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Abstract

In this paper, we propose the MUSWENO scheme, a novel mapped weighted essentially
non-oscillatory (WENO) method that employs unequal-sized stencils, for solving nonlinear
degenerate parabolic equations. The new mapping function and nonlinear weights are
proposed to reduce the difference between the linear weights and nonlinear weights.
Smaller numerical errors and fifth-order accuracy are obtained. Compared with traditional
WENO schemes, this new scheme offers the advantage that linear weights can be any
positive numbers on the condition that their summation is one, eliminating the need to
handle cases with negative linear weights. Another advantage is that we can reconstruct a
polynomial over the large stencil, while many classical high-order WENO reconstructions
only reconstruct the values at the boundary points or discrete quadrature points. Extensive
examples have verified the good representations of this scheme.

Keywords: mapped function; WENO scheme; nonlinear degenerate parabolic equation

MSC: 65M06

1. Introduction

In this paper, a new type mapped unequal-sized weighted essentially non-oscillatory
(MUSWENO) scheme is proposed for solving the nonlinear degenerate parabolic equation.
The study of nonlinear degenerate parabolic equations dates back to the early 20th century.
With the advancement of mathematics and physics, the significance of such equations in
describing natural phenomena and engineering problems has become increasingly promi-
nent. Nonlinear degenerate parabolic equations, featuring solution-dependent diffusion
coefficients that vanish at critical states, are vital across multiple disciplines. They model
porous media flow in fluid mechanics, capturing saturation-dependent permeability and
generating finite propagation speeds with sharp wetting fronts. These equations describe
heat conduction in materials with temperature-sensitive thermal conductivity, potentially
exhibiting finite thermal wave speeds. In phase transition theory (e.g., melting), they
naturally handle moving boundaries through vanishing diffusion. Population dynamics
utilizes them (e.g., degenerate Fisher-KPP) to ensure realistic finite spreading speeds of
population fronts by linking dispersal to density. Their unique capacity to model processes
with self-generated boundaries, state-dependent diffusion, and finite propagation extends
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to image processing, finance, and thin film flows. A fundamental representation of such
nonlinear degenerate parabolic equations is given by

up = g(u)xx, 1)

where the diffusion function satisfies g’(u) > 0 with possible degeneracy points where
¢'(u) = 0. Among the canonical examples of this class, the porous medium equation
(PME) [1,2] occupies a central position:

ur = (u")xx, m> 1. )

In this context, the dependent variable u typically models gas density, while the nonlinear
term u™ corresponds to the gas pressure. When u = 0, the diffusion coefficient vanishes,
causing the equation to degenerate into a hyperbolic type. This degeneracy imparts finite
speed of propagation to its solutions—a property distinct from the infinite propagation
speed of the classical heat equation (m = 1). Specifically, the PME maintains zero values
outside the initial perturbation region, forming a moving free boundary. Originally for-
mulated to describe gas or fluid diffusion in porous media (e.g., soil, rock), the equation
uses u to represent density or pressure, while the parameter m reflects medium properties
such as permeability. This framework captures nonlinear transport behaviors in complex
porous structures, particularly under high-pressure or low-permeability conditions. Typical
applications include modeling nonlinear seepage in groundwater flow and hydrocarbon
reservoirs, where flow dynamics deviate from linear Darcy’s law. The Barenblatt solution,
a foundational weak solution to the porous medium equation (PME), was introduced in
1950 [3,4]. It takes the explicit form

k(m—l)ﬁ

1/(m—1)
2m 12k )+]

Bu(x,t) = t7F[(1 - , m>1, 3)
where 1 = max(u,0) and k = %ﬂ denotes the positive part function. Notably, the weak
formulation precludes classical differentiability precisely at this moving interface, where the
solution transitions abruptly from positive values to zero. Such discontinuity in derivatives
poses significant challenges for numerical methods, as standard discretization schemes
often struggle to accurately resolve the interface dynamics and preserve the solution’s
inherent free boundary structure. Since this equation exhibits hyperbolic characteristics,
directly applying central differencing to the second-order derivative may cause oscilla-
tions near degeneration points. Therefore, shock-capturing schemes are often employed
to prevent this phenomenon. For instance, the classical high-order WENO scheme has
been adapted for solving this equation. Numerous scholars have also proposed various
improvements to this approach.

