+/— ;
computation

Article

A Study on Shape-Dependent Settling of Single Particles with
Equal Volume Using Surface Resolved Simulations

Robin Trunk %%, Colin Bretl 12, Gudrun Thiter 3, Hermann Nirschl 2, Mércio Dorn 4

and Mathias J. Krause 23

check for

updates
Citation: Trunk, R.; Bretl, C.; Thiter,
G.; Nirschl, H.; Dorn, M.; Krause, M.].
A Study on Shape-Dependent Settling
of Single Particles with Equal Volume
Using Surface Resolved Simulations.
Computation 2021, 9, 40.
https://doi.org/10.3390/
computation9040040

Academic Editor: Philipp Neumann

Received: 15 February 2021
Accepted: 22 March 2021
Published: 25 March 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Lattice Boltzmann Research Group, Karlsruhe Institute of Technology, Strafle am Forum 8,

76131 Karlsruhe, Germany; colin.bretl@student.kit.edu (C.B.); gudrun.thaeter@kit.edu (G.T.);
mathias. krause@kit.edu (M.].K.)

Institute for Mechanical Process Engineering and Mechanics, Karlsruhe Institute of Technology,
Straie am Forum 8, 76131 Karlsruhe, Germany; hermann.nirschl@kit.edu

Institute for Applied and Numerical Mathematics, Karlsruhe Institute of Technology, Englerstrafle 2,
76131 Karlsruhe, Germany

Institute of Informatics, Federal University of Rio Grande do Sul, Av. Bento Goncalves 9500,

Porto Alegre 91501-970, Brazil; marcio.dorn@inf.ufrgs.br

*  Correspondence: robin.trunk@kit.edu

Abstract: A detailed knowledge of the influence of a particle’s shape on its settling behavior is useful
for the prediction and design of separation processes. Models in the available literature usually
fit a given function to experimental data. In this work, a constructive and data-driven approach
is presented to obtain new drag correlations. To date, the only considered shape parameters are
derivatives of the axis lengths and the sphericity. This does not cover all relevant effects, since the
process of settling for arbitrarily shaped particles is highly complex. This work extends the list of
considered parameters by, e.g., convexity and roundness and evaluates the relevance of each. The
aim is to find models describing the drag coefficient and settling velocity, based on this extended set
of shape parameters. The data for the investigations are obtained by surface resolved simulations of
superellipsoids, applying the homogenized lattice Boltzmann method. To closely study the influence
of shape, the particles considered are equal in volume, and therefore cover a range of Reynolds
numbers, limited to [9.64, 22.86]. Logistic and polynomial regressions are performed and the quality
of the models is investigated with further statistical methods. In addition to the usually studied
relation between drag coefficient and Reynolds number, the dependency of the terminal settling
velocity on the shape parameters is also investigated. The found models are, with an adjusted
coefficient of determination of 0.96 and 0.86, in good agreement with the data, yielding a mean
deviation below 5.5% on the training and test dataset.

Keywords: single particle settling; non-spherical; particle shape; OpenLB; lattice Boltzmann method;
homogenised lattice Boltzmann method

1. Introduction

Describing the settling of particles of various shapes is relevant for a wide range of
applications. Fu et al. [1] found, e.g., that modifying the shape of lactose powder can be an
efficient way to change its flow properties. Furthermore, the particle shape is related to the
efficiency of classification processes in hydro cyclones [2]. It is also relevant for medical
applications: Champion et al. [3] identified the shape as being critical to the performance of
drug carriers. More recently, Waldschldger and Schiittrumpf [4] investigated the velocities
of micro-plastic settling and rising—among other things—for different shapes, such as
fragments, pellets, and fibers. They found that shapes make a big difference.

A challenge is the classification of the different shapes. A first approach is categoriza-
tion in classes. Based on elongation and flatness (defined via main axis lengths), Zingg [5]
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introduced four different classes (blade, disc, rod and sphere). Sneed and Folk [6] distin-
guish ten classes, including, in particular, compactness. This, however, does not cover all
aspects of shape and further parameters are required. The need for a uniform definition is
also reflected in the existence of a specific international standard ISO 9276-6 [7]. Due to the
interdependence of many parameters, the construction of a set covering most aspects of
shape while also ensuring pairwise independence is complicated. Therefore, Hentschel
and Page [8] performed a cluster analysis to identify a minimal set, finding the aspect ratio
and a form factor, describing the ruggedness as most important. Later, a more granular
classification system with 25 classes was proposed by Blott and Pye [9], also taking the
roundness and sphericity into account. To find a correlation applicable to a wide range of
shapes, however, there should not be a sharp distinction between classes, but a smooth
transition between shapes.

In addition to those parameters, the orientation of the particle is also relevant, as some
correlations regarding the settling of particles depend on the crosswise sphericity, which
also depends on it. This is, furthermore, of importance in the formation of sediments,
as discussed by Allen [10], who stated that the orientation is mainly influenced by the
Reynolds number. Sheikh et al. [11] performed simulations to study the orientation of
spheroid settling under turbulent conditions. An overview of the orientation of parti-
cles for a broad range of Reynolds numbers was given by Bagheri and Bonadonna [12];
for Reynolds numbers up to 100, the particles tend to settle in an orientation which maxi-
mizes the drag [13], while many particles have no preferred orientation in the Stokes regime.
However, the shape additionally affects the orientation, as shown by Shao et al. [14], who
found differences in orientation not only for triangular and rectangular particles, but also
for rectangular particles with different aspect ratios for the same Reynolds number.

Extending the drag correlations for spheres [15-17] to other particle shapes has been a
topic of ongoing research for a long time. McNown [18] proposed a formula for ellipsoids
in the Stokes regime in 1950. It is still present in current research, e.g., Sommerfeld and
Qadir [19] presented a study investigating the drag and lift depending on the angle of eight
particles with different sphericity via lattice Boltzmann simulations in 2018. While the
correlation by Leith [20] is restricted to the Stokes regime, it is based on the differentiation
between form and friction drag, which depend on the surface tangential and are normal
to the settling direction. This differentiation is also visible in later works by Ganser [21],
Loth [22], and Holzer and Sommerfeld [23]. Most correlations are, therefore, based on
a similar model with values fitted according to predominantly experimental, but also
analytical data. The calculation of drag correction factors for the Stokes and Newton
regime, used in the correlations, is common. Bagheri and Bonadonna [12] introduced the
additional requirement that shape parameters need to be accessible without extensive
measurement effort. They concluded with a correlation solely based on the axis lengths,
volume and density ratio, thereby omitting the otherwise commonly used sphericity. Their
correlation, together with the one presented by Holzer and Sommerfeld [23], is among
the best performing correlations currently available in the literature for a wide range
of Reynolds numbers and shapes. However, all presented correlations mimic a similar
structure, based on the assumptions by Leith [20], only modifying terms and adding
parameters and further correction terms. This leads to the situation where, even for the best
models, a remaining spread is visible, which is not explained by the correlation. As hinted
by Bagheri and Bonadonna [12], the range of considered shape parameters needs to be
extended to capture more effects; this was also found by Tran-Cong et al. [24].

Depending on the considered particles, more specific correlations are available.
Dellino et al. [25] and Dioguardi and Mele [26] presented correlations for pumice particles,
namely samples of material from eruptions at the Vesuvius and Camp Flegrei volcanoes.
Since the topic of settling non-spherical particles proved to be complex and affected by
many factors, investigations of such specific sets as well as additional effects are sensible.
For the latter, Holzer and Sommerfeld [27] investigated, among other things, the influence
of the Magnus effect. Few investigations exist which do not correlate the drag coefficient



Computation 2021, 9, 40

3 0f 35

with a Reynolds number, but aim to directly describe the terminal settling velocity. The cor-
relations considered here are the ones by Haider and Levenspiel [28] and Dellino et al. [25].
Such correlations, in addition to being an easy, accessible, a-priori estimate for the terminal
settling velocity, might help to improve other models. A broad range of investigations of
particle behavior, e.g., in the lung [29,30] or in mixing processes [31], could benefit from
such models. For such more specific applications, a tool to obtain correlations, best fit for
the considered purpose and the available data, might be more beneficial than a general
correlation aiming to describe all cases.

Furthermore, the quality and abundance of data are crucial for a regression analysis
and model development. Experimental data might be expensive to obtain, especially
in large scales, since one has to measure all relevant parameters for existing particles.
This is also discussed by Bagheri and Bonadonna [12], who restricted the model to shape
parameters that are easily accessible. This is handy for application, since the required data
of a new particle system can be obtained comparably simply, and increases the amount
of available datapoints; however, some not-captured effects might be related to more
sophisticated shape parameters.

The aim of this work is to provide a tool capable of delivering drag correlations
with a good fit for a given set of data, and also apply it to the results of simulations
yielding correlations for the drag coefficient and terminal settling velocity. The available
literature usually only addresses new correlations, based on the modification and extension
of existing models, which are obtained by extending the data basis. This work takes a
data-driven approach, obtaining a database not through experimental studies, but through
simulations. Depending on the availability of computational resources and preexisting
models and implementations, simulations of arbitrarily shaped particles [32] might be an
efficient alternative, with the information regarding the settling behavior of the particles
becoming more accessible. Therefore, the procedure described in this work allows for
a larger database to be obtained, along with advances in available computing power
and algorithmics.

Here, the particles were modeled by superellipsoids, as this allows for the depiction
of a broad range of shapes. Since the particle shapes can be analytically described, a vast
amount of shape parameters can be calculated, which might not be accessible to experi-
mental measurement devices. Therefore, in this work, multiple shape parameters besides
axis length, elongation, flatness and sphericity are considered,such as roundness, convexity
and further constructed parameters like the Corey shape factor [18], which are displayed in
Section 2.2. The considered parameters are also evaluated regarding their relevance during
the investigation. As with this representation via superellipsoids, edges are usually, at least
to some extent, rounded and not sharp, except for extreme values; this reflects the nature
of real particle systems, since corners and edges are usually rounded due to collisions.
Therefore, 200 particles, with different shapes and densities, were simulated individually
in this work. The shapes were constructed to provide a dataset with preferably equally
distributed shape parameters, to reduce the effect of a stronger weighting of a specific class
of particles.

One aim of this study is to find a new, improved correlation in a constructive way,
by applying a polynomial regression and investigating the statistical relevance of various
existing shape parameters and their interactions. To the knowledge of the authors, such an
investigation has not been performed before, especially also considering the multicollinear-
ity and statistical relevance of each term by various measures. In addition, a correlation for
the terminal settling velocity is proposed.

The simulations were performed applying the homogenized lattice Boltzmann method
(HLBM), introduced by Krause et al. [33] and validated in a previous work by Trunk et al. [34].
It is used within the open-source C++ simulation framework OpenLB [35,36].

The remainder of this work is organised as follows. In Section 2, the model for the
settling of particles is given as well as an overview of relevant existing drag correlations
for spheres and non-spherical particles. The shape parameters considered in this work
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are defined and the depiction of particles by superellipsoids is described. Following this,
in Section 3, the necessary information regarding the applied simulation method and the
generation process of the particle dataset is given. In Section 3.2, the applied statistical
tools, later applied in the investigation, are introduced. Finally, in Section 4, the conduction
and validation of numerical experiments is discussed, and the results are presented in
Section 5. The latter is divided into a general inspection of results (Section 5.1), and the
regression analyses regarding the drag coefficient (Section 5.2.1) and the terminal settling
velocity (Section 5.2.2). A brief overview of the findings is then given in the conclusion in
Section 6.

2. Mathematical Modeling

In this work, the behavior of single settling particles in a liquid is studied. Since this
is similar to previous studies, this rather general part of the section strongly follows the
one given in the preceding publication by Trunk et al. [34]. The dynamic behavior of the
system is defined by the motion of the particle and the fluid. The latter is governed by the
incompressible Navier-Stokes equations

auf 1 .
— +(ug-V)ug—vAus+ —Vp=F inQxI,
o (ug - V)ug it Ve=kh f O

Veug=0 inQpxI.

