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Abstract: In the periodic table, only a few pure metals exhibit lattice or magnetic instabilities
associated with Fermi surface nesting, the classical examples being α-U and Cr. Whereas α-U
displays a strong Kohn anomaly in the phonon spectrum that ultimately leads to the formation
of charge density waves (CDWs), Cr is known for its nesting-induced spin density waves (SDWs).
Recently, it has become clear that a pronounced Kohn anomaly and the corresponding softening in
the elastic constants is also the key factor that controls structural transformations and mechanical
properties in compressed group VB metals—materials with relatively high superconducting critical
temperatures. This article reviews the current understanding of the structural and mechanical
behavior of these metals under pressure with an introduction to the concept of the Kohn anomaly
and how it is related to the important concept of Peierls instability. We review both experimental and
theoretical results showing different manifestations of the Kohn anomaly in the transverse acoustic
phonon mode TA (ξ00) in V, Nb, and Ta. Specifically, in V the anomaly triggers a structural transition
to a rhombohedral phase, whereas in Nb and Ta it leads to an anomalous reduction in yield strength.
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1. Introduction

In 1959 Walter Kohn discovered [1] that in metallic systems the phonon spectrum ω(q) exhibits
singularities or anomalies associated with the existence of the sharp Fermi surface (FS). In a hypothetical
metal with a spherical FS, such anomalies in ω(q) would realize in the form of “wiggles” and come
whenever |q ± G| = 2kF, where kF is the radius of the Fermi sphere and G is the reciprocal lattice
vector [1,2]. These wiggles, or what we now call Kohn anomalies, are manifestations of the singularity
in the electron response function χ(q) at q = 2kF. The singularity reflects the qualitative change in the
electronic screening due to electron–phonon coupling; for q < 2kF, there are some zero-energy electron
excitations, which are no longer possible for q > 2kF. Within the model of ions immersed in and screened
by a uniform electron gas, χ(q) reduces to the Lindhard response function, χ0(q), whose first derivative
logarithmically diverges at q = 2kF, thus explaining the corresponding anomaly in ω(q) [2].

A Kohn anomaly is essentially what gives rise to fundamental instability in one-dimensional
(1D) systems with a partly filled band. Peierls was the first to show that such systems are unstable
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against generation of a charge density wave (CDW) with wave length λ = π/kF [3]. This instability
takes place at any weak interaction of electrons with each other or with ions because in 1D not only the
first derivative of χ0(q) but also χ0(q) itself logarithmically diverges at q = 2kF. The gain in energy is
maximal in the case of the half-filled band, for which λ = 2a, where a is the lattice constant of a 1D chain,
and the new lattice period is doubled compared with the initial lattice constant a [3]. There are many
real materials which can be considered as quasi-1D and are consistent with the Peierls–Kohn picture;
they exhibit giant Kohn anomalies and undergo Peierls transitions to an insulating state at relatively
low temperatures. Examples include tetrathiafulvene-tetracyanoquinodimethan or TTF-TCNQ-based
charge-transfer salts and square planar complexes of the mixed-valence metals (Pt, Ir) [4,5].

In simple 3D metals, like Al and Pb, Kohn anomalies are weak and do not cause any lattice
instability [2]. However, even in 3D metallic systems, anomalies can acquire an enhanced character
and manifest themselves not as “innocent” wiggles, but as strong kinks and dips capable of driving
lattice distortions. Such an enhancement comes from so-called “nesting”: the existence of two patches
of the FS which are identical in shape and are separated by a (nesting) vector qn [6–9]. There are
electronic transitions with the momentum transfer qn that lead to the “enhanced Kohn anomaly”.
The nesting portions of the FS can belong to the same sheet (self or intraband nesting) or different
sheets (interband nesting). In order to realize a “good self-nesting”, the corresponding sheet of the FS
should contain finite cylindrical or flat regions [7,8]. For a “good interband nesting”, the two relevant
FS sheets (i and j) should contain regions that coincide in shape and size [9].

The previously mentioned geometric features of the FS are only necessary but not sufficient
conditions for the realization of the “enhanced Kohn anomaly”, despite the fact that they lead to a sharp
peak (divergence) in the imaginary part of the noninteracting susceptibility, Im χ0(q), which literally
shows FS nesting [10,11]. The quantity that is really responsible for strong Kohn anomalies and CDW
ordering is the real part, Re χ0(q) [10]. For a strong peak in Re χ0(q), an additional constraint on the
velocities of the states ει(k) and εj(k + qn) connected by qn is required—they should be antiparallel
and nearly equal in magnitude [11]. This is the reason why many researchers use “nesting” to mean
the condition ει(k) = − εj(k + qn), where ει(k) is the electron spectrum measured relative to the Fermi
level. Such a condition is sufficient for a peak in Re χ0(q) since it automatically imposes the opposite
velocities on the nested portions of the FS. In some semimetals this condition is satisfied in a wide
range of energies around the Fermi level, especially in cases when they have electron and hole FSs
of the same shape and size. Such semimetals are usually unstable against the formation of indirect
band-gap (“excitonic”) semiconductors, which can be in either a CDW or SDW (spin density wave)
state, whereby qn becomes the superstructural vector [9,12–14].

Recently, much attention has been given to the layered transition dichalcogenides 2H–NbSe2

and 2H–TaSe2. These systems were commonly considered to be classical Peierls systems since their
discovery in the early 1970s [5,10,11,15,16]. It has come as a surprise that in these systems the imaginary
part of noninteracting susceptibility, Im χ0(q), in the constant matrix element approximation, peaks at
the vector q = (1/3,1/3,0), which does not coincide with the CDW wavevector, QCDW = (1/3,0,0) [10,11].
At the same time, the real part, Re χ0(q), exhibits a very weak peak near QCDW. All these results
suggest that CDWs in 2H–NbSe2 and 2H–TaSe2 are not nesting derived [5,10,11]. Explicit inclusion
of the matrix elements in the noninteracting electronic susceptibility, χ0(q, ω), does not change this
conclusion qualitatively [15]. Moreover, due to their strong q-dependence, the matrix elements further
weaken the manifestation of the FS nesting in the resulting χ0(q, ω). Keeping in mind that QCDW in
2H–TaSe2 is not related to the FS nesting, Gor’kov suggested an original theory of CDW transformation
in this and similar systems [16]. According to this theory, strong electron–phonon interactions tightly
bind ions and electrons together, in a nonadiabatic manner. As a result, the ions move in effective
double-well potential. At a low-enough temperature, they become trapped by one of the two minima;
this corresponds to a formation of a CDW.