The Weighted Essentially Non-Oscillatory (WENO) scheme is an effective method for
solving partial differential equations containing strong discontinuities. It was first intro-
duced by Liu, Osher, and Chan in their groundbreaking 1994 paper [5]. Subsequently, Jiang
and Shu established a general framework for high-order finite difference WENO schemes
in 1996 [6], resulting in the widely adopted WENO-]JS scheme. To enhance the performance
of the WENO-JS scheme, Zhu and Qiu later proposed an unequal-sized WENO scheme [7],
and Zhu and Shu developed a multi-resolution WENO scheme [8]. WENO schemes have
also found extensive application on unstructured grids [9,10]. These schemes have been
predominantly used to solve hyperbolic conservation laws and first-derivative terms in
convection-dominated PDEs. In 2011, Liu, Shu, and Zhang pioneered the application of
WENO schemes to degenerate parabolic equations [11]. Their approach directly approx-
imated the second-order derivative using a conserved flux difference scheme. However,
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this method introduced significant challenges, including negative linear weights [12] and
the need for mapped functions [13]. To circumvent the issue of negative linear weights,
Abedian et al. employed four small stencils to construct a large stencil [14]. To avoid
mapped functions, the same authors utilized unequal-sized stencils in a subsequent
work [15]. They also conducted other significant research on degenerate parabolic equations
in [16,17]. In recent years, numerical schemes such as HWENO [18], AWENO [19], and
RBE-WENO [20] have been increasingly employed to solve nonlinear degenerate parabolic
equations. Zhang et al. [21] further developed a specialized time discretization scheme
for this class of equations, which significantly enhances computational efficiency when
combined with the MR-WENO approach. Currently, WENO schemes based on equal-sized
stencils require handling negative linear weights, while for WENO schemes constructed on
unequal-sized stencils, there are no suitable mapping functions to further reduce the gap
between nonlinear weights and linear weights. Therefore, we have specifically developed
the MUSWENO scheme.

In this paper, we design a WENO scheme based on nonuniform spatial stencils for
nonlinear degenerate parabolic equations, introducing novel nonlinear weights and a
new mapping function. The linear weights of this scheme can be chosen as arbitrary
positive numbers summing to one. In smooth regions, the nonlinear weights closely
approximate the linear weights, and the scheme maintains its accuracy even near extreme
points. The composition of this article is as follows. In Section 2, we construct the sixth-
order MUSWENO schemes in detail. We present a large number of numerical tests to
illustrate the effectiveness of the new schemes in Section 3. Concluding remarks are listed
in Section 4.

2. Numerical Method and Discretization

In this section, we show the mapped unequal-sized WENO discretization for the
second-order derivative in (1). For simplicity, we use a uniform mesh for the domain [a, b]
with Ax = bﬁ”,xi =i-Ax, Xj11/0 = x;i +Ax/2. Let u;(t) = u(x;,t). The semi-discrete
conservative finite difference scheme for Equation (1) takes the form

() = =L (4)

The numerical flux g, 1= §(ui_p, ..., uiyq) is designed to satisfy the condition that the

flux difference approximates the second-order derivative g(u)yy with k-th order accuracy

il — &1
2 2 k
—————= = g(u)xx + O(Ax"), 5
Ax2 g () xx ( ) ()
when the solution is smooth, and it generates non-oscillatory solutions when the solution
contains possible discontinuities. The reconstruction of the second-order derivative is

performed in terms of H(x), which is defined as

1 eF ey
s = 50 [, ()7, Houp)ax ©)

7
Therefore, the following relation is obtained:

[H(x+ Ax) — H(x)] — [H(x) — H(x — Ax)]

£0(x) e = - . )

If we assume
f(x) = H(x+ Ax/2) — H(x — Ax/2), (8)
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the following relationship can be obtained:

flx+Ax/2) — f(x — Ax/2)
Ax? ’

g(u(x))xx = )

The polynomial reconstruction of f(x) is our main concern in the following.