They are defined for a time interval I C R on a spatial domain Q)¢ which, together
with the area covered by the particle (), spans the computational domain QU Q) = Q) C
R3. Since the considered particles are not stationary, it is Qf = Q(t) and Qp = Qp(#).
ug : Q¢ x I — R3 denotes the fluid velocity, while p : Q¢ x I — R describes the pressure,
ps € Ry the fluid’s density and v € R g its kinematic viscosity. The total force experienced
by the fluid is denoted by F;, and is solely composed of the hydrodynamic force due to the
exchange of momentum with the submersed particle.

The rigid particle’s motion follows Newton’s second law of motion

du d(Jowyp)
P P*p
mp v =F and TR

=Tp,. )
Here, mp € R is the particle’s mass, up : I — R the particle’s velocity and
F, : I — RR3 the force acting on the particle. The rotation can be described in an equivalent
way to the moment of inertia J, € R3, the angular velocity wp: I — R? and the torque
T, : I — R3. Together with an expression for the force F,, this enables the calculation of a
particle’s trajectory.
The only external forces relevant in this work are the gravitational and buoyancy

forces, given by FBC = (0,0, mp (1 — 5—;) g). The gravitational acceleration of g is equal to

9.81 ms~2 throughout this paper. Since only a single particle is considered, contact forces
are neglected. Therefore, with the hydrodynamic force F! : I — R3, responsible for the
momentum transfer between fluid and particle, and the vector r € R3 yielding the distance
to the center of mass for a point in the particle, the force in Equation (2) is given by

F, = FB6 —|—/ [—p1+ 1(Vuf+Vu§)} -ndS,
S Re 3)

" 1
T, = /Sr X [—pl+ Re(Vuf—FVuE)} -ndS,

with n being the normal on the surface S of an object.
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2.1. Drag Coefficient

The force mainly responsible for interaction between particle and fluid is the drag force,
which depends on the relative velocity between the considered object and the surrounding
fluid. In general, it is given by

1
FP = Epf(up —u1)’CpA, 4)

with A denoting the projected surface of the considered object in the direction of the relative
flow. The drag coefficient Cp depends on the shape of the particle [24,37], but mainly on
the Reynolds number

dequts

Re = — ®)

with the terminal settling velocity us. In this work, the diameter of the volume equivalent
sphere deq, described in the next section, is used as characteristic length. This allows the
calculation of Re for arbitrary shapes.

For the simple shape of a sphere, numerous correlations for Cp have been proposed
based on experimental and analytical investigations [38]. This has already been investigated
by the authors in a previous work [34]. The most common correlation is given by Stokes [15]
for Re < 1 with Cpg = 24/Re. Inserting this in Equation (4), and assuming a force balance,
as stated in Equation (3), this leads to the terminal settling velocity

4 gdeq Pp — Pt
3Cps pt

: (6)

Us, S =

Another common drag correlation for Reynolds numbers up to 800 has been proposed
by Schiller and Naumann [16]. It is given by

24
Cosn = oo (1 n 0.15Re0-687) ) @)

and has been extended by Clift and Gauvin [17] for the full intermediate and Newton
regime by
42500

24 !
Cpcg = - (1 + 0.15Re0.687) +0.42 (1 + Re“é) . 8)

2.2. Shape Parameter

Some of the challenges in the selection of particle shape parameters are caused by
the numerous ways of defining the measures and the correlation between the parameters.
Additionally, since a particle’s shape can be arbitrarily complex, it cannot be fully described
by a small set of values, which usually are not fully independent of each other. In this
section, the measures used in this work are briefly introduced.

A first approach is the definition of the diameter of a sphere with a volume equal to
the one of the particle V},. It is given by

deq = {/ ~Vp . )

Since this parameter alone does not carry any information about the shape, additional
values like the aspect ratio, defined as the ratio of minimum to maximum of the Feret
diameter, are required. In previous studies by the authors [39], it was shown that this
parameter is still too generic; therefore, it is split in elongation

E=ai/ay, (10)
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and flatness
F = as /111 ’ (11)

in this work. Here, a;, a1 and ag denote the longest, intermediate and shortest half-axis of
the particle, respectively.

Another common parameter is the convexity xcon, defined as the ratio of the particle’s
volume to the volume of its convex hull, taking values between 0 and 1. The sphericity ¢,
as defined by Wadell [40], has already been used in many studies regarding the particle
shape [19,23]. It also takes values between 0 and 1, with the latter being a perfect sphere.
Defined as the ratio between the surface of a volume-equivalent sphere and the particle’s
surface Ap, it is given as

1 3
Y= (6Vp)? . (12)

While the sphericity describes the particle’s resemblance to a sphere, the roundness
Kind is related to the curvature of its corners and edges. While the definition based on the
measurements by Krumbein [41] or by Wadell [40] are rather inconvenient to calculate, it is

defined here as
VP

Kind = 1/3 "

(13)
Ap (8araras)

This formula was proposed by Hayakawa and Oguchi [42], who found a strong
correlation with the results by Krumbein [41].

Further parameters can be created, e.g., by combining the lengths of the main axes.
A common parameter is the Corey shape factor Acsp [18,43], yielding lower values with a

flatter particle. It is defined by
as

Acsk = .
Vv a1aL

The Hofmann shape entropy Ag [44], which was found to properly describe the
dynamics of settling ellipsoids [45], is defined in a more complex way as

(14)

s In(ds) + ayIn(ay) + ap In(ay)
A== In(3) / )

for axis lengths normalized as d; = a;/(ag +ay +ap) fori € {S,I, L}. Le Roux investigated
the settling of grains with a database containing (prolate and oblate) spheroids, discs, cylin-
ders, and ellipsoids, finding correlations for the settling velocity of the particles and also
performing a hydrodynamic classification regarding the shape [46]. The found parameter

AR = <1 - as>‘7 , (16)

ar,

depends on a value ¢ which is dependent of the class of shape; it is given, e.g., by o = 2.5
for ellipsoids and o = 1.6 for discs.

2.3. Particle Representation

For the depiction of arbitrary particle shapes, superellipsoids are chosen in this work,
as they represent a compromise between a diversity of possible shapes (e.g., rectangu-
lar, spheroidal or cylindrical) and analytical manageability. Information on the model-
ing parameter and transformations of a superellipsoid are given, e.g., by Williams and
Pentland [47] or Barr [48]. Even contact-detection algorithms exist, as presented by Well-
mann et al. [49]. An extensive discussion on the geometric properties is given by Jakli¢ [50].

Let (X,Y, Z) be the coordinates of a point in R?; then, a superellipsoid is described by

&\ %2781

61 %)

X <1, (17)

a

Z

[

|
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Mijk =

2

for half-axis lengths a4, b, c in x-, y- and z-direction, respectively. The exponents ¢; and
¢» control the roundness of the superellipsoid. Considering a = b = ¢, this geometric
primitive, e.g., takes on the shape of a sphere for {1 = ¢, = 2, a cube for §1,5> — oo or the
the shape of a cylinder for {; = 2 and ¢, — co. Overall, the shape is convex for ¢; > 1 and
tends to be flatter for ¢, — 0.

While Equation (17) allows a description of the surface, the volume and moment of
inertia are also required for the simulation. They can be defined utilizing the moments
given by Jakli¢ and Solina [51] as

maiﬂbj“ck“{,‘lng ((k + 1)%1, (i+j+ 2)% + 1) B ((j + 1)%, (i + 1)522) , (18)

fori,j, k € Ny. The beta function is given by
1
B(x,y) = / F11 - )Yl forxy >0, (19)
0

or can alternatively be represented as combination of gamma functions. Based on
Equation (18), the volume V,, and the moment of inertia J, = (Jxx, Jyy, Jzz) are now de-
fined as

Vp = mop0, (20)
Jxx = mo2,0 + Mmooz, (21)
Jyy = ma0,0 +mog2, (22)
Jzz = ma 00 + Mo - (23)

2.4. Drag Correlations for Non-Spherical Particles

There have been many attempts to find and improve a drag correlation for different
particle shapes and different ranges of Reynolds numbers. The oldest discussed here is
derived by Leith [20] for the Stokes region. Considering the form drag originating from
pressure on the particle’s surface and friction drag caused by a tangential shear stress, Leith
proposed a formula based on the diameter of a surface-equivalent sphere and the diameter
of a sphere with the same projected area in the direction of motion. His parameters were
later interpreted as sphericity ¢ and crosswise sphericity ¢ , i.e., the ratio of projected area
of a volume-equivalent sphere to the projected area of the particle normal to the direction
of motion, leading to the most commonly used version

Ks = 3Vi1+3V0- @9

Here, Ks denotes the drag correction factor for a particle in the Stokes regime regarding
a volume-equivalent sphere. As Leith [20] found evaluating his results, these do not fully
explain the experimental reference data; he proposed the application of a least-squares fit
for additional terms regarding the axis lengths. Likely because these results are specific to
the considered data basis, usually, only the formula depicted here is referenced.

Later, Haider and Levenspiel [28] performed a non-linear regression analysis on a data
basis of 409 polyhedrons and 87 discs for Reynolds numbers up to 2.6 x 10°. The result is
the comparably complex formulation of

CpHL = %(1 + c1Re?) + @% ,  with
o = £2-329—6.458¢+2.449¢7 )
2 = 0.096 + 0.557y , (25)
03 = 4905—13.894y-+18.422¢% ~10.260y° )

= o1:468+12.258)—20.732¢* +15.886°
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The error for the disc-like particles was found to be approximately four times the one
of the polyhedral particles, probably due to the unbalanced data basis. In addition, Haider
and Levenspiel [28] proposed a formulation to estimate the terminal settling velocity for
isometric particles with a sphericity between 0.5 and 1, by

1/3 -1
v(op — P 18 2.335—1.744 .
utS,HL = <g (pl;f p )) (d% + 4@ 1’0) ’ with

o (8l —po) 13
« = | T, :

(26)

A study by Ganser [21] considering 731 datapoints aggregated from the literature
concluded with

24Kg ReKy %7 0.4305Ky ,
CpG = —2(1+0.1118 th
DG~ Re ( + ( Ks ) 11 3305Ks/ (ReKy) ©

1 2 27)
Ks:§+§\/¢,

Ky = 101.8148(710g1p)0'5743 )

As well as the new correction factor for the Stokes regime, an additional one was
introduced for the Newton regime, along with the assumption that these two factors are
sufficient for an adequate prediction of the drag coefficient for Reynolds numbers up to
ReKsKy < 10°. While the formula presented here is mainly applicable to isometric objects,
alternatives for disc-like particles were also presented; however, these require knowledge
of the orientation of the particle. These shape-dependent differences were found to mainly
affect Ks. Ganser [21] further concluded that the introduction of a third parameter for the
intermediate regime could reduce the remaining variance.

Loth [22] extended the investigations of Ganser [21] and Leith [20], also providing
a more differentiated discussion on the behavior in the intermediate Reynolds number
regime. Their finding was that different formulations are required regarding the circularity
of the projected area of the particle in the direction of motion. This, of course, also required
knowledge of orientation. Despite this, an additional correction factor for the Stokes regime

0.09 1 0.09
ar.ay
S CSF

was proposed, describing irregular particles.

