ological challenges. Traditional psychometric instruments, such as the Mental Rotation
Test (MRT; Hegarty, 2018; Maeda & Yoon, 2013), mirror image recognition (Keromnes
etal., 2019), and embedded figure tasks (Glicksohn & Kinberg, 2009), offer standardized
assessments of spatial visualization, but often capture only isolated components of spatial
ability and lack ecological validity. In contrast, real-world and contextual tasks, including
maze navigation, route planning, landmark recall, and block construction, provide more
ecologically valid insights into how spatial cognition operates in applied settings. Recent
innovations, such as virtual reality simulations, eye-tracking, and motion capture, fur-
ther expand the possibilities for immersive and dynamic measurement (Kiefer et al., 2017;
S. Wang et al., 2024). However, these approaches often suffer from limited psychometric
validation, small sample sizes, and context sensitivity, which constrain their generalizability
and scalability (Man, 2024).

One way to address these limitations is through large-scale assessments, where spatial
cognition can be examined at scale. In these settings, spatial cognition is often operational-
ized within numeracy tasks that require integration of spatial and quantitative information
(OECD, 2012). International large-scale educational assessments have increasingly incorpo-
rated spatial navigation tasks to measure abilities in dimension and shape. For example,
route planning in the Programme for International Student Assessment (PISA) 2012, map
recognition in the Programme for the International Assessment of Adult Competencies
(PIAAC) 2012, and adaptive problem-solving (APS) in PIAAC 2022 require geographic
reasoning and strategic coordination to determine optimal navigation paths. Figure 1 shows
an example APS task in PIAAC 2022 involving map navigation across multiple locations.
These assessments provide large-scale data to examine spatial cognition in real-world task
contexts, supported by nationally representative samples and rich background data.

Beyond their scale, digital assessment platforms enable the collection of process
data, which are detailed logs of how individuals interact with tasks in real time. These
data provide granular insights into the cognitive strategies individuals employ and allow
researchers to trace patterns of success and failure at the individual level (Goldhammer
et al., 2017; Q. He et al., 2021; S. He & Cui, 2025).

Building on this approach, the present study examines adults’ navigation patterns on
a PIAAC interactive numeracy item referred to as “Map”. This task requires respondents
to mentally simulate spatial orientation to generate a series of directional paths. Using
process data and machine learning techniques to model sequential task interactions, we
aim to identify key factors that contribute to success or failure on the Map task. In doing so,
this study addresses a key gap in large-scale investigations of adult spatial cognition and
contributes to the development of more valid, scalable, and context-sensitive assessment
frameworks.
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Dinner Preparation - Question 1/2

Look at the map and the sticky note.
Follow the instructions shown and tap on
the destinations to complete the task
below.

It's 8 o'clock in the morning. You need to
take your child to school by 8:30 a.m. and
go to a shop to buy the ingredients for
dinner. You need to be back home by
10:00 a.m.

Plan the fastest route to accomplish
these goals. Keep the time constraints
in mind.

After you drew the route to the first
destination, tap on Apply to continue
with the planning. The driving time will
update.

Bring child to school by 8:30 a.m.

Buy ingredients for dinner \ RESET y APPLY
Be back home by 10:00 a.m.

. \ Total driving time: 25 min

Figure 1. An example item “Dinner Preparation” with map content in PIAAC 2022 (OECD, 2021,
p- 163). Note. At the upper-right corner, the question-mark icon indicates the Help function. The left
and right arrow icons indicate the Previous Item and Next Item navigation buttons.

1.1. Embodied Cognition Theories

The Map task requires respondents to mentally simulate orientation and movement
through space, making it a useful context for examining how spatial reasoning is grounded
in bodily experiences. This perspective aligns with embodied cognition theories, which
propose that abstract concepts, including spatial and numeric relationships, are shaped
by sensorimotor processes (Barsalou, 1999; Wilson, 2002). Rather than treating spatial
cognition as purely abstract, this framework emphasizes the role of perception and action
in structuring spatial understanding. Evidence from this perspective includes the “mental
number line”, in which numbers are spatially represented from a left-to-right continuum
(Dehaene et al., 1993). Similarly, research has shown that gesturing (hand movements)
improves performance on spatially demanding numerical tasks by supporting mental
simulation and visuospatial working memory processes (Aldugom et al., 2020; Brooks et al.,
2018).

A concrete example is provided by C. Zhu et al. (2023), who used data-driven thematic
analysis to identify themes relevant to spatial thinking based on multimodal evidence,
including physical artifacts, classroom interactions, and recorded problem-solving pro-
cesses. Their findings showed that participants generated diverse strategies for constructing
visual-spatial representations, such as mapping quantities onto tangible objects, arranging
materials in spatial order, and unitizing elements to establish visual parameters. Par-
ticipants also iteratively refined their understanding as they moved between abstract
numerical values and tangible materials during the embodied making process. These
findings illustrate that spatial reasoning is not only shaped by embodied processes but can
also be observed through individuals’ interactions with tasks. This perspective aligns with
process data approaches, which capture how such cognitive processes unfold over time.
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Large-scale assessments that record both performance and process data therefore provide a
unique opportunity to examine these mechanisms in real-world contexts.

1.2. Assessing Numeracy Skills in PIAAC

PIAAC is a large-scale international assessment designed to evaluate the literacy,
numeracy, and problem-solving skills of the working-age population (ages 16 to 65). Ad-
ministered in technology-rich environments, PIAAC tasks often require individuals to
engage with complex, real-world scenarios, providing a relevant context for examining
how cognitive skills are applied in practice. Countries use PIAAC data to evaluate how
well adults are prepared to participate in civic, cultural, and economic life. Beyond core
cognitive domains, PIAAC collects detailed background and interaction data, enabling
researchers to examine both the distribution of adult skills and the processes underlying
task performance. As one of the most comprehensive assessments of adult competencies,
PIAAC offers a scalable and policy-relevant platform for investigating how individuals
engage with cognitively demanding tasks (Curry, 2019).

Within PIAAC, numeracy is defined as “the ability to access, use, interpret, and
communicate mathematical information and ideas in order to engage with and manage
the mathematical demands of everyday adult life” (OECD, 2012, p. 36). The numer-
acy framework conceptualizes numeracy through four interrelated facets: (1) contexts,
(2) mathematical content, (3) cognitive strategies, and (4) representations of information.
Together, these facets shape how individuals engage with assessment tasks. In the Map
task analyzed in this study, these facets are reflected in distinct but overlapping ways. The
task is situated in an applied context that requires respondents to navigate a real-world
scenario, while the mathematical content is primarily drawn from the dimension and shape
domain, involving spatial reasoning, orientation, and the interpretation of two-dimensional
representations. Respondents must also employ cognitive strategies, including identifying
relevant information and evaluating possible routes. Information is presented through
visual and spatial representations within a digital interface, requiring individuals to coordi-
nate perceptual and spatial reasoning processes. Together, these facets provide a framework
for understanding how spatial cognition and navigation behavior are expressed within the
process data.

1.3. Gaps in Adults’ Digital Numeracy Skills

Despite the comprehensive framework used to assess numeracy in PIAAC, substan-
tial gaps remain in adults’ digital numeracy skills. PIAAC defines numeracy across six
proficiency levels (Below Level 1-Level 5), with meeting proficiency defined as Level 3'.
However, many U.S. adults fall below proficiency thresholds (57% at or Below Level 2 in
2023 Cycle 2; 52% at or Below Level 2 in 20122017 Cycle 1; National Center for Education
Statistics, 2019, 2024), suggesting that a large proportion of adults are still developing skills
related to “accessing, using, and reasoning critically with mathematical content” (OECD,
2021, p. 19) in daily life. These challenges are further compounded by the increasing
reliance on digital assessment environments, which demand not only literacy and numer-
acy proficiency but also the ability to navigate interactive interfaces, including selecting,
interpreting, and acting on information within dynamic tasks (Brinkley-Etzkorn & Ishitani,
2016; Graesser et al., 2019). As emphasized in the PIAAC framework, numeracy extends
beyond procedural skills to include reasoning in real-world contexts. This suggests a more
use-oriented, applied approach as opposed to decontextualized math skills and procedural
(step-like) math (Curry, 2019).

