
computation

Article

LMI-Based Results on Robust Exponential Passivity of
Uncertain Neutral-Type Neural Networks with Mixed
Interval Time-Varying Delays via the Reciprocally Convex
Combination Technique

Nayika Samorn 1 , Narongsak Yotha 2 , Pantiwa Srisilp 3 and Kanit Mukdasai 1,*

����������
�������

Citation: Samorn, N.; Yotha, N.;

Srisilp, P.; Mukdasai, K. LMI-Based

Results on Robust Exponential

Passivity of Uncertain Neutral-Type

Neural Networks with Mixed

Interval Time-Varying Delays via the

Reciprocally Convex Combination

Technique. Computation 2021, 9, 70.

https://doi.org/10.3390/

computation9060070

Academic Editors: Yongwimon

Lenbury, Ravi P. Agarwal,

Philip Broadbridge and

Dongwoo Sheen

Received: 30 April 2021

Accepted: 07 June 2021

Published: 10 June 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand;
nayika.s@kkumail.com

2 Department of Applied Mathematics and Statistics, Faculty of Science and Liberal Arts,
Rajamangala University of Technology Isan, Nakhon Ratchasima 30000, Thailand; narongsak.yo@rmuti.ac.th

3 Rail System Institute, Rajamangala University of Technology Isan, Nakhon Ratchasima 30000, Thailand;
pantiwa.sr@rmuti.ac.th

* Correspondence: kanit@kku.ac.th

Abstract: The issue of the robust exponential passivity analysis for uncertain neutral-type neural
networks with mixed interval time-varying delays is discussed in this work. For our purpose, the
lower bounds of the delays are allowed to be either positive or zero adopting the combination of
the model transformation, various inequalities, the reciprocally convex combination, and suitable
Lyapunov–Krasovskii functional. A new robust exponential passivity criterion is received and
formulated in the form of linear matrix inequalities (LMIs). Moreover, a new exponential passivity
criterion is also examined for systems without uncertainty. Four numerical examples indicate our
potential results exceed the previous results.

Keywords: robust exponential passivity; neutral-type neural networks; Lyapunov–Krasovskii func-
tional; interval time-varying delays

1. Introduction

Delayed dynamical systems have been proposed rather extensively because they can
be exploited as models to illustrate the transportation systems, communication networks,
teleportation systems, physical systems, and biological systems. Time delay regularly
appeared in many practicals, and it is frequently a cause of instability and terrible per-
formance. Largely, stability for systems with time delays in mainly divided into two
categories; delay-independent and delay-dependent. Delay-independent stability criteria
have a tendency to be more conservative, particularly for delays with small size; such
criteria give no information on the size of the delay. On the other hand, delay-dependent
stability criteria are connected with the size of the delay and generally provide a maximal
delay size. Meanwhile, type of time delays are separated the into two types including
information processing delay and information communication delay, which for which a lot
of issues delayed scaled consensus have been presented [1]. Lately, practical engineering
systems have examined the delays of which the lower bound of the delay is not limited
to zero, which is called an interval time-varying delay. Several delay-interval-dependent
criteria of systems are shown in [2–8]. Moreover, the neutral time delay is a type of delay
which is currently drawing attention. This comes from the fact that the delay exists in
systems both in its derivatives and state variables [9,10] which can be noticed in various
fields such as mechanics, automatic control, distributed networks, heat exchanges, and
robots in contact with rigid environments [11,12] etc.

Nowadays, neural networks are popularly discussed because they can be applied
in many fields. Especially engineering and applied science including signal processing,
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pattern recognition, industrial automation, image processing, parallel computation, indus-
trial automation [13–18]) etc. Therefore, many researchers have been interested in studying
neural networks with time-delays [5,19–22]. Furthermore, in neural networks, it might
occur that there are connections between past state derivatives in the systems. As a result,
it is more natural to consider neural networks with activation functions of past state deriva-
tive networks. Neural networks of this model are called neutral-type neural networks
(NTNNs), which have appeared to be useful systems in a variety of applications, including
population ecology, propagation, diffusion models and so on. Meanwhile, as is well known,
in the biochemistry experiments of neural network dynamics, neural information may
transfer across chemical reactivity, which results in a neutral-type process. Recently, the
research on the above systems has been extensive and there are many findings in this
area [8,23–26].

As the exponential stability is also important for testing stability because it can identify
the rate of convergence of the system, which correlates with equilibrium points, accordingly,
the exponential stability of various systems has also received a lot of attention from
the researchers (for examples, see [19,21–23,25,26]). Meanwhile, the passivity theory is
considered and has played an important role in the astonishing stability of time-delay
systems [27,28]. It generally has its practical use in signal processing [29], complexity [30],
chaos and synchronization control [31], and fuzzy control [32]. The main idea of the theory
informs that the stability of the system can be perfectly maintained by the passivity’s
properties. Because of this, it can lead to general conclusions on the stability using only
input—output characteristics. As a consequence, there are quite a few researchers who have
been studying this issue. (e.g., [8,20–22,25,28–32]).The properties of exponential passivity
for dynamical systems were studied in [33–35], who remark that exponential passivity
implies passivity, but the opposite does not necessarily hold. Note that a lot of previous
studies mainly attracted on work on stability and passivity analysis of neutral-type neural
networks [8,23–26], and exponential passivity analysis of neural networks [21,22]. As far as
we can tell, the robust exponential passivity of the uncertain neutral-type neural networks
with mixed interval time-varying delays has never been presented.

In this paper, the issue of the new robust exponential passivity criterion is designed
for uncertain NTNNs with mixed interval time-varying delays including discrete, neutral,
and distributed delays. One of the aims of the criterion is to obtain the maximum upper
bounds of time delays or maximum values of the rate of convergence. So, we concentrate
on interval time-varying delays, in which the lower bounds are allowed to be either positive
or zero. The model transformation, the various inequalities, and the reciprocally convex
combination are adopted along with a suitable Lyapunov—Krasovskii functional when
estimating their derivatives to improve the performance of the uncertain NTNNs. A new
robust exponential passivity criterion is received and formulated in the form of LMIs.
Moreover, a new exponential passivity criterion for NTNNs without uncertainty is also
examined. The main contributions of this work are highlighted as follows: (i) the criterion
proposed different from the NTNNs reported in [8,23–26]; (ii) the method suggested
here can be used for the general neural networks with implied distributed time-varying
delays [22] and the implied general neural networks implies [21]. Finally, we present some
results that show the potential results exceed the results that previously seen.

Notations. Rn and Rn×r denotes the n-dimensional Euclidean space and the set of all n× r real
matrices, respectively. B > 0 (B ≥ 0) means that the symmetric matrix B is positive (semi-positive)
definite; B < 0 (B ≤ 0) means that the symmetric matrix B is negative (semi-negative) definite. I is
the identity matrix with appropriate dimensions. ∗ represents the elements below the main diagonal
of a symmetric matrix. ż(t) denotes the upper right-hand derivative of z at t. zt = {z(t + θ) : θ ∈
[−max{δ2, τ2, η2}, 0]}. V̇(t, φ) = limθ→0+ sup{t + θ, zt+θ(t, φ)− V(t, φ)}/θ where φ(t) is
the initial function that is continuously differentiable on C([−max{δ2, τ2, η2}, 0],Rn).
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2. Preliminaries

First, we suggest the uncertain NTNNs, which are the form

ż(t) = −(A + ∆A(t))z(t) + (W0 + ∆W0(t))g(z(t))
+(W1 + ∆W1(t))g(z(t− δ(t))) + (W2 + ∆W2(t))ż(t− τ(t))
+(W3 + ∆W3(t))

∫ t
t−η(t) g(z(s))ds + u(t), t ≥ 0,

y(t) = C0g(z(t)) + C1g(z(t− δ(t))) + C2
∫ t

t−η(t) g(z(s))ds + C3u(t),
z(t) = φ(t), t ∈ [−max{τ2, δ2, η2}, 0],

(1)

where z(t) = [z1(t), z2(t), ..., zn(t)] ∈ Rn is the neuron state vector, y(t) is the output vector
of neuron networks, A = [ai] is a diagonal matrix with ai > 0, i = 1, 2, ..., n, W0 is the
connection weight matrix, W1, W2 and W3 are the delayed connection weight matrices. C0,
C1, C2, and C3, are given real matrices, u(t) ∈ Rn is an external input vector to neurons,
the continuous functions φ(t) and ϕ(t) are the initial conditions.