Strong Kohn anomalies and associated lattice instabilities have been observed only in few pure
metals (i.e., in α-U [17,18]). Indeed, α-U is the only element in the periodic table which exhibits CDW
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instability. Uranium metal undergoes three temperature-driven phase transitions in the temperature
interval 47 K to 30 K. These three phases are called α1, α2, and α3 [17]. The first phase transition,
α1, “doubles” the unit cell in the x-direction; the second phase transition, α2, makes the unit cell six
times larger in the y-direction; the third phase transition, α3, makes the unit cell 27 times larger in the
z-direction, resulting in the transformation of uranium to the element with the primitive cell which
has a volume of ~6000 Å3 [17]. Fast et al. [19] have shown that the α1 structure can be viewed as a
phonon (Σ3) distortion of the ordinary α-U structure which is driven by the change of the FS topology:
the part of the FS affected by a Peierls-like distortion shows a strong nesting of the narrow f -band in the
x-direction. Fast et al. [19] have also shown that the FS nesting in the y-direction, which occurs upon
cooling of the α1 structure, causes slight modification of the α1 structure and creation of the α2 phase.

In systems with relatively strong exchange electron–electron interaction, FS nesting can lead to a
strong Kohn anomaly in the spin wave rather than the phonon spectrum. If strong enough, such an
anomaly can trigger the formation of spin density waves (SDWs). This is the case for chromium [20].
In nonmagnetic Cr, there is a good nesting between two extended FS pockets—the N-centered hole
pocket and Γ-centered electronic pocket. The corresponding nesting vector qn almost coincides with
(1/2,0,0) and explains the antiferromagnetic ordering in Cr at relatively low temperatures.

Although very rare in pure metals, strong Kohn anomalies have been observed in several
metallic alloys including the so-called “shape memory” alloys such as NiTi [8]. In these alloys,
as the temperature decreases and approaches the martensitic transformation point Ms, a number of
the so-called “premartensitic” phenomena occur, including the softening of the phonon modes and
formation of the intermediate (often incommensurate) phases [8]. At this point, the unambiguous
connection between the FS nesting, phonon dips, and premartensitic modulated structures is well
established for NiTi [21,22], Ni2MnGa [23–27], Ni-Al, [28–30], AuCd [31], CuZn [32], AuCuZn2, [32],
and other shape memory alloys. In the case of Ni-Al, for example, the calculations perfectly explain
the experimentally observed shift of the phonon anomaly as a function of both composition and
uniaxial squeezing [29].

Another class of alloys, whose lattice stability is defined by the nesting properties of the FS, are the
noble-metal-based alloys such as CuAu, Cu3Au, Au3Cu, Cu3Pd, Cu3Pt, Ag3Mg, Al3Ti, etc., [33–36].
These alloys are unstable against the formation of the long-period superstructures (LPSs); both 1D and
2D and both incommensurate and commensurate. It has been discovered that 1D LPSs are caused by
Peierls instability associated with flat (nesting) patches on the FS divided by the vector 2kF at which
Re χ0(q) peaks [33,35,36]. Lifting of this instability is accompanied by the formation of LPSs with the
period 2M = π/|kF|. It is remarkable that this theory is also able to explain rather exotic 2D LPSs
with substantially different periods 2M1 and 2M2 in two mutually orthogonal directions. Such LPSs
stem from the two different nestings characterized by vectors D1 and D2, such that 2M1 = 2π/|D1|,
and 2M2 = 2π/|D2| [34].

Graphene appears among the truly 2D materials demonstrating strong Kohn anomalies.
In graphene, the conduction and valence bands touch each other in a linear fashion at two inequivalent
Dirac points, K and K’, connected by time-reversal symmetry. Graphene is characterized by good
nesting between the valence and conduction bands, which can be expressed as ει(k) = −εj(k) or
ει(k) = − εj(k + K − K’), where the k vector is measured relative to a Dirac point and the valence (i)
and conduction (j) band energies are measured relative to the Fermi level [37]. Since the difference
K − K’ is again a Dirac point, the anomalies in phonon spectra ω(q) occur at q = 0 (the Γ point) or q = K.
Such anomalies manifest themselves as sharp kinks and have been observed in quasi-freestanding
graphene, namely, in the in-plane optical phonons at q = Γ (LO branch) and q = K (TO branch) [38,39].
In 2D hydrogenic honeycomb lattice or H-graphene, Kohn anomalies are so strong that they can trigger
2D Peierls-like distortions leading to a

√
3 ×
√

3 superstructure [37].
From general considerations it is clear that even the weak Kohn anomaly becomes critical if the

corresponding nesting vector qn shrinks and collapses to zero. In such a case the relevant soft mode
can freeze in directly or force the elastic constants to soften to such a degree that they will initiate
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structural transformation. Below we show that this is what happens in the group of VB transition
metals under pressure. These metals are also interesting in the sense that until recently they have not
been expected to exhibit any instability related to FS nesting.

2. FS Nesting and Kohn Anomaly in V, Nb, and Ta

2.1. Early Search for Phase Transformations in V, Nb, and Ta

During the past 20 years, the group VB transition elements (vanadium, niobium, and tantalum)
have been the subject of numerous experimental and theoretical studies [40–92]. Their superconducting
properties (for example, Nb has the highest critical transition temperature Tc = 9.5 K among the
elemental metals [89]) and unique refractive mechanical properties at extreme temperatures place
these metals in the position of basic building blocks of intermetallic compounds. Struzhkin et al. [40]
have studied the superconducting transition temperature of niobium at pressures up to 1.32 Mbar.
They found anomalies in Tc(p) at 50–60 kbar and 600–700 kbar and suggested that these anomalies
originate from an electronic topological transition (ETT). Takemura and Singh [57] have performed
X-ray diffraction (XRD) measurements at ambient temperature. They suggest that niobium remains in
the ambient pressure BCC structure at pressures up to at least 1.45 Mbar. Later, Ostanin et al. [45] and
Tse et al. [53] performed a theoretical investigation of the electron–phonon coupling in high-pressure
Nb and found two different ETTs that are responsible for these anomalies.