Despite the high stakes associated with digital assessment outcomes, limited attention
has been paid to how adults, particularly those with lower skills, engage with these
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platforms. As computer-based assessments increasingly capture granular process data
(e.g., time-stamped action sequences, navigation paths), researchers are now positioned
to examine not just whether an answer is correct, but how and when it was attempted
or solved (Goldhammer et al., 2013; Q. He et al., 2023a). These data make it possible to
analyze behaviors such as item skipping, time allocation, and response efficiency, which
are critical for interpreting performance and identifying barriers to success. Recent studies
have shown that such behavioral indicators are particularly well-suited for capturing
individuals’ problem-solving strategies and patterns of engagement (e.g., Q. He et al., 2021;
Zhang et al., 2024), offering a more nuanced view of how respondents interact with tasks
beyond what response accuracy alone can convey.

Within this context, the present study focuses on spatial cognition, which is an often-
overlooked component of digital numeracy. Spatial cognition supports tasks such as
interpreting graphs, navigating interfaces, and mentally manipulating quantities. In digital
assessment environments, these processes are reflected in observable behaviors, including
how adults allocate time, sequence actions, and visually navigate numeracy items. By
examining these behavioral patterns, we aim to uncover the cognitive strategies that un-
derlie success or failure among adults with different numeracy skill levels (higher/lower).
These insights will inform targeted instructional approaches to strengthen spatial navi-
gation and digital task fluency among underperforming groups. Understanding these
patterns requires data that capture how actions unfold and how responses are paced during
task completion.

1.4. Sequential Process Data Analysis

Computer-based assessment platforms capture detailed log files that allow researchers
to examine how individuals interact with tasks in real time. These granular records,
commonly referred to as process data, document every action a respondent takes on screen,
including mouse movements, time spent on tasks, navigation paths, and response revisions.
Typically stored as ordered sequences of multi-type, time-stamped events, process data
provides insights into when and how individuals engage with digital tasks (Goldhammer
et al., 2014; Guo et al.,, 2016; Kaldes et al., 2024; M. Zhu & Feng, 2015). These records
reflect both the sequence of actions and the timing of those actions, making it possible to
examine how behavior unfolds during task engagement. The relationship between action
and timing is critical, as delays, pauses, and transitions can reflect underlying cognitive
processes such as planning, uncertainty, or strategy shift.

A central challenge in process data analysis is how to represent both the sequence of
actions and the timing of those actions in a way that preserves behavioral structure while
remaining suitable for statistical and machine learning models. Existing approaches address
this challenge in different ways but mainly capture only part of the underlying structure
of sequential task behavior because they treat action sequences and timing information
independently (Q. He et al., 2023a). It is an issue evident in feature-based methods such
as n-gram sequence analysis, which extract localized behavioral patterns from contiguous
subsequences for predictive modeling while still separating actions from their temporal
dynamics (Y. Chen et al., 2019; Han et al., 2019; Q. He & von Davier, 2016; Liao et al., 2019;
Salles et al., 2020; Stadler et al., 2019).

In contrast, sequence distance methods quantify similarity across entire sequences
(Dong & Pei, 2007), for example, using the Longest Common Subsequence (Q. He et al,,
2021; Ulitzsch et al., 2021) or Dynamic Time Warping (Q. He et al., 2023a), capturing global
structure but lacking compatibility with feature-based modeling frameworks. Model-based
approaches, such as Hidden Markov Models (HMMs), use latent sequence modeling to
infer underlying cognitive states from observed action patterns, providing insight into
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latent structure but relying on strong assumptions and not directly preserving observable
temporal dynamics (Tang, 2024; Tenison & Arslan, 2020; Xiao et al., 2021). More recently,
artificial intelligence-supported approaches have been explored (Bulut et al., 2025), but pro-
cess data differ substantially from the single-dimensional inputs used to train such models,
and their relatively limited scale constrains their applicability in assessment contexts.

Among these approaches, gram-based methods provide a particularly strong foun-
dation for modeling process data. Unlike sequence distance methods and model-based
approaches such as HMMs (X. Liu et al., 2025; Tenison & Arslan, 2020; Xiao et al., 2021),
n-gram representations offer a flexible, feature-based framework that can be directly inte-
grated into statistical and machine learning analyses. In addition, n-grams capture localized
patterns of behavior that are interpretable in terms of task actions, making them appro-
priate for identifying meaningful behavioral markers. Critically, their modular structure
allows for the incorporation of additional information, such as temporal features, without
fundamentally altering the representation. This flexibility makes n-grams particularly
well-suited for extending sequence analysis to jointly model action sequences and timing
information within a unified framework.

The present study builds on this foundation by introducing a novel time-embedded #-
grams approach that addresses a key limitation of traditional gram-based methods, namely,
the separation of action and timing into distinct dimensions. The time-embedded n-grams
method incorporates elapsed time directly into the n-gram structure, reducing multidimen-
sional sequences into a matrix-based representation that captures both navigation paths
and pause durations between routing points. This integrated representation provides a
more comprehensive view of how individuals engage with spatially demanding tasks in
real time.

2. Aims and Research Questions

The present study examines how sequence-based behavioral patterns unveil adults’
spatial cognition process on the interactive numeracy task “Map” in PIAAC 2012. The
granular process data allows us to investigate how action- and time-based patterns reflect
underlying cognitive strategies and distinguish successful from unsuccessful performance.

This study focuses on three primary objectives: (1) to identify behavioral patterns
associated with success and failure on a spatial numeracy item, (2) to compare process
features across adults with different levels of numeracy proficiency, and (3) to introduce
a time-embedded n-grams approach for modeling sequential process data that integrates
action and timing information. To achieve these goals, we apply machine learning algo-
rithms (Random Forest [RF] and Extreme Gradient Boosting [XGBoost]) to time-embedded
n-gram representations to identify the most robust predictors of problem-solving success
and numeracy skill level.

Specifically, this study addresses the following research questions:

RQ1. What behavioral patterns and strategies differentiate successful and unsuccessful
attempts to solve a spatial numeracy task?

RQ2. Which process features most robustly predict adults’ numeracy proficiency?

3. Methods
3.1. Sample

The sample included 696 adult respondents from the U.S. PIAAC 2012 dataset who
completed the numeracy Map item. Due to discrepancies between the process and response
data files, 100 cases could not be matched and were excluded from subsequent analyses,
resulting in a final sample size of N = 596. Among these participants, 54.9% self-identified as
female. Based on the PIAAC numeracy proficiency scale, 296 individuals were categorized
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as having lower numeracy skills (Level 2 and below), while 300 were classified as having
higher numeracy skills (Levels 3-5). Overall item performance indicated a correct response
rate of 56.2% (335/596), with 43.8% (261/596) responding incorrectly.

Self-reported race/ethnicity distributions were: 72.2% White, 10.3% Black, 8.1% His-
panic, and 9.4% identifying as other, with two cases missing. The sample mean age was
39.02 years (SD = 13.96). Familiarity with information and communication technology (ICT)
was assessed separately for home and workplace contexts. At home, the mean ICT was
2.26 (SD = 0.90; 46 missing), while at work it was 2.20 (SD = 1.09; 214 missing). Stratified by
numeracy level, individuals in the higher numeracy group reported greater ICT familiarity
(home: 2.47 vs. 2.04; work: 2.34 vs. 1.98). Detailed subgroup analyses, including item
performance by numeracy classification, are presented in Table 1.

Table 1. Statistical description of the U.S. sample (N = 596).