The delays τ(t), δ(t) and η(t) satisfy

0 ≤ τ1 ≤ τ(t) ≤ τ2, τ̇(t) ≤ τd, (2)

0 ≤ δ1 ≤ δ(t) ≤ δ2, δ̇(t) ≤ δd, (3)

0 ≤ η1 ≤ η(t) ≤ η2, (4)

where τ1, τ2, δ1, δ2, η1, η2, τd and δd are non-negative real constants.

Assumption 1. The activation function g(z(t)) = [g1(z1(t)), g2(z2(t)), ..., gn(zn(t))]T ∈ Rn

is assumed to satisfy the following condition

0 ≤ gi(ζ1)− gi(ζ2)

ζ1 − ζ2
≤ li, g(0) = 0, ζ1, ζ2 ∈ R, ζ1 6= ζ2, i = 1, 2, ..., n, (5)

where li, i = 1, 2, ..., n are positive real constants, we denote L = [li], i = 1, 2, ..., n as a
diagonal matrix.

The uncertainty matrices. ∆A(t), ∆W0(t), ∆W1(t), ∆W2(t), and ∆W3(t), are assumed
to be of the form[

∆A(t) W0(t) ∆W1(t) ∆W2(t) ∆W3
]
= E∆(t)

[
Ga G0 G1 G2 G3

]
,

where E, Ga, and Gi, i = 0, 1, 2, 3, are known real constant matrices; the uncertainty matrix
∆(t) satisfies

∆(t) = F(t)[I − JF(t)]−1, (6)

is said to be admissible where J is an unknown matrix satisfying

I − J JT > 0, (7)

and the uncertainty matrix F(t) is satisfying

F(t)T F(t) ≥ 0. (8)

Assumption 2. All eigenvalues of the matrix W2 + ∆W2(t) are inside the unit circle.

Then, the following Definition and Lemmas are methods that are use to prove our
main results.
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Definition 1 ([25]). The system (1) is said to be robust and exponentially passive from input u(t)
to output y(t), if there exists an exponential Lyapunov function V(zt), and a constant ρ > 0 such
that for all u(t), all initial conditions z(t0), all t ≥ t0, the following inequality holds:

V̇(zt) + ρV(zt) ≤ 2zT(t)u(t); t ≥ t0,

where V̇(zt) denotes the total derivative of V(zt) along the state trajectories z(t) of the system (1)

Lemma 1 ((Jensen′s inequality) [14]). Let Q ∈ Rn×n, Q = QT > 0 be any constant matrix, δ2
be positive real constant and ω : [−δ2, 0]→ Rn be vector-valued function. Then,

−δ2

∫ t

t−δ2

ωT(s)Qω(s)ds ≤ −
( ∫ t

t−δ2

ω(s)ds
)T

Q
( ∫ t

t−δ2

ω(s)ds
)

.

Lemma 2 ([36]). Let f1, f2, . . . , fN : Rn → R have positive values in an open subset D of Rn.
Then, the reciprocally convex combination of fi over D satisfies

min
{αi |α1>0,∑i αi=1}

∑
i

1
αi

fi(t) = ∑
i

fi(t) + max
gi,j(t)

∑
i 6=j

gi,j(t),

subject to {
gi,j : Rn → R, gi,j = gj,i,

[
fi(t) gi,j(t)

gj,i(t) f j(t)

]
≥ 0

}
.

Lemma 3 ([6]). For Q ∈ Rn×n, Q = QT > 0, and any continuously differentiable function
z : [σ1, σ2]→ Rn, the following inequality holds:

(σ2 − σ1)
∫ σ2

σ1

żT(s)Qż(s)ds ≥ ΩT
1 QΩ1 + 3ΩT

2 QΩ2 + 5ΩT
3 QΩ3 + 7ΩT

4 QΩ4,∫ σ2

σ1

∫ σ2

θ
żT(s)Qż(s)dsdθ ≥ 2ΩT

5 QΩ5 + 4ΩT
6 QΩ6 + 6ΩT

7 QΩ7,∫ σ2

σ1

∫ θ

σ1

żT(s)Qż(s)dsdθ ≥ 2ΩT
8 QΩ8 + 4ΩT

9 QΩ9 + 6ΩT
10QΩ10,

where

Ω1 = z(σ2)− z(σ1), Ω2 = z(σ2) + z(σ1)−
2

σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω3 = z(σ2)− z(σ1) +
6

σ2 − σ1

∫ σ2

σ1

z(s)ds− 12
(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,

Ω4 = z(σ2) + z(σ1)−
12

σ2 − σ1

∫ σ2

σ1

z(s)ds +
60

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 120
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu, Ω5 = z(σ2)−

1
σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω6 = z(σ2) +
2

σ2 − σ1

∫ σ2

σ1

z(s)ds− 6
(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,

Ω7 = z(σ2)−
3

σ2 − σ1

∫ σ2

σ1

z(s)ds +
24

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 60
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu, Ω8 = z(σ1)−

1
σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω9 = z(σ1)−
4

σ2 − σ1

∫ σ2

σ1

z(s)ds +
6

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,
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Ω10 = z(σ1)−
9

σ2 − σ1

∫ σ2

σ1

z(s)ds +
36

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 60
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu.

Lemma 4 ([37]). For any real constant matrices of appropriate dimensions M, S and N with
M = MT , and ∆(t) is given as constant by (6)–(8), then

M + S∆(t)N + NT∆(t)TST < 0,

holds if and only if M S βNT

∗ −βI βJT

∗ ∗ −βI

 < 0,

where β is any positive real constant.

3. Main Results

This section intended to develop new criteria of system (1) with conditions (2)–(4).
We separate the consideration into two parts. In the first part, we consider the nominal
system, then suggest our main system, in which new criteria of systems are introduced via
LMIs approach.

Theorem 1. Assume that Assumptions 1 and 2 hold. For given scalars δ1, δ2, δd, τ1, τu, τd,
η1, η2, ρ with conditions (2)–(4) and ρ > 0, if there exist matrices P > 0, Mn, n = 1, 2, · · · , 6,[

M1 M2
∗ M3

]
> 0,

[
M4 M5
∗ M6

]
> 0, Nj > 0, Oj > 0, Sj > 0, Tj > 0, j = 1, 2, 3, any diagonal

matrices D1 > 0, D2 > 0, Ui > 0, i = 1, 2, 3, 4, any appropriate dimensional matrices Xk, Yl , Zi,
k = 1, 2, · · · , 7, l = 1, 2, · · · , 5, i = 1, 2, 3, 4, satisfying the following

Λ < 0, (9)[
O1 + O2 Zi
∗ O1 + O3

]
≥ 0, (10)

then the system (11) is exponential passive, where Λ is defined in Appendix A.