For Ta (which remains an ambient pressure BCC structure up to 1.74 Mbar [42,43]), Tc changes
little from the ambient pressure value of 4.4 K to 450 kbar with the absence of the ETT proposed for
Nb by Struzhkin et al. [40]. It is worth mentioning that Diamond Anvil Cell (DAC) measurements by
Weir et al. [42] (the pressure gradient method) have not found any softening in the yield stress up to
1 Mbar pressure.

Ishizuka et al. [46] have conducted DAC experiments on vanadium at pressures up to 1.2 Mbar.
They found that Tc = 5.3 K at equilibrium pressure and Tc increases linearly with pressure and reaches
17.2 K at 1.2 Mbar. In addition, Ishizuka et al. [46] have also identified a small step-like increment
in Tc near 600 kbar. Takemura [44] has performed high-pressure DAC powder XRD measurements
on vanadium and niobium which showed no anomalies in the equations of state (EOS) that can
be attributed to the ETT up to the maximum pressure of 1.54 Mbar. Louis and Iyakutti [51] have
computed the electronic structure, total energy, and superconductivity of vanadium under pressure.
At ambient pressure, the calculated value of Tc is 5.98 K, which is in a good agreement with the
observation by Ishizuka et al. [46] (Tc = 5.3 K) and, at 1.2 Mbar, the calculated value of Tc = 18.21 K
which is close the experimental value of Tc = 17.2 K reported by Ishizuka et al. [46] at the same
pressure. The calculations by Louis and Iyakutti [51] predicted phase transformation from the ambient
pressure BCC structure to a simple cubic (SC) structure at p ~1.393 Mbar with estimated Tc ~20.99 K at
the transition pressure. A metastable body-centered tetragonal (BCT) phase in vanadium has been
predicted by Nnolim et al. [52]

2.2. Fermi Surface Nesting and Pre-Martensitic Softening in V, Nb, and Ta at High Pressures

In order to investigate structural phase transition from the BCC to another structure,
Suzuki and Otani [49,61] calculated the lattice dynamics of vanadium in the pressure range up
to 1.5 Mbar. They discovered that the transverse acoustic phonon mode TA (ξ00), around ξ = 1/4,
shows a drastic softening under compression and becomes imaginary at pressures above ~1.3 Mbar,
suggesting an opportunity for structural phase transition. In the limit of short q-vector lengths (q→ 0),
this mode is directly related to the trigonal shear elastic constant (C44), so clear understanding of the
anomaly in the TA curve is fundamentally important in the problem of the shear lattice stability of BCC
vanadium. Suzuki and Otani [49,61], however, did not discuss the physical reasons behind the dip in
the TA curve. The existence of the Kohn anomaly in the TA (ξ00) of V around ξ = 1/4 was subsequently
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confirmed by independent DFT calculations performed by Luo et al. [63], Krasil’nikov et al. [82,87],
and Zhang et al. [86].

The synchrotron XRD measurements on vanadium by Ding et al. [62] suggest a new rhombohedral
(Rh) phase around 640–690 kbar that is in the same pressure range where a small step-like increment
in Tc was reported by Ishizuka et al. [46]. The BCC → Rh transition in V has been reported
as a second-order phase transformation [62]. Later ab initio studies confirmed this discovery,
suggesting that vanadium returns to the BCC phase in the pressure range of 2.5–3.2 Mbar [63,64,67–69].
Vekilov and Krasil’nikov [72] have concluded that, according to the Landau theory of phase
transitions [93], the experimentally observed pressure-induced cubic → rhombohedral transition
in vanadium [62] corresponds to the lattice losing its stability against C44 shear deformation.
Bondarenko et al. [74] and Krasil’nikov et al. [78] have shown that, although the BCC→ Rh phase
transition in vanadium under compression is a first-order phase transition, the volume changes due
to the lattice rearrangement ∆V/V0 ≤ 10−5 are negligibly small and the phase transition is close to a
second-order phase transition. Krasil’nikov et al. [78] have mentioned that the BCC→ Rh transition in
vanadium is activated upon uniform deformation of the cubic structure. As a result, the transition
to a new state with a lower symmetry (rhombohedral) than that of the initial state (cubic) takes
place. The number of atoms in the unit cell of a crystal remains constant, and the point group of the
low-symmetry phase is a subgroup of the point group on the initial structure. These transitions are
referred to as elastic-phase transitions, and the critical phenomena during this kind of transitions are
strongly suppressed. That is why in analysis of these structural transformations one can use the Landau
theory of phase transition [93] with the deformation tensor of components as the order parameter.

Jenei et al. [77] have discovered an expression of the transition pressure from the cubic
to rhombohedral structure as a function of the hydrostatic condition of the pressure media.
Nonhydrostatic pressure leads to a lower transition point (~300 kbar), while in the case of
quasihydrostatic compression in neon pressure medium, the BCC→ Rh phase transition occurs at much
higher pressure (~600 kbar). Antonangeli et al. [91] have recently applied inelastic X-ray scattering to
investigate the phonon dispersion of the single-crystal V as a function of compression up to 450 kbar.
These experiments found an unusual high-pressure behavior of the TA mode along the (100) direction
and softening of the trigonal elastic constant C44 that triggers a rhombohedral lattice distortion occurring
between 340 and 390 kbar. The measured compression (V/V0) curve for vanadium followed the EOS for
the BCC phase [62] up to 340 kbar, whereas a deviation is detected starting from 360 kbar. The volume
discontinuity (~2%) due to the BCC→ Rh transition, found by Antonangeli et al. [91], was not noted
in previous studies by Ding et al. [62] and Jenei et al. [77] where measurements were performed on
powders. Experiments by Antonangeli et al. [91] back up the first-order origin of phase transformation
in accordance with group theory which indicates that BCC→ Rh transitions are necessarily of the first
order [82]. As was mentioned by Antonangeli et al. [91], the origin of the rhombohedral deformation
between 340 and 390 kbar disagrees with XRD measurements by Ding et al. [62] (640–2690 kbar)
but remains consistent with recent diffraction results by Jenei et al. [77] (300 kbar in nonhydrostatic
conditions). The measurements of Antonangeli et al. [91] have been performed on comparatively big
single crystals, which are more susceptible to nonhydrostaticity than powders.