Gender (%) Race (%) Age (Years) ICT atHome  ICT at Work

Female Male White Black  Hispanic Others M SD M SD M SD

Low-Numeracy 296 62.50 37.50 62.93 16.33 10.88 9.86 3758 1424 204 0.97 1.98 1.11
Correct 100 63.00 37.00 66.67 10.10 13.13 10.10 3532 1340 192 091 1.99 1.21
Incorrect 196 62.24 37.76 61.03 19.49 9.74 9.74 38.73 1456  2.10 1.00 1.98 1.06

High-Numeracy 300 47.33 53.67 81.33 4.33 533 9.00 4043 1355 247 0.78 2.34 1.05
Correct 235 46.38 53.62 82.55 4.68 3.83 8.94 39.67 1318 245 0.75 2.36 1.07
Incorrect 65 50.77 49.23 76.92 3.08 10.77 9.23 4320 1458 252 0.86 224 0.97

Correct 335 51.34 48.66 77.84 6.29 6.59 9.28 3837 1337 230 0.84 2.28 1.11

Incorrect 261 59.39 40.61 65.00 15.38 10.00 9.62 39.84 1466 221 0.98 2.07 1.03

Total 596 54.87 45.13 72.22 10.27 8.08 9.43 39.02 1396 226 0.90 2.20 1.09

Note. Race, ICT at Home and ICT at Work have omitted 2, 46, and 214 missing values, respectively. M = Mean,
SD = standard deviation.

3.2. Instrument

The Map item illustrates the integration of spatial cognition and spatial navigation
within a real-world context. It requires respondents to interpret spatial layouts and di-
rectional cues while reasoning about movement and transformation. Figure 2 presents a
demonstration of the Map item, designed to mimic the symbolic structure of the original
PIAAC task.

In this item, participants are instructed to follow directional commands (e.g., “turn

i

left,” “turn right,” “go straight”) to identify corresponding locations on the map and
determine the correct route to a designated destination. Each viable path segment is labeled
with an “I” prefix (e.g., 145, 149) to denote its position within the navigation sequence.
A single click on the route signifies the “selection” of a path section, while clicking on
an already selected path indicates its “deselection”. All the interactive actions with time
stamps were captured for each respondent during the problem-solving process in PIAAC.

In Figure 2, the blue marker indicates the starting point, while the orange marker
serves as a distractor. The correct route is depicted with a solid line, beginning at 145 and
proceeding through 144 (optional), 149, 153, 154, and 158. Common incorrect paths are shown
with dashed lines. Notably, the sequence in which segments are selected does not influence
scoring; only the final route configuration is evaluated. Thus, whether a respondent clicks
on 145 or I58 first is immaterial to correctness, though such choices may reflect strategic
differences across respondent groups.

Successful completion of the item hinges on the respondent’s ability to mentally
simulate their orientation within the spatial environment, rather than relying solely on the
static visual representation of the map. A particularly illustrative example occurs at the
intersection of 149, 152, and 153, where the instruction “turn left” is provided. To interpret
this correctly, respondents must mentally position themselves as walking eastward and

https://doi.org/10.3390/jintelligence14060105


https://doi.org/10.3390/jintelligence14060105

. Intell. 2026, 14, 105

8 of 25

recognize that the intended “left” turn, relative to their orientation, is visually represented
on the right side of the map. This mirror effect introduces a cognitively demanding element,
requiring dynamic spatial transformation and embodied perspective-taking.

O,
19
.
118
.
145
144 ¢ 'O
149
N
. . L4 A d A
151 152 153 154
W
E 155 158
S
. .

Figure 2. A demo of the Map item that mimics the symbolic structure of the original PIAAC task.
The sequence of solid lines indicates the correct path; the sequence of dashed lines indicates the
commonly incorrect paths. The blue marker indicates the correct starting point; the orange marker
indicates a distractor starting point.

3.3. Time-Embedded n-Grams

As previously noted, Q. He and von Davier (2016) introduced the n-grams method to
segment long sequences into manageable mini-sequences, thereby facilitating the represen-
tation of sequential settings. This approach supports gram-based feature extraction and
has demonstrated efficiency in process data analysis (Liao et al., 2019; Stadler et al., 2019;
Ulitzsch et al., 2022; Zhang et al., 2024). However, traditional n-gram methods primarily
focus on the sequence of actions, often neglecting the temporal dimension, which is not
easily incorporated (Q. He & von Davier, 2016).

To address this limitation, Tenison and Arslan (2020) and Arslan et al. (2023) intro-
duced a “pause” behavior between consecutive actions, using a fixed time threshold to
distinguish between short and long pauses. These thresholds are typically determined
based on researchers’ experience and are often applied uniformly across all action pairs.
This uniformity may not reflect actual behavioral patterns, as the perception of pause
duration is inherently relative. For instance, a 10 s interval may be considered a long
pausing time for actions that typically occur in rapid succession, but relatively short for
action pairs that usually involve extended cognitive processing.

To better capture this temporal nuance, we propose an alternative time-embedded
n-grams method that incorporates the pause duration between each pair of actions, based
on their empirical distributions. Specifically, two steps are required.

Step 1: This step filters action pairs to retain only those that occur with sufficient
reliability, defined as appearing at least five times. In this study, we initially extracted 531
unique bigrams. To ensure reliability, we excluded those with a total frequency of five or
fewer occurrences, yielding a refined set of 105 unique bigrams. This filtering step reflects
the assumption that when action pairs occur infrequently, the elapsed time between them
may not be a reliable indicator of behavioral patterns. Consequently, we did not assign
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a pause action in such cases. As a result, only the 105 action pairs meeting the frequency
threshold were associated with elapsed times that qualified for adding the “pause” action
in between.

Step 2: This step defines the ordinal categories of pause duration for each action pair.
To embed temporal information, we introduced a new “pause action” into the original
sequences. For each bigram, we examined the distribution of elapsed time and categorized
pauses as follows: durations below the 25th percentile were labeled as short pauses,
those between the 25th and 75th percentiles as medium pauses, and those above the 75th
percentile as long pauses. For improved visualization and normalization, the elapsed
time t between action 4; and a;,1 was transformed using log(t), which better approximates
a normal distribution. This thresholding approach aligns with Tenison and Arslan (2020),
who also used the 25th and 75th percentiles to distinguish short, medium, and long pauses.
However, their thresholds were fixed based on the overall pause-time distribution in their
dataset and did not account for the frequency or timing characteristics of specific action
pairs. In contrast, our proposed approach derives pause categories from the local time
distribution of each action pair, incorporating both how often a pair occurs and the typical
duration between the two actions. This yields pause classifications that are more sensitive
to the structure of the underlying behavioral sequences.

Figure 3 illustrates two examples of the distributions of elapsed time between action
pairs. Based on the percentile thresholds, we assigned pause categories on elapsed time
duration between each action pair, that is, the grey color area for short pauses (shorter
than the 25th percentile), green for medium (between the 25th and 75th percentiles), and
pink for long (longer than the 75th percentile). These time-embedded bigrams were then
concatenated to form new action sequences for each participant.

Density

75th percentile
75th percentile

Log(Time) Log(Time)

(a) (b)

Figure 3. Illustration of “pause” action incorporated into the time-embedded n-gram model. The
distribution of the logarithm of elapsed time between adjacent actions is divided using the 25th
and 75th percentiles as thresholds. A short pause is defined as an interval below the 25th percentile
(grey area), a medium pause as an interval between the 25th and 75th percentiles (green area), and
a long pause as an interval above the 75th percentile (pink area). (a) An illustration of the log-time
distribution for the action pair “Select 145 — Select 149” (399 occurrences); (b) An illustration of the
distribution for “Select I53 — Select 154" (274 occurrences).

Let A as an ordered action sequence consisting of n actions 4, with elapsed time
between actions as t,_1, A’ is the time-embedded sequence of A with a categorized time
pause py into three categories, short (px—;), medium (px—,,), and long (px—;), pauses by the
elapsed time distributions based on the specific pair of actions (a,_1, ax).