Proof. Firstly, we propose the exponential passivity analysis for the nominal system

ż(t) = −Az(t) + W0g(z(t)) + W1g(z(t− δ(t))) + W2ż(t− τ(t))
+W3

∫ t
t−η(t) g(z(t)) + u(t), t ≥ 0. (11)

Second, modify the system (11) in terms of model transformation, which is the form
as follows

ż(t) = w(t), (12)

0 = −w(t)− Az(t) + W0g(z(t)) + W1g(z(t− δ(t))) + W2ż(t− τ(t))

+W3

∫ t

t−η(t)
g(z(t)) + u(t). (13)

Then, the Lyapunov–Krasovskii functional is designed for the system (11) and (13):

V(zt) =
6

∑
i=1

Vi(zt),
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where

V1(zt) = zT(t)Pz(t) + 2
n

∑
i=1

∫ zi(t)

0

[
d1i(gi(s)) + d2i(lis− gi(s))

]
ds,

V2(zt) =
∫ t−δ1

t−δ2

e2α(s−t)
[

z(s)
g(z(s))

]T[M1 M2
∗ M3

][
z(s)

g(z(s))

]
ds

+
∫ t

t−δ(t)
e2α(s−t)

[
z(s)

g(z(s))

]T[M4 M5
∗ M6

][
z(s)

g(z(s))

]
ds,

V3(zt) = δ1

∫ t

t−δ1

∫ t

θ
e2α(s−t) żT(s)N1ż(s)dsdθ

+
∫ t

t−δ1

∫ t

u

∫ t

θ
e2α(s−t) żT(s)N2ż(s)dsdθdu

+
∫ t

t−δ1

∫ u

t−δ1

∫ t

θ
e2α(s−t) żT(s)N3ż(s)dsdθdu,

V4(zt) = (δ2 − δ1)
∫ t−δ1

t−δ2

∫ t

θ
e2α(s−t) żT(s)O1ż(s)dsdθ

+
∫ t−δ1

t−δ2

∫ t−δ1

u

∫ t

θ
e2α(s−t)zT(s)O2z(s)dsdθdu

+
∫ t−δ1

t−δ2

∫ u

t−δ2

∫ t

θ
e2α(s−t) żTO3ż(s)dsdθdu,

V5(zt) =
∫ t

t−τ2

e2α(s−t) żT(s)S1ż(s)ds +
∫ t

t−τ(t)
e2α(s−t) żT(s)S2ż(s)ds

+
∫ t

t−τ1

e2α(s−t) żT(s)S3ż(s)ds,

V6(zt) = η2

∫ t

t−η2

∫ t

θ
e2α(s−t)gT(z(s))(T1 + T2)g(z(s))dsdθ

+η1

∫ t

t−η1

∫ t

θ
e2α(s−t)gT(z(s))T3g(z(s))dsdθ.

From the time derivative of V1(zt) along the trajectory of system (11) and (13), we obtain

V̇1(zt) = 2


z(t)∫ t

t−δ2
ż(s)ds

g(z(t))
g(z(t− δ(t)))


T

P QT
1 QT

5 QT
9

0 QT
2 QT

6 QT
10

0 QT
3 QT

7 QT
11

0 QT
4 QT

8 QT
12




ż(t)
0
0
0


+2gT(z(t))D1ż(t) + 2zT(t)D2Lż(t)− 2gT(z(t))D2ż(t)

= 2zT(t)P
[
− Az(t) + W0g(z(t)) + W1g(z(t− δ(t))) + W2ż(t− τ(t))

+W3

∫ t

t−η(t)
g(z(s))ds + u(t)

]
+

[
zT(t)QT

1 +
∫ t

t−δ2

żT(s)dsQT
2

+gT(z(t))(s)QT
3 + gT(z(t− δ(t))QT

4

][
z(t)− z(t− δ(t))

−
∫ t

t−δ2

ż(s)ds
]
+

[
zT(t)QT

5 +
∫ t

t−δ2

żT(s)dsQT
6 + gT(z(t))(s)QT

7

+gT(z(t− δ(t))QT
8

][
z(t)− z(t− δ(t))−

∫ t

t−δ2

ż(s)ds
]
+

[
zT(t)QT

9
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+
∫ t

t−δ2

żT(s)dsQT
10 + gT(z(t))(s)QT

11 + gT(z(t− δ(t))QT
12

][
− w(t)

−Az(t) + W0g(z(t)) + W1g(z(t− δ(t))) + W2ż(t− τ(t))

+W3

∫ t

t−η(t)
g(z(t)) + u(t)

]
+ 2gT(z(t))D1ż(t) + 2zT(t)D2Lż(t)

−2gT(z(t))D2ż(t) + 2αzT(t)P1z(t) + 4αgT(z(t))D1z(t)

+4α

[
zT(t)L− gT(z(t))

]
D2z(t)− 2αV1(zt).

Calculating V̇2(zt) leads to

V̇2(zt) ≤ e−2αδ1

[
z(t− δ1)

g(z(t− δ1))

]T[M1 M2
∗ M3

][
z(t− δ1)

g(z(t− δ1))

]
−e−2αδ2

[
z(t− δ2)

g(z(t− δ2))

]T[M1 M2
∗ M3

][
z(t− δ2

g(z(t− δ2))

]
+

[
z(t)

g(z(t))

]T[M4 M5
∗ M6

][
z(t)

g(z(t))

]
+ (δd − e−2αδ2)

[
z(t− δ(t))

g(z(t− δ(t)))

]T

×
[

M4 M5
∗ M6

][
z(t− δ(t))

g(z(t− δ(t))

]
− 2αV2(zt).

By employing Lemma 3 to estimate the integral terms in V̇3(zt), we readily obtain

V̇3(zt) ≤ ż(t)
[
δ1N1 +

δ2
1
2
(N2 + N3)

]
ż(t)− e−2αδ2

{
ΩT

1 [t−δ1],t
N1Ω1[t−δ1,t]

+3ΩT
2 [t−δ1,t]N1Ω2[t−δ1,t] + 5ΩT

3 [t−δ1,t]N1ΩT
3 [t−δ1,t] + 7ΩT

4 [t−δ1,t]N1

×Ω4[t−δ1,t] + 2ΩT
5 [t−δ1,t]N2Ω5[t−δ1,t] + 4ΩT

6 [t−δ1,t]N2Ω6[t−δ1,t]

+6ΩT
7 [t−δ1,t]N2ΩT

7 [t−δ1,t] + 2ΩT
8 [t−δ1,t]N3Ω8[t−δ1,t] + 4ΩT

9 [t−δ1,t]N3

×Ω9[t−δ1,t] + 6ΩT
10[t−δ1,t]N3Ω10[t−δ1,t]

}
− 2αV3(zt),

where

Ω1[σ1, σ2] = z(σ2)− z(σ1), Ω2[σ1, σ2] = z(σ2) + z(σ1)−
2

σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω3[σ1, σ2] = z(σ2)− z(σ1) +
6

σ2 − σ1

∫ σ2

σ1

z(s)ds− 12
(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,

Ω4[σ1, σ2] = z(σ2) + z(σ1)−
12

σ2 − σ1

∫ σ2

σ1

z(s)ds +
60

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 120
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu, Ω5[σ1, σ2] = z(σ2)−

1
σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω6[σ1, σ2] = z(σ2) +
2

σ2 − σ1

∫ σ2

σ1

z(s)ds− 6
(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,

Ω7[σ1, σ2] = z(σ2)−
3

σ2 − σ1

∫ σ2

σ1

z(s)ds +
24

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 60
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu, Ω8[σ1, σ2] = z(σ1)−

1
σ2 − σ1

∫ σ2

σ1

z(s)ds,

Ω9[σ1, σ2] = z(σ1)−
4

σ2 − σ1

∫ σ2

σ1

z(s)ds +
6

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ,
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Ω10[σ1, σ2] = z(σ1)−
9

σ2 − σ1

∫ σ2

σ1

z(s)ds +
36

(σ2 − σ1)2

∫ σ2

σ1

∫ σ2

θ
z(s)dsdθ

− 60
(σ2 − σ1)3

∫ σ2

σ1

∫ σ2

u

∫ σ2

θ
z(s)dsdθdu, t− δ2 ≤ σ1 ≤ σ2 ≤ t.