To incorporate the particle orientation without differentiation between shape classes,
Holzer and Sommerfeld [23] proposed taking the lengthwise sphericity ||, defined as “the
ratio between the cross-sectional area of the volume equivalent sphere and the difference
between half the surface area and the mean longitudinal (i.e., parallel to the direction of
relative flow) projected cross-sectional area of the considered particle” [23] into account.
Their correlation, which was evaluated on 2061 datapoints, is given by

8 16 3 02 1
CpHs = - + +0.42104(~ logy)™* _—_
DHS Re, /IP” Re\/@ ./Relp3/4 lPL

and showed a tremendous improvement in the prediction of the drag coefficient for disc-
like objects. They also showed that replacing lengthwise with crosswise sphericity only
leads to a drop in the mean deviation from 14.1% to 14.4% from the experimental results.
Finally, Bagheri and Bonadonna [12] compiled a large dataset of 2166 particles from
the literature and their own experiments across sub-critical Reynolds numbers, paired
with analytical data for 10* ellipsoids in the Stokes regime. Based on the assumption by
Ganser [21], they concluded with a formula based on Stokes and Newton correction factors

(29)
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DBB ™ "Re ' Ks 1+ 5330/ (ReKn/Ks)
1/3 -1/3
Ks = 05(E/+F 1),
Ky = 100~ log )2
10
=045+ —
a1 + e25logp" 4 30’ (30)
CHh = 1 — L
2T edlogp 1100
d3
Fg = FE?—1—
asarar,
d3
Fy = FPE—1— .
N asapay,

The formula here is not taken directly from the publication, but a corrected version
by Bagheri and Bonadonna [52]. They further argued that the sphericity, in addition to
being harder to measure, is inferior to a shape descriptor based on the axis lengths. In an
extensive discussion of particle behavior in the Stokes and Newton regime, it was found
that the density ratio p’ is also relevant, especially in the Newton regime. This is supported
by various studies, suggesting that the trajectory might change depending on the density
ratio [53-55]. A comparison showed their formula yielded the lowest deviation across all
correlations discussed up to this point, and thereby is currently among the best-performing,
together with the one proposed by Holzer and Sommerfeld [23], to the knowledge of the
authors. However, a spread in results is still visible. This hints that further effects and
parameters might need to be considered to further improve the formulation.

More specific to a set of pumice particles from volcanic eruptions, Dioguardi and
Mele [26] proposed a correlation depending on the drag coefficient for spheres, computed
according to Clift and Gauvin [17], and the ratio of sphericity to circularity ¢. The latter
is given as ratio of maximum projected area to the projected area of a volume-equivalent
sphere. Their formula finally reads

CD G ( Re ) 1/0.4826
Coom = G . 31)
D,DM Re2 (IIJ/(P)Re 023 | 1.1883

Dellino et al. [25] used the same dataset to develop a direct correlation between
the terminal settling velocity and particle parameters, also relying on the ratio between
sphericity and circularity. This is given by

~1.2065v <d§qg(pp - Pf)(¢/¢)1.6>0‘5206 | -

Us D =

¥ deq Vsz
This allows for a direct estimation of the terminal settling velocity without the need

for an iterative algorithm, as is required when using the correlations regarding the drag co-

efficient.

3. Numerical and Statistical Methods

For the numerical simulations in this paper, the homogenized lattice Boltzmann
method is applied. The method and implementation have been extensively tested and
validated in a previous publication by Trunk et al. [34]; therefore, only the relevant parts
are summarized here.
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The HLBM was first proposed by Krause et al. [33] and later updated by Trunk et al. [34].
In this work, the version used in the latter publication is used, which is based on a forcing
scheme by Kupershtokh et al. [56] and the momentum exchange algorithm by Wen et al. [57].
The extension to 3D and the incorporation of arbitrary particle shapes was described by
Trunk et al. [32]. A setup similar to the one used in this work was studied by Trunk et al. [34]
for spheres, yielding an error of approximately 6% compared to the drag correlation by
Schiller and Naumann [16] and approximately 3% to the drag correlation by Abraham [58].

Since this approach is a specialisation of the more general lattice Boltzmann method
(LBM), all values are non-dimensionalized by the spatial and temporal discretization
parameter dx and 6t and the density p; during processing. The resulting system is denoted
as a “lattice system”. It was found by Trunk et al. [34] that the quality of the results depends
on the maximal occurring velocity in the lattice system uk, ., for the investigation of settling

processes, defined by
L ot

Umax = ﬁumax , (33)

with #max as the maximum fluid velocity observed in the simulation. For a sufficiently low
error, uk,. should be smaller than 0.04. A further condition exists regarding the lattice

relaxation time
T= 1/ﬁ B +0.5 (34)
o dxc2 T
where cZ is the lattice speed of sound [59]. For the simulation to be stable, T may not be
too close to 0.5. For further information on the LBM, the interested reader is referred to

Kriiger et al. [59].

3.1. Particle Generation

According to the approach described in Section 2.3, a particle is defined by 5 parame-
ters. To create a collection, parameter ranges are defined, for which the half-axis lengths
are defined via elongation and flatness, starting with 4 = 0.01 m. Varying the particle’s
density, the parameters

E € {0.5,0.6,0.7,0.8,0.9,1} ,

F € {0.5,0.6,0.7,0.8,0.9,1},

&1 € {8,2,1,0.933,0.9,0.866,0.833,0.8,0.766,0.733,0.7,0.666 } , (35)
(:2 S {8, 2, 1} ,
pp € {2360kgm,2460kgm2,2560 kg m>,2660kgm>,2760kgm "},

lead to a group of 6480 particles. For comparability, the half-axes of all generated objects
are scaled equally, such that the resulting particle has a volume of 1.66742 x 10~1! m3.
Thereby, the equivalent sphere diameter of all generated particles is deq = 3.1697 x 10~*m.
During the creation process, all shape parameters given in Section 2.2 are calculated along
with the volume, according to Equation (20). Furthermore, the terminal settling velocity
obtained using the drag correlation by Stokes (Equation (6)) and the surface are computed.
For the latter, a triangulation of the parametric representation in terms of the modified
spherical coordinates of Equation (17) is used [51].

From this set of particles, 200 are selected, such that a chi-squared test [60] for an equal
distribution of frequencies yields a p-value above 0.99 for all considered parameters; some
of them are shown in Figure 1. The frequencies are given for a sensible choice of numbers
of bins for each parameter, as shown in Table 1. For the density, 5 bins wwere used, as only
this number of discrete values is considered. For reference, the data and parameters for all
200 particles are given in Appendix A.
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Figure 1. Some examples of particle shapes considered via superellipsoids. Depicted (from left to right and top to bottom) are the
particles with ID 5, 17, 28, 143, 166 and 200, according to Appendix A.

Table 1. Results of a chi-squared test for equal distribution of frequencies of different shape

parameters.
Elongation Flatness Convexity Sphericity Density
numberof bins 6 6 6 5 5
p-value 0.998 0.995 0.999 1.000 1.000

As a first step, the Pearson correlation coefficients [60,61] for the shape parameters are
calculated; their absolute values are depicted in Table 2. The results show three clusters
of strong correlation. Firstly the constructed shape factors, i.e., the Corey shape factor,
the Hofmann shape entropy and the Le Roux shape parameter; this is to be expected, as
all of them depend on the axis lengths of the investigated objects. This also explains the
second correlation between the first cluster and the elongation and flatness. The third
group contains the convexity, sphericity and roundness. This suggests that adding more
than one of these parameters to a model will have a weaker influence on the quality of the
results. Lastly, a weaker correlation between this third cluster and the exponent ¢; used in
the particle creation process can be observed. Furthermore, the axis lengths are correlated
to almost every other parameter, except the density, as it is varied independently.
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Table 2. Absolute Values of the correlation coefficients according to Pearson [61] for the considered shape parameters.

ar ay as ¢1 G2 Pp E F Kcon 4 ¥  Kma AcsF  An
0.04 0.41 0.17 0.03

ay 039 047  0.08

ag 057 0.03

& 0.08

& 0.02 003 016 036 007 005 023 034 034 032 031
op 008 003 008 0.03 003 005 004 005 008 002 003

0.19 0.16 0.02
0.15 0.36 0.1

047 007 0.03
0.44 0.05 0.05
0.31 0.23 0.04
057 034 0.05
0.18 0.34 0.08
0.21 0.32 0.02
0.21 0.31 0.03

3.2. Statistical Tools

To find the correlation between a dependent variable Y (here, e.g., the drag coefficient)
and multiple independent variables X;, i € {1, ..., k; k € N} (here e.g., sphericity), often,
regression analysis is applied to find a model, yielding approximations of the dependent
variable Y. The quality of a model is evaluated by the amount of variance in the data it can
describe; this is given by the coefficient of determination

n 2
j=1"j

Y, Y7

RZ=1-— withn € N, (36)

for the residuals r; = Y; — Y] Here, Y represents the mean and 7 is the number of datapoints.
Considering multiple independent variables, the adjusted version given by

n—1

R§:1—(1—R2)m,

(37)
is more appropriate. This further allows the definition of the variance inflation factor VIF
as a measure of multicollinearity [62] by

1

VIF; = ——
" 1-R?

(38)

with R? being the coefficient of determination of a linear regression, choosing X; as the
dependent variable. Values > 10 are considered critical since they indicate a high level of
multicollinearity, which negatively affects the stability of the method chosen to calculate
the regression coefficients.

To further obtain an a priori estimation regarding the dependency between two
explanatory variables, the mutual information MI introduced by Shannon [63], defined
as the difference between the sum of entropy of the two variables and the joint entropy,
is calculated. Later, Kraskov et al. [64] introduced an estimate for this, using k-nearest
neighbor distances, which is applied in this work. MI reaches its minimum of 0 for strictly
independent variables. Another measure is the F-value of a linear regression, with only
one explanatory variable regarding the desired dependent variable, given as

B R?/k
Fsample— (1—R2)/(1’l—k—1) . (39)
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A high value indicates the relevance of the explanatory variable in the description of
the dependent one [62]; however, this test is more suited to the detection of linear depen-
dency.

To evaluate the significance of an explanatory variable for a performed regression,
a t-test is performed. Here, a large t-value implies a high significance of the explanatory
variable. Since the values can also be negative, the absolute has to be considered. For the
variable X;, with the associated regression coefficient j;, the score is given as

-1

Vo —k-1D7T5

Tsample = |Bi ” =g ’ (40)
Y (Xij— Xi)

for the mean of an explanatory variable for all observations, X;. With the T-distribution, an
additional p-value can be computed to check if a term is significant above a threshold level,
usually chosen as & = 0.05. Another measure to evaluate the significance of an explanatory
variable is the permutation importance introduced by Breiman [65]. It requires a score to
evaluate the quality of a model, which is here chosen asthe coefficient of determination R?.
For each considered variable, the regression is performed five times, with the values of the
variable being shuffled each time over the observations, thereby destroying the correlation
between feature and dependent variable. The mean R? across this runs is subtracted from
the one obtained with not-permuted data, yielding the permutation importance PI.
Finally, the observations are evaluated regarding the regression performed to identify
outliers. The first approach is to standardize the residuals: observations yielding an
absolute value above three are considered to be outliers. In the following, Cook’s distance

o T Y)
Cook — (n _ k— 1)_1 2;1:1 r]' 7

1e{1,...,n}, (41)

A

is computed to evaluate the influence of an observation on the model. Here, Yj) is
the approximation of the dependent variable by a model unaware of the /-th observation.
For this measure, a value above 0.5 marks an influential point, while values above 1 indicate
an outlier.

4. Numerical Experiments

In this section, some preparatory calculations regarding the starting conditions are
presented, as well as the simulation setup for the investigation of settling particles. For the
latter, some preliminary studies validating the setup are discussed.

4.1. Preparation

Depending on the Reynolds number, the initial conditions, i.e., the orientation of the
particle, should be checked. For low Re, objects tend to keep their angle; for intermediate
Re, axis-symmetric particles rotate such that the maximum projected area is normal to the
flow or settling direction. Using the equivalent spherical diameter for the Reynolds number
and utilising the drag correlation by Schiller and Naumann [16], it can be estimated that
Re = 15.41 with v = 107 m?s~!. The later-observed terminal settling velocities lead to
Reynolds numbers between Re = 9.64 and Re = 22.86. As this is in the intermediate
regime, the angle for which the projection in settling direction yields the maximum surface
is calculated.