A= {611 t1— axty — ...a;t;— aigq.... .. Ay_1 th—1 — an) (1)

A/ = {all Pk/ an, Pk/ By Pk/ ceelp—1, sz an} (2)
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A concrete example can be illustrated with the sequence A = {Start (15 s),
Select 144 (40 s), Select 158 (2 s), End}. From this sequence, we first extract the ac-
tion pairs (bigrams): {Start, Select 144}, {Select 144, Select 158}, and {Select I58, End}.
We then examine the frequency of each bigram across the dataset; because all three oc-
cur at least five times, none are removed. Next, we calculate the distribution of elapsed
times for each action pair. For instance, the 15 s interval between Start and Select [44 falls
below the 25th percentile of that pair’s time-duration distribution, so it is categorized
as a short pause, yielding the trigram {Start, Short Pause, Select 144}. The same proce-
dure is applied to the remaining bigrams. Consequently, sequence A is transformed into
A" = {Start, Short Pause, Select 144, Long Pause, Select 158, Medium Pause, End}, with
each pause category reflecting the local time distribution of its corresponding action pair.

To further enhance feature representation, we applied the TF-ISF weighting scheme
(Q. He & von Davier, 2016) to the time-embedded sequences. Similar to the traditional
n-grams, we treated “pause” action as an embedded action analogous to terms in natural
language processing. A term frequency of a mini-sequence (with elapsed pause action)
tf;; (gram i in sequence j) and its inverse sequence frequency ISF; = log(sﬂﬂ) > 0, where
N indicates the total number of sequences in the collection, namely, the total number of
test takers, 596, in this study, and sf; is the number of sequences where the mini-sequence i
appears, are combined into a single weight as follows:

[1+1og(tf,;) Jlog (&) iftfy; =1

weight(i, ) =

€)

The first clause applies to grams occurring in the same sequence, whereas for grams
that do not appear (t fij= 0) , we use weight (i,j) = 0. This weighting scheme highlights
distinctive features by amplifying actions that are less frequent across sequences, thereby
improving the discriminative power of the time-embedded representations.

In this study, we incorporated both n-grams (without elapsed time) and time-
embedded n-grams as low-level sequential features to illustrate the contribution of time-
embedded representations in the prediction model. The standard n-grams captured only
adjacent action pairs, yielding 531 bigrams. In contrast, the time-embedded n-grams were
constructed as trigrams that included at least one pause action, resulting in 1399 trigrams
in total.

3.4. Aggregate-Level Process Indicators

In addition to the time-embedded n-grams extracted from the action sequences, we
incorporated nine process indicators that were designed to aggregate low-level sequential
features into more interpretable metrics as suggested by Goldhammer et al. (2021). These
indicators include three time-related measures (i.e., total response time, time to the first
action, and time to the final action before task completion), five count-based measures
(i.e., total number of actions, number of final-response actions, number of help function
uses, number of deselections, and number of off-map clicks), and one computational
redundancy indicator. The redundancy ratio was defined as the number of final-response
actions divided by the total number of actions to capture the extent to which respondents
engaged in unnecessary steps. Values closer to 1 indicate that respondents used fewer
redundant actions, and that most actions directly contributed to the final response. In
contrast, values approaching 0 suggest longer, less efficient action sequences that did not
directly support reaching the solution. Table 2 summarizes the nine aggregate-level process
indicators and their corresponding interpretations.
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Table 2. Aggregate-level process indicators and interpretations.

Process Indicator Category Meaning
. . The total amount of time a respondent spent on the

Total response time Time . . Ly

item from entry to final submission.
. . . ) The el d time bet it t d th

Time to the first action Time € clapse , u.ne ctween 1 em entry an ¢
respondent’s first recorded action.

Time to the last action Time The elapsed time between the respondent’s last

before task completion recorded action and item exit.

Total number of actions Count The totgl number of recorded interactions performed
on the item.

Number of Count The number of actions recorded in the final response.

final-response actions

Number of help The total count of times the respondent clicked on
. Count .
function uses the help function button.
Number of deselections Count The total count of times that a previously selected
route was deselected.
Number of off-map clicks Count The number of clicks recorded outside the

designated map area.

The ratio of final-response actions to total actions,
Redundancy ratio Computation indicating the proportion of actions directly
contributing to the final response.

Note. The total number of actions and the number of final-response actions represent two distinct concepts. The
number of final-response actions is always less than or equal to the total number of actions.

3.5. Feature Selection and Analytic Strategy

Feature selection was conducted to differentiate adults with high versus low numeracy
levels based on their interactions with the items. The process involved two steps. First,
we applied chi-square feature selection to identify the time-embedded n-grams that most
effectively distinguished between the binary groups (correct vs. incorrect, low numeracy vs.
high numeracy). We then used ensemble-based feature selection to automatically identify
the most robust predictors across both the aggregate-level indicators and the low-level
sequential features derived from the time-embedded n-gram representations.

3.5.1. Chi-Square Feature Selection

Following Q. He and von Davier (2016), we applied chi-square feature selection, a
method widely used in textual analysis for identifying highly discriminative features and
comparing distributions across corpora (Manning & Schiitze, 1999; see Forman, 2003, for
additional models). Given the structural parallels between textual and process data, this
approach is well suited for detecting actions or action vectors that effectively distinguish
the two groups. For each action or action vector, we constructed a 2 x 2 contingency table
crossing its presence or absence with group membership (i.e., high vs. low numeracy), as
shown in Table 3. Let n; and m; denote the weighted frequencies of an action in groups C;
and C,, respectively, and let len(C) represent the total weighted action count within each
group. The chi-square statistic tests whether action occurrence is independent of group
membership; under the null hypothesis, the two groups should exhibit proportional action
distributions. For a 2-by-2 contingency table, the chi-square value is computed as:

2 _ M(01109 — 012091)*
X = 4)
(0114012)(011+021) (0124+022) (021 +022)

where M is the total number of actions in the collection, and O;; represents the weighted
cell counts in the contingency table (Agresti, 1990; Bishop et al., 1975), namely O;1 and
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O1 represent occurrences in the two groups and O,; and O, represent non-occurrences.
Actions with larger chi-square values are more informative for classification (Manning
& Schiitze, 1999). We therefore ranked all actions by their chi-square scores and treated
the highest-scoring actions as robust discriminators. Using a 95% confidence threshold
(x? > 3.84), we identified actions that occurred significantly more often in one group. When
the ratio n; /m; exceeded len(Cy)/len(Cy), the action was considered more typical of group
C; (a “positive indicator”); otherwise, it was more characteristic of group C, (a “negative
indicator”) following Oakes et al. (2001).

Table 3. 2-by-2 contingency table for action i in chi-square score computation.

C] C2
action i n; m;
—action i len (C1) —n; len (C2) —m,

Note. C; and C; represent the two study groups (i.e., high and low-numeracy groups). n; and m; indicate the
weighted frequency of the action i occurs in C; and C; respectively. len(C) indicates the sum of the weighted
action occurrences in each group.

3.5.2. Ensemble Machine Learning Feature Selection

The RF algorithm (Breiman, 2001), an extension of the Classification and Regression
Tree (CART; Breiman et al., 1984), is an ensemble method that aggregates predictions from
multiple decision trees to reduce variance and improve accuracy through randomized tree
construction. Each tree is built on a bootstrap sample and, at every split, considers only a
randomly selected subset of predictors to enhance model robustness (Dietterich, 2000; Han
etal., 2019; Q. He et al., 2023b). Because RF relies on many decision trees, understanding
the underlying tree-growing mechanism is essential. A decision tree recursively partitions
the predictor space using greedy binary splits that minimize impurity (classification) or
mean squared error (regression), producing increasingly homogeneous nodes as the tree
deepens (Han et al., 2019). A key feature of RF is that, instead of searching all predictors
for the optimal split, each node evaluates only a random subset of variables. This design
enables RF to handle high-dimensional predictor spaces efficiently, mitigates data sparsity,
and improves numerical stability.