2.1. Weno Scheme

The sixth-order WENO reconstruction is achieved by selecting three spatial stencils
containing four points each. We now provide a brief overview of the reconstruction process.
First, we denote one of the three selected spatial stencils as Ty = {x;_, X;_1, X, Xi+1},
Ty = {xi—1,%;, Xi+1, Xis2}, T3 = {x, Xi11, Xit2, Xi 3 }. We also reconstruct three cubic poly-
nomials H,,, m = 1,2, 3, from the following equations:

+A +Ax
sz/ / p)de)dx = g(u(xj)),xj € Ty, m =1,2,3. (10)

We assume Py, (x) = Hy(x + Ax/2) — Hy(x — Ax/2), m = 1,2,3. We can then obtain
the final numerical flux:

8}_& = P1(xit1/2) = [8(ui2) —3g(ui—1) —9g(u;) + 11g(ui11)]/12,

§§i)% = Po(xit1/2) = [g(ui—1) — 158 (u;) + 158 (ui+1) — g(uit2)]/12, (11)

87 = Palxiaa) = [=11g(wi1) + 98 (i) 38 (wis2) — g(uia)]/12,

In order to avoid numerical oscillation, the nonlinear weights are added as

® 4

i+

@ 4

i+

8y = @8l + g + g, (12)

Nl—=
N\»—l
N\»—l
N\»—l

where w;;, are the nonlinear weights. It should be noted that, since the linear weights may
become negative, an additional step is required to address this issue. The most common
approach is to split the linear weight into two parts and handle them separately [12].
To enhance the accuracy with which nonlinear weights approximate linear weights in
smooth regions, a mapping function [13] can also be employed:

w(dm + d2, — 3dyw + w?)

Gn(w) = ,
m(w) d2, + w(1 —2dy)

(13)

where d,, is the linear weights. This step is essential for maintaining the sixth-order accuracy
of the scheme.

2.2. Mapped Unequal-Sized WENO Scheme

The WENO scheme employing non-uniform stencils delivers significant compu-
tational advantages. The construction procedure initiates by defining three spatially
asymmetric templates: a centered three-point stencil T = {x;_1,x;,x;11}, a right-
biased three-point stencil T, = {x;,x;11,%;.2}, and an extended six-point stencil
Ts = {xi_2,Xi_1,%;,Xi41, Xi+2, Xi1+3 }. We construct two quadratic polynomials H; (x) and
H(x) on Tq and T,. Additionally, we formulate a quintic polynomial on T3, ensuring that
all these polynomials satisfy the specified equations

1 o+ s
z ) s (L Hilo)e)dx = glulx))x € T, (14)
] 2 2
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x+Ax +A.x
sz/] / p)dp)dx = g(u(x))), xj € To, (15)

xj+ 5
sz/ / H3((P de)dx = g(u(x;)), x; € T3, (16)

By utilizing the aforementioned equations, the three polynomials can be easily de-
termined. We assume py,(x) = Hy,(x + Ax/2) — Hy(x — Ax/2), m = 1,2,3. We can then
obtain the final numerical flux. To facilitate their use in subsequent steps, we present their
explicit expressions here:

x—x; 1
p1(x) = (gi—1 —28i +gi+1)Wl + i(gm —8i-1)

(17)
x—x; 3 1
p2(x) = (8i = 28i+1 + 8iv2) =~ — 58i T 28iv1 — 58i+2
—8i—2 — 108i +58i—1 +10gi11 + gi3 — 58it2 X 4
p3(x) = 4 ( Ax )
L 82t 6gi —48i-1 —48i+1 + Gi+2 (x X E
6 Ax
70g1 — 11g1 1 581 2 94g1+1 + 47g1+2 + 7gz+3 (x — X )2 (18)
48 Ax
4 228+ 1281 — 8ia + 128141 — 8ivo (X%
8 Ax
| —2590g; —2785g; 1 + 3418 + 6670gi+1 — 1895142 + 259113

