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Abstract: In this study, we consider a multi-server priority queueing model with batch
arrivals of two types of customers, a finite buffer, and two input finite buffers for storing
customers that cannot be admitted for service immediately upon arrival. The transition
of a customer from an input buffer to the main buffer can occur after an exponentially
distributed time. Customers residing in the input and main buffers are impatient. The
four-dimensional Markov chain is used to describe the dynamics of the system under
consideration. It is analyzed via the derivation of its generator and providing an effective
algorithm for computing its steady-state probabilities. Formulas for calculating the system’s
major performance metrics are established. Numerical results demonstrating the suggested
methods’ viability and the effect of variation of transition rates of customers from the input
buffers are presented.
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1. Introduction
Mathematical modeling of many real-world objects can be implemented using the

tools provided by queueing theory as the branch of applied probability theory. Initially,
queueing theory was developed on the assumption that so-called customers who receive
service in a queueing system are statistically homogeneous and have equal importance for
the system. However, there are many real-world objects for which this assumption does
not hold true. Customers can be categorized into several types. The customers of different
types can require different amounts of resources or time for their service. Customers
can have different requirements for the indicators of the quality of service and different
financial, social, etc., values for the system. In such a situation, it sounds reasonable to
differentiate the rate of access, the speed, or the quality of service provided to different
types of customers.

One of the well-proven methods for such a differentiation is the assignment of different
priorities to different types of customers. Customers having higher priority are better
treated in the system: they have easier access to the servers and buffers as well as the first
choice after a busy server becomes available.
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1.1. Brief Literature Survey

Priority queue analysis has already been the subject of a large body of literature since
the early books [1–5]. Various types of priorities are examined in the literature, including
preemptive, non-preemptive, mixed, static, dynamic, changing, and accumulating priorities.
As recent papers containing more references to the relevant literature and examples of
real-world applications, we mention [6–8]. Among the wide range of practical applications,
the following two popular ones nowadays can be mentioned especially. They are the
various applications in telecommunications, e.g., in analyzing the performance of mobile
communication networks with handover customers and in cognitive radio systems and
healthcare systems, e.g., hospital intensive care unit management, in particular the triage
of patients. In this paper, we restrict ourselves to the priority queueing models with two
types of customers.

Setting priorities is a very delicate issue because giving more priority to one type
of customer inevitably entails the deterioration of service conditions for another type.
Therefore, it is necessary to find a reasonable trade-off between the interests of two types of
customers and their value or social importance.

In case one type of customer is essentially more important and valuable, evidently
the preemptive priority can be provided to this type. This kind of priority supposes that
customers of non-priority type do not have any chance to enter service until the moment
when a priority customer has been served by one of the servers and no priority customers
are waiting. Additionally, when a priority customer shows up while all servers are occupied
and some of them are serving non-priority customers, the priority customer begins service,
and one non-priority customer is pushed out.

In case one type of customers is more important and valuable but the difference in
the values is not very essential, the non-preemptive priority can be used. In contrast to the
preemptive priority, service interruption of a non-priority customer at the moment of the
priority customer arrival is not allowed.

Sometimes, the importance and value of one type of customer over another one are
less essential than in the previously mentioned cases, and the prohibition on non-priority
customers (probably already waiting for a long time) entering service until all waiting
(probably just arrived) priority customers enter service looks discriminatory and unfair. In
such a situation, the mentioned schemes for a priori priority providing may not be flexible
enough. Here, we propose and discuss a variant of more flexible provision of advantage
to one type of customer. It is realized via the preliminary delay of arriving customers in
separate dedicated buffers of a finite capacity and different speeds of customer transition
to the main buffer in which customers wait for service beginning when all servers are
busy. Such a delay offers some chance to long-waiting non-priority customers to overtake
recently arrived priority customers and improves the fairness in access to service.

The mathematical model of the system with such a mechanism of advantage providing
was considered in paper [9] for a single-server system and in [6] for a multi-server system.
The main buffer was assumed to be infinite, and the possibility of pushing out the customer
from the input finite buffer to the main buffer when the finite buffer is full at the next
customer arrival was suggested. This was performed to avoid the arriving customer’s
loss due to the finite buffer overflow. Customer loss can happen only due to the too-long
stay of a customer in a finite or the main buffer, i.e., due to the impatience of customers.
Impatience is an important phenomenon, see [10], that has to be carefully taken into account,
aiming to adequately model a real-world object. In ref. [11], a recent survey devoted to
queueing systems with impatient customers is presented. Very recent papers in this subject
are [12–16].
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In refs. [6,9], the marked Markov arrival process (MMAP), see, e.g., [17], is assumed
to define the arrival flow. This is an extension of the more well-known Markov arrival
process (MAP), see [18–22], to the case of heterogeneous customers. By taking into account
the MAP and MMAP rather than the stationary Poisson process, the mathematical model’s
suitability for a real-world item is fundamentally increased. The MAP and MMAP
much better fit the realizations of many real-world processes that can be available as
files containing time stamps that record arrival moments. When the inter-arrival time in
the actual arrival process exhibits a high variance and a positive correlation, there can
be significant inaccuracies in performance characteristics evaluation and assessing the
resources needed for the system’s correct operation when the stationary Poisson process is
used as the model of the actual arrival process.

1.2. Contributions of This Paper

Compared to the fairly general model examined in [6], the queueing model examined
in this study contains the following two key differences and may have promising real-world
applications.

• The first one consists of the assumption that customers can arrive not one by one but
in batches of a random size. A customer batch arrival is typical for various real-world
systems, including telecommunication systems where the transmitted information
is divided into smaller units, e.g., packets, and emergency rooms in hospitals where
a whole group of patients can appear at the same time due to an accident occurring.
The possibility of batch arrivals is taken into account via consideration of the batch
marked Markov arrival process (BMMAP), see, e.g., [20], as the model of arrivals to
the system.