For these calculations, a voxel representation of the superellipsoid is used and the
projected surface is calculated. To find the maximum, the particle is rotated in 1° steps
around the x-axis and y-axis. Since superellipsoids are rotational symmetric, in this case,
around the z-axis, this suffices. This additional information is required to ensure that all
objects have the same starting conditions, especially for the investigation of the initial
phase of the particle leveling out at its equilibrium position.
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4.2. Simulation Setup

For the investigation of single particle settling, the superellipsoids are placed in a
domain with 0.007 m width and depth and a height of 0.0175m, as depicted in Figure 2.
The center of mass of the object is initially located in the middle of the domain, 2am,x
from the top. The latter corresponds to the maximum half-axis length across all particles
Amax = 4.777 x 10~* m. For the fluid pr = 998 kg m 3 and v = 107®m?2 s~ ! is chosen, while

the gravitational acceleration is given as ¢ = 9.81ms~2.

T 20’1]1‘(LX

v

\

A

0.0175 m

A

=
>

0.007 m

Figure 2. Initial configuration of the simulation.

The discretization is chosen such that the volume-equivalent sphere diameter is
resolved by 20 cells; this represents a grid spacing of §x = 1.58484 x 10~> m. The resulting
domain thereby consists of 215,877,220 cells. Since it was found by Trunk et al. [34] that the
maximum occurring lattice velocity should not exceed 0.04, the temporal discretization is
chosen such that the maximum velocity of a volume-equivalent sphere according to Schiller
and Naumann [16] equals a lattice velocity of 0.02, leading to 6t = 6.51915 x 10~°s. This
proved to be sufficient as, in the later-performed simulation, the lattice velocity did not
exceed ul .. = 0.0319. Furthermore, the chosen parameters yield a lattice relaxation time
of T = 0.5779 for the simulations. The top and bottom of the domain are equipped with a
no-slip bounce-back boundary condition, while the sides are periodic for the fluid as well
as the particle.

To observe how a particle equilibrates to its final orientation from a given initial
orientation, equal starting conditions have to be ensured for comparability. Therefore, each
superellipsoid is placed in the domain rotated by 45° from its assumed final orientation
(according to Section 4.1) regarding the x-axis and y-axis. The rotation is performed around
axes through the geometric center of the object, as the density distribution is assumed to be
homogeneous. Each simulation runs until the center of the considered superellipsoid is
1.1amax above the ground.

4.3. Validation

While the method itself has been extensively validated by Trunk et al. [34], this
subsection deals with the validation of the chosen setup, i.e., the chosen domain size and
resolution of the computational grid.



Computation 2021, 9, 40

15 of 35

As previously found by Rahmani and Wachs [55], grid convergence can be complicated
in DNS simulations of settling particles. Some turbulent effects are influenced by the
resolution, and slight deviations in the shape can lead to a different settling path.

Grid convergence can be complicated in DNS simulations of settling particles with
complex shapes. Slight deviations in the representation of the object’s shape in the sim-
ulation, depending on the resolution, might lead to deviations in some of the tracked
parameters, such as the path or the angle.

In this way, convergence might not be observed in a quantitative way, comparing two
paths, but rather a qualitative way. While the amplitude and exact positions of maxima
and minima, e.g., in settling velocity, may vary, other aspects, such as the frequency of
oscillation and settling regime, can be compared, as described in [55]. To achieve high-
quality results, the resolution should be high enough to depict all relevant features, while
also being as low as possible to allow for a large domain and, therefore, a long settling path.
To find the lowest required resolution, the particle with ID 96 is selected for resolution
tests, since it has the smallest half-axis (9.1 x 107> m). For the tests, the setup described
in Section 4.2 is used and the number of cells N per equivalent sphere diameter is varied.
The voxel representation of the particle for N = 20 is depicted in Figure 3.

Figure 3. Voxel representation of the particle with the shortest half-axis length of 9.1 x 10> m for
N = 20.

While the lowest tested resolution of N = 8 yields a terminal settling velocity of
0.049ms™1, all other resolutions lead to a velocity of 0.047m s~ 1, with a deviation of
less than 1%. Therefore, a resolution of at least N = 12 is required to correctly depict
the terminal settling velocity. The results regarding the settling velocity are depicted in
Figure 4. The fluctuations in the angle around the y-axis depicted in Figure 5 are below
10° and seem to oscillate around ¥ = 0°. The differences in deflection in the y-direction
were of size 0.05deq, and therefore small. To ensure a sufficiently high resolution, N = 20 is
chosen for all further simulations.

0.00+

—0.051 , , , , j i
0.00 0.05 0.10 0.15 0.20 0.25 0.30
timeins

Figure 4. Coordinates of the center of mass of the particle, projected on a plane normal to the settling
direction. Results printed for different grid spacings, for the particle with the shortest half-axis.
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Figure 5. Plot of the angle for rotation around the y-axis over time during the settling. Results printed
for different grid spacings, for the particle with the shortest half-axis.

To study the influence of the domain size on the particle settling, the setup described
in Section 4.2 was used, now with the particle (ID 138) with the longest half-axis of
4.78 x 10~*m. The size of the domain in the directions normal to the settling direction was
varied between 0.003 m and 0.011 m. Here, the influence on the terminal settling velocity
was completely negligible, as, for all cases, the deviation from the average of 0.035ms™!
was below 1%. The differences regarding the path were also quite low, as depicted in
Figures 6 and 7. Since the settling regime, e.g., described by Horowitz and Williamson [66]
for spheres, is significantly influenced by perturbations, as described by Bagheri et al. [12],
the chosen domain should still not be the smallest one possible, to allow for settling
paths with more deflection from the midst. To ensure a domain large enough for particles
with an oblique settling path to sediment without perturbation via the periodic boundary,
the domain size was chosen as 0.007 m in all further computations.

— M=3
40' M=5
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301 M=9
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timeins

Figure 6. Plot of the angle for rotation around the y-axis over time during the settling. Results printed
for different grid spacings, for the particle with the longest half-axis.
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Figure 7. Coordinates of the center of mass of the particle projected, on a plane normal to the settling
direction. Results printed for different grid spacings, for the particle with the longest half-axis.

5. Results and Discussion

The results are presented in two sections. First, in Section 5.1, an overview of the
data processing and performance of a shape classification is given. Furthermore, a first
impression of the dependency of the drag coefficient on the shape parameters is given. Then,
in Section 5.2, two regression analyses are presented, one regarding the drag coefficient
and one regarding the terminal settling velocity.

5.1. Examination of Simulation Data

In this section, the processing of the simulation data is described, e.g., the calculation
of relevant parameters like the terminal settling velocity in Section 5.1.1. Furthermore,
the particle shape is classified and the influence of some shape parameters is investigated.
Finally, in Section 5.1.3, some exceptions, like particles which did not reach a stable terminal
settling velocity, are analysed.

5.1.1. Data Processing

Each of the 200 particles was tracked during the simulations described in Section 4.2.
The terminal settling velocity was calculated by averaging the velocity in a settling direction
between 0.15s and 0.23 s, as, during this time, all particles have reached a stable velocity
and the influence of the bottom wall was not noticeable. An exception were 11 particles
(with IDs 60-64, 80, 96 and 100-103), which did not reach a stable velocity, as still a slow but
continuous increase in velocity was observed up to the bottom of the domain, where the
influences of the bottom wall were also noticeable. These shapes need to be investigated
in a domain allowing for a longer settling path. For all others, the maximum deviation to
the calculated average in the given time interval was below 1.35%. The range of terminal
settling velocities observed across all simulations spans from 0.030ms~! to 0.072ms™},
leading to Reynolds numbers between Re = 9.64 and Re = 22.86.

Similar to the terminal settling velocity, the force was calculated by averaging over
the same time interval, to calculate the drag coefficient via Equation (4). Using the drag
correlation by Schiller and Naumann [16] for a volume-equivalent sphere, a drag correction
factor can be calculated, which was found to be between 0.92 and 2.32 for the particles
considered in this work.

Regarding the orientation of the particles, the angle around each of the three rotation
axes was considered separately for the last 30% of the settling duration. The orientation
was considered to be stable if, for each angle, the deviation from the average over the
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given time interval did not exceed two degrees and the angle did not increase or decrease
monotonically over time. The latter was considered to be the case if the time derivative
was positive or negative for more than 95% of the time steps in the considered interval.
By this reasoning, 25 particles were found to be not stable in orientation, i.e., the ones with
IDs 12, 29, 30-32, 48-50, 60-64, 70, 79, 84, 100-103, 175, 185, 186, 199 and 200. For all other
particles, the final angles were calculated by averaging over the given time interval. This
allows for the calculation of the crosswise sphericity, as described in Section 2.4.

5.1.2. Shape Classes and Influence of Shape Parameters

Investigating the particle behavior regarding the shape parameter, the influence of
elongation and flatness is clearly visible, as depicted in Figure 8. Bagheri and Bonadea [12]
found a similar dependency for the Stokes and Newton regime.

1.0

0.9

elongation
o
(0]

©
~

drag correction factor

0.6

0.5 —
0.5 0.6 0.7 0.8 0.9 1.0

flatness
Figure 8. Dependency of the drag correction factor on elongation and flatness.

In most works regarding the drag correlation of non-spherical particles, the particles
were labeled by different shape classes, e.g., discs. Since, in this work, the particles
were generated from shape parameters, they were not selected according to such a class;
however, as applied by Szab6é and Domokos [67], different classification systems exist.
Those usually depend on the main axis lengths. Zingg [5] proposed 4 classes, namely, discs
(27), spheres (109), blades (40) and rods (24). The frequencies of the considered dataset
in this investigation are given in parentheses, according to the classification. Another
approach was given by Sneed and Folk [6]. They suggested ten shape classes, given as
compact (82), compactly platy (21), compactly bladed (4), compactly elongated (14), platy
(0), bladed (33), elongated (31), very platy (0), very bladed (5) and very elongated (10).
The classification results are also visualised in Figures 9 and 10.
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Figure 9. The particles considered in this study are plotted for a shape classification according to
Zingg [5]. The four shape classes are 1: discs, 2: spheres, 3: blades and 4: rods.
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Figure 10. The particles considered in this study are plotted for a shape classification according to
Sneed and Folk [6]. They are also classified regarding the compactness, leading to the ten shape
classes 1: compact, 2: compactly platy, 3: compactly bladed, 4: compactly elongated, 5: platy,
6: bladed, 7: elongated, 8: very platy, 9: very bladed and 10: very elongated.

Plotting the drag coefficient against the Reynolds number, as depicted in Figure 11,
revealed that a differentiation by shape classes, i.e., regarding coefficients defined via
the main axes lengths, is sensible. Rods have a significantly higher drag coefficient than
spherical particles. Bagheri and Bonadonna [12], therefore, found a good description of
the drag coefficient, relying only on the main axes lengths for elongation and flatness
and the density ratio, discarding the sphericity. Here, in Figure 11, however, a spread is
observable, e.g., for spheres and discs. Further dividing the shape classes into particles
with a sphericity higher than 0.8 and the ones below hints that this parameter is able to
describe this spread. Therefore, an improved model should rely on both the main axes
lengths and the sphericity to cover more aspects of single particle settling.
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Figure 11. The drag coefficient plotted against the Reynolds number, color with shape classification
according to Zingg [5]. A spread is revealed, describable via the sphericity (marker style).

It was furthermore observed that the particles with the 15 highest drag correction
factors are labeled as bladed according to Sneed and Folk [6].

5.1.3. Analysis of Exceptions

The particles not reaching a terminal velocity during the simulations were studied
separately. Therefore, a logistic regression was applied with a L2-regularisation for a
feature space consisting of the shape parameters given in Section 2.2 and the parameters
for the construction of the superellipsoids given in Section 2.3 up to the power of three.
For the regression, three of the parameters and their powers were considered at a time,
with a combination of §», flatness and convexity yielding the best result of a classification
accuracy of 98.5%, i.e., three false negatives. In fact, inspecting the data of the particles not
reaching the terminal settling velocity, all have a comparably low flatness of 0.5 or 0.6 and
¢» = 8 for all of them.