5760

We use nonlinear weights w; and linear weights d,, to perform a convex combination
of them, and the final reconstructed value is as follows:

. 1 d d
$iy1= wyp1(x;) + wap2(x;) + ws(dfjm(xi) - d*;m(xi) - df}?z(xi)) (19)

Writing it in this convex combination form has an advantage: the linear weights
no longer need to be solved and can be arbitrarily chosen as positive numbers that sum
to 1. This avoids the issue of negative values in the linear weights and eliminates the
additional step of splitting the linear weights. The associated nonlinear weights therein
have been newly designed. First we use the same definition as the WENO schemes [8] for
the smoothness indicators:

4 Y Al
B = ZAxZH/ TS g 1,03, (20)
=1

Xi dxl

Now we show the explicit expressions for B>, 2 and B3:

Br =(8i-1—28i + gi+1)>

(21)
B2 =(8i — 28i+1 + git2)%
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1
Ps = Goas0 {83708&22 +200206487 ; + 78471447 + 7847144¢7 |

— 15310492g181+1 + 72054688181+2 — 77383228i+18i+2
+20020648%, 5 + 8i2) [ —791699g; 1 + 1457188g;

(22)

— 1308130g1‘+1 + 574412gi+2 — 99187gi+3 — 1308130gig1’+3

+ 1457188811113 — 7916998142314 + 83708g7 5 + g 1|
— 7738322g; + 7205468¢;1 — 3253987g;12 + 574412gi+3} }
Similar to [22,23], we can define the nonlinear weights as
wT]’lVI = kwni 4 n= 1/2/ 3/ (23)
Y1 Wi

Tmax % %

wn:dn<1+<%> >:dn<1+(T:"“> ) (24)
1+\/ anz €+Tn21in+18%

where Ty = max( %, ﬁ%, ,B%) and T, = min( %, ,B%, ,B%) Here, ¢ is a small positive num-
ber to prevent the denominator from becoming zero. In smooth regions, the nonlinear
weights may not approximate the linear weights sufficiently well, potentially leading to
a loss of accuracy. To address this issue, this paper proposes a novel mapping function
that effectively reduces the discrepancy between nonlinear and linear weights by relax-
ing the conventional constraint requiring the second derivative to vanish at the linear
weights. The function G, (w) is monotonically increasing with a finite slope and satisfies
Gn(0) =0,G,(1) =1, G,(ll) (dn) =0, 61(12) (dy) = dy. Unlike traditional mapping functions,
this new function removes the strict requirement that the second derivative of the function
must be zero at the linear weights. We can then obtain

_ w(df +dn(2 - 6w) +20” — di (14 w) +d3 (2 + w))

Gu(w 25

(@) di +2w —4dyw — d5(1 4+ w) + d2(2 + w) @)
Thus, the final nonlinear weights are w:
M

wn= @) 3, (26)

B Z]?c):] Gk(w]](v[)

2.3. Analysis of MUS-WENO Scheme

Next, we will verify that the constructed MUS-WENO scheme can achieve sixth-order
accuracy in smooth regions:

N 1 d d
8iv1 = wip1(xi) + wapa(x;) + wa(dzps(xi) - dfPl(xi) - dfr)z(xi)) = H(x; + Ax) — H(x;) + O(Ax”).  (27)

We first present the errors of three linear reconstruction polynomials in smooth regions:

1 d°H 3 4
p1(x;) = H(x; + Ax) — H(x;) + a3 |x=x,Ax° + O(Ax™),
N — H(x (e LEH 3 1 O(Axt (28)
p2(x;) = H(x; + Ax) — H(x;) + 12 d:3 |x=x; A7 + O(Ax"),
1 dH . g
p3(xi) :H(xl-—i—Ax) —H(xi)—i-%Wh:xiAx —i—O(Ax )
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Therefore, the error of the polynomial recomposed by the linear weight convex
combination is