• The second one is the assumption that the main buffer has not infinite but finite
capacity. This assumption is more realistic for the majority of real-world systems. This
assumption makes it impossible to push out the customers from the input buffers
to the main one when both the input buffer and the main buffer are overflowed.
Therefore, while the customer loss is possible in [6] only due to the impatience, in the
considered model customer loss can also occur at the customer arrival moment due to
the buffer overflow. The whole group of customers can be lost at the same moment
due to the batch arrivals. Thus, to reduce the likelihood of customer loss, which is
higher than in the model from [6], the problem of optimal choice of capacities of the
buffers and the transition rates of customers from the input buffers to the main one
becomes crucial, and it can be solved based on the results of the analysis implemented
in this paper.

The listed distinctions essentially complicate the system analysis since the handling
of an arbitrary arriving customer can be different depending on the type of customer, the
size of a batch in which the customer arrives, the number of idle servers, the occupancy of
the respective input buffer, and probably the occupancy of the main buffer. This diversity
of possible scenarios of the customer handling implies more technical difficulties in the
mathematical description of the system and analysis of the corresponding random process.

1.3. The Outline of the Presentation

The structure of the paper is as follows. The operation of the queueing system with
two types of customers, two dedicated input finite buffers, and the finite main buffer is
explained in Section 2. The definition of a four-dimensional continuous-time Markov chain
(MC) that describes the system’s operation is the focus of Section 3. The main result here
is the derivation and proof of the generator of this Markov chain, the entries of which
carefully account for all variants of the chain transitions during the infinitesimally small
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time interval. This generator is the block upper Hessenberg matrix with all zero blocks
above the finite number of diagonals above the main diagonal. This makes it possible to
simplify the existing technique for solving the equilibrium equations for the vectors of
invariant probabilities. In Section 4, formulas for calculating system performance metrics
are provided, along with proofs for some of them. Section 5 provides an example of the
algorithms’ implementation for computing invariant probabilities and performance metrics.
A problem of optimal selection of customers’ transition intensities from the input buffers
to the main buffer is also considered. A short Section 6 concludes the paper and briefly
touches on the possible directions for future research.

2. Description of the System Under Study and Its Parameters
We consider the queueing system that consists of a service device with N identical

servers, the finite main buffer of capacity M, and two input buffers: Buffer 1 and Buffer 2.
The capacity of Buffer 1 is equal to K and the capacity of Buffer 2 is equal to R. Figure 1
depicts this queueing system’s topology.

Buffer 1

Buffer 2

prio i yr t

non-prio i yr t

Figure 1. Topology of the system under consideration.

There are two types of customers entering the considered system in groups. We
assume that the maximum size of a group of customers of the first (second) type is limited
by parameter M1(M2). We assume that M1 ≤ K, M2 ≤ R, i.e., the maximum sizes of the
batches, do not exceed the capacities of the corresponding dedicated buffers. We denote
M̄ = max{M1, M2}.

The arrival flow is modeled by the BMMAP directed by an underlying process νt, t ≥ 0.
This process is an irreducible continuous-time MC with the finite state space {1, 2, . . . , W}.
The transitions of this chain are defined by the square matrices D0, D(m1)

1 , D(m2)
2 , m1 =

1, M1, m2 = 1, M2, of size W as follows:
The intensity of the MC νt, t ≥ 0 leaving state ν, ν = 1, W, is the module of the νth

diagonal element of the matrix D0.
The intensities of the MC νt, t ≥ 0 transitions without the generation of groups of

customers are the non-diagonal elements of matrix D0.
The intensities of the MC νt, t ≥ 0 transitions with the generation of a group of ml

type-l customers are the elements of matrix D(ml)
l , ml = 1, Ml , l = 1, 2.

The generator of the MC νt, t ≥ 0, has the form D(1) = D0 +
M1
∑

m=1
D(m)

1 +
M2
∑

m=1
D(m)

2 .

Above, we use the denotation like m1 = 1, M1. This means that m1 ∈ {1, 2, . . . , M1}.
Let us represent the vector of stationary probabilities of the states of the MC νt, t ≥ 0,

by θ which is the solution to the system

θD(1) = 0, θe = 1.
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Note that 0 defines a zero row vector and e is a unit column vector.
The average arrival rate λl of customers of type l, l = 1, 2, is determined as

λl = θ
Ml

∑
ml=1

ml D
(ml)
l e, l = 1, 2.

The average rate λ of customers is defined as λ = λ1 + λ2.
For more information on BMMAP, see, for example, [20].
If the number of idle servers at the moment of arrival of a group of customers of any

type is greater than or equal to the size of this group, then all customers from this group
start receiving service without visiting any buffer.

If the number of idle servers is lesser than the size of the group, then part of the group
of customers of the lth type occupies the free servers and starts service, and the remaining
part is placed in Buffer l, l = 1, 2, dedicated for storing the lth type customers.

When all servers are occupied at the moment of arrival of a group, then the received
customers are placed into the buffer dedicated for their type. Moreover, if there is not
enough space there, then part of the customers from the head of the queue proceeds to the
main buffer, but no more than the number of free places in the main buffer. Those arriving
customers for whom there is not enough space are lost. This implies that we take into
account the discipline known as partial admission. Analogously to the analysis below, the
alternative disciplines, such as complete rejection (since the entire group is rejected if not
all arriving customers can be admitted to the system) or complete admission (since the
entire group is accepted if at least one arriving customer can be admitted), can be examined
independently.

A type l customer resides in Buffer l for exponentially distributed time with parameter
γl , γl ≥ 0, l = 1, 2. After this time, the customer tries to enter the main buffer. If the
main buffer is full, the customer continues to wait for service in Buffer l. It makes another
attempt to leave Buffer l after exponentially distributed time with the same parameter γl .
After moving to the main buffer, both types of customers become identical and are served
according to the FIFO discipline.