The same analysis was performed for particles which did not reach a stable orientation.
However, the highest achieved classification accuracy was 90%, which is insufficient in
this context, as 20 particles were still falsely classified, of a total of 25 particles with no
stable orientation. The main influencing parameters at this point seem to be ¢, and the
elongation, as they were part of every model yielding this classification accuracy.

5.2. Regression Analysis

This section covers the regression analyses of the computed data in more depth,
e.g., regarding the drag coefficient or the terminal settling velocity. The latter is of interest
for a direct correlation, as already mentioned by Haider and Levenspiel [28], since the
interdependence between drag coefficient and Reynolds number in the usually presented
correlations requires the application of iterative methods for a priori estimations. For the
analyses presented here, the additional dataset in Appendix B served as test data for valida-
tion of the computed correlations. With the 200 datapoints used for training, the available
data were split 18% to 82% into test and training data.

5.2.1. Polynomial Regression Regarding the Drag Coefficient

To evaluate which features might be relevant before the analysis, two approaches were
applied. The first one was performing an F-test [62] for a linear regression considering
only one independent variable at a time. Since it is a linear regression, predominantly
linear relations are detected. The second approach was to calculate the mutual information
between two variables [64], which is a measure usually applied in information theory. It
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is zero only when the variables are strictly independent, and is better in the detection of
non-linear dependencies. Both scores were normalized and are depicted for the considered
independent variables in Table 3.

Table 3. Normalized results of a F-test and the mutual information for feature selection regarding the drag coefficient.

ag ag as Pp E F Kcon 4 Y1 Kmd  ACSF AH ALR Re
Fsample 1.0 0.33 0.03 0.01 0.12 0.03 0.23 0.18 0.46 0.45 0.07 0.08 0.09 0.36
MI 0.92 0.73 0.65 0.01 0.37 0.12 0.71 0.55 0.74 0.83 0.3 0.51 0.47 1.0

The low F-value, in combination with high MI, e.g., for the Reynolds number, suggests
the existence of non-linear dependencies for the drag coefficient. Therefore, at least a
polynomial regression is required. As already shown in the literature (see Section 2.4),
the crosswise sphericity has a higher impact than the normal sphericity. For the actual
feature selection, the results depicted in Table 2 have to be taken into account, to minimise
effects due to multicollinearity. While this phenomenon does not necessarily harm the
reliability of the calculated model, it impacts the numerical stability of the method applied
to find the regression coefficients and complicates the evaluation of the significance of
a single regression parameter. Therefore, the main axis lengths were not selected for
regression, as they are strongly correlated with almost all parameters. Due to the high
MI score, the Reynolds number was chosen as a parameter for the polynomial regression,
together with one parameter from each cluster identified in Table 2. These were the
roundness, the elongation and the Hofmann shape entropy, as they yielded the highest
F-values and MI scores. While the last two parameters showed a correlation, both were
selected to capture all effects due to aspect ratio. The impact of this correlation will be
monitored in the following.

Due to the non-linear dependencies, second-order polynomials were considered for
the regression, including interaction terms. The degree was not further increased, since,
for a polynomial of third order, the error in the test data started to increase, indicating
overfitting. As the higher-order terms introduced structured multicollinearity, the data
were standardized, i.e., mean-centered and divided by the standard deviation. Finally,
the regression coefficients were computed, applying a least squares approach with L2-
regularisation.

For the resulting model, the variance inflation factor was computed as a measure of
multicollinearity; the results are depicted in Table 4. Dropping all terms with a VIF above
10 leads to

Cp = — 0.386E — 0.496K,q — 0.575Re + 0.097Ei;ng — 0.322ERe + 0.0497k% 4 W)
— 0.128Kg A + 0.106%,,qRe — 0.296 1 Re + 0.161Re? ,

for standardized dependent and independent variables. To apply this model, the data
need to be scaled according to the mean values and standard deviations given in the
Appendix A. The adjusted coefficient of determination of the found model is R2 = 0.96,
implying that most of the relevant effects have been captured. Further data of the model
performance are depicted in Table 5. Dropping terms with a high VIF affected the mean
deviation from the simulation data by less than 0.3%.

Table 4. Variance inflation factor for the considered regression variables.

parameter 1 E Krnd Ay Re E? Exind EAyg
VIF 10.15 6.43 6.30 11.49 451 12.94 2.62 45.61
parameter ERe Krzn d Kend MH KmdRe A%I ApRe Re?
VIF 7.90 2.37 5.71 2.72 20.65 8.05 2.84
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Table 5. Performance of the model obtained by polynomial regression on the training and test data,
along with errors of models from literature on the training data.

Error in % RMSE
Mean Max

this work (training data) 2.84 17.46 0.18
this work (test data) 2.65 7.26 0.19
Haider and Levenspiel [28] 17.50 40.13 0.85
Ganser [21] 86.26 98.65 4.05
Leith [20] 84.47 98.64 3.97
Loth [22] 89.33 98.72 4.20
Holzer and Sommerfeld [23] 23.65 39.16 1.30
Bagheri and Bonadonna [52] 17.70 35.07 0.88
Dioguardi and Mele [26] 26.97 69.03 1.43

Since the models by Leith [20] and Loth [22] focused on the Stokes regime and were
used in combination with the formula by Ganser [21], these three approaches had very
similar performances. The correlations found by Haider and Levenspiel [28], Holzer and
Sommerfeld [23] and Bagheri and Bonadonna [52] performed far better on the current
dataset, with the last one yielding the best results regarding all error measures. The cor-
relation by Dioguardi and Mele [26] performed only slightly worse, despite being based
towards a specific dataset for pumice particles. The deviations of the models from the
dataset obtained by simulations in this work are similar to the ones reported by Bagheri
and Bonadonna [12], who also compared various models regarding data compiled from
the literature, analytical expressions and own experiments. This further validates the
simulation results. While this investigation considers far more shape parameters, which
improves the results, it has to be noted that the small range of Reynolds numbers covered
in this investigation might lead to a result that better fits the considered range. Therefore,
this model might outperform approaches intended for a larger range of Reynolds numbers
due to its higher specialization.

For further investigation of the model’s quality, the error was investigated in a QQ-
plot [68,69] in Figure 12, depicting the standardized residuals r = Cp gim — Cp fitted plotted
against the quantiles of a normal distribution. Since the points closely follow the angle
bisecting line, the errors can be assumed to be normally distributed, meaning that the
relevant effects are captured by the model. In addition, a Tukey—Anscombe plot [70] is
printed in Figure 13 for further analysis. As no clear structure is visible for the depicted
datapoints, except a slight aggregation on the left side, this supports the assumption
that most of the relevant effects were captured by the model. The points are colored by
shape classes according to Zingg [5], showing that the existing errors are not related to a
specific shape.

The plot is also a first visual approach for an outlier analysis. Points with an absolute
standardized residual above three are usually considered to be outliers; this was only the
case for particle number 17, with standardized a residual of 7.42. With a value of 2.99,
particle 132 can also be considered to be an outlier, while the value was well below 2.4 for
all other points. For all particles, the Cook distance [71] was also computed; a point with a
value above 0.5 is considered to have a large impact, while values above 1 indicate a model
that is not well fitted. The latter is only the case for particle 1, with a value of 1.28. The next
highest Cook distances are 0.4 for particle 121 and 0.35 for particle 17. The latter indicates
that the single-point influence of the outlier depicted in Figure 13 on the model is limited
and might be neglected.
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Figure 12. QQ-plot [68,69] of the standardized residuals against the theoretical quantiles of a normal

distribution, revealing an approximately normal distributed error.
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Figure 13. Tukey—Anscombe plot [70] showing the standardized residuals plotted against the fitted

values, colored by shape classes according to Zingg [5].
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If the regression parameters with a high VIF in Table 4 were not dropped, only particle
17 remains, with a high Cook’s distance and standardized residual. Inspection of the
particle data showed the lowest flatness and sphericity values among all particles, with the
combination of both only appearing for particle 17. Since this is the only clear outlier,
it indicates that some features of the particle might not be correctly captured during
simulations. The particle is also depicted in Figure 1; it is clear that the particle grows
thinner the further it gets from its center. Therefore, the most probable source of error is
that the resolution was not sufficient to depict the outer regions.

Performing a t-test, all regression parameters in the model are relevant on a « = 0.05
basis. The resulting t-values are in good accordance with the computed permutation
importance PI, identifying Re, %.,q4, E and ERe as the most relevant in this order. Except for
the lower relative significance of Ay, this is in good accordance with the predictions based
on the F-value and MI presented in Table 3.

5.2.2. Polynomial Regression Regarding Terminal Settling Velocity

Except for Haider and Levenspiel [28] and Dellino [25], none of the literature consid-
ered in this work presented a correlation between shape parameters and terminal settling
velocity. Since it would be interesting for a priori estimation of the particle behavior,
the dependencies between shape and settling velocity are investigated in this section by
regression analysis, similar to Section 5.2.1.

As before, the data and dependent variable were standardized. From the MI and
F-values in Table 6, it is apparent that the density ratio, roundness and Hofmann shape
entropy are the most relevant parameters for regression, considering the correlations found
in Table 2. The density ratio is here represented by the particle’s density, as the density of
the fluid is constant across all simulations. In tests, it was found that adding the sphericity
contributes to the quality of the model.

Table 6. Normalized results of a F-test and the mutual information for feature selection regarding the
terminal settling velocity.

Pp E F Kcon P Py Krnd AcsF AH ALR

Famaple 076 00 025 006 001 042 10 014 009 007
MI 039 00 00 059 061 052 10 008 029 016

Increasing the polynomial degree of the model until the error on the test data increased
again yielded a polynomial order of 2 for the regression. Computing the VIF for the result-
ing model showed that the terms 9x,,g and 2 ; predominantly introduce multicollinearity,
with scores of 25.52 and 12.46, respectively. The elimination of one of these two explanatory
variables sufficed; due to the nonlinear dependency on the roundness, the first one was
chosen. Further removing the constructed parameter regarding a significance level of
« = 0.05 leads to the model given in Table 7.

Table 7. Variance inflation factor of the remaining explanatory variables and regression coefficients
for the standardized values.

Parameter Pp P Kend Au P? PAH Kfn d ®mdMH A%I
VIF 1.02 5.23 417 4.69 6.83 3.97 3.88 4.30 4.52
coefficient 0.30 —1.23 1.44 —0.45 —0.30 —-037 —-034 027 0.30

For the remaining model, the f-test and permutation importance identified the param-
eters Kinq, P and x2 4 as the most important. An adjusted coefficient of determination of
R2 = 0.86 was obtained. The errors on the datasets considered in this work are presented in
Table 8, showing good accordance with the simulation data, expect for a single significant
outlier in the training data.
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Table 8. Performance of the model obtained by polynomial regression on the training and test data,
along with errors of the model of Haider and Levenspiel [28] and the one by Dellino [25] on the
training data.

Error in % RMSE
Mean Max
this work (training data) 5.50 72.90 0.0037
this work (test data) 4.36 28.52 0.0022
Haider and Levenspiel [28] 57.85 74.22 0.029
Dellino [25] 27.85 53.31 0.016

This artifact was also visible in the QQ-plot [68,69] in Figure 14. Besides a deviation
on the left side, the plot shows a predominantly normal distributed error. The Tukey—
Anscombe [70] plot (Figure 15), however, indicates that not all effects were captured by the
model, as a slightly quadratic behavior of the standardized residuals is recognizable, and a
spread on the left hand side is visible. The coloring by the shape classes according to Sneed
and Folk [6] suggests a dependency on the ratio of the main axis lengths, as the upper
string predominantly consists of elongated particles, while the lower one is composed of
compactly platy and (compactly) bladed particles.

standardized residuals
N

-2 0 2 4 6
theoretical quantiles

Figure 14. QQ-plot [68,69] of the standardized residuals against the theoretical quantiles of a normal
distribution, revealing a predominantly normal distributed error.