By calculating the derivative of V4(zt), we obtain

V̇4(zt) ≤ ż(t)
[
(δ2 − δ1)

2O1 +
(δ2 − δ1)

2

2
(
O2 + O3)

]
ż(t)− e−2αδ2(δ2 − δ1)

×
∫ t−δ1

t−δ2

żT(s)O2ż(s)ds− e−2αδ2

∫ t−δ1

t−δ2

∫ t−δ1

θ
żT(s)O2ż(s)dsdθ

−e−2αδ2

∫ t−δ1

t−δ2

∫ θ

t−δ2

żT(s)O3ż(s)dsdθ − 2αV4(zt)

≤ ż(t)
[
(δ2 − δ1)

2O1 +
(δ2 − δ1)

2

2
(
O2 + O3)

]
ż(t)− e−2αδ2

{
(δ2 − δ1)

×
∫ t−δ(t)

t−δ2

żT(s)O1ż(s)ds + (δ2 − δ1)
∫ t−δ1

t−δ(t)
żT(s)O1ż(s)ds

+
∫ t−δ(t)

t−δ2

∫ t−δ(t)

θ
żT(s)O2ż(s)ds +

∫ t−δ1

t−δ(t)

∫ t−δ1

θ
żT(s)O2ż(s)ds

+(δ2 − δ(t))
∫ t−δ1

t−δ(t)
żT(s)O2ż(s)ds +

∫ t−δ(t)

t−δ2

∫ θ

t−δ2

żT(s)O3ż(s)ds

+
∫ t−δ1

t−δ(t)

∫ θ

t−δ(t)
żT(s)O3ż(s)ds + (δ(t)− δ1)

∫ t−δ(t)

t−δ2

żT(s)O3ż(s)ds

}
−2αV4(zt).

Since O1 > 0, O2 > 0 and O3 > 0, using Lemma 3, we observe that

−e−2αδ2

{
(δ2 − δ1)

∫ t−δ1

t−δ(t)
żT(s)O1ż(s)ds + (δ2 − δ1)

∫ t−δ(t)

t−δ2

żT(s)O1ż(s)ds

+(δ2 − δ(t))
∫ t−δ1

t−δ(t)
żT(s)O2ż(s)ds + (δ(t)− δ1)

∫ t−δ(t)

t−δ2

żT(s)O3ż(s)ds

}

≤ e−2αδ2

{
− (δ2 − δ1)

(δ(t)− δ1)

(
ΩT

1 [t−δ(t),t−δ1]
(O1 + O2)Ω1[t−δ(t),t−δ1]

+3ΩT
2 [t−δ(t),t−δ1]

(O1 + O2)Ω2[t−δ(t),t−δ1]
+ 5ΩT

3 [t−δ(t),t−δ1]
(O1 + O2)

×Ω3[t−δ(t),t−δ1]
+ 7ΩT

4 [t−δ(t),t−δ1]
(O1 + O2)Ω4[t−δ(t),t−δ1]

)
+

(
ΩT

1 [t−δ(t),t−δ1]
O2ΩT

1 [t−δ(t),t−δ1]
+ 3ΩT

2 [t−δ(t),t−δ1]
O2Ω2[t−δ(t),t−δ1]

+5ΩT
2 [t−δ(t),t−δ1]

O2Ω2[t−δ(t),t−δ1]
+ 7ΩT

2 [t−δ(t),t−δ1]
O2Ω2[t−δ(t),t−δ1]

)
− (δ2 − δ1)

(δ2 − δ(t))

(
ΩT

1 [t−δ2,t−δ(t))](O1 + O3)Ω1[t−δ2,t−δ(t))]

+3ΩT
2 [t−δ2,t−δ(t))](O1 + O3)Ω2[t−δ2,t−δ(t))] + 5ΩT

3 [t−δ2,t−δ(t))](O1

+O3)Ω3[t−δ2,t−δ(t))] + 7ΩT
4 [t−δ2,t−δ(t))](O1 + O3)Ω4[t−δ2,t−δ(t))]

)
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+

(
ΩT

1 [t−δ2,t−δ(t))]O3ΩT
1 [t−δ2,t−δ(t))] + 3ΩT

2 [t−δ2,t−δ(t))]O3Ω2[t−δ2,t−δ(t))]

+5ΩT
3 [t−δ2,t−δ(t))]O3Ω3[t−δ2,t−δ(t))] + 7ΩT

4 [t−δ2,t−δ(t))]O3Ω4[t−δ2,t−δ(t))]

)}
.

Next, we use the reciprocally convex combination technique to estimate inequality
following

−e−2αδ2

{
(δ2 − δ1)

∫ t−δ1

t−δ(t)
żT(s)O1ż(s)ds + (δ2 − δ1)

∫ t−δ(t)

t−δ2

żT(s)O1ż(s)ds

+(δ2 − δ(t))
∫ t−δ1

t−δ(t)
żT(s)O2ż(s)ds + (δ(t)− δ1)

∫ t−δ(t)

t−δ2

żT(s)O3ż(s)ds

}

≤ −e−2αδ2

{
ΩT

1 [t−δ(t),t−δ1]
O1Ω1[t−δ(t),t−δ1]

+ 3ΩT
2 [t−δ(t),t−δ1]

O1Ω2[t−δ(t),t−δ1]

+5ΩT
3 [t−δ(t),t−δ1]

O1Ω3[t−δ(t),t−δ1]
+ 7ΩT

4 [t−δ(t),t−δ1]
O1Ω4[t−δ(t),t−δ1]

+ΩT
1 [t−δ2,t−δ(t)]O1Ω1[t−δ2,t−δ(t)] + 3ΩT

2 [t−δ2,t−δ(t)]O1Ω2[t−δ2,t−δ(t)]

+5ΩT
3 [t−δ2,t−δ(t)]O1Ω3[t−δ2,t−δ(t)] + 7ΩT

4 [t−δ2,t−δ(t)]O1Ω4[t−δ2,t−δ(t)]

+ΩT
1 [t−δ(t),t−δ1]

Z1Ω1[t−δ2,t−δ(t)] + ΩT
1 [t−δ2,t−δ(t)]Z

T
1 Ω1[t−δ(t),t−δ1]

+3ΩT
2 [t−δ(t),t−δ1]

Z2Ω2[t−δ2,t−δ(t) + 3ΩT
2 [t−δ2,t−δ(t)]Z2

TΩ2[t−δ(t),t−δ1]

+5ΩT
3 [t−δ(t),t−δ1]

Z3Ω3[t−δ2,t−δ(t)] + 5ΩT
3 [t−δ2,t−δ(t)]Z

T
3 Ω3[t−δ(t),t−δ1]

+7ΩT
4 [t−δ(t),t−δ1]

Z4Ω4[t−δ2,t−δ(t)] + 7ΩT
4 [t−δ2,t−δ(t)]Z

T
4 Ω4[t−δ(t),t−δ1]

}
.