Type-1 customers have priority over type-2 customers. This means the following. The
released server serves the first customer from Buffer 1, if any, if the main buffer is empty at
the moment of service completion. Only in the case of empty Buffer 1 the first customer
from Buffer 2 can be chosen for service. If all buffers are empty, the server waits until a
group of customers of any type enter the system, and the server has an opportunity to start
providing service.

In addition, the priority of customers of the first type over the second one may be
granted by assuming that the rate γ1 of the transition of customers of the first type from the
input buffer to the main buffer is greater than the rate γ2 for the second type of customers
and also by choosing a larger capacity of the input buffer for priority customers to reduce
the chance of customer loss.

Customers waiting in the buffers are impatient. The customer’s patience time in Buffer
l has an exponential distributed time with the intensity αl , αl ≥ 0, l = 1, 2. The customer’s
patience time in the main buffer has an exponential distributed time with the intensity α,
α ≥ 0. A customer departs the system without receiving any service once its patient time
has passed (is lost).

The service time of a customer has an exponential distribution with the parameter
µ, µ ≥ 0.

In order to compare the quality of the system’s operation under the many variants
of the system’s parameters, it is important to examine the system’s performance metrics
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under each fixed variant. Below we assume that all parameters of the model listed in this
section are fixed.

3. Analysis of the Random Process Describing the Behavior of the System
Since the current state of the system is defined by several entities, including the

number of busy servers, the number of customers in the main buffer, Buffer 1 and Buffer 2,
and the state of the BMMAP underlying process, there are different ways for constructing
the stochastic process that specifies the behavior of the system. We decided to proceed with
analysis as follows.

We let

it, it = 0, N + M, be the number of customers in the main buffer and on servers;
kt, kt = 0, K, be the number of customers in Buffer 1;
rt, rt = 0, R, be the number of customers in Buffer 2;
νt, νt = 1, W, be the state of the arrival process
at time t, t ≥ 0.

Then, it is easy to see that the process ξt = {it, kt, rt, νt}, t ≥ 0, with state space(
{i, 0, 0, ν}, i = 0, N − 1

)⋃(
{i, k, r, ν}, i = N, N + M

)
,

k = 0, K, r = 0, R, ν = 1, W,

is an irreducible continuous-time MC.
In accordance with established methods for analyzing these types of chains, such

as [23], we list the states of the MC under consideration in lexicographic order and designate
as level i the collection of states with the value i of the component it, i = 0, N + M. We
denote by Q the generator of the MC ξt.

Theorem 1. The matrix Q has the following block upper-Hessenberg structure:

Q =



Q0,0 Q0,1 . . . Q0,M̄ O O . . . O O O
Q1,0 Q1,1 . . . Q1,M̄ Q1,M̄+1 O . . . O O O
O Q2,1 . . . Q2,M̄ Q2,M̄+1 Q2,M̄+2 . . . O O O
...

...
. . .

...
...

...
. . .

...
...

...
O O O . . . O O . . . QN+M−1,N+M−2 QN+M−1,N+M−1 QN+M−1,N+M

O O O . . . O O . . . O QN+M,N+M−1 QN+M,N+M


, (1)

where non-zero blocks Qi,j contain the intensities of the MC transition from states of level i to states
of level j.

These blocks are defined as follows:

Q0,0 = D0,

Qi,i = D0 − µiIW , i = 1, N − 1,

Qi,i = I(K+1)(R+1) ⊗ (D0 − µNIW) +
M1

∑
m=1

K+
m ⊗ IR+1 ⊗ D(m)

1

+IK+1 ⊗
M2

∑
m=1

R+
m ⊗ D(m)

2 − (α1 + γ1)CK+1 ⊗ I(R+1)W − (α2 + γ2)IK+1 ⊗ CR+1 ⊗ IW

+α1CK+1E−
K+1 ⊗ I(R+1)W + α2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW
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+δi=NµN(E−
K+1 ⊗ IR+1 + ÎK+1 ⊗ E−

R+1)⊗ IW − (i − N)αI(K+1)(R+1)W , i = N, N + M − 1,

QN+M,N+M = I(K+1)(R+1) ⊗ (D0 − µNIW) +
M1

∑
m=1

K̃+
m ⊗ IR+1 ⊗ D(m)

1

+IK+1 ⊗
M2

∑
m=1

R̃+
m ⊗ D(m)

2 − α1CK+1 ⊗ I(R+1)W − α2 IK+1 ⊗ CR+1 ⊗ IW

+α1CK+1E−
K+1 ⊗ I(R+1)W + α2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW − MαI(K+1)(R+1)W ,

Qi,i−1 = µiIW , i = 1, N − 1,

QN,N−1 = êT
K+1 ⊗ êT

R+1 ⊗ µNIW ,

Qi,i−1 = µNI(K+1)(R+1)W + (i − N)αI(K+1)(R+1)W , i = N + 1, N + M,

Qi,i+m =


D(m)

1 + D(m)
2 , m ≤ M1, m ≤ M2,

D(m)
1 , m ≤ M1, m > M2,

D(m)
2 , m ≤ M2, m > M1,

i = 0, N − 2, m = 1, min{max{M1, M2}, N − i − 1},

Qi,N =
M1

∑
m=N−i

(e(1)m−(N−i) ⊗ êR+1)⊗ D(m)
1

+
M2

∑
m=N−i

(êK+1 ⊗ e(2)m−(N−i))⊗ D(m)
2 , i = 0, N − 1.