1 d d
—pa(x;) — 5 p1(x;) — T pa(xi) = H(x; + Ax) — H(x;) + O(Ax®). (29)
ds ds ds
We thus obtain
. 1 di da
$iy) = w1 p1(x;) + wap2(x;) + WS(%PC’;(?@) - %Pl(xi) - jgpz(xi)),
1 d d
= p3(x;) + (w1 — d1)p1(x;) + (w2 — d2) pa(x7) + (w3 — d3) (5-p3(x;) — 5-p1(x1) — - p2(x)), (30)
ds ds ds
3
= H(x; + Ax) — H(x;) + O(AX7) + Y (wy — d) % O(Ax3).
k=1

Therefore, it suffices to prove that
wy, —dy < O(AxY), (31)

under the condition that ¢ < §;, for n = 1,2,3. We then analyze the nonlinear weights and
the mapping function. By performing a Taylor expansion of the smoothness factor at x;,
we obtain

Br = (/)28 + g5 Ax + O(AX), (32)
B2 = (87)*Ax* 427! Ax® + O(Ax®), (33)
Bs = (87 )?Ax* + gi'g!"Ax® + O(Ax®), (34)

Therefore, if ¢ # 0, we have Tyax = O(Ax®), Tin = O(AX8). They satisfy

1
W =dy (1 + <s+O(AOx(2A)Jf)O(Ax8)> 2) =d, +O(Ax%). (35)
If ¢ = 0, we have Tyax = O(AX'2), T, = O(Ax'0). They satisfy
1

Wy = dy, (1 + (%) 2) =d, 4+ O(Ax?). (36)
By Taylor series approximation of the G, (w;,) at d,, and the above condition, we have

wn = Gu(wp!) = Gu(@n) = Gu(dn) + Gy (dn) (@ — dn) + Gggd”) (@n —dn)*+ ...
:dn+%(wn—dn)2+... (37)

< dy +O0(Ax*h).
Now all conditions are satisfied.

2.4. Time Discretization Method

After calculating the value of the flux of formula, we can express it in the form of a
simple differential equation as follows:

—ui(t) = L(w), (38)
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where the operator L refers to the right-hand side of Formula (4). For notational simplicity,
we suppress the subscript i in the following equations. There are many numerical schemes
for solving this differential equation, and we use the most commonly used third-order TVD
Runge-Kutta time discretization method [24] for the calculation:

u®) =y + AtL(u™),
u® = %u” + %u(l) + %AtL(u(l))

) (39)
yntl — %un + %M(Z) + %AtL(M(Z))-

The MUSWENO scheme can also be easily applied in two dimensions. For simplicity,
we do not discuss it in detail. For u; + g1 (u)x + g2(u)y = g3(1)xx + ga(u)yy, the time step

is set as CFL
Af — , 40
ocx/Ax—l—,By/Ay—l—'Yx/sz+77y/Ay2 0
where ay = maxy |g; (1), By = maxy g2(u)], 72 = maxy Ig;,(u)|,77y = maxy [g, ()],

and CFL = 0.4. The specific explanation can be found in [19].

Remark 1. The framework of the new MUSWENO scheme remained largely identical to conven-
tional WENO schemes. Aspects not detailed herein were processed according to traditional WENO
methodology. The primary distinctions lay in its utilization of three unequal-sized spatial stencils
and the design of novel nonlinear weights and mapping functions.

3. Results of Numerical Modeling

In this section, we conduct an extensive series of numerical experiments to eval-
uate the performance of the finite difference MUSWENO scheme. To demonstrate its
superiority, we compare it with the classical sixth-order WENO scheme (WENO®6) [11].
For the WENOG6 scheme, we also employ grouping techniques for the negative linear
weights and apply mapping procedures to the nonlinear weights. In some individual
cases, the eighth-order WENO scheme was also tested for convenient comparison. In the
MUSWENO scheme, the linear weights in the subsequent numerical experiments are all
set to (dq,dp,d3) = (0.01,0.01,0.98). Although the linear weights can be chosen arbitrarily,
numerical tests show that the performance of the MUSWENO scheme varies only slightly
when different linear weights are used.