The phonon anomaly in the TA (ξ00) phonon branch of V was attributed to the existence of parallel
parts of the FS which causes a strong electronic response at the nesting wave vector that translates
these pieces one onto the other [59]. They also discovered that the nesting vector, qn, spanning two flat
pieces of the FS in the third band, already exists at ambient pressure and leads to the Kohn anomaly
in the TA (ξ00) phonon mode for small qn ≈ 0.24(2π/a), where a is the lattice parameter. Since in
the hydrodynamic limit (q→ 0) the trigonal shear elastic modulus C44 is connected to the TA (ξ00)
phonons, ω(q), by a simple relation so that ρω2(q)/q2 → C44, the Kohn anomaly also softens this
elastic modulus making it negative at pressures 1.80–2.75 Mbar. The full potential linear muffin-tin
orbital [60] and projector augmented wave [69] calculations revealed the lower pressure limit of
the BCC instability interval as 1.2 and 0.8 Mbar, respectively. According to Verma and Modak [67],
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the BCC → Rh transition in V under pressure could happen even before the trigonal shear elastic
modulus turns negative. A similar conclusion was independently derived by Luo et al. [63].

Using density functional theory (DFT), Lee et al. [64,65] have shown that the metastable Rh
structure develops at 730 kbar and becomes the ground state (stable structure) at 840 kbar. Lee et al. [64]
have called this rhombohedral phase “Rh1” with residual angle α = 110.25◦. Lee et al. [64] have also
predicted the development of a second metastable rhombohedral structure “Rh2” with residual angle
α = 108.14◦, which has not been seen experimentally, that becomes the ground state at 1.19 Mbar.
As the pressure continue to increase, the ground state (Rh2) phase lastly reverses to the BCC structure
(with the residual angle α = 109.47◦) at 2.8 Mbar, and at 3.15 Mbar the BCC structure becomes the
exclusive mechanically and thermodynamically stable structure. Lee et al. [64] have concluded that
the BCC→ Rh transition is of first order with a very small latent heat of transformation (much smaller
than the thermal fluctuation at room temperature), which is in accord with the conclusions of
Krasil’nikov et al. [82] and Antonangeli et al. [91] but contradicts the second-order transition suggested
by Ding et al. [62]. Lee et al. [65] have performed DFT calculations of the elastic constants of
vanadium in four structure modifications BCC→ Rh1→ Rh2→ BCC as a function of compression.
The calculated elastic constants have been used to determine the polycrystalline shear modulus as a
function of compression. Rudd and Klepeis [66] have used these results to construct the multiphase
Steinberg–Guinan model for vanadium. According to refs [65,66], the shear modulus of polycrystalline
vanadium has been found to increase up to ~400 kbar and then to decrease with a further increase in
compression up to ~1.20 Mbar. Lee et al. [65] have also shown that the volume change associated with
above-mentioned phase transition in vanadium under compression is very small (no more than 0.15%),
which is in accord with conclusions of Bondarenko et al. [74] and Krasil’nikov et al. [75]. This makes it
very difficult to establish the order (first or second) of these phase transformations.

The prediction of the two high-pressure rhombohedral phases (Rh1 and Rh2) in V is supported
by alternative DFT phonon spectra computations by Luo et al. [63].

Klepeis et al. [75] have performed DAC measurements of the yield strength of vanadium up to
900 kbar. The yield strength (the critical stress required to achieve a plastic deformation in a metal)
largely depends on the shear elastic constant [47]. Unconventional softening of the shear modulus
should influence the yield strength and other mechanical properties. Klepeis et al. [75] found that after an
initial increase in the strength with compression, a decrease in the strength of V starts at ~400–500 kbar.
Klepeis et al. [75] have attributed this unusual strength behavior to premartensitic softening of the shear
modulus [65,66] associated with the BCC→ Rh1 phase transformation induced by existence of a Kohn
anomaly in the TA (ξ00) phonon branch. Klepeis et al. [75] have stressed that the strength is superelastic:
the magnitude of the rise and recede in strength is much greater than that of the shear modulus.

The BCC → Rh phase transformation on vanadium under compression has been detected by
static synchrotron XRD DAC experiments [62,75,91]. Yu et al. [85] have performed shock experiments
on vanadium measuring phase transformation discontinuity of the sound velocity against shock
compression. The detected phase transformation from the BCC to the unknown phase has been
detected at 605 kbar, which is in accord with both DAC measurements [62] and the first-principles
calculations [64]. However, the measured shear modulus shows unusual behavior: it rises slightly
with pressure from ambient to 320 kbar, and then declines with pressure before rising as the phase
transition is approached at 605 kbar. Yu et al. [85] have argued that the proposed BCC→ Rh phase
transformation in vanadium under shock compression can start at 320 kbar and ends at 605 kbar,
which is in accord with the DAC experiment of Jenei et al. [77]. However, in contrast with the results
from DAC measurements [75] and theoretical work [66], the shear modulus and yield strength measured
by Yu et al. [85] show abrupt rise at around the upper border of the phase transformation, at 605 kbar.