Qi,i+m =
M1

∑
r=m

E(1)
K−(r−m)

⊗ IR+1 ⊗ D(r)
1 +

M2

∑
r=m

IK+1 ⊗ E(2)
R−(r−m)

⊗ D(r)
2

+δm=1(γ1CK+1E−
K+1 ⊗ I(R+1)W + γ2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW),

i = N, N + M − 1, m = 1, min{max{M1, M2}, M + N − i − 1},

Qi,N+M =
M1

∑
r=N+M−i

Ẽ(1)
K−(r−(N+M−i)) ⊗ IR+1 ⊗ D(r)

1

+
M2

∑
r=N+M−i

IK+1 ⊗ Ẽ(2)
R−(r−(N+M−i)) ⊗ D(r)

2

+δi=N+M−1(γ1CK+1E−
K+1 ⊗ I(R+1)W + γ2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW),

i = N, N + M − 1,

where

O is a zero matrix and I is the identity matrix, the size of which can be specified by a subscript;
⊗ means the operation of the Kronecker product of matrices, see, e.g., [24];
K+

m , m = 1, M1, is the (K + 1)× (K + 1) matrix with non-zero entries (K+
m)k,k+m = 1, k =

0, K − m;
R+

m , m = 1, M2, is the (R + 1)× (R + 1) matrix with non-zero entries (R+
m)r,r+m = 1, r =

0, R − m;
K̃+

m , m = 1, M1, is the (K + 1)× (K + 1) matrix with non-zero entries (K̃+
m)k,k+m = 1, k =

0, K − m, and (K̃+
m)k,K = 1, k = K − m + 1, K;

R̃+
m , m = 1, M2, is the (R + 1)× (R + 1) matrix with non-zero entries (R̃+

m)r,r+m = 1, r =

0, R − m, and (R̃+
m)r,R = 1, r = R − m + 1, R;

Cn is the diagonal matrix with the diagonal entries {0, 1, . . . , n − 1}, n = K + 1 ∨ R + 1;
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ÎK+1 is the (K + 1)× (K + 1) matrix with a single non-zero entry ( ÎK+1)0,0 = 1;
E−

n , n = K + 1 ∨ R + 1, is the square matrix of size n with non-zero entries (E−
n )k,k−1 = 1, k =

1, n − 1;
ên, n = K + 1 ∨ R + 1, is the row vector of size n of form ên = (1, 0, . . . , 0);

e(l)m , l = 1, 2, is the row vector of size K + 1, if l = 1, and of size R + 1, if l = 2 with non-zero

entries (e(l)m )m = 1, m = 0, Ml − 1;
E(1)

m is the (K + 1)× (K + 1) matrix with a non-zero entry (E(1)
m )m,K = 1;

E(2)
m is the (R + 1)× (R + 1) matrix with a non-zero entry (E(2)

m )m,R = 1;

Ẽ(1)
m is the (R + 1)× (R + 1) matrix with non-zero entries (Ẽ(1)

m )i,K = 1, i = m, K;

Ẽ(2)
m is the (R + 1)× (R + 1) matrix with non-zero entries (Ẽ(2)

m )i,R = 1, i = m, R;
δA is equal to 1 if A is true and to 0 otherwise.

Proof. The theorem’s proof is based on analyzing the intensities of every possible transition
of the MC ξt in a negligible amount of time.

The block upper-Hessenberg structure of Q is due to customers entering the system in
batches and leaving it (finishing servicing or reneging due to impatience) only one at a time.
Also, since no more than M̄ customers can enter the system in the considered BMMAP
simultaneously, the blocks Qi,j are zero blocks for j > i + M̄.

First, let us examine blocks Qi,i, i = 0, N + M form.
Since Q is a generator, its diagonal elements Qi,i are negative. The modules of these

entries are the intensity of MC ξt leaving its states. Leaving can occur due to the following:

(1) the process νt leaves its current state with the intensities specified by the absolute
values of the diagonal elements of the matrix D0, if i = 0, N − 1, or the matrix
I(K+1)(R+1) ⊗ D0, if i = N, N + M;

(2) a server finishes service. The corresponding intensities are the diagonal elements of
the matrix µiIW , if i = 1, N − 1, or the matrix µNI(K+1)(R+1)W , if i = N, N + M;

(3) a customer leaves Buffer 1 due to impatience. The corresponding intensities are
defined by the matrix α1CK+1 ⊗ I(R+1)W , i = N, N + M;

(4) a customer from Buffer 1 transits to the main buffer. The rates of this event occurrence
are defined by the matrix γ1CK+1 ⊗ I(R+1)W , i = N, N + M − 1;

(5) a type-2 customer leaves Buffer 2 due to impatience. The rates of this event occurrence
are defined by the matrix α2 IK+1 ⊗ CR+1 ⊗ IW , i = N, N + M;

(6) a type-2 customer transits to the main buffer. The intensities of this event are defined
by the matrix γ2 IK+1 ⊗ CR+1 ⊗ IW , i = N, N + M − 1;

(7) a customer from the main buffer leaves the system due to impatience. The intensities
of occurrence of this event are defined by the matrix (i − N)αI(K+1)(R+1)W , i =

N, N + M.

Off-diagonal elements of blocks Qi,i define the MC ξt transition intensities within level
i. These intensities are as follows:

(1) off-diagonal elements of the matrix D0 if i = 0, N − 1, or I(K+1)(R+1) ⊗ D0 if
i = N, N + M, when the arrival process transits to another state with no customers
generating;

(2) elements of the matrix
M1
∑

m=1
K+

m ⊗ IR+1 ⊗ D(m)
1 , i = N, N + M − 1, when a group of

type-1 customers arrives and is admitted to Buffer 1. In the case when i = N + M
(all servers are busy and the main buffer is full), some of the customers of the group
that did not have enough space in Buffer 1 may be lost; therefore, such intensities are

given by elements of the matrix
M1
∑

m=1
K̃+

m ⊗ IR+1 ⊗ D(m)
1 ;
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(3) elements of the matrix IK+1 ⊗
M2
∑

m=1
R+

m ⊗ D(m)
2 , i = N, N + M − 1, when a group of

type-2 customers arrives and is admitted to Buffer 2 and the elements of the matrix

IK+1 ⊗
M2
∑

m=1
R̃+

m ⊗ D(m)
2 when i = N + M;

(4) elements of the matrix α1CK+1E−
K+1 ⊗ I(R+1)W , i = N, N + M, when a customer leaves

Buffer 1 due to impatience;
(5) elements of the matrix α2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW , i = N, N + M, when the customer
leaves Buffer 2 due to impatience;

(6) elements of the matrix µN(E−
K+1 ⊗ IR+1 + ÎK+1 ⊗ E−

R+1) ⊗ IW , when at the end of
service there are no customers in the main buffer, and at least one of Buffers 1 and 2 is
not empty, and one of the customers from one of these buffers starts service.