Example 1. We consider a one-dimensional heat equation:

i = U, —TSXST, (41)
u(x,0) = sin(x).

The exact solution of this equation is u(x,t) = e 'sin(x). Numerical simulations are performed

using both the WENOG6 and MUSWENO schemes under periodic boundary conditions. The norm of

error is computed according to Ly = ﬁ YN lui —u(xi,t)], Leo = maxo<jcn |1 — u(x;t)],

where u; is the numerical solution at the final time t = 2. In Table 1, it can be seen that all schemes

can reach their designed order of accuracy. Although the numerical errors of both schemes are of the

same order of magnitude, the MUSWENO scheme exhibits slightly smaller errors.
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Table 1. Example 1. Heat equations: L1 and Le errors at ¢ = 2.
WENOG6 MUSWENO

N L1 Error Order Ly Error Order N L1 Error Order L& Error Order
20 2.39E-07 4.00E-07 20 2.19E-07 3.61E-07

40 3.66E-09 6.03 5.91E-09 6.08 40 3.61E-09 5.93 5.80E-09 5.96

60 3.24E-10 5.98 5.17E-10 6.00 60 3.21E-10 5.96 5.13E-10 5.98

80 5.79E-11 5.98 9.22E-11 6.00 80 5.76E-11 5.98 9.15E-11 5.99
100 1.52E-11 5.98 2.42E-11 5.98 100 1.51E-11 5.98 2.40E-11 5.99

Example 2. The porous medium equation is commonly employed to evaluate the numerical accuracy
of schemes due to the availability of its exact solution. The initial condition is set as u(x,0) =
(max{1— %M%O})ﬁ with boundary conditions u(+6,t) = 0. Figure 1 presents the
numerical solutions computed with N = 200 grid points for m = 3,5,8, and 11 at the final time
t = 2, where the solid line represents the exact solution. The results demonstrate that both schemes
yield comparable numerical solutions when m = 3 and 5. However, as m increases, the WENOG6
scheme exhibits significantly larger errors, whereas the MUSWENO scheme maintains superior
accuracy. Subfigures (d) and (f) in Figure 1 specifically compare the numerical errors of the two
schemes at m = 8 and m = 11, respectively, further illustrating the enhanced performance of the

MUSWENQO scheme for higher nonlinearity.

1 1
B u Exact
'WENO6
I Exact | MUSWENO
0.8 WENO6 08
- MUSWENO -
0.6 06
s s |
0.4 04
0.2 02
01 01
L 1 [ 1 1 L1 [
4 6 -6 -4 2 0 2 4 6
X
b)ym =5
; 0.06| = Vushieno
Exact
a 'WENO6
L \ MUSWENO
0.8
I 0.04 -
0.6
L =
o
=
S F w
0.4
L 0.02
0.2 |
0 L iE d
L 1 L | 1 1 1 L |
4 6 0% -4 2 0 2 4
X
(d)m=8

Figure 1. Cont.
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r Exact 012 —=— WENOG
- 5 WENOG o ——&— MUSWENO
"NKMUSWENO

0.1
0.08 -

=

o

0.06 -

1P

0.04 -

(eym =11 Hym=11

Figure 1. Example 2. Barenblatt solution to the PME when m = 3,5,8,11. t = 2.

Example 3. We now examine the collision of two boxes with different heights. The physical context
for this initial value problem involves interpreting the variable u as temperature, where the governing
equation describes the behavior when two localized heat sources are abruptly introduced into distinct
domains. Accordingly, we define the initial condition as

1, —4<x<-1,
u(x,0)=¢ 2, 0<x<3, (42)
0, otherwise.

with the boundary condition u(+6,t) = 0 for t > 0. The computational domain spans [—6, 6],
discretized into 160 grid points. Figure 2 presents the numerical solution of the porous medium
equation (PME) with m = 6 at t = 0.06. Since this problem lacks an exact solution, we compare our
results with the numerical solutions reported in [25], and observe that the profiles of the numerical
solutions show good agreement. To demonstrate the superiority of the proposed MUSWENO scheme,
we conduct comparative studies with both WENOG6 and WENOS schemes. The numerical results
show significant improvement over WENOG6 while being slightly inferior to WENOS.