Qiu and Marcus [68] have also performed ab initio calculations of the phase transformations in
vanadium under compression. They confirmed the existence of two rhombohedral phases, Rh1 and
Rh2, and that pressure induces structural transformations in the sequence BCC→ Rh1→ Rh2→ BCC
discovered by Lee et al. [64]. However, they also found one significant inconsistency in the exact values
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of the transition pressure. One of the most noticeable differences presented by Qiu and Marcus [68]
was that the BCC → Rh1 transition pressure occurs at 320 kbar, which is much smaller than
all other theoretical predictions. One should mention that all calculations, including those by
Qiu and Marcus [68], have been performed under hydrostatic conditions and, thus, are inappropriate
for Jenei et al.’s [77] argument (nonhydrostaticity). To verify the reason for the discrepancy between
calculations by Lee et al. [64] and Qiu and Marcus [68], Wang et al. [90] have performed identical
calculations to that of Lee et al. [64] but additionally optimized the structures. Wang et al. [90]
have selected Rh1 and Rh2 as the starting structures and optimized them at different pressures.
The calculated enthalpy difference with respect to the BCC phase together with the variation of the
structural parameter (the residual angle α) in the Rh1 and Rh2 structures as a function of pressure
are shown in Figure 1 (taken from [90]). According to Wang et al. [90], the results of fully relaxed
calculations reveal that the BCC→ Rh1 transition does not occur at 300 kbar as was suggested by
Jenei et al. [77]. The metastable region of the Rh1 phase exists up to 500 kbar, but at lower pressures the
Rh1 phase remains highly unstable. Wang et al. [90] have indicated that relaxation of the Rh1 phase
to the BCC phase is far from perfect. The residual angle α is approximately 109.51◦ at 200–400 kbar.
This reflects the fact that nonhydrostatic loading can drive vanadium towards rhombohedral-like
deformations. Wang et al. [90] have indicated that the residual angle measured by Jenei et al. [77],
α = 109.61◦, is far smaller than Lee et al.’s computed value of α = 110.25◦ [64], but very close to their
calculated imperfect BCC value, α = 109.51◦, that collapses from the Rh1 phase as shown in Figure 1.
Wang et al. [90] have also mentioned that another rhombohedral phase (Rh2) converts to a similar
distorted BCC structure only with the residual angle α = 109.39◦ at pressures less than 1.1 Mbar.
According to Wang et al. [90], the Rh1 phase becomes the ground state above 980 kbar. It has a
larger residual angle, α = 110.17◦, relative to the residual angle of the ideal BCC structure, α = 109.47◦.
Phase transformation to another rhombohedral phase (Rh2) occurs at ~1.28 Mbar, which reaches
maximum stability at ~2.1 Mbar, with α = 108.23◦. The Rh2 phase remains the ground state up to
~2.84 Mbar. As compression increases, the Rh2 phase becomes the metastable phase and finally
collapses to the BCC phase at ~3.0 Mbar. The metastability of the Rh1 structure reaches up to
~2.47 Mbar, where it also converts back to the BCC phase. Wang et al. [90] have concluded that their
results are in a good agreement with results of Lee et al. [64]. This means that Lee et al.’s [64] approach
is consistent with the full structural relaxation calculations.

Figure 1. (a) Enthalpy difference of vanadium in Rh1 and Rh2 structures at zero Kelvin with respect to
the BCC phase as a function of pressure. (b) Variation of the residual angle α in Rh1 and Rh2 structures
as a function of pressure at zero Kelvin. Note that α = 109.47◦ corresponds to the perfect BCC structure
and 1 GPa = 10 kbar.

Calculations [59,60,64,65,67,90] assume that the unit cell volume is conserved. As was shown by
Le et al. [64] and Wang et al. [90], the total energy along the deformation path can be corrected from
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an internal energy, E, to an enthalpy, H, to study phase equilibrium at constant pressure. For a small
distortion δ, the enthalpy at pressure p0 = p(δ = 0, V0) may be corrected to a good approximation from
the internal energy using the formula [64,90]

H(δ, p0) ≈ E(δ, p0) + p0V0 −
1

2B(δ, V0)
∆p(δ, V0)

2V0

where ∆p(δ, V0) = p(δ, V0) − p0 is the pressure change at the fixed volume V0 due to the
rhombohedral deformation δ and B(V0) is the bulk modulus at the fixed volume. According to refs [64,90],
the corrections from the third term are extremely small and, as a result, the internal energy E(δ, p0) is
sufficient to study phase equilibrium. Qiu and Marcus [68] have disputed that this treatment could
cause a higher transition pressure in Lee et al.’s [64] calculations. Taking into consideration that the
results of ‘unrelaxed’ calculations by Lee et al. [64] are in a good accord with the full structural relaxation
calculations by Wang et al. [90], one can conclude that the justification by Qiu and Marcus [68] cannot
interpret the small value of the BCC→Rh1 transition pressure, 320 kbar, obtained by Qiu and Marcus [68],
in comparison with results of Lee et al. [64], 840 kbar, or Wang et al. [90], 980 kbar.

As was mentioned above, instability of the BCC phase of vanadium under compression appears to be
associated with a pressure-induced substantial softening of the shear elastic constant C44 [61,66,67]. In fact,
vanadium’s group VB relatives—niobium and tantalum—also show a similar but less-pronounced
softening of C44 (see Figure 2). For vanadium, C44 initially increases with pressure but as pressure
reaches ~200 kbar, C44 dramatically decreases. Landa et al. [71] have predicted the BCC → Rh
phase transition at 600 kbar, close to the observed 600–700 kbar [62]. For Nb, a similar behavior is
observed with the shear constant reaching a low minimum close to 500 kbar before rising again. In Ta,
the softening is less severe but apparent between 500 and 800 kbar.