Then, we estimate V̇4(zt) as

V̇4(zt) ≤ ż(t)
[
(δ2 − δ1)

2O1 +
(δ2 − δ1)

2

2
(
O2 + O3)

]
ż(t)

−e−2αδ2

{
2ΩT

5 [t−δ(t),t−δ1]
O2Ω5[t−δ(t),t−δ1]

+ 4ΩT
6 [t−δ(t),t−δ1]

O2

×Ω6[t−δ(t),t−δ1]
+ 6ΩT

7 [t−δ(t),t−δ1]
O2ΩT

7 [t−δ(t),t−δ1]
+ 2ΩT

5 [t−δ2,t−δ(t)]

×O2Ω5[t−δ2,t−δ(t)] + 4ΩT
6 [t−δ2,t−δ(t)]O2Ω6[t−δ2,t−δ(t)]

+6ΩT
7 [t−δ2,t−δ(t)]O2Ω7[t−δ2,t−δ(t)] + 2ΩT

8 [t−δ(t),t−δ1]
O3Ω8[t−δ(t),t−δ1]

+4ΩT
9 [t−δ(t),t−δ1]

O3Ω9[t−δ(t),t−δ1]
+ 6ΩT

10[t−δ(t),t−δ1]
O3Ω10[t−δ(t),t−δ1]

+2ΩT
8 [t−δ2,t−δ(t)]O3Ω8[t−δ2,t−δ(t)] + 4ΩT

9 [t−δ2,t−δ(t)]O3Ω9[t−δ2,t−δ(t)]

+6ΩT
10[t−δ2,t−δ(t)]O3ΩT

10[t−δ2,t−δ(t)] + ΩT
1 [t−δ(t),t−δ1]

O1Ω1[t−δ(t),t−δ1]

+3ΩT
2 [t−δ(t),t−δ1]

O1Ω2[t−δ(t),t−δ1]
+ 5ΩT

3 [t−δ(t),t−δ1]
O1Ω3[t−δ(t),t−δ1]

+7ΩT
4 [t−δ(t),t−δ1]

O1Ω4[t−δ(t),t−δ1]
+ ΩT

1 [t−δ2,t−δ(t)]O1Ω1[t−δ2,t−δ(t)]

+3ΩT
2 [t−δ2,t−δ(t)]O1Ω2[t−δ2,t−δ(t)] + 5ΩT

3 [t−δ2,t−δ(t)]O1Ω3[t−δ2,t−δ(t)]

+7ΩT
4 [t−δ2,t−δ(t)]O1Ω4[t−δ2,t−δ(t)] + ΩT

1 [t−δ(t),t−δ1]
Z1Ω1[t−δ2,t−δ(t)]

+ΩT
1 [t−δ2,t−δ(t)]Z

T
1 Ω1[t−δ(t),t−δ1]

+ 3ΩT
2 [t−δ(t),t−δ1]

Z2Ω2[t−δ2,t−δ(t)]
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+3Ω2
T
[t−δ2,t−δ(t)]Z

T
2 Ω2[t−δ(t),t−δ1]

+ 5Ω3
T
[t−δ(t),t−δ1]

Z3Ω3[t−δ2,t−δ(t)]

+5ΩT
3 [t−δ2,t−δ(t)]Z

T
3 Ω3[t−δ(t),t−δ1]

+ 7ΩT
4 [t−δ(t),t−δ1]

Z4Ω4[t−δ2,t−δ(t)]

+7ΩT
4 [t−δ2,t−δ(t)]Z

T
4 Ω4[t−δ(t),t−δ1]

}
− 2αV4(zt).

The times derivative of V5(zt) is calculated as

V̇5(zt) ≤ żT(t)(S1 + S2 + S3)ż(t)− e−2ατ2 żT(t− τ2)S1ż(t− τ2)

−e−2ατ2 żT(t− τ(t))S2ż(t− τ(t)) + τd żT(t− τ(t))S2ż(t− τ(t))

−e−2ατ1 żT(t− τ1)S3ż(t− τ1)− 2αV5(zt).

Further, from Lemma 1, we receive V̇6(zt) as follows

V̇6(zt) ≤ gT(z(t))
[
η2

2 T1 + η2
2 T2 + η2

1 T3

]
g(z(t))− e−2αη2

∫ t

t−η2

gT(z(s))dsT1

×
∫ t

t−η2

g(z(s))ds− e−2αη2

∫ t

t−η(t)
gT(z(s))dsT2

∫ t

t−η(t)
g(z(s))ds

−e−2αη1

∫ t

t−η1

gT(z(s))dsT3

∫ t

t−η1

g(z(s))ds− 2αV6(zt).

Since 0 ≤ fi(s)
si
≤ li, i = 1, 2, . . . , n, for diagonal matrices Um > 0, m = 1, 2, 3, 4,

we have [
zT(t)L− gT(z(t))

]
UT

1 g(z(t)) ≥ 0, (14)[
zT(t− δ1)L− gT(z(t− δ1))

]
UT

2 g(z(t− δ1)) ≥ 0, (15)[
zT(t− δ(t))L− gT(z(t− δ(t))

]
UT

3 g(z(t− δ(t))) ≥ 0, (16)[
zT(t− δ2)L− gT(z(t− δ2))

]
UT

4 g(z(t− δ2)) ≥ 0. (17)

Through the use zero equations, for any appropriate dimensions Xk, k = 1, 2, . . . , 7,
and Yl , l = i = 1, 2, . . . , 5, we obtain the following equations

2
[
żT(t)XT

1 + zT(t)XT
2 + gT(z(t))XT

3 + gT(z(t− δ(t)))XT
4 + żT(t− τ(t))XT

5

+
∫ t

t−η(t)
gT(z(s))dsXT

6 + uT(t)XT
7

][
− ż(t)− Az(t) + W0g(z(t))

+W1g(z(t− δ(t))) + W2ż(t− τ(t)) + W3

∫ t

t−η(t)
g(z(s))ds + u(t)

]
= 0, (18)

2
[
żT(t)YT

1 + wT(t)YT
2

][
ż(t)− w(t)

]
= 0, (19)

2
[
zT(t)YT

3 + zT(t− δ(t))YT
4 +

∫ t

t−δ(t)
żT(s)dsYT

5

][
z(t)− z(t− δ(t))

−
∫ t

t−δ(t)
ż(s)ds

]
= 0. (20)

Recalling (14)–(20) and estimation of the time derivative of V(zt) , it is apparent that

V̇(zt) + 2αV(zt)− 2y(t)u(t) ≤ ξT(t)Λξ(t), (21)
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where ξ(t) =
[
z(t), z(t − δ1), z(t − δ(t)), z(t − δ2), g(z(t)), g(z(t − δ1)), g(z(t − δ(t))),

g(z(t− δ2)), ż(t),
∫ t

t−δ2
ż(s)ds, ω(t), 1

δ1

∫ t
t−δ1

z(s)ds, 1
δ2

1

∫ t
t−δ1

∫ t
θ z(s)dsdθ, 1

δ3
1

∫ t
t−δ1

∫ t
u

∫ t
θ z(s)ds

dθdu, 1
δ(t)−δ1

∫ t−δ1
t−δ(t) z(s)ds, 1

(δ(t)−δ1)2

∫ t−δ1
t−δ(t)

∫ t−δ1
θ z(s)dsdθ, 1

(δ(t)−δ1)3 ×
∫ t−δ1

t−δ(t)

∫ t−δ1
u

∫ t−δ1
θ z(s)

dsdθdu , 1
δ2−δ(t)

∫ t−δ(t)
t−δ2

z(s)ds , 1
(δ2−δ(t))2

∫ t−δ(t)
t−δ2

∫ t−δ(t)
θ z(s)dsdθ , 1

(δ2−δ(t))3

∫ t−δ(t)
t−δ2

∫ t−δ(t)
u∫ t−δ(t)

θ z(s)dsdθdu, ż(t− τ1), ż(t− τ(t)), ż(t− τ2),
∫ t

t−η1
g(z(s))ds,

∫ t
t−η(t) g(z(s))ds,

∫ t
t−η2

g(z(s))ds, u(t)
]

and Λ is defined in (9). From assumption (21), it is readily visible that

V̇(zt) + 2αV(zt)− 2y(t)u(t) ≤ 0, t ≥ 0,

or
V̇(zt) + ρV(zt) ≤ 2y(t)u(t), t ≥ 0,

where ρ = 2α. Therefore, if the LMIs conditions (9) and (10) hold, we conclude that the
system (11) is exponentially passive. This proof is complete.