B WENO6

B MUSWENO

F WENO8
12

WENOG
MUSWENO

—5— WENos

08|
06l
04k

02|

I I I I
-0.6 -0.4

xol

Figure 2. Example 3. Collision of two-box solution for PME.

Example 4. Here, we investigate the convection—diffusion Buckley—Leverett equation [26], which
plays a fundamental role in modeling two-phase flow in porous media:

ur+ f(u)y = e(v(u)uy))x, ev(u) > 0. (43)

where u(x, t) represents the saturation of the wetting phase, f (1) denotes the fractional flow function
characterizing the convective transport, and the right-hand side models the capillary diffusion effects
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with v(u) being the nonlinear diffusion coefficient. In this example, the ¢ is set as 0.01 and we
consider the following three cases for numerical testing:

Case 1:
4y —4u?, 0<u<1 u?
— 4 - — = —Q0 44
v(w) { 0, otherwise, fu) 2u? —2u+1 (44)
1-3x, 0<x<1/3,
,U) = 4
u(x,0) { 0, 1/3<x<1. #5)

The left boundary as u(0,t) = 1 and the right boundary can be extrapolated.
Case 2: The functions v(u) and f(u) remain the same as in Case 1, but with the following
discontinuous initial condition:

u(x,O):{O' 0<x<1-v2/2, )

1, 1—v2/2<x<1.

Boundary conditions are u(0,t) = 0and u(1,t) = 1.
Case 3: The functions v(u) and u(x,0) remain the same as in Case 1, but due to gravitational
effects, the convection term is modified to

2

f(u) - 7 (1=50—u)?) (47)

T ult(1—u
Boundary conditions are u(0,t) = 0 and u(1,t) = 1.

We conducted numerical simulations for these three cases, employing the WENO-JS
scheme to discretize the convective term in the equation, while utilizing both the WENO6
and MUSWENO schemes for discretization of the diffusive term. Figure 3 shows all
numerical results with 100 grid sizes at the final time ¢t = 0.2. We use the numerical solution
when the mesh number of the WENO6 scheme is encrypted to 800 as an exact solution
for reference. Figure 3a,b present the simulation results for Case 1 using the two different
schemes. The results clearly demonstrate that the MUSWENO scheme achieves better
performance in regions with steep gradients. Similar conclusions were drawn for the other
two cases.

Example 5. We investigate the numerical solution of a strongly degenerate parabolic convection—
diffusion equation of the form
up+ f(u)x = e(v(u)ux)z, (48)

where ¢ = 0.1 controls the diffusion strength, and the convective flux is given by f(u) = u?.

The diffusion coefficient v(u) is defined piecewise:

<02
vuy=4 % <02 (49)
1, |u| > 025,

This discontinuous coefficient leads to mixed hyperbolic-parabolic behavior: the equation
becomes purely hyperbolic in regions where |u| < 0.25, while remaining parabolic elsewhere. The
problem is solved with the initial condition

1 1
1, —1%—0.4<x<1—ﬁ+0.4,
u(x,0) =14 —1, B-04<x<I5+04, (50)

0, otherwise.
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and homogeneous Dirichlet boundary conditions at both domain boundaries. We take the solution of
the WENOG schemes as the exact solution when the grid number is 800. The results of MUSWENO
schemes with 200 grid sizes at time t = 0.7 are shown in Figure 4. Numerical results show the high
resolution and the accurate transition between the hyperbolic domain and the parabolic domain.