Now, let us explain the form of the blocks Qi,i−1, i = 1, N + M. These blocks contain
the MC ξt transition intensities when the number of customers in the main buffer or being
served decreases by one.

Such transitions are possible if service is completed (the intensities are the elements
of the matrix µiIW if i = 1, N − 1, or µNI(K+1)(R+1)W if i = N + 1, N + M), and if an
impatient customer leaves the main buffer (transition intensities are the elements of the
matrix (i − N)αI(K+1)(R+1)W , i = N + 1, N + M). The transition from level N to level N − 1
is possible only if the number of customers in all buffers is equal to zero and service in
one of all busy servers is completed. Note that such a transition leads to a reduction in the
state space of the MC ξt. This explains the form êT

K+1 ⊗ êT
R+1 ⊗ µNIW , of the block QN,N−1.

Here, the vector (êK+1)
T ⊗ (êR+1)

T indicates that Buffer 1 and Buffer 2 are empty.
After that, we describe the structure of the blocks Qi,i+m, which establish the intensities

of the MC ξt transitions when the number of customers in service and in the main buffer is
changed from i to i + m.

If at the arrival of a group of m customers there are free servers and their number is
greater than or equal to m, then all customers occupy free servers and begin service. The
intensities of transitions of the arrival process at such arrival epoch are the elements of the
matrix D(m)

1 + D(m)
2 if m ≤ M1, m ≤ M2, of the matrix D(m)

1 if m ≤ M1, m > M2, and of the

matrix D(m)
2 if m ≤ M2, m > M1.

If during an arrival epoch there are free servers but the group size is greater than the
number of free servers, then part of the group occupies all free servers and the remaining
customers join the corresponding buffer of their type and await transfer to the main buffer

or to a server. The corresponding intensities are specified by the matrix
M1
∑

m=N−i
(e(1)m−(N−i) ⊗

êR+1)⊗ D(m)
1 for customers of the first type and by the matrix

M2
∑

m=N−i
(êK+1 ⊗ e(2)m−(N−i))⊗

D(m)
2 for customers of the second type.

If all servers are busy at the moment when a group of customers arrives and the
number of places in the corresponding buffer is lesser than the size of the received group,
then some of the customers are placed in the buffer of their type and the remaining
part moves to the main buffer. If the number of places in the main buffer is sufficient to
accommodate the entire remaining part of the customers, then the corresponding intensities

are the elements of the matrix
M1
∑

r=m
E(1)

K−(r−m)
⊗ IR+1 ⊗ D(r)

1 for customers of the first type

and the matrix
M2
∑

r=m
IK+1 ⊗ E(2)

R−(r−m)
⊗ D(r)

2 for the second type. Otherwise, some of the

customers that do not have enough space are lost, and the corresponding intensities are
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given by the matrix
M1
∑

r=N+M−i
Ẽ(1)

K−(r−(N+M−i)) ⊗ IR+1 ⊗ D(r)
1 for type-1 customers and by

the matrix
M2
∑

r=N+M−i
IK+1 ⊗ Ẽ(2)

R−(r−(N+M−i)) ⊗ D(r)
2 for type-2 customers.

The transfer of a customer from any of the input buffers may also result in an additional
customer being added to the main buffer, increasing the number of customers by one. The
intensities of the MC ξt transitions caused by customer transition from Buffer 1 are defined
by the matrix γ1CK+1E−

K+1 ⊗ I(R+1)W , and the respective transitions from Buffer 2 are
defined by the matrix γ2 IK+1 ⊗ CR+1E−

R+1 ⊗ IW , which explains the appearance of these
summands in the expression for blocks Qi,i+1, i = N, N + M − 1.

Thus, we obtain the form of all non-zero blocks Qi,j, i = 0, N + M − 1, j ≥ i + 1.
Theorem 1 is proven.

Due to the irreducibility of the MC ξt, t ≥ 0, and the finiteness of its state space, the
stationary probabilities of the chain states are defined as the following limits:

p(i, 0, 0, ν) = lim
t→∞

P{it = i, kt = 0, rt = 0, νt = ν}, i = 0, N − 1, ν = 1, W,

p(i, k, r, ν) = lim
t→∞

P{it = i, kt = k, rt = r, νt = ν}, i ≥ N, k = 0, K, r = 0, R, ν = 1, W,

existing for any set of the system parameters.
Again, following existing traditions of analysis of such kinds of chains, we build the

row vectors p(i, k, r), p(i, k), pi of these probabilities as

p(i, 0, 0) = (p(i, 0, 0, 1), p(i, 0, 0, 2), . . . , p(i, 0, 0, W)), i = 0, N − 1,

p(i, 0) = p(i, 0, 0), i = 0, N − 1,

pi = p(i, 0), i = 0, N − 1,

p(i, k, r) = (p(i, k, r, 1), p(i, k, r, 2), . . . , p(i, k, r, W)),

i = N, N + M, k = 0, K, r = 0, R,

p(i, k) = (p(i, k, 0), p(i, k, 1), . . . , p(i, k, R)), i = N, N + M, k = 0, K,

pi = (p(i, 0), p(i, 1), . . . , p(i, K)), i = N, N + M.