The single outlier visible in Figures 14 and 15, with a standardized residual of ap-
proximately 6.75, is particle number 17, which has already been discussed in Section 5.2.1.
Beside this artifact, no standardized residuals above 2.5 were found. Computing Cook’s
distance resulted in only two points above 0.25, namely particle 17 with a value of 2.81 and
particle 1 with a value of 0.87.
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Figure 15. Tukey—Anscombe plot [70] showing the standardized residuals plotted against the fitted
values, colored by shape classes according to Sneed and Folk [6].

6. Conclusions

In this work, a constructive way to obtain correlations for the drag coefficient and
terminal settling velocity is described, utilizing statistical approaches and measures. It can
easily be applied to an enlarged data basis, extending the considered Reynolds numbers.
In addition to increasing the number of considered shape parameters, it is also possible to
obtain a highly specialized correlation for a considered particle collective. The statistical
tools discussed in Section 3.2 allow for a data-driven construction of new models by
identifying the most relevant parameters and consideration of interaction terms and also
maintaining statistical stability.

By performing a polynomial regression regarding the drag coefficient, also taking
interaction terms into account, a model was found which is in good agreement with the
data, which is reflected in an adjusted coefficient of determination of R2 = 0.96. The mean
deviation, considering training and test data, of about 2.75%, is below the uncertainty by
the simulation reported by Trunk et al. [34], and outperforms other correlations from the
literature on the dataset considered in this study. This might be related to the higher number
of considered shape parameters, but also to the higher specialization to the limited range
of Reynolds numbers Re € [9.64,22.86]. By statistical analysis, the elongation, roundness,
Reynolds number and the Hofmann shape entropy were found to be the most relevant.

In addition, a polynomial regression regarding the terminal settling velocity was
performed, for which only a few references were found in the literature. The found
model yielded an adjusted coefficient of determination of R2 = 0.86, relying on the
particle density, sphericity, roundness and Hofmann shape entropy as the most relevant
parameters. The mean deviation across training and test data was found to be 4.93%, which
is approximately a fifth of the other models considered here. An error and outlier analysis
also found good agreement between the simulated data and the model.

The considered particle collective was chosen to cover a wide range of equally dis-
tributed shape parameters to increase the significance of statistical results. Therefore,
superellipsoids were used to describe the particles in numerical simulations. To focus on
the influence of shape parameters, the particles are scaled to be equal in volume. Therefore,
only a very limited range of Reynolds numbers in the intermediate regime was covered in
this investigation. A first inspection showed that particles with a low value in flatness and
¢» = 8 did not reach their terminal settling velocity in the considered setup. To guarantee
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that particles reach the terminal settling velocity before reaching the bottom in future
works, the domain is to move vertically along with the particle. This would also allow
for a shorter domain, compared to the one in this study, thereby reducing the necessary
computational effort.

It is, furthermore, possible to extend the described scheme to other setups, considering
further effects like Brownian motion or additional external forces, and thereby obtain more
specialized correlations.
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Abbreviations

The following abbreviations are used in this manuscript:

HLBM  homogenized lattice Boltzmann method
LBM lattice Boltzmann method

Roman

ar intermediate half-axis

ag, longest half-axis

ag shortest half-axis

A projected particle surface in direction of motion

Ap particle surface

Cp drag coefficient

Cp BB drag coefficient according to Bagheri and Bonadonna [52]

Cpcc drag coefficient according to Clift and Gauvin [17]

Cppm  drag coefficient according to Dioguardi and Mele [26]
Cpc drag coefficient according to Ganser [21]

Cp,HL drag coefficient according to Haider and Levenspiel [28]
Cpus drag coefficient according to Holzer and Sommerfeld [23]
Cps drag coefficient according to Stokes [15]

CpsN drag coefficient according to Schiller and Naumann [16]
dcook Cook’s distance [71]

deq diameter of a volume equivalent sphere
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Kcon
Kynd
AcsF
AH
ALR

ér}/érZ

Pt
Pp

Yy
il

Wp

elongation

force acting on the fluid

force acting on the particle

combined buoyancy and gravitational force

drag force

hydrodynamic force

flatness

score of an F-test

gravitational acceleration

moment of inertia

drag correction factor for the Newton regime
drag correction factor for the Stokes regime
particle mass

mutual information

resolution related parameter (number of cells per deq)
pressure

permutation importance

residual

coefficient of determination

adjusted coefficient of determination

Reynolds number

time

torque

score of a t-test

fluid velocity

maximum lattice velocity in a simulation
terminal settling velocity

terminal settling velocity according to Dellino [25]
terminal settling velocity according to Haider and Levenspiel [28]
terminal settling velocity according to Stokes [15]
particle velocity

particle volume

variance inflation factor

temporal discretization parameter
spatial discretization parameter
convexity

roundness

Corey shape factor [18]

Hofmann shape entropy [44]

Le Roux shape factor [46]
kinematic viscosity

exponents determining the shape of a superellipsoid
ratio of particle to fluid density
fluid density

particle density

lattice relaxation time

circularity

sphericity

crosswise sphericity

lengthwise sphericity

particle angular velocity
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Appendix A
Table A1. Data of the particles in the training set.

ID ap inm ay in m ag inm ¢1 ¢2 E F Pp Kcon P P Kend Uts Re Cp
1 147x107* 147x10~* 1.03x10* 80 80 1.0 07 2360 099 087 096 018 352x10"%2 1116 457
2 217x107* 152x10* 121x10*% 20 20 07 08 230 095 088 077 015 354x102 1123 45
3 183x10* 165x10% 132x10*% 20 20 09 08 250 096 091 083 015 410x10"2 1298 3.87
4 208x107* 146x107* 131x10* 20 20 07 09 2660 095 09 083 015 424x10°2 1343 385
5 208x107* 146x107%* 131x10%* 20 20 07 09 2760 095 09 083 0.15 443x10"2 1403 3.74
6 190x107% 152x107* 137x10* 20 20 08 09 2460 095 09 08 015 394x102 1248 392
7 190x107% 152x107* 137x10* 20 20 08 09 250 095 09 08 015 414x102 1312 3.79
8 190x107* 152x10* 137x107% 20 20 08 09 2660 095 09 086 015 433x10°2 1374 3.68
9 201x107* 141x10* 141x10* 20 20 07 1.0 230 095 09 08 015 374x10"2 1186 4.04

10 201x10% 141x10*% 141x10*% 20 20 07 1.0 2460 095 09 089 015 395x102 1252 39

11 201x10% 141x10% 141x10*% 20 20 07 1.0 2760 095 09 089 015 455x102 1441 3.54

12 1.84x107*% 147x107*% 147x10™* 20 20 08 1.0 2360 09 091 093 015 3.81x10"2 1208 3.89

13 1.84x10% 147x10*% 147x107* 20 20 08 1.0 2560 096 091 093 015 423x10"2 1341 3.62

14 1.84x10% 147x10*% 147x10% 20 20 08 1.0 2660 096 091 093 015 444x10"2 1406 3.51

15 1.84x107% 147x10*% 147x10* 20 20 08 1.0 2760 096 091 093 015 463x1072 1469 341

16 170x107* 153x10% 153x10™* 20 20 09 1.0 2360 095 092 096 015 387x10"2 1228 3.77

17 292x107% 234x10*% 117x10* 20 1.0 08 05 2760 091 065 039 009 324x10°2 1026 7.16

18 218x107*% 218x107*% 131x10* 10 20 10 06 2760 097 087 084 013 491x102 1556 3.57

19 223x107% 200x107% 140x10™* 1.0 20 09 07 230 094 087 088 013 413x102 13.09 391

20 223x10% 200x107%* 140x107%* 1.0 20 09 07 2460 094 087 088 0.13 435x10°2 1379 3.78

21 223x107% 200x107% 140x10%* 1.0 20 09 07 2560 094 087 088 0.13 457x1072 1447 3.67

22 223x107% 200x107% 140x107% 1.0 20 09 07 2660 094 087 089 013 478x10"2 1515 3.56

23 223x107% 200x107% 140x107% 1.0 20 09 07 2760 094 087 089 013 499x10°2 1583 346

24 207x107% 207x107* 145x107% 10 20 1.0 07 2460 096 088 09 013 440x10°2 1395 3.7

25 207x107% 207x107% 145x107% 1.0 20 1.0 07 2560 096 088 09 013 462x1072 1465 3.58

26 207x107%* 207x107* 145x107* 10 20 1.0 07 2660 096 08 09 013 484x102 1535 347

27 207x107* 207x107%* 145x10* 10 20 10 07 2760 096 088 09 013 506x10"2 16.04 3.37

28 213x107% 192x10% 153x107% 1.0 20 09 08 2460 094 087 085 0.13 444x10"2 1407 3.63

29 198x107% 198x107% 159x10% 1.0 20 1.0 08 2360 097 088 1.03 0.13 431x1072 13.66 3.59

30 198x107* 198x107%* 159x10* 10 20 10 08 2460 097 088 103 013 454x102 144 346

31 198x10* 198x10~* 159x10% 10 20 1.0 08 2560 097 088 1.03 0.13 478x10°2 1514 3.35

32 198x107% 198x107% 159x107% 10 20 10 08 2760 097 088 1.03 0.13 523x10°2 1659 3.15

33 205x107*% 184x10*% 166x107% 10 20 09 09 2360 094 087 074 012 413x10°2 131 391

34 191x107* 191x107* 172x10* 10 20 10 09 2360 097 089 106 013 427x1072 1354 3.65

35 191x10% 191x10* 172x10% 10 20 1.0 09 2560 097 089 106 013 473x10°2 150 341

3 191x10*% 191x10% 172x107% 10 20 10 09 2660 097 089 1.06 013 496x10"2 1573 3.3

37 191x10% 191x10% 172x107% 10 20 1.0 09 2760 097 089 1.06 013 519x102 1644 3.2

38 198x107* 178x10~%* 1.78x10* 1.0 20 09 1.0 2360 095 087 073 012 408x10"2 1295 4.0

39 232x107% 232x10% 232x10% 10 1.0 10 10 2360 1.0 089 087 01 366x10°2 11.6 422

40 232x107%  232x107* 232x10* 10 10 1.0 1.0 2460 1.0 089 087 01 386x1072 1224 4.07

41 232x107* 232x107% 232x107* 10 10 10 10 250 10 089 087 01 406x10"2 1287 3.93

42 232x107% 232x107* 232x10* 10 10 1.0 10 2660 1.0 089 087 01 426x10%2 1349 381

43 231x107% 208x107* 146x10* 09 20 09 07 2760 09 085 092 012 523x102 1657 3.35

44 261x107% 183x107* 146x10* 09 20 07 08 2360 089 082 068 011 4.03x102 1278 435

45 261x107* 183x107* 146x107* 09 20 07 08 2560 089 082 068 011 446x10"2 1414 4.07

46 261 x107% 183x107* 146x10* 09 20 07 0.8 2660 089 082 068 011 467x102 148 395

47  261x107% 183x107* 146x10* 09 20 07 08 2760 089 082 067 011 487x102 1544 4.05

48 221x107% 199x107* 159%x10* 09 20 09 08 2360 089 08 10 012 426x102 135 39

49 221x107* 199x107* 159x107* 09 20 09 08 2460 089 085 1.0 012 449x10°2 1422 377

50 221x107% 199x10~%* 159x107% 09 20 09 08 2560 089 085 1.0 012 471x10°2 1493 3.65

51 221x107% 199x107% 159x107% 09 20 09 08 2660 089 085 073 012 493x102 1563 3.56

52 221x107%* 199x107* 159x10* 09 20 09 08 2760 089 085 073 012 515x102 1631 345

53 2.06x10* 206x10~* 165x107% 09 20 10 08 2560 0.89 084 1.03 012 490x10"2 1554 34

54 206x107% 206x107% 165x107% 09 20 10 08 2760 089 084 1.03 012 536x102 170 3.18

55 230x107% 184x10% 166x107% 09 20 08 09 2360 09 083 067 012 412x102 13.05 4.17

56 230x107%* 1.84x107* 166x107* 09 20 08 09 2460 09 083 067 012 433x102 1374 4.04

57 230x107* 184x107* 166x107%* 09 20 08 09 2560 09 083 067 012 455x10°2 1442 392

58 230x107% 184x10% 166x107% 09 20 08 09 2760 09 083 068 012 496x102 1573 3.72

59 213x107% 191x10% 172x107% 09 20 09 09 2460 09 084 07 012 443x10°2 14.03 3.87

60 204x10% 204x107* 122x10°* 087 80 10 06 2360 091 081 111 012 - - -
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Table A2. Data of the particles in the training set.