Figure 2. Calculated pressure dependence of the shear elastic constant in BCC V, Nb, and Ta [71].
Note that 1 GPa = 10 kbar.
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With the X-ray scattering approach, Bosak et al. [70] have discovered several anomalies in the
phonon dispersion curve for V along high-symmetry directions. One of them was an upward bending
of the TA phonon mode along the Γ-H direction, (ξ00), around ξ = 0.24—this anomaly was predicted in
refs [49,61]. From inelastic neutron scattering, Nakagawa and Woods [94] have discovered a decrease in
TA (ξ00) phonon frequencies for niobium around ξ = 0.20 (compared to ξ = 0.24 for V). Woods [95] has
conducted frequency–wave–vector dispersion relation experiments in tantalum using an inelastic
neutron scattering technique similar to that for niobium [94]. His measurements indicated strong
analogies with niobium, measured earlier [94]; however, a dramatic decrease below the elastic constant
line for the TA (ξ00) phonon mode, found for Nb by Nakagawa and Woods [94], was not detected.

Whether the TA (ξ00) phonon anomaly in VB transition metals is actually electronic and related
with “nesting areas” of the FS can be resolved by comparing the nesting vectors, qn = 2kF, in all the
VB metals with the locations of their phonon anomalies, measured experimentally: V [70], Nb [94],
and Ta [95]. As mentioned in the introduction, the vectors qn should correspond to peaks in the real
part of the noninteracting susceptibility, Re χ0(q), which hereafter will be denoted simply as χ(q).
Therefore, if the positions of some phonon anomalies of a metal system are closely correlated with the
positions of maxima in χ(q), this would strongly indicate that these anomalies are of the Kohn nature.

Figure 3 shows the partial (associated with the third band only, see [59,60] for details) contribution
to the generalized susceptibility, χ(q), of V, Nb, and Ta calculated along the Γ-H (ξ00) direction at
ambient pressure by Landa et al. [76]. As can be seen from this plot, the generalized susceptibility has
a peak (due to the intraband nesting [59,60]) at ξ ≈ 0.24, 0.16, and 0.28 for V, Nb, and Ta, respectively,
marking the location where the Kohn anomaly on the TA (ξ00) phonon curve is likely to exist. It is
obvious that this peak is more significant for V and Nb than for Ta. This suggests that the Kohn
anomaly is weaker in Ta than in V and Nb. To validate this conclusion, Landa et al. [76] show in
Figure 4a–c the experimental phonon dispersion TA branches in the (ξ00) direction for V, Nb, and
Ta, respectively, using numerical data on the phonon frequencies from refs [70,94,95]. The position of
the peak on the partial generalized susceptibility curve at equilibrium pressure, marked in Figure 3,
is shown by an arrow in Figure 4. Obviously, the position of the calculated peak in χ(q) is in fair
agreement with at the area of maximum deviation below the elastic constant line of the experimental
TA (ξ00) phonon branch. In relation to V, this deviation is observed to a larger extend for Nb and to a
smaller extent for Nb and Ta.

Figure 3. Partial (in the summation over bands, only the third band is included) electron susceptibility
of V, Nb, and Ta calculated along the Γ-H direction at ambient pressure [76].
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Figure 4. The experimental phonon dispersion TA curve in the (ξ00) direction for (a) V [70,96],
(b) Nb [97,98], and (c) Ta [95]. The arrow indicates the Kohn anomaly obtained from ab initio
calculations [76]. The straight line represents the elastic constant line.

Tracing the pressure dependence of the position of the maximum on the generalized partial
susceptibility, Landa et al. [76] plotted (Figure 5) the magnitude of the nesting vector, or the position of
the Kohn anomaly, as a function of pressure. These calculations show that the nesting vector decreases
as pressure increases and the termination of a so-called “jungle-gym” hole-tube occurs at 2.50, 0.75,
and 2.75 Mbar for V, Nb, and Ta, respectively. This is in a good agreement with results of Koči et al. [69]
for V and Nb, although their calculations revealed a lower termination pressure for Ta (~2.25 Mbar).
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Figure 5. The magnitude of the nesting vector for V, Nb, and Ta as a function of pressure [76].

2.3. Strength and Elasticity of Nb and Ta

Reviewing the most recent publications on vanadium, let us discuss two remaining representatives
of the group VB transition metals: Nb and Ta. The pressure–volume relationship of niobium has
been investigated by Takemura [44] and Takemura and Singh [57], and they did not find any sign of
discontinuity up to ~1.5 Mbar. This result suggests that niobium shows no structural transitions
with substantial volume collapse in this pressure interval. Numerous calculations suggest that
the BCC phase of Nb remains stable up to very high compression. Singh and Takemura [48],
Singh and Lierman [80], and Ahuja et al. [99] have studied the strength and elasticity of Nb under high
pressure. The compressive strength of Nb exhibits an anomalous variation between 0 and 150 kbar—it
initially increases with pressure and exhibits a shallow maximum at ~50 kbar and then a minimum
at ~120 kbar followed a monotonic increase at higher pressures (up to 400 kbar). As was mentioned
above, Struzhkin et al. [40] have observed anomalies in the superconducting transition temperature Tc

in Nb at 50–60 kbar and suggested that this anomaly arises from the ETT. Wang et al. [92] have also
suggested that the ETT could be responsible for the unusual behavior of the compressive strength
around 50–60 kbar.

Ab initio calculations by Koči et al. [69] significantly underestimated the value of the trigonal
shear elastic constant C44 in Nb. Liu and Shang [79] performed DFT calculations of the electronic
density of states (DOS) and the FS of Nb. They suggested that the most probable reason for C44
underestimation is related to the nesting features of the FS which produce a van Hove singularity
in the electronic DOS close to the Fermi level. A similar situation in simultaneous manifestations of
the 2D van Hove singularity and FS nesting has been discussed by Naumov and Velikokhatnyi [32]
for β-NiAl alloys. Liu and Shang [81] have studied how alloying of Nb with other refractory metals
(Ti, Zr, Hf, V, Ta, Cr, Mo, and W) influences it elastic properties. Their conclusion correlates with
the most important result of Landa et al. [71] in which the phase stability of Group VB elemental
metals was studied using DFT calculations. Alloying with a small part of a neighbor will stabilize
or destabilize the BCC structure compared with the low-symmetry Rh structure. It was also shown
that band-filling dictates the phase stability when a particular Group VB metal is alloyed with its
nearest neighbors within the same column of the periodic table. Then, the neighbor with less or more
d electrons, destabilizes and stabilizes the BCC structure, respectively. When alloying with neighbors
of higher d-transition series, electrostatics dominates and stabilizes the BCC structure. This has been
discussed in detail previously by Landa et al. [76].
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Wang et al. [92] have recently predicted a novel anomaly softening in C44 of niobium between
2.75 Mbar and 4.0 Mbar. However, this softening is not related to the FS nesting in Nb, which terminated
at 750 kbar [59,76], but originates purely from the ETT. Wang et al. [92] have emphasized that the
significant magnitude of the softening leads to an impressive elastic anisotropy in both the shear
and Young’s moduli of Nb. At 600 kbar, the anisotropy on the shear elastic constant approaches
a maximum.