In this study, we used binary splits (two child nodes per parent) and allowed trees
to grow without explicit constraints on depth or minimum node size, using the default
settings of the randomForest package (Liaw & Wiener, 2002) in R version 4.5.1. Our primary
goal was to identify the optimal combination of mtry and ntree that maximized prediction
accuracy. We randomly assigned 80% of the data to the training set and 20% to the testing
set and implemented 10-fold cross-validation to ensure stable performance estimates. mtry
values were selected based on the default value of VP for the RF classifier, where p is the
number of predictors. There are 530 and 1408 predictors from bigram and trigram features,
respectively. Therefore, mtry values of 10, 20, and 30 were used to evaluate a reasonable
range of smaller to moderate predictor sets at each split, while having a consistent tuning
grid across bigrams and trigrams. We also tuned a wide range of ntree values from 100
to 500 to examine if model performance stabilized as the ensemble size increased. This
procedure allowed us to assess variability due to random train-test splits and to compute
the average accuracy and standard deviation across trials, providing a clearer and more
reliable evaluation of RF performance across multiple random replications.

XGBoost (T. Chen & Guestrin, 2016) is an efficient and highly accurate implementation
of gradient boosting machines, offering optimized computation and strong predictive
performance (Acisli-Celik & Yesilkanat, 2023; H. Liu et al., 2022). The algorithm constructs
an ensemble of weak learners, here, individual classification trees, and iteratively combines
them to form a strong predictive model (H. Liu et al., 2022; Ulitzsch et al., 2023). Its objective
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function integrates a loss term and a regularization term, with the loss approximated
through a second-order Taylor expansion. Regularization plays a central role in controlling
model complexity and reducing overfitting, while each boosting iteration updates the
model by minimizing the objective function and refining residual errors.

XGBoost includes several hyperparameters designed to prevent overfitting and man-
age missing values. The parameter max_depth limits the depth of each tree, balancing
the ability to capture complex patterns with the risk of fitting noise. The parameter
min_child_weight specifies the minimum sum of instance weights required for a split, pre-
venting trees from growing too deep based on minor fluctuations in the data. Because
boosting repeatedly transforms leaves into internal nodes until reaching the maximum
depth (Ulitzsch et al., 2023), identifying an appropriate combination of these hyperparame-
ters is essential for stable and generalizable model performance.

All analyses were conducted in R version 4.5.1 using the xgboost package (T. Chen
et al., 2026), with hyperparameter tuning performed through caret (Kuhn, 2021). An
80/20 train—test split was applied, and a five-fold cross-validation procedure ensured
reliable performance estimates. Hyperparameters were tuned using grid search with a
fixed learning rate (eta = 0.01) and a fixed number of boosting rounds (nrounds = 100),
to allow gradual learning and to keep computational cost manageable. Tree depth was
tuned using max_depth values of 6, 8, and 10 to compare moderate to more complex tree
structures. The gamma parameter was tuned using 0, 1, and 5 to control the minimum loss
reduction required to make a split, with higher values meaning more conservativeness.
The colsample_bytree and subsample parameters were tuned using values 0.5, 0.7, and 1, and
0.6, 0.8, and 1, respectively, to evaluate whether features and row subsampling improved
generalization and reduced overfitting. Finally, min_child_weight values of 1, 3, and 5 were
tuned to control the minimum amount of information required in child nodes.

In this study, we defined the prediction task as a four-category classification based
on performance and numeracy level, as shown in Table 1: incorrect-low numeracy (IL),
incorrect-high numeracy (IH), correct-low numeracy (CL), and correct-high numeracy
(CH), with 196, 65, 100, and 235 participants, respectively. This framework allows us to
examine behavioral and strategy differences across numeracy levels in both successful
and unsuccessful problem-solving groups. Model performance was evaluated using four
standard metrics, accuracy, precision, recall, and F1 score, to assess how effectively the
selected features predicted respondents’ categories. We also analyzed variable importance
from the ensemble model to identify the predictors that contributed most strongly to
classification performance.

4. Results
4.1. Behavioral Patterns Between Correct and Incorrect Groups (RQ1)

To address RQ1, we first compared correct (N = 335) and incorrect (N = 261) groups
to identify key features that may help explain their success or failure. Table 4 summarizes
the aggregated process indicators for the correct and incorrect performers, further broken
down by numeracy level. Focusing on the “correct” and “incorrect” columns, the time-
related indicators show that the correct group spent an average of 107 s on the Map task, 11
s faster than the incorrect group. They also demonstrated quicker first-interaction times,
with nearly a 10 s advantage. The time since the last interaction to the task completion did
not differ significantly between groups.

For the count-related indicators, the correct group performed slightly fewer total
actions than the incorrect group, but they executed more final-response actions. This
pattern produced a higher redundancy ratio in the correct group, indicating that a greater
proportion of their actions contributed directly to the final response and that they engaged
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in fewer redundant actions overall. No significant differences were observed in the use
of the help function between successful and unsuccessful performers. Additionally, the
correct group made fewer deselections and fewer off-map clicks, suggesting more focused
and efficient interaction behavior.

Table 4. Distribution of process indicators by performance groups.

Correct Incorrect High Numeracy Low Numeracy
Mean SD Mean SD Mean SD Mean SD

Total response time 107.48 4492 118.76 69.57 109.45 54.23 115.42 60.12
Time to the first action 54.55 31.58 63.83 53.90 58.63 46.14 58.60 39.69
Time o the last action before 7.43 8.34 7.80 12.39 8.20 9.34 6.98 11.17
task completion
Total number of actions 7.44 3.61 7.79 6.06 717 3.71 8.03 5.74
Number of final-response actions 5.38 0.49 4.70 2.34 5.24 0.91 492 2.11
Number of help function uses 0.01 0.11 0.01 0.11 0.02 0.13 0.01 0.08
Number of deselections 0.70 1.42 1.16 2.40 0.69 1.52 1.12 2.25
Number of off-map clicks 0.60 1.26 0.71 1.23 0.51 0.97 0.79 1.47
Redundancy ratio 0.82 0.22 0.73 0.27 0.82 0.22 0.73 0.26

Note. The time-related indicators are in the unit of seconds.

We also compared the final-response actions between the successful and unsuccessful
groups. Table 5 presents the most frequent solution patterns for the correct and incorrect
performers. The key actions—I45, 149, 153, 154, and 158—formed the core sequence for
correct solutions, with 144 appearing as an optional intermediate step. Notably, the correct
group demonstrated a highly consistent problem-solving strategy: approximately 78%
of respondents followed the same action order, with only minor variations involving 144.
Average numeracy scores did not differ significantly across these correct-solution patterns,
which aligns with our expectations, that is, once respondents identified the correct route,
the specific order of correct steps did not depend on numeracy level.

Table 5. Top Strategy patterns of final-response actions by correct and incorrect groups.

Final Response Actions Number of Respondents Average Numeracy Score
Correct 14511491153 1154 1158 174 (51.9%) 292.5
1451144 1149 1153 1 154 1 158 35 (10.4%) 283.61
14511491154 1153 1 158 24 (7.2%) 294.72
144 11451149 1153 | 154 1 158 17 (5.1%) 314.25
1451149 1144 1153 1 154 1 158 14 (4.2%) 287.4
1451149 1154 1153 | 144 1 158 10 (3.0%) 313.1
1451149 1154 1153 1 158 1 144 7 (2.1%) 311.72
Incorrect 14511491152 1151 1155 58 (22.2%) 264.66
158 12 (4.6%) 268.06
14511441149 1152 1151 1155 11 (4.2%) 249.45
14511491151 1152 1155 9 (3.4%) 241.96
155 8 (3.1%) 238.35
14511491154 1158 6 (2.3%) 248.26
145 5(1.9%) 209.67

Note. Percentages are calculated conditional on each respective group. Correct group N = 335, incorrect group
N = 261.