The vectors pi, i = 0, N + M, can be found by solving the following system:

(p0, p1, . . . , pN+M)Q = 0, (p0, p1, . . . , pN+M)e = 1. (2)

The number of equations of this system is equal to W(N + (M + 1)(K + 1)(R + 1)) + 1
and can be large. E.g., in the numerical example presented below, it is equal to 44,989.
Therefore, the computation of the stationary probability vectors as a solution of System
(2) is not an easy task, and specific Structure (1) of generator Q has to be effectively taken
into account to speed up the computations. If the customers can arrive only one by one,
i.e., M̄ = 1, the generator is the block tridiagonal matrix, and the chain belongs to the class
of Quasi-Birth-and-Death processes, see, e.g., [23]. The problem of solving System (2) is
extensively addressed in the existing literature. The case M̄ > 1 is more complicated and
weakly analyzed in the case of a finite state space of the chain.

A suitable algorithm for solving System (2) with the matrix Q, which is not the block
tridiagonal one, was proposed in [25]. In that paper, the queueing system with a finite
number of types of customers, the BMMAP arrival process, and the possibility of the
change of the priority of a customer during its waiting in the queue was considered. The
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generator of the multi-dimensional MC investigated in [25] has the block upper-Hessenberg
structure as the generator of the chain considered in this paper. Because here we assume that
the sizes of batches of customers of both types are restricted by the constant, the algorithm
proposed in [25] can be simplified. The simplified algorithm is described in Theorem 2
below. It should be noted that this algorithm may be used for any MC that has the generator
of a block upper-Hessenberg structure with a limited number of non-zero diagonals above
the main diagonal, not just the concrete MC ξt, t ≥ 0, examined in this study.

Theorem 2. The steady-state distribution pn, n = 0, N + M, is calculated as

pn = cϕn,

where the constant c =
(

N+M
∑

n=0
ϕne

)−1

and the vectors ϕn, n = 1, N + M are found as

ϕn =
n−1

∑
i=max{0,n−M̄}

ϕiPi,n, n = 1, N + M.

The vector ϕ0 is the single solution of system

ϕ0(Q0,0 + P0,1Q1,0), ϕ0e = 1.

The non-negative matrices Pi,n are calculated as

Pi,N+M = −Qi,N+M(QN+M,N+M)−1, i = N + M − M̄, N + M − 1,

Pi,n =

{
−Qi,n(Qn,n + Pn,n+1Qn+1,n)

−1, i = 0, n − M̄,
−(Qi,n + Pi,n+1Qn+1,n)(Qn,n + Pn,n+1Qn+1,n)

−1, i = n − M̄ + 1, n − 1,

n = N + M − 1, N + M − 2, . . . , 1.

This algorithm is numerically stable because the subtraction operation is not used
during any step of its implementation. The inverse matrices that appeared in the
algorithm exist.

Once the vectors pn, n = 0, N + M, are computed, it becomes possible to compute
various performance characteristics of the system and investigate their dependence on the
input parameters.

4. Performance Characteristics Computation
The average quantity of customers residing in the system is

L =
N−1

∑
i=1

ip(i, 0, 0)e +
N+M

∑
i=N

K

∑
k=0

R

∑
r=0

(i + k + r)p(i, k, r)e. (3)

The average quantity of occupied servers is

Nserv =
N

∑
i=1

ipie + N
N+M

∑
i=N+1

pie. (4)
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The average quantity of customers residing in the main buffer is

Nmain−bu f =
∞

∑
i=N+1

(i − N)pie. (5)

The average quantity of customers residing in Buffer 1 is

Nbu f−1 =
N+M

∑
i=N

K

∑
k=1

kp(i, k)e. (6)

The average quantity of customers residing in Buffer 2 is

Nbu f−2 =
N+M

∑
i=N

K

∑
k=0

R

∑
r=1

rp(i, k, r)e. (7)

Formulas (3)–(7) are evidently derived as expectations of the listed quantities, which
are the discrete random variables with probability distributions given by quantities
p(i, k, r)e, p(i, k)e, pie.

The output flow rate of successfully serviced customers is

λout = µ
N+M

∑
i=1

min{i, N}pie. (8)

Formula (8) evidently follows from the formula of total probability.
The probability of losing an arbitrary customer of the first type from Buffer 1 due to

impatience is

Pimploss−1
bu f−1 =

1
λ1

N+M

∑
i=N

K

∑
k=1

kα1 p(i, k)e =
α1

λ1
Nbu f−1. (9)

The probability that an arbitrary customer will be lost from Buffer 1 due to impatience is

Pimploss
bu f−1 =

1
λ

N+M

∑
i=N

K

∑
k=1

kα1 p(i, k)e =
α1

λ
Nbu f−1. (10)

The loss probability of an arbitrary customer of the second type from Buffer 2 due to
impatience is

Pimploss−2
bu f−2 =

1
λ2

N+M

∑
i=N

K

∑
k=0

R

∑
r=1

rα2 p(i, k, r)e =
α2

λ2
Nbu f−2. (11)

The loss probability of an arbitrary customer from Buffer 2 due to impatience is

Pimploss
bu f−2 =

1
λ

N+M

∑
i=N

K

∑
k=0

R

∑
r=1

rα2 p(i, k, r)e =
α2

λ
Nbu f−2. (12)

The probability of losing an arbitrary customer from the main buffer due to impatience is

Pimploss
main−bu f =

1
λ

N+M

∑
i=N+1

(i − N)αpie. (13)

Formulas (9)–(13) are clear as the ratios of the rates of the flow of the lost customers to
the rate of the corresponding arrival flow.
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The probability of losing an arbitrary customer is

Ploss = 1 − λout

λ
. (14)

Here, λout
λ is the share of successfully serviced customers, and correspondingly 1− λout

λ

is the share of the lost customers.
The probability of losing an arbitrary customer of the first type at the entrance to the

system due to insufficient space in the system is

Pentloss−1 =

1
λ1

M1

∑
m=1

N+M

∑
i=N+max{0,M−m+1}

K

∑
k=N+M−i+K−m+1

(m − (N + M − i)− (K − k))p(i, k)