Moreover, we suggest the robust exponential passivity for uncertain NTNNs with
mixed interval time-varying delays of system (1). It is apparent that system (1) is robustly
exponentially passive, from which we summarize the corresponding result in Theorem 2.

Theorem 2. Assume that Assumptions 1 and 2 hold. For scalars δ1, δ2, δd, τ1, τ2, τd, η1, η2, ρ,
β with conditions (2)–(4), ρ > 0 and β > 0, if there exist matrices P > 0, Mn, n = 1, 2, · · · , 6,[

M1 M2
∗ M3

]
> 0,

[
M4 M5
∗ M6

]
> 0, Nj > 0, Oj > 0, Sj > 0, Tj > 0, j = 1, 2, 3, any diagonal

matrices D1 > 0, D2 > 0, Ui > 0, i = 1, 2, 3, 4, any appropriate dimensional matrices Xk, Yl , Zi,
k = 1, 2, · · · , 7, l = 1, 2, · · · , 5, i = 1, 2, 3, 4, satisfying LMIs (9), (10) andΛ Γ1 βΓT

2
∗ −βI βJT

∗ ∗ −βI

 < 0, (22)

then the system (1) is robust exponential passive.

Proof. Based on Theorem 1, if A, W0, W1, W2, and W3 are replaced with A + E∆(t)Ga, W0 +
E∆(t)G0, W1 + E∆(t)G1, W2 + E∆(t)G2 and W3 + E∆(t)G3, respectively, a new criterion of
the uncertain NTNNs (1) is equivalent to the following conditions,

Λ + Γ1∆(t)Γ2 + ΓT
2 ∆(t)TΓT

1 ≤ 0, (23)

where Γ1 =
[
(P + Q9 + X2)

TE, 0, 0, 0, (Q11 + X3)
TE, 0, (Q12 + X4)

TE, 0, XT
1 E, QT

10E,
0, 0, . . . , 0︸ ︷︷ ︸

11 items

, XT
5 E, 0, 0, XT

6 E, 0, XT
7 E
]

and Γ2 =
[
− Ga, 0, 0, 0, G0, 0, G1, 0, 0, . . . , 0︸ ︷︷ ︸

14 items

, G2, 0, 0,

G3, 0, 0
]
. By Lemma 4, an adequate condition ensuringΛ Γ1 βΓT

2
∗ −βI βJT

∗ ∗ −βI

 < 0,

is that there exists a scalar β > 0. Together with the similar proof of Theorem 1, we have

V̇(zt) + ρV(zt) ≤ 2y(t)u(t), t ≥ 0.

Based on Definition 1, the uncertain NTNNs (1) is robustly exponentially passive. This
completes the proof.
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4. Numerical Examples

In this section, we allow the numerical examples to show the performance of the
systems (1) and (11).

Example 1. Consider the NTNNs (11), with the parameters [2,7,24] being as follows:

A =

[
2 0
0 2

]
, W0 =

[
γ 0.3

0.3 0.5

]
, W1 =

[
0.2 0.1
0.1 0.2

]
, W2 =

[
0.15 0

0 0.15

]
,

W3 =

[
0 0
0 0

]
, L =

[
1 0
0 1

]
, u(t) = 0, y(t) = 0.

By applying Theorem 1, we find that the LMIs (9) and (10) are feasible. In Table 1, we compare
the maximum allowable bound γ, where δ1 = 0.5, δ2 = 2.0, τ1 = 0.5, τ2 = 1.0, and δd = 0.9
for ensuring Theorem 1 of the system (11), which the potential of our result exceeds those previous
results ([2,7,24]).

Table 1. The maximum upper bound of γ for different τd.

τd 0.5 0.8

Park and Kwon [2] 1.65 -
Tu et al. [24] 2.66 -

Manivannan et al. [7] 3.94 3.43
Theorem 1 4.06 3.68

Example 2. Considering the uncertain NTNNs (1), the parameters [22] are as follows:

A =

[
4 0
0 4

]
, W0 =

[
0.6 0.4
−0.5 0.4

]
, W1 =

[
0.9993 0.3554
0.0471 −0.2137

]
, W2 =

[
0 0
0 0

]
,

W3 =

[
0.3978 1.3337
−0.2296 0.9361

]
, Ga =

[
0.2 0
0 0.2

]
, G0 =

[
0.6 0
0 0.6

]
, G1 =

[
0.3 0
0 0.3

]
,

G2 =

[
0 0
0 0

]
, G3 =

[
0.4 0
0 0.4

]
, L = E = C0 = C1 = C3 = I, C2 = 0.

Through adaption of Theorem 2 and using the Matlab LMI toolbox, the feasibility of the aimed
method holds. A similar result of this method was shown previously in [22] where δ(t) = 1 + sin(t),
and η(t) = 1.5 + cos(t). Meanwhile, we show that the robust exponential passive of system (1) is
guaranteed by calculating the maximum allowable bound of ρ for δ2 = 2.0, η1 = 0.0, η2 = 2.5,
different δd, and various δ1 in Table 2.

Table 2. The maximum upper bound of ρ for different δd and various δ1.

δd δ1 = 0.0 δ1 = 0.1 δ1 = 0.2

0.1 0.5224 0.9252 0.4510
0.3 0.3204 0.5790 0.3782
0.5 0.1734 0.3362 0.2642
0.8 0.0092 0.1080 0.0804

Example 3. Consider the uncertain NTNNs (1), with the parameters [21,22] being as follows:

A =

[
4 0
0 7

]
, W0 =

[
0 −0.5

0.5 0

]
, W1 =

[
−1 −1
−1 −2

]
, W2 = W3 =

[
0 0
0 0

]
,

Ga =

[
0.02 0.04
0.03 0.06

]
, G0 =

[
0.02 0.04
0.02 0.04

]
, G1 =

[
0.03 0.06
0.02 0.04

]
, G2 = G3 = 0,

L = E = I, C0 = C1 = C3 = I, C2 = 0.



Computation 2021, 9, 70 13 of 18

This example shows the maximum bounds of the allowable values ρ where δ1 = 0.0 and
δ2 = 0.16 to guarantee that system (1) is the robust exponential passive. The list in Table 3 shows
that the potential of our results is superior to those in [21,22].

Table 3. The maximum upper bound of ρ for different δd.

δd 0.1 0.3 0.5 0.9

Wu et al. [21] 5.4753 5.4121 5.3518 5.2864
Du et al. [22] (N = 3, M = 3) 6.0297 5.8124 5.7735 5.7294

Theorem 2 6.0374 5.9652 5.9634 5.9634

Example 4. Consider the uncertain NTNNs (1), the parameters being as follows:

A =

[
4 0
0 5

]
, W0 =

[
−0.4 0
−0.1 0.1

]
, W1 =

[
0.1 0.2
−0.15 −0.18

]
, W2 =

[
0.1 0
0 0.1

]
,

W3 =

[
0.41 −0.5
0.69 0.31

]
, Ga =

[
0 0

0.1 0.1

]
, G0 = G1

[
0 0

0.02 0.03

]
,

G2 =

[
0 0

0.001 0.001

]
, G3 =

[
0 0

0.02 0.02

]
, L = E = C0 = C1 = C2 = C3 = I.