Tantalum is often used for testing purposes, for study of yield strength, and for
comparing theoretical predictions of elastic and plastic properties under extreme pressure and
temperatures [41–43,50,54–56,58,73,83,84,87,88]. As was mentioned above, tantalum possesses the
BCC structure at ambient conditions and this structure remains stable up to at least 1.74 Mbar [42,43].
Söderlind and Moriarty [41] have shown that tantalum is regarded as a good example for
demonstrating the successful applications of DFT to the structural stability of the transition metal up
to 10 Mbar—the calculated cold EOS for BCC Ta is in an acceptable agreement with DAC experiments
up to 0.75 Mbar and with reduced shock data up to 2.3 Mbar. Gülseren and Cohen [50] and
Orlikowski et al. [58] have extended these studies within a wide temperature range (up to 10,000 K).
Dewaele et al. [54] have performed single-crystal XRD refinement of the EOS of tantalum up to
1.01 Mbar. Dewaele and Loubeyre [55] have studied the effect of high pressure up to 930 kbar on
the yield strength of tantalum single crystals. Klepeis et al. [56] have predicted that tantalum should
exhibit an anomaly in both tetragonal (C’) and trigonal (C44) shear moduli at high pressure in the range
of 1.0 to 2.0 Mbar

Antonangeli et al. [73] have studied the elasticity of Ta at pressures above 1 Mbar. Inelastic X-ray
scattering (IXS) experiments showed a decrease in the aggregate shear velocity in the 500–900 kbar
interval with a normal pressure dependence above 1.20 Mbar. The calculations, performed by
Antonangeli et al. [73], suggested that in tantalum, similar to predictions for vanadium and niobium,
this anomalous behavior is likely due to the intraband FS leading to the ETT and a complementary TA
phonon branch softening. Antonangeli et al. [73] have presented a description of the elastic–plastic
phase transitions in terms of an anomalous behavior of the elastic modulus under compression
above 1 Mbar pressure. Guerrero and Marucho [84] have utilized classical molecular dynamics
(MD) to study the elastic–plastic transition under uniaxial stress in defect-free BCC tantalum crystals.
They demonstrated that the nucleation of the defects at the time scale of MD is due to dynamical
instabilities (soft phonons) along the [100] direction. These ‘unstable’ soft phonons produce defect
nucleation growing on nanosecond timescales when resolved shear stress reaches a critical value.
Guerrero and Marucho [84] have discovered that these dynamical instabilities (soft phonons) play a
significant role in the elastic–plastic transition in BCC tantalum crystals.

Hu et al. [83] have performed sound velocity measurements of tantalum under shock
compression in the 100 kbar–1.1 Mbar range. They have found a kink in the longitudinal sound
velocity around 600 kbar and suggested that it is caused by a possible shock-induced phase
transformation. However, this suggestion has been questioned by Jing et al. [88] who have recently
performed XRD-DAC measurements of the yield strength in tantalum at ambient temperature and
elevated pressures up to 1.01 Mbar pressure. A yield strength softening was detected between
520 and 840 kbar, which is independent of structural transformations, preferred orientation/texture,
and pressure-induced material damage, whereas a standard trend is observed below 520 kbar and
above 840 kbar. The initial pressure of the softening is in an agreement with previous IXS pressure
gradient measurements [73] as well as the ab initio calculations [71] which have revealed a surprising
softening of the shear modulus of tantalum between 500 and 800 kbar. Figure 6, which is taken
from ref [88], shows that the trigonal shear elastic modulus C44 (Figure 6a) determined either
by first-principles calculations [71] or deduced from the measured sound velocity using the IXS
technique [70] exhibits softening. Both yield strengths, calculated either using the shear modulus
obtained using the Steinberg model [100] or that extracted from the IXS measurements [73] (Figure 6b)
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also exhibit softening. The softening of the yield stress approximately follows the same trend as does
the softening of the shear modulus deduced either by the first principles [71] or IXS measurements [73].

Figure 6. Pressure dependence of the shear modulus C44 (a); yield strength (b); and average microscopic
deviatoric strain (η) (c) of Ta. The shear modulus C44 was predicted by theoretical calculations [71]
(red dots), deduced from the sound velocity experimentally determined by IXS during DAC [73]
(blue diamonds), and extrapolated from the Steinberg model [100] (solid line). Note that 1 GPa = 10 kbar.

3. Discussion

The chemical bonding of the elemental transition metals was believed to be well understood as
originating from a gradual occupation of first bonding and later antibonding states as one proceeds
through the transition series [101]. This scenario clearly explains the parabolic behavior in the atomic
density and compressibility that reach a maximum at the maximum of filled bonding states near the
center of the series. The known sequence of hexagonal close-packed (HCP), body-centered cubic (BCC),
and face-centered cubic (FCC) phases in the d-transition metals is due to the population and specific
form of the d-band electron density of states [102,103]. For the 3d transition metals, this sequence is
slightly changed due to magnetism that differentiates bands of opposite spin [104]. Thus, for Group
VB (V, NB, Nb), VIB (Cr, Mo, W), and for Fe (magnetic), the BCC phase exists because of their specific
d-band occupation.