×(IR+1 ⊗ D(m)
1 )e. (15)

Proof. We suppose that if an arbitrary (tagged) customer arrives within the group
consisting of m customers, then it is assigned number j in the group with probability
1
m , j = 1, m. The customers of the group are admitted to the system according to their
numbers. In case of the deficit in the capacity of the system, the corresponding number of
customers having the maximal numbers are lost first. It is known [20] that, under the fixed
states of the underlying process of the BMMAP, probabilities of an arbitrary customer of
the first type arrival within the group consisting of m customers are given by the column

vector mD(m)
1 e

λ1
. Some customers of this group can be lost at the entrance to the system when

the sum of the numbers of customers in the main buffer and service is i and the number k
of customers in Buffer 1 is greater than N + M − i + K − m. The probability that namely
the tagged customer will be lost is equal to m−(N+M−i)−(K−k)

m . Thus, applying the formula
of total probability (by account of the probabilities of all values of i and k for which the loss
is possible), we obtain Formula (15).

The probability of losing an arbitrary customer of the second type at the entrance to
the system due to insufficient space in the system is

Pentloss−2 =
1

λ2

M2

∑
m=1

N+M

∑
i=N+max{0,M−m+1}

K

∑
k=0

R

∑
r=N+M−i+R−m+1

×(m − (N + M − i)− (R − r))p(i, k, r)D(m)
2 e. (16)

The proof of Formula (16) practically repeats the proof of Formula (15).
The probability of losing an arbitrary customer at the entrance to the system due to

insufficient space in the system is

Pentloss =
λ1

λ
Pentloss−1 +

λ2

λ
Pentloss−2. (17)

Formula (17) evidently follows from the formula of total probability.

Remark 1. The following equalities are valid:

L = Nserv + Nmain−bu f + Nbu f−1 + Nbu f−2

and
Ploss = Pimploss

bu f−1 + Pimploss
bu f−2 + Pimploss

main−bu f + Pentloss. (18)
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The fulfillment of these equalities can be used to control the accuracy of the implementation of
the calculation of the vectors pi, i = 0, N + M, and the performance measures of the system.

The probability that an arbitrary group of customers of the lth type will begin service
as soon as it arrives is

Pg
imm−l =

1
λ

g
l

Ml

∑
m=1

N−m

∑
i=0

piD
(m)
l e, l = 1, 2.

Here, λ
g
l is the rate of arrival of batches of the lth-type customer. It is computed as

λ
g
l = θ

Ml
∑

ml=1
D(ml)

l e, l = 1, 2.

The probability that an arbitrary customer of the lth type will begin service as soon as it
arrives is

Pimm−l =
1
λl

N−1

∑
i=0

Ml

∑
m=1

min{N − i, m}piD
(m)
l e, l = 1, 2.

5. Numerical Experiment
In the numerical experiment, we demonstrate the viability of the algorithms for

calculating the stationary distribution of the system states and performance metrics.
Additionally, we examine the impact of the intensities of transitions γ1 and γ2 from Buffers
1 and 2 to the main buffer on the primary system performance characteristics. The issue of
determining the optimal values for these parameters is also resolved numerically.

The input flow of customers of two types is modeled by a BMMAP flow defined by
the following set of matrices:

D0 =

(
−0.890023 0

0 −4.27013

)
,

D(1)
1 =

(
0.0108144 0.0118958
0.0102736 0.514653

)
, D(2)

1 =

(
0.0216288 0.0167623
0.0205472 0.358603

)
,

D(3)
1 =

(
0.0297394 0.028658
0.0275766 0.199849

)
, D(4)

1 =

(
0.032443 0.0329838
0.0335246 0.367795

)
,

D(1)
2 =

(
0.249054 0.222018

0.00207414 0.184346

)
, D(2)

2 =

(
0.108144 0.00108144
0.209199 0.86007

)
,

D(3)
2 =

(
0.117132 0.00766843
0.201173 1.28044

)
.

The batch size of type-1 customers can be equal to 1, 2, 3, and 4. The batch size of
type 2 customers can be equal to 1, 2, and 3.

The average intensity of arrival of customers in this flow is λ = 5, the average intensity
of arrival of customers of the first type is λ1 = 1.71667, the average intensity of arrival
of customers of the second type is λ2 = 3.28333. The correlation coefficient of successive
inter-arrival times of customer groups is 0.153295, and the square of the variation coefficient
is 2.42898. The average intensity of arrival of customer groups of the first type is 0.709214,
customer groups of the second type is 1.49556.

Let us fix the capacities of the input buffers K = R = 20 and the capacity of the main
buffer be M = 50. Let the impatience intensities in Buffer 1 and Buffer 2 be α1 = 0.02 and
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α2 = 0.04, respectively, and in the main buffer α = 0.03. The number of servers is N = 3,
the average service rate by each server is µ = 2.

We vary the intensities γ1 and γ2 of the transition from Buffer 1 and Buffer 2 to the
main buffer in the interval [0.1, 2] with a step of 0.1.

Figures 2 and 3 show the shape of the dependencies of the probabilities Pentloss−1 and
Pentloss−2 of an arbitrary customer of the first or second type loss at the entrance to the
system due to insufficient space in the system.
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Figure 3. Dependence of Pentloss−2 on γ1 and γ2.

Figures 2 and 3 confirm the intuitive anticipation that probability Pentloss−k is maximal
when the transition rate γk is minimal while the transition rate γk′ is maximal k, k′ = 1, 2;
k ̸= k′, which implies that the customers of type k more quickly transit from the input
buffer to the main one. This increases the likelihood that the kth buffer is not overloaded.
Figures 2 and 3 quantitatively illustrate this effect.