We confirm the feasibility of the criterion of Theorem 2 by using the Matlab LMI toolbox,
where 0.5 ≤ δ(t) ≤ 4, δd = 0.5, 0.5 ≤ τ(t) ≤ 3.5, τd = 0.7, 0.5 ≤ η(t) ≤ 1, ρ = 0.094, of
which the feasible solution is as follows:

P =

[
1.3322 0.2119
0.2119 1.0924

]
, D1 =

[
1.4453 0

0 1.4453

]
,

D2 =

[
0.9707 0

0 0.9707

]
, M1 =

[
0.1220 0.0042
0.0042 0.1062

]
,

M2 =

[
−0.1326 0.0016
0.0016 −0.1384

]
, M3 =

[
0.3416 −0.0051
−0.0051 0.3610

]
,

M4 =

[
4.7528 0.3159
0.3159 4.4572

]
, M5 =

[
−2.0930 −0.2243
−0.2243 −0.9815

]
,

M6 =

[
8.2592 0.9770
0.9770 7.3324

]
, N1 =

[
0.0509 0.0031
0.0031 0.0370

]
,

N2 = 10−3
[

0.7335 0.0602
0.0602 0.5430

]
, N3 =

[
0.0769 0.0033
0.0033 0.0656

]
,

O1 =

[
0.0012 0.0001
0.0001 0.0008

]
, O2 =

[
0.0016 0.0001
0.0001 0.0011

]
,

O3 =

[
0.0016 0.0001
0.0001 0.0011

]
, S1 =

[
0.4670 0.0273
0.0273 0.3901

]
,

S2 =

[
0.0040 0.0003
0.0003 0.0028

]
, S3 =

[
0.0039 0.0003
0.0003 0.0027

]
,

T1 =

[
0.2694 0.0200
0.0200 0.1852

]
, T2 =

[
3.2174 0.0233
0.0233 2.5143

]
,

T3 =

[
1.0763 0.0798
0.0798 0.7395

]
, Q1 = 103

[
−1.1925 0.0000
0.0000 −1.1924

]
,

Q2 = 103
[

1.1927 0.0001
0.0001 1.1926

]
, Q3 =

[
−0.5234 −0.0422
−0.0422 −0.4805

]
,

Q4 =

[
0.2096 0.0098
0.0098 0.0691

]
, Q5 = 103

[
−1.1923 0.0000
0.0000 −1.1924

]
,
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Q6 = 103
[

1.1927 −0.0000
−0.0000 1.1928

]
, Q7 =

[
−0.5771 −0.0465
−0.0465 −0.3998

]
,

Q8 =

[
0.2180 0.0171
0.0171 0.0950

]
, Q9 =

[
0.9438 −0.6339
−0.6339 −0.7053

]
,

Q10 =

[
−0.0146 −0.0911
−0.0911 0.0433

]
, Q11 =

[
−0.4912 0.8620
0.8620 0.6054

]
,

Q12 =

[
−0.7129 −0.3630
−0.3630 −1.0636

]
, Z1 = 10−3

[
−0.1163 −0.0042
−0.0042 −0.0458

]
,

Z2 = 10−6
[
−0.2203 0.0787
0.0787 −0.5239

]
, Z3 = 10−8

[
−0.0204 0.0252
0.0252 −0.1607

]
,

Z4 = 10−9
[
−0.4913 −0.0730
−0.0730 −0.2132

]
, U1 =

[
8.1698 0

0 8.1698

]
,

U2 =

[
0.1671 0

0 0.1671

]
, U3 =

[
0.5990 0

0 0.5990

]
,

U4 =

[
0.0479 0

0 0.0479

]
, X1 =

[
6.4830 −0.7995
−0.7995 4.5869

]
,

X2 =

[
25.5529 −4.0582
−4.0582 21.7320

]
, X3 =

[
2.0164 0.5346
0.5346 −0.2008

]
,

X4 =

[
−1.5646 −0.1081
−0.1081 0.2932

]
, X5 =

[
−0.6444 0.0799
0.0799 −0.4607

]
,

X6 =

[
−2.9287 0.5075
0.5075 −1.7624

]
, X7 =

[
−6.6621 0.9600
0.9600 −4.4849

]
,

Y1 = 103
[
−5.3746 −0.0050
−0.0050 −5.3748

]
, Y2 = 103

[
5.3750 0.0050
0.0050 5.3750

]
,

Y3 = 103
[
−1.1923 0.0000
0.0000 −1.1924

]
, Y4 = 103

[
3.5779 0.0000
0.0000 3.5778

]
,

Y5 = 103
[

1.1927 −0.0000
−0.0000 1.1927

]
, and β = 87.2598.

Figure 1 gives the state response of the uncertain NTNNs (1) under zero input, and the initial
condition [−0.2, 0.2], the interval time-varying delays are chosen as δ(t) = 3 + 0.25| sin(2t)|,
τ(t) = 3 + 0.35| sin(2t)|, and η(t) = | cos(t)|, the activation function is set as g(z(t)) =
tanh(z(t)). Meanwhile, we sketched the solution trajectory of the system (1) of Example 4 with
initial conditions [3.5, 3.5] in Figure 2.

Figure 1. The state response of the system (1).
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Figure 2. The solution trajectory of the system (1).

5. Conclusions

In this paper, we considered the robust exponential passivity analysis for uncertain
NTNNs with mixed interval time-varying delays including discrete, neutral, and dis-
tributed delays. We concentrated on interval time-varying delays, in which the lower
bounds were allowed to be either positive or zero. For the potential of results, we si-
multaneously adopted the model transformation, various inequalities, the reciprocally
convex combination, and suitable Lyapunov-–Krasovskii functional. In the first place, a
new exponential passivity analysis for NTNNs was derived and formulated in the form
of LMIs. Secondly, a new robust exponential passivity analysis for uncertain NTNNs
was obtained. Note that our proposed method can be adapted to many criteria such as
exponential passivity of uncertain neural networks with distributed time-varying delays,
the exponential passivity of uncertain neural networks with time-varying delays, stability
of NTNNs with interval time-varying delays. Lastly, the feasibility of the aimed methods
was shown in numerical simulations by applying our method. We achieved the aim to
receive the maximum values of the rate of convergence, for which our results exceeded the
results that were previously seen. We also introduced a new example to demonstrate the
existence of a solution to the proposed method.
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Appendix A

Λ = [Λi,j]27×27, Λi,j = ΛT
j,i, i, j = 1, 2, . . . , 27,

Λ1,1 = 2αP− (P + Q9 + X2)
T A− AT(P + Q9 + X2) + Q1 + QT

1 + Q5 + QT
5

+M4 + 2αLT DT
2 + 2αD2L + Y3 + YT

3 − e−2αδ1(16N1 + 12N2),

Λ1,2 = −4e−2αδ1 N1, Λ1,3 = −QT
1 −QT

5 −YT
3 + Y4, Λ1,5 = (P + Q9 + X2)

TW0

+Q3 + Q7 − AT(Q11 + X3) + 2αDT
1 − 2αD2 + M5 + LUT

1 ,

Λ1,7 = (P + Q9 + X2)
TW1 + Q4 + Q8 − AT(Q12 + X4), Λ1,9 = D2L− XT

2

−ATX1, Λ1,10 = −QT
1 −QT

5 + Q2 + Q6 − AQ10 −YT
3 + Y5, Λ1,11 = −Q9,

Λ1,12 = e−2αδ1(60N1 + 12N2), Λ1,13 = −e−2αδ1(360N1 + 120N2),

Λ1,14 = e−2αδ1(840N1 + 360N2), Λ1,22 = (P + Q9 + X2)
TW2 − ATX5,

Λ1,25 = (P + Q9 + X2)
TW3 − ATX6, Λ1,27 = PT + QT

9 + XT
2 − ATX7,

Λ2,2 = e−2αδ1 M1 − e−2αδ1(16N1 + 12N3)− e−2αδ2(16O1 + 12O2),

Λ2,3 = −e−2αδ2(Z1 + 3Z2 + 5Z3 + 7Z4)
T − 4e−2αδ2O1, Λ2,4 = e−2αδ2(Z1 − 3Z2

+5Z3 − 7Z4)
T , Λ2,6 = e−2αδ1 M2 + LUT

2 , Λ2,12 = e−2αδ1(120N1 + 72N3),

Λ2,13 = −e−2αδ1(480N1 + 240N3), Λ2,14 = e−2αδ1(840N1 + 360N3),

Λ2,15 = e−2αδ2(60O1 + 12O2), Λ2,16 = −e−2αδ2(360O1 + 120O2),

Λ2,17 = e−2αδ2(840O1 + 360O2), Λ2,18 = e−2αδ2(6Z2 − 30Z3 + 84Z4)
T ,

Λ2,19 = e−2αδ2(60Z3 − 420Z4)
T , Λ2,20 = 840e−2αδ2 ZT

4 , Λ3,3 = (δd − e−2αδ2)M4

−Y4 −YT
4 + e−2αδ2(Z1 − 3Z2 + 5Z3 − 7Z4)