1D ap inm ay in m ag in m ¢1 &2 E F Pp Kcon P P Kend Ut Re Cp
61 204x107* 204x107* 122x10* 08 80 10 06 2460 091 081 111 0.12 - - -
62 204x107* 204x10* 122x107* 087 80 10 06 2560 091 081 111 012 - - -
63 204x10% 204x10* 122x107%* 087 80 10 06 2660 091 081 111 012 - - -
64 204x10% 204x10% 122x107* 087 80 10 06 2760 091 081 111 012 - - -
65 178x107* 178x107* 160x10* 087 80 10 09 2360 093 08 097 013 562x102 1783 3.34
66 1.78x10* 178x10~* 160x10~%* 087 80 1.0 09 2460 093 082 098 0.13 593x10°2 1878 3.23
67 178x107* 178x107%* 160x10"%* 087 80 1.0 09 2660 093 082 099 0.13 651x102 2063 3.04
68 251x107% 226x107% 136x107% 08 20 09 06 2660 0.84 082 085 011 499x102 1581 3.65
69 251x10% 226x107% 136x107% 08 20 09 06 2760 084 082 08 011 521x102 165 3.55
70 238x107* 215x10* 150x10* 083 20 09 07 2760 084 082 095 011 537x10"2 17.02 3.33
71 228x107*% 205x107*% 164x10"* 083 20 09 08 2360 084 082 068 011 432x1072 137 3.99
72 228x107% 205x107*% 164x10"* 08 20 09 08 2560 084 082 069 011 478x10°2 1515 3.72
73 394x107* 236x10* 165x107* 083 10 06 07 2360 084 077 057 008 3.04x102 964 64
74 394x107*% 236x10* 165x10"* 083 1.0 06 07 2560 084 077 057 008 337x10"2 10.69 5.97
75 394x107*% 236x10*% 165x10* 083 10 06 07 2660 084 077 057 008 353x10"2 11.18 5.81
76 394x107%* 236x10* 165x10* 08 1.0 06 07 2760 084 077 057 008 368x10°2 11.67 5.66
77 340x107* 238x10* 190x107* 083 1.0 07 08 2460 084 078 0.63 008 347x10"2 1099 5.28
78 340x107* 238x10* 190x10* 083 1.0 07 08 2660 084 078 0.63 008 380x10"2 1206 4.99
79 362x107% 217x107% 195x10* 083 1.0 06 09 2460 085 079 067 008 347x10°2 1099 5.9
80 315x107* 1.89x107* 945x10° 08 80 06 05 2360 084 078 085 0.12 - - -
81 315x10* 189x10* 945x10° 08 80 06 05 2660 084 078 087 012 624x10°2 19.77 3.61
82 315x10*% 189x10%* 945x10° 08 80 06 05 2760 084 078 086 012 652x1072 20.66 3.51
8 335x10*% 167x107% 100x10% 08 80 05 06 2760 084 078 073 012 6.00x1072 19.02 4.14
84 267x107% 187x10% 112x10%* 08 80 07 06 2360 084 077 1.02 011 548x1072 17.38 3.83
8 267x107% 187x107%* 112x10%* 08 80 07 06 2460 084 077 069 011 577x10°2 1828 3.72
8 267x107% 187x107%* 112x107* 08 80 07 06 2560 084 077 068 011 6.05x1072 19.16 3.61
87 267x107%* 187x107* 112x10* 08 80 07 06 2660 084 077 068 011 631x1072 2001 353
88 267x107* 187x107* 112x10* 08 80 07 06 2760 084 077 069 011 657x10"2 20.84 345
89 198x10* 178x10%* 160x10%* 08 80 09 09 2560 085 077 065 011 6.18x1072 1959 3.46
90 4.02x10*% 201x10% 100x107% 08 20 05 05 2460 085 083 068 011 392x102 1242 536
91 378x107* 189x107* 113x10* 08 20 05 06 2360 084 08 076 011 389x10°2 1233 5.07
92 378x10* 189x107* 113x107%* 08 20 05 06 2460 084 083 076 011 4.08x10"2 1294 494
93 378x10* 189x10% 113x10%* 08 20 05 06 2560 0.84 083 076 011 429x10°2 136 478
94 378x107% 189x10% 113x10% 08 20 05 06 2660 084 083 076 011 449x1072 1423 4.65
95 378x107* 1.89x107* 113x10* 08 20 05 06 2760 084 083 075 011 467x10"2 1481 454
9% 363x107* 181x10* 907x10° 077 80 05 05 2360 085 08 085 0.12 - - -
97 408x10* 245x10% 172x10%* 077 10 06 07 2760 078 077 059 008 378x10°2 1197 555
98 339x107% 237x107% 214x107* 077 1.0 07 09 2360 078 076 059 008 337x10°2 1067 54
99  339x107* 237x107* 214x10* 077 10 07 09 2660 078 076 058 008 3.88x10"2 1231 4.96
100 370x107% 185x10% 926x10> 073 80 05 05 2360 084 08 088 0.11 - - -
101 370x107% 185x107% 926x10°> 073 80 05 05 2460 084 08 088 0.11 - - -
102 370x10* 185x107% 926x105 073 80 05 05 2560 084 08 088 0.11 - - -
103 370x10~% 185x107% 926x10°> 073 80 05 05 2660 084 08 088 0.11 - - -
104 224x107% 201x107% 141x10* 073 80 09 07 2360 078 075 066 011 6.02x1072 19.09 3.53
105 224x107% 201x107% 141x107* 073 80 09 07 2460 078 075 067 011 633x1072 2006 3.44
106 224x107% 201x107% 141x10* 073 80 09 07 250 078 075 068 011 663x1072 2102 3.35
107 224x10~% 201x107% 141x10* 073 80 09 07 2660 078 075 066 011 692x10"2 2195 3.27
108 224x107% 201x107% 141x10* 073 80 09 07 2760 078 075 066 011 721x1072 2286 3.19
109 370x107% 222x107% 111x10* 073 20 06 05 2360 078 08 073 01 4.09x1072 1296 4.94
110 370x10~% 222x107% 111x107* 073 20 06 05 2460 078 08 073 01 430x10°2 13.63 479
111 370x107% 222x107% 1.11x107* 073 20 06 05 2560 078 08 073 01 453x1072 1437 46
112 370x107% 222x107% 111x10* 073 20 06 05 2660 078 08 073 01 474x1072 1503 447
113 370x107* 222x107% 111x10* 073 20 06 05 2760 078 08 073 01 491x102 1556 4.43
114 374x10~% 187x107% 131x10* 073 20 05 07 2360 079 08 063 01 389x10°2 1233 545
115 374x107% 187x10% 131x10* 073 20 05 07 2460 079 08 063 01 409x10°2 1297 529
116 374x107% 187x10% 131x10* 073 20 05 07 250 079 08 063 01 429x102 136 514
117 374x107% 187x107% 131x10* 073 20 05 07 2660 079 08 063 01 448x102 1421 5.0
118 374x107% 187x107% 131x10* 073 20 05 07 2760 079 08 063 01 467x1072 1482 4.89
119 358x107% 179x107% 143x10* 073 20 05 08 250 079 078 058 01 427x10°2 1354 5.18
120 357x107% 1.78x107% 1.07x10* 07 80 05 06 2460 078 076 068 011 563x102 17.86 4.61
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Table A3. Data of the particles in the training set.

1D ap inm ay in m ag in m ¢1 &2 E F Pp Kcon P P Kend Ut Re Cp
121 357x107* 178x107%* 1.07x10* 07 80 05 06 250 078 076 068 011 590x10"2 1871 448
122 357x107% 178x107% 1.07x10* 07 80 05 06 2660 078 076 068 011 6.16x1072 1953 4.39
123 357x107% 178x107% 1.07x10* 07 80 05 06 2760 078 076 068 011 641x1072 2033 43
124 339x107% 169x10% 119x10* 07 80 05 07 2360 079 074 061 01 534x1072 1693 479
125 339x107% 169x107% 119x10* 07 80 05 07 2460 079 074 061 01 561x102 1779 4.65
126 339x107% 169x107% 119x10* 07 80 05 07 250 079 074 061 01 587x10°2 18.62 454
127 339x107% 169x107% 119x10* 07 80 05 07 2660 079 074 061 01 613x1072 1942 444
128 339x107% 169x107% 119x10* 07 80 05 07 2760 079 074 061 01 638x1072 2022 4.33
129 237x107% 190x107% 152x10%* 07 80 08 08 2360 073 07 061 01 595x102 1886 3.86
130 237x107% 190x10~% 152x10* 07 80 08 08 250 073 07 059 01 655x1072 2075 3.67
131 237x107% 190x10% 152x10* 07 80 08 08 2660 073 07 059 01 682x102 2163 3.58
132 237x107% 190x107% 152x10* 07 80 08 08 2760 073 07 059 01 711x1072 2254 349
133 428x10~% 214x107%* 1.07x10* 07 20 05 05 2360 078 08 073 01 405x10°%2 12.83 527
134 428x107% 214x107% 1.07x10* 07 20 05 05 2460 078 082 073 0.1 424x10°2 1344 515
135 428x107% 214x107% 1.07x10* 07 20 05 05 2560 078 082 073 01 446x1072 1414 497
136 428x107* 214x107% 1.07x107* 07 20 05 05 2660 078 082 073 01 464x1072 1471 488
137 478 x10~% 287x107% 143x10* 07 10 06 05 2660 074 073 052 007 334x10"2 1058 6.99
138 478 x107% 287x107% 143x10* 07 10 06 05 2760 074 073 052 007 349x102 11.05 6.81
139  431x107% 3.02x107% 151x10* 07 10 07 05 2460 074 073 052 007 3.17x1072 1004 6.83
140 431x107% 3.02x107% 151x10* 07 10 07 05 2660 074 073 052 007 348x1072 11.04 643
141 431x107* 3.02x107* 151x10* 07 10 07 05 2760 074 073 053 007 361x1072 1144 6.36
142 394x107% 315x107% 158x10* 07 10 08 05 2360 073 073 054 007 3.09%x102 981 6.67
143 394x107% 315x107% 158x10* 07 10 08 05 2460 073 073 054 007 325x1072 1029 6.5
144 394x10* 315x107%* 158x10* 07 10 08 05 250 073 073 054 007 342x102 10.86 6.26
145 394x107% 315x107% 158x107* 07 10 08 05 2660 073 073 054 007 358x10°2 1135 6.09
146 450x107% 270x107% 162x10* 07 10 06 06 2360 074 075 057 007 3.08x1072 978 672
147 450x107* 270x107% 1.62x10* 07 10 06 06 2460 074 075 056 007 324x102 1027 6.55
148 450x107* 270x107* 162x10* 07 10 06 06 250 074 075 056 0.07 340x10"2 10.77 6.36
149 450x10~% 270x107% 162x10* 07 10 06 06 2660 074 075 056 007 356x1072 113 6.14
150 450x107% 270x107% 162x10* 07 10 06 06 2760 074 075 057 007 370x10°2 1173 6.05
151 406x107% 284x107% 170x10* 07 10 07 06 2360 073 074 058 007 318x102 10.09 6.3
152 406x107* 284x107* 170x10~* 07 10 07 06 2460 073 074 058 0.07 336x10"2 10.64 6.09
153 406x107% 284x10% 170x10* 07 10 07 06 2560 073 074 058 007 352x102 11.17 591
154 406x107% 284x10% 170x10* 07 10 07 06 2660 073 074 058 007 369x102 117 574
155 406x107% 284x107% 170x10* 07 10 07 06 2760 073 074 058 007 386x1072 1222 556
156 408 x10~% 245x107% 196x10* 07 10 06 08 2360 074 075 06 007 329x1072 1044 59
157 4.08x107% 245x107% 196x10* 07 10 06 08 2460 074 075 06 007 346x10°2 1097 573
158 4.08x10~* 245x107%* 196x10* 07 10 06 08 2560 074 075 059 007 363x1072 1149 557
159 408x107* 245x107* 196x10~* 07 10 06 08 2760 074 075 059 007 395x10~2 1251 5.31
160 345x107% 207x107% 1.03x10* 067 80 06 05 2360 073 075 07 01 58 x102 1854 43
161 345x107% 207x107% 1.03x107* 067 80 06 05 2460 073 075 07 01 614x1072 1946 4.18
162 345x107* 207x107% 1.03x10* 067 80 06 05 2560 073 075 07 01 643x1072 2037 4.08
163 345x10~% 207x107% 1.03x107* 067 80 06 05 2660 073 075 069 01 671x1072 2126 3.98
164 345x107% 207x107% 1.03x107* 067 80 06 05 2760 073 075 07 01 699x10°2 2216 3.89
165 348x107% 174x107% 122x107* 067 80 05 07 2460 076 073 06 01 577x1072 1829 4.72
166 3.09x10* 185x107%* 1.85x10* 067 20 06 10 2460 069 069 05 008 432x102 1369 5.19
167 3.09x107% 185x10% 18x10* 067 20 06 10 2660 069 069 05 008 472x10"2 1496 495
168 279x107% 195x107% 195x107* 067 20 07 1.0 2460 07 069 052 008 446x1072 1415 49
169 279x107% 195x107% 195x10* 067 20 07 1.0 2560 07 069 052 008 4.67x102 1482 471
170 255x10~% 204x10~% 204x107* 067 20 08 10 2360 069 07 054 008 436x10"2 13.81 476
171 255x107% 204x107% 204x107* 067 20 08 10 2460 069 07 054 008 458x10"2 1453 4.62
172 255x107%  204x107% 204x10* 067 20 08 10 250 069 07 054 008 480x10°2 1523 449
173 255x107% 204x107% 2.04x10% 067 20 08 10 2660 069 07 054 008 502x102 1591 4.37
174 328 x107* 328x107* 197x10~%* 067 10 10 06 2760 067 073 065 007 424x10"2 1345 4.74
175 298x107% 298x107% 239x10* 067 10 1.0 08 2560 0.68 069 078 007 417x1072 1321 4.35
176  333x107% 266x107% 240x10°* 067 10 08 09 2360 069 07 055 007 345x1072 1095 5.51
177 333x107* 266x107% 240x10™* 067 10 08 09 2460 069 07 055 007 364x102 1153 536
178 333x107% 266x107% 240x10°* 067 10 08 09 250 069 07 054 007 381x102 12.09 519
179 333x107% 266x107% 240x107* 067 10 08 09 2660 069 07 055 007 399x10°2 12.64 5.06
180 3.08x107% 277x107% 249x107* 067 10 09 09 2460 0.68 069 055 007 374x1072 11.85 5.07
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Table A4. Data of the particles in the training set.