Figures 4 and 5 show the shape of the dependencies of the probabilities Pimploss−1
bu f−1

and Pimploss−2
bu f−2 of loss of arbitrary first and second type customers from the corresponding

buffer due to impatience on different values of the intensities γ1 and γ2.
Figures 4 and 5 show the same tendency as Figures 2 and 3: the higher rate of a

customer of some type transitioning to the main buffer implies the smaller loss probability
of this type of customer.

The dependence of the probability of loss Pimploss
main−bu f of an arbitrary customer from the

main buffer due to impatience and the probability of loss of an arbitrary customer Ploss for
different values of intensities γ1 and γ2 are presented in Figures 6 and 7.
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It is evident from Figure 6 that the probability of loss Pimploss
main−bu f of an arbitrary customer

from the main buffer due to impatience is minimal when both intensities γ1 and γ2 are
small and quickly increases with the growth of these intensities. This is easily explained
by the smaller probability of a customer loss in the corresponding input buffer when the
transition rate is high. If more customers are not lost in the input buffers, more customers
attend the main buffer, which increases the likelihood that a customer from this buffer will
be lost due to impatience.

The shape of the surface drawn on Figure 7 matches Figures 2–6 with the account of
Formulas (17) and (18).

It is demonstrated above that the increase in rate γk decreases loss probabilities of
customers of the kth type. However, this increase in the rate γk causes the increase in the
loss probabilities of customers of another type. Because customers of two types can have
different values for the system manager, there arises the problem of the choice of γ1 and
γ2, which provides the maximum for the profit of the manager. Evidently, the profit from
providing service to customers increases when fewer customers are lost. The penalty per
customer loss depends on the type of customer (it is higher when the valuable customer is
lost) and on the stage of the customer processing in the system at which it is lost: arrival to
the input buffer, waiting in this buffer, and waiting in the main buffer.

Let us fix the following criterion of quality of the system operation:

E(γ1, γ2) = a1λ1Pimploss−1
bu f−1 + a2λ2Pimploss−2

bu f−2 +

b1λ1Pentloss−1 + b2λ2Pentloss−2 + cλPimploss
main−bu f ,

where al is the penalty for losing one customer of type l from Buffer l, bl is the penalty
for not accepting one customer of type l due to system overflow, l = 1, 2, c is the penalty
for losing one customer from the main buffer per unit of time. The cost criterion E(γ1, γ2)

specifies the system losses per unit of time.
Let us find the optimal values of γ1 and γ2 that provide the minimum of this criterion.
Let us fix the following values of cost coefficients: a1 = 9, a2 = 7.5, b1 = 8, b2 = 6, c = 10.
Since customers of the first type are priority ones, the penalties for their loss are chosen

to be greater than for the loss of customers of the second type.
The surface showing the dependence of the cost criterion E(γ1, γ2) on the transition

intensities γ1 and γ2 is presented in Figure 8.
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Figure 8. Dependence of E on γ1 and γ2.

From Figure 8, we can conclude that in the example under consideration, the optimal
value of the criterion is E∗ = 2.96208, with γ∗

1 = 0.1, γ∗
2 = 1.5. That is, in this case, to

minimize the value of the criterion, it is necessary to fix the minimum permissible intensity
value γ∗

1 = 0.1 and the value γ∗
2 = 1.5.
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Using Wolfram Mathematica 12.2, calculations were performed on a Lenovo notebook
equipped with an Intel(R) Core(TM) i7-1165G7 2.80 GHz and 16 GB of RAM. Running time
for calculating performance measures and the cost criterion’s optimal value, E(γ1, γ2), was
10,279 s, i.e., 26.7 s for each of 400 considered points (γ1, γ2). This time may be considered
moderate, taking into account the size of about 45,000 of the system of equations for the
vectors of the stationary probabilities and the relatively low power of this notebook. If we
consider the change in γ1 not from 0.1 but from 0, then the optimal value of the criterion
is E∗ = 2.86495, with γ∗

1 = 0, γ∗
2 = 1.7. That is, with the given data, customers of the first

type must be prohibited from moving to the main buffer, and the system itself must take
these customers from Buffer 1 when some server is idle, despite the fact that the penalties
for losing customers of the second type are lesser than for the loss of customers of the first
type. This can be explained by the following facts: (i) the customers of the first type have
the essential advantage over the customers of the second type because the second-type
customer can be picked up by an idle server only if the queue of the first-type customers is
empty; (ii) in the considered example, customers of the second type are more impatient,
i.e., α2 = 0.4 > α1 = 0.2, and it makes sense to more quickly transfer them from the input
buffer to the main one to reduce the chance of their loss in the input buffer.

6. Conclusions
A new scheme of providing flexible priority service in the system with two types

of customers arriving in the flow described by the batch marked Markov arrival process
is proposed.

Priority to one of the types is provided via the preliminary storing of customers in
separate input dedicated buffers of a finite capacity, different capacities of these two buffers,
different rates of customer transfer from the input buffers to the main buffer of a finite
capacity, and the privilege of picking up the customer from a corresponding input buffer
when the main buffer is empty at service completion by one of the multiple servers of
the system.

Given the fixed configuration of the system and the rates defining customer arrival,
transition, impatience, and service, the behavior of the system is described by the
four-dimensional MC. The generator of the chain is derived, and the numerically stable
algorithm for computing the stationary distribution of the chain is offered. Analytic
expressions for various performance indicators of the system are derived, and their behavior
as functions of transition rates to the main buffer is explored.

The proposed scheme is essentially more flexible, e.g., compared to the standard
priority discipline. In particular, the standard non-preemptive priority for the first type is
obtained from the considered one if the rate of transitions from the buffer storing the second
type of customers is set to be zero. The increase in this rate smoothly decreases time till
the beginning of service of non-priority customers and increases the fairness of the access
discipline. Results can be extended to the case of more general service time distribution,
namely phase type distribution; see, e.g., ref. [23] for definition and details. Various types
of unreliability of the servers and the existence of so-called negative customers can be
incorporated as well. Group service of customers and buffers clearance can be analyzed.
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