In contrast, the incorrect group exhibited far more diverse incorrect strategies. Among
the top incorrect patterns, many respondents ended with only a single remaining action,
indicating uncertainty about how to approach the task. Nearly 30% chose an incorrect
“left-turn” path, suggesting surface-level reasoning rather than a spatial strategy. Their
most common incorrect sequences involved 145, 149, 152, 151, and I55. This frequent “left
turn” misinterpretation likely reflects difficulty shifting between egocentric and allocentric
spatial representations (Ekstrom & Hill, 2023; Moffat, 2009). To solve the task correctly, re-
spondents needed to adopt an egocentric frame by imagining themselves moving along the
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route, while also coordinating that perspective with the fixed map layout as an allocentric
representation. Many incorrect respondents appeared to rely instead on a surface-level
interpretation of “left” as the literal left side of the screen, rather than the traveler’s left
relative to their orientation. This suggests challenges with mental rotation and spatial
transformation at the critical 149 — 153 turning point, where respondents must imagine
themselves facing east and recognize that the correct left turn is visually represented on
the right side of the map. These errors likely also increase working memory demands, as
respondents must coordinate the route instructions, current orientation, and map layout
while determining the next action.

Importantly, numeracy scores differed significantly depending on which incorrect
strategy respondents used. For example, respondents whose final response consisted of
only 158, the endpoint of the correct path, achieved an average numeracy score of 268.06,
about sixty points higher than those whose sole final action was 145, the starting point of
the correct path. Although both responses were incorrect, the ability to identify the correct
endpoint reflects stronger underlying numeracy skills.

We further employed the chi-square feature selection method to identify the most
informative sequential patterns distinguishing the correct and incorrect groups. This
analysis incorporated both traditional n-grams (without elapsed time), specifically bigrams
that capture adjacent action pairs, and time-embedded n-grams, specifically most of the
trigrams that include at least one pause action to reflect whether respondents made short,
medium, or long pauses between consecutive selections.

Table 6 summarizes all bigram and trigram actions associated with the two groups. The
most robust features highlight that understanding how to “turn left” in a spatial dimension,
rather than interpreting “left” literally on the screen, was the strongest discriminator
between successful and unsuccessful solutions. The time-embedded n-gram results further
illuminate this pattern: at the key turning point from 149 — 153, respondents in the correct
group typically took a short or medium pause, suggesting confident spatial reasoning. In
contrast, incorrect respondents showed longer pauses around 149 — 152 and 152 — 151
turning points, indicating greater cognitive uncertainty during spatial transformation.

Table 6. Top 10 robust sequential features from n-grams and time-embedded n-grams in the correct
and incorrect groups derived from the chi-square feature selection method.

Rank N-Grams (Bigrams) x> Time-Embedded N-Grams (Trigrams) x2

Correct 1 Select 154, Select 158 215.93 Select 154, Medium Pause, Select I58 155.59
2 Select 153, Select 154 214.51 Select 153, Medium Pause, Select 154 146.56
3 Select 149, Select 153 190.64 Select 149, Medium Pause, Select 153 132.60
4 Select 158, End 161.52 Select 154, Short Pause, Select 158 126.12
5 Select 154, Select 153 120.69 Select 153, Short Pause, Select 154 124.78
6 Select 153, Select 158 97.47 Select 158, Short Pause, End 123.13
7 Select 149, Select 154 67.50 Select 158, Medium Pause, End 107.33

8 Select 158, Select 144 59.14 Select 158, Long Pause, End 95.88

9 Select 144, Select 158 55.03 Select 149, Short Pause, Select 153 92.91
10 Select 153, Select 144 51.49 Select 153, Long Pause, Select 154 82.14
Incorrect 1 Select 155, End 133.11 Select 155, Medium Pause, End 120.16
2 Select 151, Select 155 111.80 Select 151, Medium Pause, Select 155 103.89

3 Select 152, Select 151 92.05 Select 152, Medium pause, Select 151 90.49

4 Select 149, Select 152 76.89 Select 155, Short Pause, End 78.67

5 Select 118, Select 19 43.33 Select 155, Long Pause, End 76.49

6 Select 126, Select 118 43.33 Select 149, Medium Pause, Select 152 72.63

7 Select 137, Select 126 37.21 Select 152, Long Pause, Select 151 69.7

8 Deselect 147, End 30.56 Select 151, Short Pause, Select I55 67.34

9 Select 147, Select 137 30.56 Select 149, Long Pause, Select 152 57.75
10 Select 151, Select 147 30.56 Select 151, Long Pause, Select 155 51.92

Another notable robust feature involved identifying the correct starting point. Several
of the strongest bigram features in the incorrect group involved selecting an incorrect
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starting location (e.g., 19, 118, 126, 137), corresponding to the orange point in Figure 2.
These respondents failed from the outset because they misinterpreted the map’s symbols or
indicators. Although the instructions clearly direct respondents to begin at the blue circle,
individuals with lower skills may struggle to identify this correctly. As a result, some began
at the orange circle, generating an entirely incorrect sequence of actions.

4.2. Robust Features in Respondents with High and Low Numeracy Levels (RQ2)

In Table 4, the High Numeracy and Low Numeracy columns summarize respondents’
behavioral patterns across numeracy groups. On average, the low-numeracy group spent
6 s longer completing the task than the high-numeracy group. Interestingly, respondents
with higher numeracy spent 1.2 s more after making their final action before moving to the
next question, suggesting that they may engage in additional verification before finalizing
their response. The high-numeracy group also performed fewer total actions and made
fewer deselections, indicating more decisive and efficient interaction. Their number of
off-map clicks was substantially lower as well. The redundancy ratio further shows that
high-numeracy respondents contributed a greater proportion of actions directly to the
final response, meaning they engaged in fewer redundant actions during the problem-
solving process.

Table 7 presents the prediction results for RF and XGBoost using both n-grams (with-
out elapsed time) and time-embedded n-grams. Across the ensemble models, the indicators
demonstrated solid predictive performance for numeracy. Both RF and XGBoost achieved
accuracies above 70%, with RF performing slightly better overall. RF with time-embedded
n-grams yielded marginally higher accuracy and precision than with bigrams alone, indi-
cating that elapsed time contributes modestly to predictive power.

Table 7. Prediction performance of Random Forest and XGBoost models with n-gram and time-
embedded n-gram features.

) N-Grams (Bigrams) Time-Embedded N-Grams (Trigrams)
Metric RF XGBoost RF XGBoost
Accuracy 0.715 (0.027)  0.705 (0.034) 0.718 (0.028) 0.708 (0.042)
Recall 0.632 (0.051)  0.653 (0.072) 0.612 (0.048) 0.683 (0.046)
Precision 0.756 (0.043)  0.729 (0.048) 0.774 (0.045) 0.720 (0.059)
F1 0.689 (0.033)  0.686 (0.043) 0.682 (0.034) 0.699 (0.037)

Note. The results are based on 10-fold cross-validation and report the mean and standard deviation of the
evaluation metrics.

Both RF and XGBoost selected similar sets of robust features, particularly when time-
embedded n-grams were combined with the nine process indicators. Among the top
10 features, the two models shared 8 out of 10, with only minor differences in ranking,
which shows the stability of feature importance. Table 8 presents the top 10 variables
contributing the most information to the prediction model. Notably, the time-related
variables emerged as the most informative overall. Among the time-embedded n-grams
selected by RF, the sequence 149 — medium pause — 153 stands out. This pattern likely
reflects respondents’ effort to mentally evaluate the “left-turn” concept, demonstrating
the use of spatial cognition during problem solving. Time to the last action captures the
pause duration after respondents completed the route but before moving to the next item.
This pause was significantly longer in the incorrect group (regardless of numeracy level)
and in the high-numeracy group (regardless of correctness). Interestingly, the IH group
had the longest pause out of all groups. A possible interpretation is that high-numeracy
respondents might tend to double-check critical turning decisions, such as left versus right,
and when they ultimately choose incorrectly, this may lead to greater reluctance before
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exiting the item. The IH group also exhibited the longest time to their first interaction and
the longest total time on the Map task. This pattern suggests high engagement and deeper
cognitive effort, but also the possibility of overthinking the instructions, which might have
contributed to their incorrect responses. It is also noted that the CH group showed the
highest redundancy ratio, indicating that they used the most precise and efficient sequence
of actions to reach the correct solution, with minimal unnecessary steps.