T + e−2αδ2(Z1 − 3Z2 + 5Z3

−7Z4)− e−2αδ2(32O1 + 12O2 + 12O3), Λ3,4 = −e−2αδ2(Z1 + 3Z2 + 5Z3

+7Z4)
T − 4e−2αδ2O1, Λ3,5 = −Q3 −Q7, Λ3,7 = −Q4 −Q8 + (δd

−e−2αδ2)M5 + LUT
3 , Λ3,10 = −Q2 −Q6 −YT

4 −Y5, Λ3,15 = e−2αδ2(6Z2

−30Z3 + 84Z4)
T + e−2αδ2(120O1 + 72O3), Λ3,16 = e−2αδ2(60Z3 − 420Z4)

−e−2αδ2(480O1 + 240O3), Λ3,17 = 840e−2αδ2 Z4 + e−2αδ2(840O1 + 360O3),

Λ3,18 = e−2αδ2(6Z2 + 30Z3 + 84Z4)
T + e−2αδ2(60O1 + 12O2),

Λ3,19 = −e−2αδ2(60Z3 + 420Z4)
T − e−2αδ2(360O1 + 120O2),

Λ3,20 = 840e−2αδ2 ZT
4 + e−2αδ2(840O1 + 360O2), Λ4,4 = −e−2αδ2 M1

−e−2αδ2(16O1 + 12O3), Λ4,8 = −e−2αδ2 M2 + LUT
4 , Λ4,15 = e−2αδ2(6Z2

+30Z3 + 84Z4), Λ4,16 = −e−2αδ2(60Z3 + 420Z4), Λ4,17 = 840e−2αδ2 Z4,

Λ4,18 = e−2αδ2(120O1 + 72O3), Λ4,19 = −e−2αδ2(480O1 + 240O3),

Λ4,20 = e−2αδ2(840O1 + 360O3), Λ5,5 = (Q11 + X3)
TW0 + WT

0 (Q11 + X3)

+M6 −U1 −UT
1 + η2

2(T1 + T2) + η2
1 T3, Λ5,7 = (QT

11 + X3)
TW1

+WT
0 (Q12 + X4), Λ5,9 = D1 − D2 − XT

3 + WT
0 X1, Λ5,10 = −QT

3 −QT
7

+WT
0 Q10, Λ5,11 = −QT

11, Λ5,22 = (Q11 + X3)
TW2 + WT

0 X5,

Λ5,25 = (Q11 + X3)
TW3 + WT

0 X6, Λ5,27 = WT
0 X7 + XT

3 + QT
11 − CT

0 ,

Λ6,6 = e−2αδ2 M3 −U2 −UT
2 , Λ7,7 = (Q12 + X4)

TW1 + WT
1 (Q12 + X4)

+(δd − e−2αδ2)M6 −U3 −UT
3 , Λ7,9 = −XT

4 + WT
1 X1, Λ7,10 = −Q4 −Q8

+WT
1 Q10, Λ7,11 = −Q12, Λ7,22 = (Q12 + X4)

TW2 + WT
1 X5,

Λ7,25 = (Q12 + X4)
TW3 + WT

1 X6, Λ7,27 = WT
1 X7 + XT

4 + QT
12 − CT

1 ,

Λ8,8 = −e−2αδ2 MT
3 −U4 −UT

4 , Λ9,9 = Y1 + YT
1 − X1 − XT

1 + δ2
1 N1 +

δ2
1
2
(N2

+N3), Λ9,11 = −YT
1 + YT

2 , Λ9,22 = XT
1 W2 − X5, Λ9,25 = XT

1 W3 − X6,

Λ9,27 = −X7 + X1, Λ10,10 = −Q2 −QT
2 −Q6 −QT

6 −Y5 −YT
5 , Λ10,11 = −QT

10,
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Λ10,22 = QT
10W2, Λ10,25 = QT

10W3, Λ10,27 = Q10, Λ11,11 = −Y2 −YT
2 + (δ2 − δ1)

2

×O1 +
(δ2 − δ1)

2

2
(O2 + O3) + S1 + S2 + S3,

Λ12,12 = −e−2αδ1(1200N1 + 720N2 + 552N3), Λ12,13 = e−2αδ1(5400N1 + 480N2

+2040N3), Λ12,14 = −e−2αδ1(10080N1 + 10080N2 + 3240N3),

Λ13,13 = −e−2αδ1(25920N1 + 3600N2 + 7920N3), Λ13,14 = e−2αδ1(50400N1

+8640N2 + 12960N3, Λ14,14 = −e−2αδ1(100800N1 + 21600N2 + 21600N3),

Λ15,15 = −e−2αδ2(1200O1 + 72O2 + 552O3), Λ15,16 = e−2αδ2(5400O1 + 480O2

+2040O3), Λ15,17 = −e−2αδ2(10080O1 + 1080O2 + 3240O3),

Λ15,18 = −e−2αδ2(12Z2 + 180Z3 + 1008Z4)
T , Λ15,19 = e−2αδ2(360Z3 + 5040Z4)

T ,

Λ15,20 = −10080e−2αδ2 ZT
4 , Λ16,16 = −e−2αδ2(25920O1 + 3600O2 + 7920O3),

Λ16,17 = e−2αδ2(50400O1 + 8640O2 + 12960O3), Λ16,18 = e−2αδ2(360Z3

+5040Z4)
T , Λ16,19 = −e−2αδ2(720Z3 + 25200Z4)

T ,

Λ16,20 = 50400e−2αδ2 ZT
4 , Λ17,17 = −e−2αδ2(100800O1 + 21600O2 + 21600O3),

Λ17,18 = −10080e−2αδ2 ZT
4 , Λ17,19 = 50400e−2αδ2 ZT

4 , Λ17,20 = −100800e−2αδ2 ZT
4 ,

Λ18,18 = −e−2αδ2(1200O1 + 72O2 + 552O3), Λ18,19 = e−2αδ2(5400O1 + 480O2

+2040O3), Λ18,20 = −e−2αδ2(10080O1 + 1080O2 + 3240O3),

Λ19,19 = −e−2αδ2(25920O1 + 3600O2 + 7920O3), Λ19,20 = e−2αδ2(50400O1

+8640O2 + 12960O3), Λ20,20 = −e−2αδ2(100800O1 + 21600O2

+21600O3), Λ21,21 = −e−2ατ1 S3, Λ22,22 = (τd − e−2ατ2)S2 + XT
5 W2

+W2X5, Λ22,25 = XT
5 W3 + W2X6, Λ22,27 = XT

5 + WT
2 X7,

Λ23,23 = −e−2ατ2 S1, Λ24,24 = −e−2αδ2 T3, Λ25,25 = −e−2αδ2 T2 + XT
6 W3 + WT

3 X6,

Λ25,27 = XT
6 + WT

3 X7 − CT
2 , Λ26,26 = −e−2αδ2 T1, Λ27,27 = X7 + XT

7 − C3 − CT
3 ,

and the other terms are 0.
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