ID ap inm ay in m ag in m ¢1 &2 E F Pp Kcon P P, Kmd Ut Re Cp
181 3.08x107* 277x107%* 249x107* 067 10 09 09 2560 068 069 057 007 392x102 1242 492
182 3.08x107% 277x107% 249x107* 067 10 09 09 2660 068 069 056 007 4.09x10"2 1298 48
183 3.08x107% 277x107% 249x107* 067 10 09 09 2760 0.68 069 055 007 427x10"2 1352 4.69
184 287x107% 287x107% 258x107* 067 10 1.0 09 2360 068 068 072 006 3.69x1072 117 4.82
185 287x107* 287x107% 258x10* 067 10 10 09 2660 068 068 083 006 428x102 1358 4.38
186 287 x10~% 287x107% 258x107* 067 10 1.0 09 2760 0.68 068 083 006 447x10"2 1418 4.25
187 351x107% 246x107% 246x107* 067 10 07 1.0 2360 0.69 069 053 007 332x102 1053 597
188 351x107% 246x107% 246x107* 067 10 07 1.0 2460 0.69 069 053 007 350x1072 11.09 5.79
189 351x107% 246x107% 246x107* 067 10 07 10 2560 069 069 053 007 367x102 1162 5.63
190 351x107% 246x107% 246x107* 067 10 07 10 2660 0.69 069 052 007 383x10°2 1215 548
191 321x107% 257x107% 257x107* 067 10 08 1.0 2360 0.68 068 053 007 341x1072 1082 5.67
192 321x107% 257x107% 257x107* 067 10 08 1.0 2460 0.68 068 053 007 359x102 11.39 548
193 321x10~% 257x107% 257x107* 067 10 08 1.0 2560 0.68 068 054 007 377x1072 1195 531
194 321x107% 257x107% 257x107* 067 10 08 10 2660 0.68 068 053 007 394x10"2 1249 5.16
195 321x107% 257x107% 257x107* 067 10 08 1.0 2760 0.68 068 054 007 411x1072 13.02 5.06
196 297x107* 267x107% 267x107* 067 10 09 10 2460 068 068 054 006 369x1072 1169 521
197 297 x10~% 267x107% 267x107* 067 10 09 10 2660 0.68 068 056 006 4.04x10"2 12.79 495
198 297 x107% 267x107% 267x107* 067 10 09 10 2760 0.68 068 056 006 420x10°2 13.33 4.82
199 277x107% 277x107% 277x107* 067 10 1.0 1.0 2460 0.69 067 089 006 3.83x1072 1214 481
200 277x107% 277x107* 277x107* 067 1.0 1.0 1.0 2560 0.69 067 089 006 4.02x10"2 1275 467
Table A5. Mean values and standard deviations for the parameters relevant to the calculated models.
E Pp Kind An Re Cp Uts
mean 0.757 2563.17 0.786 0.101 —0.962 14.380 4.544 0.045
standard deviation 0.166 141.01 0.072 0.026 0.038 3.103 0.970 0.010
Appendix B
Table A6. Data of the particles in the test set.

ID ap inm ay in m ag in m ¢1 &2 E F Pp Kcon P P,  Kmd Ut Re Cp
1 539x10% 270x107% 135x10% 07 1.0 05 05 2460 075 075 051 007 289x1072 917 821

2 478x107* 287x10% 143x10* 07 10 06 05 2460 074 073 052 007 3.06x102 971 733

3 365x107% 328x107* 164x10%* 07 1.0 09 05 2460 072 073 055 0.07 332x1072 1054 6.21

4 340x107* 340x10* 170x10* 07 1.0 10 05 2460 072 073 056 0.07 340x10"2 10.76 5.96

5 508x107% 254x10% 152x10* 07 10 05 06 2460 076 077 057 008 3.08x102 975 728

6 371x107*% 297x10* 178x107* 07 1.0 08 06 2460 072 074 059 007 345x10°2 1095 5.75

7 343x107% 3.09x10* 18x10* 07 10 09 06 2460 071 074 061 007 354x102 1122 55

8 320x107% 320x107* 192x10* 07 10 1.0 06 2460 071 073 064 007 360x102 114 531

9 482x10% 241x10* 169x10*% 07 10 05 07 2460 075 077 061 008 324x102 1028 6.53
10 427x107%* 256x10* 179x107* 07 10 06 07 2460 073 076 0.62 007 340x10"%2 1079 5.92
11 385x107% 270x10* 189x10* 07 1.0 07 07 2460 072 075 063 007 354x102 1122 548
12 353x107% 282x10% 197x10* 07 1.0 08 07 2460 071 074 065 007 364x10"2 1153 5.19
13 326x107% 293x10% 205x10* 07 1.0 09 07 2460 07 073 067 007 371x1072 11.77 498
14 3.04x107%* 304x10% 213x10* 07 10 1.0 07 2460 07 073 0.69 007 376x1072 1193 485
15 461x10% 231x10% 184x10* 07 1.0 05 08 2460 075 077 059 008 328x102 104 637
16 3.69x107% 258x107% 206x107* 07 1.0 07 08 2460 072 074 061 007 361x102 1145 527
17 337x107% 270x10* 216x10* 07 1.0 08 08 2460 071 074 066 007 373x10°2 11.83 494
18 312x10* 281x10% 224x10* 07 1.0 09 08 2460 07 072 069 007 383x1072 1215 4.67
19 291x10% 291x10*% 232x10*% 07 1.0 10 08 2460 07 072 075 007 396x10"2 1256 4.38
20 443x107% 222x107% 200x107*% 07 1.0 05 09 2460 075 075 055 007 323x1072 1024 6.59
21 393x107* 236x107%* 212x10* 07 10 06 09 2460 072 074 056 007 339x102 10.76 5.96
22 354x10% 248x107* 223x107% 07 1.0 07 09 2460 072 073 057 007 353x10°%2 11.17 553
23 279x107% 279x107% 251x107% 07 1.0 1.0 09 2460 071 071 076 007 388x1072 1231 4.54
24  428x107%* 214x107* 214x10* 07 10 05 10 2460 075 073 053 007 322x102 102 6.62
25 379x107* 228x107%* 228x10* 07 1.0 06 1.0 2460 073 072 054 007 338x10"2 107 6.02
26 428x107% 214x10% 214x10%* 07 1.0 05 10 2360 075 073 053 007 306x102 97 6.83
27 428x107% 214x10% 214x10%* 07 1.0 05 10 2460 075 073 053 007 322x1072 102 6.62
28  428x107%* 214x107* 214x10* 07 10 05 10 250 075 073 053 007 337x102 10.69 6.44
29 428x107% 214x107* 214x10* 07 1.0 05 10 2660 075 073 053 007 353x10°%2 1118 6.27
30 428x10% 214x10* 214x10% 07 1.0 05 10 2760 075 073 053 007 368x1072 11.66 6.11
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Table A6. Cont.

ID ap inm ay in m ag in m ¢1 &2 E F Pp Kcon P P, Kmd Ut Re Cp
31 379x107* 228x107* 228x10™* 07 10 06 1.0 2360 073 072 053 007 321x10°2 10.16 6.23
32 379x107% 228x107% 228x10™* 07 1.0 06 1.0 2460 073 072 054 0.07 - - -
33 379x107* 228x107* 228x107* 07 10 06 10 250 073 072 053 007 354x1072 1121 587
34 379x107% 228x107% 228x10* 07 10 06 10 2660 073 072 053 0.07 - - -
35 379x107% 228x107% 228x10* 07 1.0 06 1.0 2760 073 072 053 0.07 - - -
36 342x107% 240x107% 240x10™* 07 1.0 07 1.0 2660 072 071 054 0.07 - - -
37  342x107* 240 x 107* 240 x 107 0.7 1.0 0.7 1.0 2760 0.72 071 055 0.07 - - -
38 3.13 x 107* 250 x 1074 250 x 107 0.7 1.0 0.8 1.0 2560 0.72 071 056 007 3.77 x10°2 1194 5.16
39 289x10* 260x10* 260x10* 07 1.0 09 1.0 2360 072 07 056 007 350x10"2 11.09 5.23
40 289 x10°* 2.60 x 10~* 2.60 x 107 0.7 1.0 0.9 1.0 2560 0.72 0.7 056 0.07 - - -
41 289x107% 260x107% 260x107* 07 1.0 09 1.0 2660 072 07 057 007 - - -
42 270x10°* 270 x 10°* 2.70 x 10~ 0.7 1.0 1.0 1.0 2360 0.71 0.69 071 0.07 - - -
43 270x107% 270x10™* 270x10™* 07 1.0 1.0 1.0 2660 071 069 075 0.07 420x1072 1332 442
4 270x107% 270x107* 270x10™* 07 1.0 1.0 1.0 2760 071 069 076 0.07 439x1072 1391 4.29
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