Table 8. Top 10 features extracted from random forest with n-grams.

IL IH CL CH
Rank Extracted Features Importance

Mean SD Mean SD Mean SD Mean SD
1 Time to the final action 7.77 7.40 12.78 9.02 11.13 6.15 7.02 7.97 8.79
2 Total response time 6.77 116.57 65.25 125.35 81.43 113.17 48.76 105.06 43.07
3 Select I58, end 6.33 0.02 0.07 0.04 0.09 0.08 0.04 0.10 0.04
4 Number of final-response actions 6.16 4.67 2.53 4.78 1.65 541 0.49 5.36 0.48
5 Time to the first action 6.00 60.74 43.35 73.13 77.19 54.40 31.05 54.62 31.87
6 Total number of actions 4.81 8.10 6.54 6.88 4.23 7.89 3.72 7.25 3.56
7 Select 153, Select 154 4.19 0.01 0.04 0.01 0.04 0.10 0.07 0.11 0.07
8 Redundancy ratio 4.18 0.71 0.28 0.79 0.24 0.78 0.22 0.83 0.21
9 Select 154, Select 158 3.64 0.01 0.04 0.02 0.05 0.11 0.07 0.11 0.07
10 Select 149, Select 153 3.16 0.02 0.05 0.02 0.07 0.10 0.09 0.11 0.09

Note. The units for all time-related variables are expressed in seconds, and the values for bigram features represent
their TF-ISF weights.

5. Discussion

Spatial cognition encompasses a wide range of mental processes through which indi-
viduals acquire, represent, organize, and interpret spatial information. It enables people to
navigate environments, manipulate objects, and communicate spatial relationships (Spence
& Feng, 2010). Because of its multifaceted nature, spatial cognition spans several interre-
lated dimensions rather than a single definable construct. In this study, we examined one
spatial item from PIAAC and leveraged process data to understand how adults approach a
map-based spatial navigation task. By comparing successful and unsuccessful performers
and high- and low-numeracy groups, we identified key behavioral and cognitive patterns
that differentiated performance.

Success on this item required respondents to interpret the instruction “turn left”
not as a literal left on the screen but as a spatially embedded left from the traveler’s
perspective. This required respondents to shift between egocentric and allocentric spatial
representations, moving from a self-centered frame of reference to the fixed environmental
layout of the map (Ekstrom & Hill, 2023; Moffat, 2009). Such perspective-taking depends
on mental rotation and spatial transformation, as respondents must mentally simulate their
orientation while navigating the route (Hegarty, 2018; Uttal et al., 2013).

The frequent incorrect selection of the 149 — 152 — 151 — I55 pathway suggests that
many respondents relied on a surface-level interpretation of direction rather than this
embodied spatial reasoning process. Longer pauses at these turning points further indicate
increased cognitive effort and likely reflect working memory demands, as respondents
must temporarily maintain route instructions, current orientation, and destination goals
while evaluating the next step (Burgess, 2008; Ekstrom & Hill, 2023). These findings
support embodied cognition theory by suggesting that successful numeracy performance
in digital spatial tasks depends not only on mathematical reasoning, but also on the ability
to coordinate perception, movement, and spatial representation in real time (Barsalou, 1999;
Z. Hawes & Ansari, 2020; Mix & Cheng, 2012; Wilson, 2002).

The process indicators and sequential features further revealed differences in how nu-
meracy levels shape problem-solving behavior. Consistent with prior research on cognitive
efficiency (Q. He et al., 2021), the high-numeracy group demonstrated more streamlined
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interaction patterns: shorter task durations, fewer deselections, fewer off-map clicks, and a
higher redundancy ratio, indicating that a larger share of their actions directly contributed
to the final solution. These behaviors suggest more deliberate and goal-directed strategies,
with less exploratory or corrective behavior during problem solving.

Beyond the specific navigation patterns observed in the task, the machine-learning
results further highlight the central role of temporal and sequential dynamics in differenti-
ating performance. Across RF and XGBoost, the most informative predictors consistently
included total response time, time to first interaction, and time to last action. The addition
of time-embedded n-grams provided modest but meaningful improvements, suggesting
that pauses and temporal spacing may capture meaningful aspects of respondents’ cogni-
tive processes during spatial navigation, particularly during key directional decision points
(e.g., the transition from 149 to 153, where respondents must mentally evaluate the left-turn
instruction from an embodied spatial perspective). Together, these findings underscore
the potential value of process data for understanding how adults engage with spatially
demanding digital numeracy tasks.

At the same time, caution is warranted when interpreting pauses as indicators of
cognitive load, hesitation, or other internal cognitive states. As Tenison and Arslan (2020)
noted, “different points throughout an educational activity are indicative of different
cognitive activities,” which underscores the ambiguity inherent in pause-based inference.
Although prior work has shown that pauses between actions can provide informative
signals about student proficiency (e.g., Dang et al., 2017; Peldnek, 2014), their interpretation
is not uniform. Research that uses pauses to identify wheel-spinning, gaming the system, or
productive persistence typically relies on expert qualitative coding and detailed knowledge
of the tutor environment to determine when a pause is likely to reflect these behaviors
(Aleven et al., 2004; Paquette et al., 2014). Such approaches are informative but depend
heavily on human judgment and are generally applied in systems with a constrained
action space.

Another example of this ambiguity arises in the pause between the task starting and
the first action. A short pause may indicate that a student skipped reading the instructions,
made a rapid guess, or simply read very quickly (Wise, 2017). Relying solely on pause
duration in this context does not provide a complete picture. Thus, while pauses may reflect
meaningful aspects of problem-solving behavior, these interpretations require interpretation
within the broader task context rather than as isolated indicators of cognitive processing.

5.1. Pedagogical Implications for Adults” Numeracy Instruction

A broader consideration in interpreting these results is the strong interdependence
between literacy and numeracy skills. PIAAC data show a robust correlation between the
two domains (r = 0.883 across countries; OECD, 2016). As the PIAAC framework notes,
numeracy tasks often require reading comprehension, literacy strategies, and prior literacy
experiences (OECD, 2012). This interdependence is particularly relevant for the current
findings, as successful performance on the Map item required respondents to correctly
interpret the instruction “turn left” from a spatially embedded perspective rather than
a screen-based orientation. Misinterpretations at this stage may contribute to longer re-
sponse times, delayed initial interactions, or hesitation before finalizing a response, which
were patterns observed among lower-performing or incorrect groups. In digital environ-
ments, where numeracy tasks are embedded in textual instructions and layered visual
representations, adults with limited literacy may struggle to decode task requirements (e.g.,
misunderstanding the starting point on the map) regardless of mathematical reasoning.
Thus, disentangling the role of literacy in digital numeracy performance is essential for
designing equitable assessments and interventions. This distinction becomes especially
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important in adult education settings, where learners must interpret task instructions while
simultaneously engaging with mathematical and spatial demands.

In the U.S., adults with low numeracy performance are often enrolled in adult founda-
tional education programs to build literacy, numeracy, social studies, science, and writing
skills to complete a high school equivalency degree (Lesgold & Welch-Ross, 2012). Al-
though numeracy is a key competency, many of these programs seem to emphasize the
skills to pass the GED assessment more than the purpose of mathematical concepts in daily
life (Curry, 2019). Curry (2019) provides several real-life examples of how adult education
instructors can use real-world math examples (e.g., nutritional labels) and scaffold instruc-
tion to adjust the difficulty level for learners at varying proficiency levels. In addition,
assessments and real-life demands are increasingly digital, and it is important to address
digital numeracy skills in adult foundational education (Alamprese & Hoogland, 2025).
These instructional challenges are particularly relevant to tasks like the PIAAC Map item,
where success depends not only on mathematical reasoning but also on interpreting spatial
instructions and navigating digital environments.