B Exact : Exact
- o WENO6 0.15 ~——a—— WENO6
° MUSWENO ST ——o— MUSWENO
08 i
3 0.1}
06 i
> =0.05 -
0.4 i
i ok
02 I
i -0.05 [
0 TR TR 1 1 £l I T R R
0 0.2 0.4 0.6 0.8 0.4 0.45 0.5 0.55 0.6
(a) (b)
1 Exact 1 Exact 3
= o WENO6 | o WENO6
| A MUSWENO | A MUSWENO
0.8 08
0.6 0.6
E] 3 s |
04 04
02 02
0 04
T T T | T | I TR TR
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
(c) (d)

: Exact
i O  MUSWENO
041
021
3 0
02
04
P I B
-2 -1.5 -1 -0.5 0.5 1 1.5 2

Figure 4. Example 5. The Riemann problem for the strongly degenerate parabolic equation. T = 0.7.

0
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Example 6. Example 6. We consider a two-dimensional PME
up = (U2)xx + (u?)yy, (x,y) € [~10,10] x [~10,10], (51)
with initial condition
P o) (P27 + W +2)7 <6,
u(x,y,0) = exp(m), (x+2)2+(y—2)2 <6, (52)

0, otherwise.

The periodic boundary conditions are applied in each directions. The numerical results of
MUSWENQO schemes at time t = 0.0, 0.5, 1.0, and 4.0 are shown in Figure 5. We can see that
this scheme captures the sharp interface very well without introducing noticeable oscillations.
The numerical results coincide well with that reported in [27].

10 10

@t =00 (b)t =05

10 10

1010

(©t=10 dt=10

Figure 5. Example 6. 2D PME. From left to right, from top to bottom: the numerical results obtained
using the MUSWENO scheme at t = 0,0.4,1, and 4. 80 x 80 grid points.

Example 7. We consider the two-dimensional Buckely—Leverett equation [28]
ur+V-f(u) =eAu, (x,y) € [-10,10] x [—10,10], (53)
where f(u) = (f1(u), f2(u)) represents the flux vector with components

u? u?(1—-5(1—u)?)

W) = A = mara e

(54)

and ¢ = 0.01 denotes the diffusion coefficient. The computational domain is discretized using
a uniform grid of 200 x 200 points, with periodic boundary conditions applied in both spatial
directions. The initial condition is given by a circular discontinuity:

1, ¥2+y*><05

55
0, otherwise. (55)

M%%@—{

Figure 6 presents the numerical solutions obtained using the MUSWENO scheme, dis-
playing both contour maps and surface plots. The results demonstrate excellent agreement
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with the reference solutions reported in [28], validating the accuracy and robustness of the
numerical method.

(a) Contour (b) Sruface

Figure 6. Example 7. 2D Buckley-Leverett equation. The final time is T = 0.5. Contour and Surface
the solution. Computational domain discretized with 200 x 200 uniform grid points.

Example 8. We study the two-dimensional strongly degenerate parabolic convection—diffusion equation
ur+V-f(u) =eV- (v(u)Vu), (56)

where ¢ = 0.1, the convective flux f(u) = (f(u), f(u)), with f(u) = u?, and the degenerate diffu-
sion coefficient v(u) is defined in (49). The initial value is condition consists of two discontinuous
circular patches:

1, (x+05)*+ (y+05)? <0.16,
u(x,y,00 =4 -1, (x—05)2+(y—05)?<0.16, (57)
0, otherwise.

Homogeneous Dirichlet boundary conditions are imposed on all domain boundaries.
Using the same computational domain and mesh resolution as in Example 7, Figure 7
displays the numerical solutions at t = 0.5 obtained by the MUSWENO scheme.

15

(a) Contour (b) Surface

Figure 7. Example 8. 2D strong parabolic equation. The final time is T = 0.5. Contour and Surface of
the solution. Computational domain discretized with 200 x 200 uniform grid points.
4. Concluding Remarks

In this paper, we propose a new mapped unequal-sized WENO (MUSWENO) scheme
to solve nonlinear degenerate parabolic equations. We apply the idea to the approxi-
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mation of the second-order derivative, and successfully achieve sixth-order accuracy in
smooth domains. The newly developed nonlinear weights and mapping functions demon-
strate significant improvements, delivering reduced numerical errors, enhanced resolution,
and complete flexibility in linear weight selection. Future work will focus on implementing
this framework within the Degasperis—Procesi equations.
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