Recently, experimental studies on vanadium raised some doubts about the above-mentioned
conventional view of bonding in the transition metals. Particularly, a new rhombohedral phase (Rh)
has been found in the pressure range of 600–700 kbar by synchrotron XRD measurements [62,77,91].
DFT studies confirmed this discovery and suggested that vanadium returns to the BCC phase above
approximately 3.0 Mbar [63,64,67]. It has been suggested that the intraband FS nesting (Kohn anomaly)
is responsible for this peculiar behavior [59,60]. Instability of the BCC phase also appears to be
associated with a pressure-induced considerable softening of the trigonal shear elastic constant
C44. In fact, vanadium’s Group VB relatives—niobium and tantalum—also show a similar but
less-pronounced softening of C44 (Figure 2). As was pointed by Klepeis et al. [75], the pressure-induced
structure BCC→ Rh transformation in vanadium is one of the most common reasons for strength loss.

Although Nb and Ta do not undergo BCC → Rh phase transformation, the softening of the
trigonal shear elastic constant, C44, of these metals causes significant softening of the yield strength at
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high pressures. According to the soft-mode theory of the elastic–plastic phase transitions [105,106],
the anomalous behavior of the elastic modulus under compression is essential in order to establish
the fundamental relationship between the phonon dispersion and the yield strain (or the mechanism
governing the defect generation in the perfect metallic crystal by the dynamical instabilities—the soft
phonons [84]). Antonangeli et al. [73] mentioned that the topology of the electronic band structure near
the Fermi level is identical for each of the group VB transition metals and causes the pressure-induced
shear softening for Nb and Ta and the BCC→ Rh transformation in vanadium. The effect, induced
by the Kohn anomaly, is present in all group VB elements, but most noticeable in Period 4 (V),
and decreases in magnitude to Period 6 (Ta) [73]. Only in the case of vanadium is the energy increase
considerable enough to yield the BCC→ Rh phase transition.

According to Figure 2, for niobium, C44 initially increases with compression, but close to
200 kbar it dramatically decreases, reaching a low minimum close to 600 kbar before rising again [68].
Wang et al. [92] have concluded that this anomalous behavior of the Nb shear modulus C44 in the
pressure range 0–600 kbar mainly comes from the underlying Rh1 and Rh2 distortion and has the same
softening mechanism which is observed in vanadium. According to Jing et al. [88], a similar hypothesis
can be also applied to the softening of the shear modulus in tantalum.

Previous calculations by Landa et al. [60,71] show that a minimal (~3–5 at. %) part of 4d- (Zr, Nb, Mo)
or 5d- (Hf, Ta, W) transition metal promotes the BCC phase of V at all compressions. Adding about
10 at. % of Cr to V also promotes the BCC phase at all compressions [64,71]. This investigation
affirms that the Kohn anomaly (the FS nesting) and phonon (the shear modulus) softening can easily
be suppressed by appropriate alloying. However, the compression-induced mechanical instability
of BCC V, which results in formation of the rhombohedral phase close to 600–700 kbar at ambient
temperature, will survive significant heating and compression [90,107]. Utilizing the self-consistent
ab intio lattice dynamics approach, Landa et al. [107] have found that the Rh phase of vanadium
remains stable under heating up to ~2500 K at early onset of the BCC → Rh transition (740 kbar).
This temperature of destabilization (stabilization) of the Rh (BCC) phase is significantly below the shock
melting temperature of BCC vanadium, Tm ~4000 K [108], as well as below the static (DAC) melting
temperature, Tm ~ 2650 K [109]. According to Wang et al. [90], the electronic entropy decreases the
temperature of the BCC phase recovery from the Rh phase: the Rh1 phase starts at 980 kbar (at ambient
temperature) and remains stable below 1440 K and 1.4 Mbar; the stable region of the Rh2 phase is
located between 1.26–2.80 Mbar with a maximum transition temperature of 1915 K at 2.11 Mbar.

As was mentioned in ref [107], the lattice vibrations at elevated temperatures promote recovery of
the BCC structure of compressed vanadium at elevated temperatures. A similar mechanism of phase
transformation (based on the vibrational entropy contribution to the Gibbs free energy) is appropriate
for vanadium nitride (VN), which at ambient conditions exists in the rock-salt (B1) structure [110].
Kubel et al. [111] have found a cubic→ tetragonal phase transition upon cooling bulk polycrystalline
VN below 204 K. Wolf et al. [112] have predicted a dramatic decrease of the shear modulus C44 of
VN in the B1 structure at about 1.2 Mbar compression which hints at possible mechanical instability.
DFT calculations by Isaev et al. [113] and by Ivashchenko and Turchi [114] have revealed dynamic
instabilities in VN in the B1 structure. These instabilities are characterized by imaginary phonon
modes along the Γ-X direction at the X point at 0 K. Isaev et al. [113] have connected these peculiarities
in the phonon spectra of VN to Kohn anomalies induced by the nesting of the FS. The schematic
representation of a cubic→ tetragonal phase transition in VN (the phonon dispersion curves with
a distinct region of the imaginary frequencies and the related displacements of atoms) is offered by
Řehák et al. [115] (Figure 5). Recently, Mei et al. [116] have utilized ab initio MD to prove that VN can be
stabilized by anharmonic atomic vibrations in the B1 structure at ~250 K. Indeed, it has been discovered
from XRD measurements by Kubel et al. [117] that, at room temperature, VN in the B1 structure is
strongly anharmonic with atomic displacements randomly shuffled along the <111> crystallographic
directions with respect to the ideal B1 lattice sites. These characteristics have been recently linked by
Zheng et al. [118] to electron–phonon coupling effects in the VN lattice thermal conductivity.
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In summary, we have shown how the concept of Kohn anomaly is related to phonon/electronic
instability of the group VB transition metals upon compression and how this instability drives phase
transformation in vanadium and leads to the anomaly reductions in the yield strengths of niobium
and tantalum. This review paper covers a large quantity of experimental and theoretical research
dedicated to the study of mechanical properties of these refractory metals over the last twenty years.
Special attention is paid to the initial conception of Peierls instability, which traces back to 1930s,
and which causes the FS nesting in the electronic structure, a sharp peak in Lindhard functions,
Kohn anomaly in the phonon spectrum, and structural transformation in the lattice.
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