More broadly, these findings point to the importance of supporting spatial reasoning
as a core component of numeracy instruction. A meta-analysis examining spatial skills
across the lifespan reported that these skills are malleable and that training programs
lead to improvements in spatial abilities (Uttal et al., 2013). Specific to adults with low
numeracy, adult foundational education programs can integrate different approaches to
increase spatial cognition and use embodied approaches. For example, Tighe et al. (2021)
suggest using manipulatives (e.g., blocks) to ground abstract mental rotation and concepts.
Programs can also embed math concepts in everyday spatial activities (reading a map,
cooking and measuring to show fractions and amounts with kitchen utensils; Tighe et al.,
2021; X. Wang et al., 2017).

Process-based indicators may also help educators better understand how adults en-
gage with digital numeracy tasks. Such dynamic behavioral indicators offer meaningful
opportunities to track test-takers’ strategies and engagement patterns, thereby support-
ing evidence-based instructional decisions. Integrating these process-based insights into
pedagogical practice can strengthen instructional guidance and promote more targeted
learning support.

5.2. Limitations

First, we analyzed only one spatial numeracy item, as PIAAC includes only a single
map-based task involving spatial navigation. Although the sample is nationally representa-
tive, findings from a single item should be interpreted cautiously and cannot be assumed
to represent the full construct of numeracy or spatial cognition. The Map task primarily
reflects the dimension and shape domain within the PIAAC numeracy framework, which
includes spatial orientation, location, measurement, and interpretation of two- and three-
dimensional representations (OECD, 2012, 2016). Successful performance also depended
on respondents’ ability to shift between egocentric and allocentric spatial representations
when interpreting directional instructions such as “turn left” (Moffat, 2009; Ekstrom &
Hill, 2023). As a result, our findings are most directly generalizable to spatial reasoning
demands embedded within numeracy tasks, rather than to numeracy more broadly.

At the same time, some observed behaviors may be more specific to the unique de-
sign of this item. In particular, the left-turn misinterpretation at the 149 — 153 turning
point likely reflects a task-specific challenge tied to the map layout and directional per-
spective required by this assessment. In contrast, other process indicators such as pause
duration, response timing, hesitation before finalizing a response, and redundancy in
action sequences may reflect broader problem-solving behaviors that are transferable across
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other digital numeracy and problem-solving assessments (Goldhammer et al., 2014, 2017;
Q. He et al., 2021).

The characteristics of the Map item itself also shape how broadly these findings can
be interpreted. The Map task is considered a Level 3 difficulty item, with a discrimination
parameter of 1.067 and a difficulty parameter of 0.653 (OECD, 2019, p. 627). As a mid-level
difficulty task, it allowed us to include a broad distribution of both high- and low-numeracy
adults. Although 16 items (29% of total numeracy items) in PIAAC Cycle 1 represent the
dimension and shape content area, the Map item is unique because it is the only one that
combines spatial navigation with digital process data collection. Future assessment design
would benefit from including multiple items with similar spatial navigation demands rather
than relying on a single task, allowing researchers to determine whether these behavioral
patterns remain stable across comparable contexts and levels of difficulty. Including
additional map-based or adaptive problem-solving items, such as the PIAAC Cycle 2
“Dinner Preparation” task (Figure 1), would strengthen validation and provide a more
comprehensive picture of adults” spatial cognition across assessment contexts. Multimodal
process data, such as eye-tracking, could further support this work by providing richer
evidence of how adults allocate attention and coordinate spatial reasoning during task
completion (Kiefer et al., 2017).

Second, PIAAC also offers a rich background questionnaire, which could be used to
link behavioral patterns to demographic variables, ICT skills, and educational experiences.
These analyses may offer a valuable avenue for future work to develop adult instruction
that is customized to the needs of specific groups. Beyond the studies in PIAAC Cycle 1,
future work could make demographic and skill-based comparisons between the two cycles.

Existing findings from PIAAC Cycles 1 and 2 already demonstrate substantial demo-
graphic differences in numeracy performance, including race/ethnicity, such that adults
self-identifying as White have higher average performance than those identifying as Black,
Hispanic, or Other, with these groups disproportionally over-represented in the lowest
proficiency levels (Level 1 and below). There are also differences by educational attainment,
such that adults with a high school degree or higher have significantly higher average
performance than adults with less than a high school education; in particular, those with
less than a high school education represent 58-65% of at or below Level 1. Native-born
adults have an average higher performance than non-native adults. Males also tend to
have better average numeracy performance than females. Adults self-reporting excellent
or very good overall health exhibit higher average numeracy performance than those
reporting fair or poor health. Finally, employed adults have a higher average numeracy
performance than those who are unemployed or out of the work force. Interestingly, there
are limited differences in average numeracy performance by 10-year age bands (National
Center for Education Statistics, 2024). Thus, future cross-cycle comparisons may help better
understand how numeracy performance is tied to demographic considerations.

Third, the pause action could be expanded beyond the three categories (short, medium,
long) used in this study. Researchers may define and justify finer-grained thresholds—for
example, dividing time intervals into ten bins instead of three—to capture more detailed
patterns of time use. However, such granularity introduces a trade-off: smaller time bins
may occur too infrequently to be reliably incorporated into bigrams. In addition, trigrams
that include two actions with a pause in between are likely to yield more meaningful
behavioral information than sequences containing two pause categories surrounding a
single action. Future research could explore these design choices more systematically and
evaluate their impact on predictive performance.

Finally, because the overall sample size in this study was relatively small and the
degree of imbalance across outcome categories was not substantial, no over- or under-
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sampling techniques were applied. However, when prediction tasks involve more pro-
nounced imbalance, the use of appropriate oversampling or under-sampling methods is
recommended to justify the sample size in each category, as imbalance can meaningfully
influence predictive performance.

6. Conclusions

This study highlights the importance of using process data to gain deeper insight into
spatial cognition processes and problem-solving behaviors. The time-embedded n-grams
approach provides a simple yet powerful way to integrate multidimensional sequence data
with temporal information, offering a more nuanced understanding of how individuals
engage with complex, digitally mediated tasks. These insights are especially relevant for
adult learners, where performance may reflect not only domain knowledge but also the
ability to interpret instructions and navigate task environments.

From a methodological perspective, these findings also underscore the value of ap-
proaches that capture temporal dynamics in task engagement. We recommend applying
both n-grams and time-embedded n-grams methods in future analyses to assess whether
elapsed time contributes meaningfully to predictive performance. When prediction results
differ substantially between the two approaches, it may signal that elapsed time is a critical
cognitive factor that should not be overlooked, particularly in designing assessments and
supports for adult learners.
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Abbreviations

The following abbreviations are used in this manuscript (by the order of first occurrence):

PIAAC Programme for the International Assessment of Adult Competencies

PISA Programme for International Student Assessment
APS Adaptive problem-solving

RF Random forest

XGBoost  Extreme Gradient Boosting

CART Classification and Regression Tree

IH Incorrect high numeracy group

IL Incorrect low numeracy group

CH Correct high numeracy group

CL Correct low numeracy group

Note

I The scores on the numeracy domain ranged from 0-500, with a breakdown of proficiency levels as follows: Below Level 1 (0-175;

lowest); Level 1 (176-225); Level 2 (226-275); Level 3 (276-325); Level 4 (326-375); and Level 5 (376-500; highest). Given concerns
about the small number in the extreme groups, we set the higher numeracy group as Level 3 and above, and the lower numeracy
group as Level 2 and below.
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